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The main goal of this paper is to present a theory of approximation of periodic orbits of vector fields in the plane. From the theory
developed here, it is possible to obtain an approximation to the curve of nonhyperbolic periodic orbits in the bifurcation diagram
of a family of differential equations that has a transversal Hopf point of codimension two. Applications of the developed theory are
made in Liénard-type equations and in Bazykin’s predator-prey system.

1. Introduction

The existence of a curve of nonhyperbolic periodic orbits in
the bifurcation diagram of a family of differential equations
that has a transversal Hopf point of codimension two can be
demonstrated with the theories presented in [1, 2]. However,
these theories do not allow us to find or even approximate the
curve of nonhyperbolic periodic orbits, except in very special
cases as in [3]. On the other hand, good approximations
to this curve are essential not only to mathematicians, but
primarily for engineers, physicists, and other users of mathe-
matics.

In general, the curve of nonhyperbolic periodic orbits is
obtained by numerical methods as in [4] or through spe-
cific softwares such as [5], for instance. An analytical alter-
native proposed in this paper is to generalize the theory of
approximation of periodic orbits of [6], using some results
and notations of [1, 2], in order to obtain an approximation
to the curve of nonhyperbolic periodic orbits of a family of
differential equations that has transversal Hopf bifurcations
of codimension two. Furthermore, the theory developed here
does not need normal forms of the vector field in the neigh-
borhood of the Hopf points.

Article [7], among other cases, treats also the generalized
Hopf bifurcation in general as n-dimensional systems. In par-
ticular, it provides quadratic asymptotics for the bifurcation
parameter values corresponding to the nonhyperbolic limit
cycle, and for this cycle itself. Moreover, these asymptotics
are implemented into the standard software MATCONT [5],
allowing to automatically initialize the continuation of the
cycle-saddle-node curve from the generalized Hopf point.
However, the authors believe that the constructions presented
here are independent and self-contained. More precisely, both
articles give an approximation to the curve of nonhyperbolic
periodic orbits of a family of differential equations that has
transversal Hopf bifurcations of codimension two. Here we
present this theory for 2-dimensional systems without the
use of normal forms while in [7], the authors present n-
dimensional systems using normal forms.

This paper is organized as follows. In Section 2, the theory
of approximation of periodic orbits for vector fields in the
plane is developed. The stability of the approximate periodic
orbits is discussed in Section 3. In Section 4, applications of
the theory in Liénard-type differential equations are made,
while applications to the Bazykin’s predator-prey system are



made in Section 5. Concluding comments about the results
obtained here are in Section 6.

2. Approximation of Periodic Orbits

Consider a family of the differential equations
x = f(x,8), 6))

where f : W xU — R* W ¢ R?is an open set in R?,
f e €@ (WxU, R?),and & = () eUc R? is the parameter
vector. Let (x4(£),£) € W x U be an equilibrium point of
(1); that is, f(x¢(£),&) = 0 for & € U. Suppose the following
assumption:

(H1) the linear part of the vector field f : W xU —
R?, evaluated at (x0(£),&) and denoted by A(&) =
Df (x4(§),£), has eigenvalues A and A, with A(¢§) =

y(&) +in(&). For & = (4o, v) € U, y(§y) = 0,9,y(&,) #
0, and () = wy(v) > 0, where
9]
) == .
1y (&) o’ &) . )

There is no loss of generality in considering that x,(£) = 0
forall& € U, (0,0) € U and y, = 0. Just make a translation
of the equilibrium point and of the critical parameter to their
origins and adjust in a convenient way the sets W ¢ R? and
U ¢ R?. By doing this, (1) can be rewritten as

X =A@ x+G(xE), 3)
where (x,§) — G(x,&) is a smooth vector field with Taylor

expansion around x = 0, starting with second-order terms at
least, as follows:

G(x§&) = %B(x,x,f) + éC(x,x,x, O+ iD(x,x,x,x, 3

+LE(xxxxxf +OG(||X|| E)

120 @
4
where
Bi (X’ Y’ E) ) y >
1;18’718’“ |’7 =i
2
(xy.wé G; (1, E)| _ox: viths»
]lela aﬂkaﬂl |" 0Tk
2 a4
Di (X> y.uv, E) = Z Gi (’7’ E)|r]:0xjykulvr’

jKm=101;010m;01,
Ei (X, Y$ u,vVv,w, 5)
2 aS

= —————G; (1, &)|, _ox;yxtyv,w
j,k,,;pzlanjankamamanp ot
(5)
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are the components of symmetric multilinear functions B, C,
D, and E.

Let q(§) € C? be an eigenvector corresponding to the
eigenvalue A(£), and let p(£) € C? be an adjoint eigenvector
corresponding to the eigenvalue A(£) satisfying

A qE =1&)q@), (6)
AE P® =1 p @), )
and the normalization
2
(p©.9©)=Yp®q® =1, (8)
i=1

where (-,-) : C* x C* — C is the standard inner product
in C? and A(§) is the transpose of the matrix A(£). The set
{g(£),q(£)} is a basis of C* and the subspace of C* defined by

R(Z):{(x,y)eCZ:x,yele, y:O} 9)

is isomorphic to the vector space R?. Taking into account the
isomorphism between R* and R, if (x,0) € RZ, then the

notation used is x € R, Thus, every vector x € R? can be
uniquely represented as a linear combination of elements of
{g(&),q(&)}; that is, there is z € C such that

x=2q(8) +zq(8). (10)

It is easy to show that (p(§),q(£)) = 0 and z = (p(§), x).
So (1) can be written as a complex family of differential
equations as follows:

7 =9(22%), (11)

for [|€ — & sufficiently small, where g € €*°(C x C x U, C)
and

=1z +(p©),G(zq() +z4(§),%)). (12)

The function (z,z, &) — g(z,z, &) has formal Taylor series

9(2,z,8)

9(z.7,8) = A<£>z+zz gk”(f)z 77, 1)

k=2 j= 0
where
ok
93 ) = 505 (P @G (za @) +24 ). )|y,
(14)
fork=2,3,...and j=0,...,k.
The coeflicients gk_j)j(E) fork=2,3,...and j=0,...,k

play an important role in the method of approximation of a
family of periodic orbits of (1). A simple way to calculate these
coeflicients, alternative to (14), is through the symmetric
multilinear functions. From the symmetric bilinear function

(x,y,&) = B(x,y,£) and (10), it follows that
B(zq(8) +24 (), 29 (§) + 24 () , )
=B(q().9().8) 2" +2B(q(¢).3().8) 2z (15
+B(3(9),q(),9)7",
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and, therefore,
9208) =(p &), B(q(§),q(%),%)),
911 @) =(p(©&),B(q).q().%), (16)
902 &) =(p(),B(q(5).q(),%))-

Similarly, for the symmetric trilinear function (x,y,u,§) +—
Cxy, %),

950 &) =(p(©.C(q).q).q).%)),
91 8) =(p(&).C(q(8),q9().9().%)), -
912 8) = (p(&).C(q(5).9().9().%)),
905 (8) = (p(§).C(q(5).9(§),9().%)),

and so on for other symmetric multilinear functions.

The aim of the theory of approximation of periodic orbits
in [6] is to build an approximation for a periodic orbit of the
complex differential equation (11), from the solution of the
linear differential equation

(
(
(
(

Z =1z (18)
for & = &,. This linear differential equation has the solution
z(t) = zpe"?, (19)
where z, € C. For & = &, it follows that
z(t) = zoeiw"(y)t (20)

and making the change in time s = wy(»)t, this solution
is periodic of period 27 in the variable s. To formalize the
method, consider the functions (¢, 7) — u = ¢(€,7), (6,v) —
w(e, ) and the change of coordinates and time

z(t) =w(s, &), s=w(e)t, w (&) =wy (v),
(21)
where
€= % J:T e “w(s,e v)ds. (22)

Note that the parameter €, as defined in (22), is a com-
plex number or, more precisely, a complex function whose
independent variable is v. However, it is possible, through
a change of variables, to consider the parameter € as a real
number. In fact, as

. 1 (%" .
e=e?=— J e “w(s,ev)ds, (23)
2 0
it follows that
efigb 2 X
e=le|l = — J e “w(s,ev)ds
2 0
. (24)
—— j ey (s,e,v) ds.

Thus, making the change of variable u = s + ¢ in (24) and
setting (u, €, v) — wW(u, €,v) = w(u — ¢, €,7),

1 2+
€= el J e w(u-¢,ev)du

T o
i (25)

1 2 X
= J e " (u,e,v)du,
T Jo

since the function (u,€,7) — e “@W(u,¢€,v) is periodic of
period 27 in the variable s. Therefore, by (25), the parameter
€ as defined in (22) will be considered a real parameter.

The generalization of the theory of approximation of peri-
odic orbits introduced in [6] consists in achieving an approx-
imation to the two-parameter family of periodic orbits

{(s56,7) e RxU, — w(s,e,7) €C:(cv) €U}, (26)

where U, = {(e,7) € R?: (p(e,v),v) € U}

The change in time s = w(e, )t is essential, since the
period of the family of periodic orbits (26) is unknown and,
therefore, the change in time is used only to provide an ap-
proximation of the known period 27 for the family of peri-
odic orbits (26). If (¢, v) +— T'(e,v) denotes the period of the
family of periodic orbits, then

2
T (e,7)

w(e,) = (27)

In other words, the knowledge of the function (¢, ) - w(e, v)
completely determines the period of the family of periodic
orbits of (26).

By changing the coordinates and time (21) and applying
the chain rule, the complex differential equation (11) is
rewritten as

w (€, 7) %w(s,e, v) = g(w(s,e,7),w(s€7),¢(e7),7).
(28)

Approximations to the functions (s,€,v) — w(s,€,7),
(€,v) = p = ¢(e,v) and (¢, v) — w(e, v) are obtained through
(28) and the formal power series

w(s,€,7) o 1 [ W (s,v)
( ¢ (e, ) >: ZE( e () >ek. (29)
w(€,7) —wy (v) k=17 \ wy (v)

A property of the terms of the sequence {w(s,”)}ren»
widely used in this theory of approximation of periodic orbits
of vector fields in R?, is obtained in Proposition 1.

Proposition 1. Each term of the sequence {w; (s, v)} ey Satis-

fies

1 o —is _ 1) k = ]-
[wk]—gjo e wk(s,v)ds—{o e 2 (30)

> 3y e



Proof. Setting % = {w: RxU, —» C:w € €°(RxU,,C)},
the proof is an immediate consequence of the definition of
linear map

[ 1: % —R

2 X (31)
wr— [w] = > J- e “w(s,ev)ds

and the formal power series in the variable € of the function
(s,€,v) — w(s, €, v), because

1 (" —is v 1 k

E—EL e <kzik!wk(s,v)e )ds
© 1 2 X1
Z’k_<_J' e wk s,v)ds> g‘k_ e

The terms of the sequences {wy.(s, )} eens 1(V)}ken and
{w (M) }en are determined through a process that involves
analysis of the powers in €, obtained by replacing (29) into
the differential equation (28). Note that, for k = 2,3,... and
j = 0,...,k, the coefficients of powers in € are determined
by expanding the composition (e,v) — gk,j,j((p(e, v),7) in
the Taylor series around e = 0. Such an expansion, up to the
fifth-order terms, is of the following form:

Gi—j,j (¢ (e;7),7)
= Gk-j,j (&) + e () 0,9k, (&)e

(32)

O

1
+ 5 (P‘z (V) 0, 9k-j,; (&)

1
ts (#3 () 0,9k-,; (&) + /’ll(v)zaf,gk—j,j (Eo)) ¢’
+3p (V) pp () aigk—j,j (%)
+P‘1(7’)3a;9k—j,j (fo)) ¢
1
+ 24 (.”4 () 0, Gk-j,; (&) + 31"2(”)255%—]‘,]' (&)
+4p (v) 4y (v) 0,9k} j (&) + 6#1(”)2M2 ()
X ajgk—j,j (&) + 141(7’)433%7;‘,]' (&))¢*
120 (”5 (v aygk jij (E())

+ (10p, () p3 () + 51 (0) iy (9)) g (&)
+ (150 () () + 100, (0 s ()

x 0 gi-i,; (&) + 10,00’ 1, ) 0gi (&)
+n ()’ gi;; (&) €

+ Og (66, v) , )
33
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with the same being valid for the composition (e€,v)
Mo(e, ), v) = y(P(e, v), v) + in(¢(e, v), v).

The coefficient of the term in € leads to the following
boundary value problem:

wi (s,v) —iw, (s,v) =0,
(34)
wy (s,7) = w; (s +27,7).
The solution of the differential equation in (34) is
w, (s,7) = C ", (35)
and as by Proposition 1, [w,] = 1, it follows that
1=[w]= [Cleis] =C [eis] =C,. (36)
Thus,
w, (s,) = €5, (37)

which is a periodic function of period 27 in the variable s. In
fact, the terms of the sequence {wy (s, ¥}y are solutions of
certain boundary value problems which appear when (29) is
substituted into the differential equation (28). For each k =
1,2,..., the boundary value problem is of the following form:

wllc+1 (5> V) - iwkﬂ (5’ v) = Hk+1 (S’ M (7/) > Wy (V)) >

38)

Wy (5,7) = wyy, (s+2m,9),

where Hy (s, (), wi (v)) = Hyy 1 (s + 271, (), wi (v)).
The following theorem guarantees the existence of the
solutions of the boundary value problem (38).

Theorem 2. Foreachk = 1,2,..., the boundary value problem
(38) admits solution if and only if

[Hi] = 0. (39)

Proof. For fixed k = 1,2,..., suppose that (s,7) — ¢, ,(s,7)
is the solution of (38). Thus,

1 2 » .
Py L e (‘PI,<+1 (8,7) = ipyesy (s ”)) ds

(40)

1 2n is
- | ) a0 ds

and by integrating by parts the left member of (40), it follows
that [Hy,,] = 0. Now suppose that [H;,,] = 0 for a fixed
k = 1,2,.... The general solution (s,7) — ¢,,(s,v) of the

differential equation in (38) is of the following form:

Prr1 (5,7) = egh + € L ¢ Heyy (G (), 0 () dE,
(41)

where (karl = ¢141(0,7). This solution will be periodic of
period 277 if ¢y, (0,%) = ¢f ™' = @, (271, v); that is, if
(Pk+1 (0) ‘V) = §0k+1 (27-[’ V)

e “Hey (G (), 0, () dl (42)

tl 2

+

=% J
0

= 901(;“ +27 [Hkﬂ] .
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Thus, using the hypothesis [H;,;] = 0, it follows that
Qrr1(87) = @i (s + 27, ), and, therefore, for each fixed
k = 1,2,..., the function (s,v) — ¢,,(s,7) is the solution
of the boundary value problem (38). O

The previous theorem shows that, for k = 1,2,..., the
solution of (38) is obtained by solving the differential equa-
tion in (38) with conditions [H;,,] = 0 and [wy,,] = 0.

Continuing the process and using the result (37), the coet-
ficient of the term in €* provides the boundary value prob-
lem

W, (s,v) — iw, (s,%) = Hy (s, 4, (v), 0, (%)), )
w, (s,7) = w, (s +2m,7),

where

H, (s, (v), 0, (v))

1

= w0, () (eZisgz,o (&) + 291, (&) + eizisgo,z (&) (44)

+2¢" (;41 () 9,A (&) — iw, (v))) .

By applying Theorem 2 to the function (s, y; (v), w,(v)) +—
H, (s, 4, (), w, (), it follows that

[Hy] = ) (ay)’ (&) + i0,n (Eo)) —iw, (v) =0, (45)

and by separating the real and imaginary parts of (45), we
have y;(v) = 0 and w;(v) = 0. Under these conditions,
Theorem 2 guarantees the existence of the solution of the
boundary value problem (43), which is given by

w, (s, )

(392i392,o (50) - 641, (Eo) - e_zisgo,z (fio)) .
(46)

- 3iw, (v)

For the coefficient of the term in €, we have the following
boundary value problem:

w; (5,%) —iws (s,7) = Hy (5,41 () , @, (),

w; (5,7) = w, (s +27m,), )
with

H; (s, 1, (), w0, ()

- %3@) (H3 (€)™ + Hy (&) " (48)

+ Ha_l (&) e+ H3_3 (&) e_3is) >

5
where
2. _
J § §
H? (&) = %93,0 (&) - lgi;z((io)) g (a?o)(fj}(;,z( 0)’
H31 (&) = 1, ) 9, A (&) —iw, () + Gy, (&)
) 9 2 G (E £

H31 (&) = 152(,)1((5;)) N 1920 ((;0)(53};,1 (&) 1, (&)

+ 950 (&) 9o, (&) _ 2igo,, (&) Gia (&)

3wy (v) wo (7) '

_ 1 ]
HE? () = 0, () + 1000022000 (32 2o Co)
N igo,, (fo) 920 (Eo)
w, (v)
(49)
and the coefficient G, | (§;) is defined as
G, (Eo) _ iga0 (Eo) 911 (i;)o)(:)wo () 921 (fo)
(50)
_ 2i|g,, (50)|2 _ i|go. (fo)|2
wy () 3wy (v)

Expression (50) is identical to the one given in [1].
Continuing the process and calculating [H,], it follows
that

[Hs] = 1, () (aﬂ)’ (&) + ia;ﬂ (50)) —iw, (v) + Gy, (&) = 0.

(51)
And by separating the real and imaginary parts,
Re (G, (&)
= 52
Hy (V) a‘uy (60) ( )
w, () = Im (G, (&) + ty () 3,11 (&) - (53)

Once the coefficients y,(v) and w, (v) are determined, the
solution of the boundary value problem (47) has the following
form:

w3 (S’ ’V)

1

= m (wg (&) e+ w;I (&) e+ w3_3 (&) e_3is) >
o

(54)



where

w; (&) = - 64,0(&)" - 2i0y (v) g0 (&)
=211 (§0) Go,, (§0) >
ws' (&) = -129,,(&)” - 6 (&) 911 (&)
+ 6wy (v) 91,5 (§0) = 2902 (&) a0 (§)  (55)
+1290, (80) 91,1 (60 »
w;? (&) = iwy () gos (&) = o2 (o) g1 (&)
=390, (§) Ga (&) -

Definition 3. 'The real number

1 () = 5 Re (6o (§)

Re (igz,o (&) 91,1 (&) + @, (v) 92,1 (%))
(56)

- 2w, (v)

is called the first Lyapunov coeflicient.

Remark 4. A Hopf point of codimension one for (1) is an
equilibrium point (0,&)) € W x U, with § = (0,v), such
that A(§,) = Df(0,£,) has eigenvalues A and A, with A(§,) =
p&y) + in&y), (&) = 0,7(&,) = wy(v) > 0, and the first
Lyapunov coefficient, [,(§,) € R, is different from zero. A
transversal Hopf point of codimension one is a Hopf point
of codimension one such that

9,y (&) #0, (57)

for &, € U. In a neighborhood of a transversal Hopf point of
codimension one (0,&,) € WxU, with [, (§,) # 0, the dynamic
behavior of differential equation (1) is orbitally topologically
equivalent to the following complex normal form:

w = (a+i)w+ swlwl, (58)

where s = sign(/,(&,)). The sign of the first Lyapunov coef-
ficient determines the stability of the family of periodic orbits
that appears (or disappears) from (0,,) € W x U as will be
seen later.

When [, (&;) = 0, for & = (0,0) € U, there is the possi-
bility of Hopf bifurcations of codimension two. In this case, it
is necessary to obtain an expression for G ,(&,).

Applying Theorem 2 to the boundary value problem for
k = 3, it follows that p5(v) = 0, w;(v) = 0 and

wy (s,v) = (wi (&) e+ wi (&) e+ wg (&)

45co0(v)3

+w;2 ('Eo) e—2is + w;4 (60) 6—41'5) ,
(59)
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wi (&) = 135i92,0(50)3 — 120w, (v) g (&) 92,0 (&)

+105ig, 1 (§) Go,, (§0) 920 (§0)

+ 51,2 (§0) Foa (§0)” — 15105 (1) g4 (&)
= 30wy (%) 921 (§0) Go,2 (§0)

= 15wy (%) g1,1 (o) Go 3 (§0)

+15igy 1 (§) Go,» (£0) 91,1 (80) »

wi (&)= - 180igs (&) wo(V)2

— 270ip, (v) 0,020 (&) wo(¥)”

+ 4509, 1 (§) 9,0 (§) wo ()
1804, (§9) Go,» (§o) wo (7)

— 45902 (§0) Go,3 (§0) wo ()

— 5409, (§) .1 (§o) o (7)
=270, (§0) 9,5 (§) wo (7)

+ 27043 (%) G20 (§0) 0,7 (&) wo ()
+270ip, (v) G0 (§) 0,11 (o) wo ()
+270ig, 1 (&) g5,0(&)”

+ 540ig, 1 (£) G11(&)”

- 630igy,1(8) G, (&)

= 45igo, (80) 920 (§0) Fo.2 (§0)

= 270igy; (o) 92,0 (§0) 1.1 (&)
+225ig0,, (§) 9oz (§0) 91,1 (o)
+90ig, 1 (§) Go2 (o) G0 (50) »

wg (Eo) = 270ig,, (fo) wo(”)2

+ 540ig1, (v) 0,911 (§) wp(9)°

— 10807, ; (£9) 92,1 (&) wp (V)
=900, (8) 93,0 (§0) wo (¥)
+900,5 (80) Go2 (§0) @o ()
+1080g, 5 (§) 91,1 (§) wo (¥)
+27040, (§0) 1,5 (§) wo (7)
=270, (0) G50 (§) o ()

— 5401, (v) g1, (§9) 9,y (&) wp ()
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= 540 (v) g1 (&) 9,1 (&) @, (v)

~ 1080igy,, (&) 911 (&)

= 1080ig, ,(£)" 90 (&)

+570igy 5 (&) 911 (&) o (&)

+ 1080igy,, (&)1, (&)

+270igo,5 (&) 92,0 (§) 11 (&)
w,? (&) = — 180igy (&)’ —270ig, , (&) g1, (&)’

— 90ig (&) 9.1 (&)

= 270w, (%) 1,2 (§) 91,1 (%)

~ 165ig,, (£9) 92,0 (§0) 91,1 (&)

+330ig, (§) 91,1 (&) 911 (&)

= 30wy (v) G50 (§0) 91,1 (§0)

+ 60iwy(v)* gy 5 (&)

= 150y (v) go3 (§) 92,0 (o)

= 120w, (%) go,2 (§9) 21 (%)

+20ig0,,(8) s, (&)

+ 180wy (v) 9o 3 (§) G4 (&)

— 180w, (v) g1,2 (§) a0 (§0)

= 45ig9, (80) 92,0 (§) G20 (§0)

+180igo,5 (&) 91,1 (§0) G20 (§0)

— 90u, (v) wy (V) goz (§9) 3,7 (&)

— 90i, (v) wy (%) go (&) 9,1 (&)

+90ips, (v) wy(v)°0,. 4,5 (&)

w:l (&) = 9igo4 (&) ‘Uo(”)2 — 993 (Eo) 911 (&) wo (v)

~ 1840, (&) 91,2 (&) wo (v)
- 9ig,, (fo) 91,1(50)2
- 54g,5 (&) a0 (&) wy ()

~ 1840, (&) 93,0 (&) wo

- 8lig,, (Eo) ?2,0(50)2

- 3ig0,2(fo)292,0 (%)
- 18i90,2(£0)2§1,1 (&)
— 45ig4,, (80) 91,1 (§0) Gao (§0) -

(60)

From the boundary value problem for k = 5, it follows

that

pg (V) = - (2 Re (G3,2 (&)) + 6, (v) Re (aﬂGzJ (fo))

+3u,(0) 3y (&)

% (3, (&))"
wy (v) = 2Im (G, (§)) + pa (9) 91 (&)

+ 64, (v) Im (aﬂGZ,l (50)) + 3142(”)285’7 (%),

where
3911 (§0) 92,0 (&) 9,y (&
a[/lGZ,l (&) = g ( o)i (25)20) /A’( 0)
N Yo,2 (Eo) yo,z (50) aﬂ (Eo)
9w, (v)?
N 291, (Eo)yl,l (50) aﬂ (50)
wo(V)z
B ig1,1 (&) 92,0 (&) aﬂ (&)
(‘—’()(V)2
N igo, (50) o2 (&) a,ﬁ (fo)
3w,(v)?

N 2ig, (50) 91 ('fo) aﬂﬂ (&)

wo(”)2

B 9o (%) 9,902 (%)
3w, (v)

. igy0 (&) 9,911 (&)
wy (v)

B 21'@1’1 (EO) aygl,l (60)

wy (v)

N i91,1 (&) aygz,o (%)
wo (7)

B i90, (50) ayyo,z (EO)
3w, (v)

_ 2igy; (§) ayf_h,l (&)

() ()

+ 0,0, (&)

(61)

(62)

(63)



121'!_?0,2 (Eo) 91,1(50)3
wo(V)3
B 12i£_71,1(‘so)291,1(50)2 B 495, (Eo) 91,1(50)2
wo(v)3 “)0(7’)2
+ 12ig, (Eo)gu (50) 91,1(E0)2
wo(’/)3

12yl,z (fo) 91,1(50)2
+

wo(”)z
B 3igo,z (Eo) ?2,0 (50) 91,1(50)2
“-’0(7’)3
+ 4igs, (Eo) 911 (fo)
wy (v)
+ 9912 (fo) !70,2 (50) 911 (fo)
wy(v)?
+ 17ig,,, (50) 92,0 (Eo) yo,z (fo) 911 (fo)
4w, (v)?
. 3190, (50)50,3 (Eo) 911 (Eo)
12wy (7)*
_ 175ig 5 (Eo)go,z (50) 51,1 (Eo) 911 (Eo)
12w,(v)?
+ 12g,, (fo)gu (Eo) 911 (fo)
wo(V)z
+ 61?1,1(50)2?2,0 (Eo) g1 (50)
‘U()(V)3
930 (50) a0 (%) 911 (fo)
"~’0(V)2
_ 6ig, (%)?1,1 (fo)yz,o (fo) 911 (50)
wy(v)’
. 3920 (fo) gZ,l (Eo) 911 (fo)
‘Uo(v)2
B 3i£_72,2 (Eo) 911 (50)
w, (V)
3 631,1 (50)52,1 (fo) 911 (fo)
(‘-)0(7’)2
B 90,2 (50)53,0 (Eo) 911 (50)
(“’0(7’)2

8igo, (Eo) ?1,1 (50)3
+ 3
wo(v)
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B 2ig,, (50)250,2 (£0)2
9w, (v)’

3 12g,, (50) 51,1(50)2
wo(”)2

3 6igo,, (50) 92,0 (Eo) 51,1(50)2
wo(”)3

N g, (&) 93,0 (&)

Wy »)
_ Yoz (&) 92,0 (&) 930 (&)
3w, (v)?
T 932 (Eo) + 02 \50) 940 50) (352’2 ‘?:’)0 (EO)
_ ig13 (50) yo,z (fo)
Wy (v
N 90,3 (Eo) 92,0 (50) E_io,z (Eo)
40y (v)?
N Yo,2 (Eo) 921 (go) ?o,z (Eo)
wo("’)z
3 903 (fo) §0,3 (Eo)
4w, (v)
N 90,2 (Eo) 92,0(50)2??1,1 (50)
“"0(7/)3
N 391, (Eo) 92,0 (Eo)yu (Eo)
wo(v)?
3 6ig,, (50) §1,1 (Eo)
wy ()
N 8902 (Eo) 93,0 (Eo) 911 (50)
3(00(1))2
3 990,3 (fo)yo,z (Eo)yu (fo)
4a)0(1/)2
B 3igy, (50) 5_11,2 (Eo)
wy ()
N Yo,2 (fo) 92,0 (Eo) ?1,2 (Eo)
wo(v)?
3 690, (Eo)yl,l (50)51,2 (Eo)
(0()(7’)2
3 2igy, (50) 913 (Eo) N igs, (Eo)gz,o (50)
3w, (v) w, (v)
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_ i0,2 (Eo) 92,0 (Eo) yo,z (50) Ez,o (Eo)

4cuo(1/)3

+ Yo,2 (Eo) §0,3 (Eo) ?2,0 (Eo)
12w, ()

+ 23ig,, (Eo) go,z (50) gl,l (EO) gz,o (50)
12w, (v)*

_ 290, (fo) yo,z (50)52,1 (50)

3w0(7/)2

(64)

Rewriting the coefficient G;,(&,) in a convenient way,
expression (64) is exactly the one that appears in [1].

Definition 5. The real number

(&) = = Re(Gaa (&), (63)

where G, (&) is given in (64), is called the second Lyapunov
coefficient.

Remark 6. A Hopf point of codimension two for (1) is an
equilibrium point (0,&;) € W x U, where & = (0,0), that
satisfies the definition of a point Hopf of codimension one,
except that [;(§,) = 0. Moreover, it satisfies an additional
condition; the second Lyapunov coefficient 1, (§,) is nonzero.
A Hopf point of codimension two is transversal if

9,y (§1)Re (0,Gy, (&) #0. (66)

In a neighborhood of a transversal Hopf point of codimen-
siontwo (0,&;) € WxU, with,(&;) # 0, the dynamic behavior
of differential equation (1) is orbitally topologically equivalent
to the following complex normal form:

w = (a+i)w+ ﬂw|w|2 + swlw|, (67)
where s = sign(},(&,)). In the bifurcation diagram of (67),

there exists a curve of nonhyperbolic periodic orbits that has
the exact representations

I'(e) = (564, —2562) , (68)

as a curve parameterized by € or as a graph of the function

a=AB) =B (69)
for B> 0.

The function (s,7) — ws(s,v) will not be shown here
because it is a long expression and it is not necessary in this
work. In many results in this section and, particularly in (63),
the following expressions 9,y(§,), 9,1(&), 8;)1(50), air](EO),

ayQZ,O(EO)’ aygu(fo)’ ang,Z(EO)’ and ang,l(EO) appear. These
expressions are calculated according to Propositions 7 and 8.

Proposition 7. Consider the differential equation (1) with an
equilibrium point (0, &) € WxU, such that the linear part of the
map (x,§) = f(x,), evaluated at (0,y), A(§y) = Df(0,&,),
has eigenvalues A and A, where A(§) = y(&,)+in(&,), y(&,) = 0
and n(&,) = wy(v) > 0. Let also q(§) € C? be an eigenvector
corresponding to the eigenvalue M&), and let p(§) € C* be

an adjoint eigenvector corresponding to the eigenvalue A(E),
satisfying (6), (7), and (8). The following statements hold.

(a) The vector 9,q(&,) € C? is the solution of the following
nonsingular 3-dimensional system:

(iwo (v)ﬁ IEEQ)A (&) q(g%)) (ayqs(50)> _ (Rz (()Eo)>’
(70)

with the condition {p(&,), a#q(fo)) =0, where
R, (&) = (aﬂA (§) = 9,A (&) 12) q(&)- (71)

(b) The vector 9, p(§,) € C? is the solution of the following
nonsingular 3-dimensional system:

(— (iewy (vz_l I(ZE:)AT (%)) p (050)> <ayps(€0)> _ <l_22 (()Eo())z;

with the condition (q(fo),aﬂp(fo)) = 0, where
R, (&) = (aHAT (&) - ayx (%) 12) p(&). (73)

(c) The partial derivative with respect to y of the real part
of the eigenvalue A(§), evaluated at & = &, is given by

0,7 (&) = Re((p (&%).0,A (EO)Q(EO)»- (74)

(d) The partial derivative with respect to y of the imaginary
part of the eigenvalue A(§), evaluated at & = &, is given

by
9,1 (&) = Im (<P (%),0,A(%)q (50)>) . (75)

(e) The second-order partial derivative with respect to y of
the real part of the eigenvalue M(&), evaluated at & = &,
is given by

aﬁ)’ (&) = Re (<P (&) aﬁA (&) a(&)

+2 (ayA (EO) - a;/\ (EO) 12) ayq (EO)>) :
(76)

(f) The second-order partial derivative with respect to y of
the imaginary part of the eigenvalue M(&), evaluated at

E=¢,, is given by
afﬁ (&) = Im (<P (&) aiA (80)q (&)

+2 (ayA (&) - d,A (%) 12) 9,9 (Eo)>) .
(77)
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Proof. Differentiating (6) with respect to the parameter y and
evaluating at £ = £, we have

9, A (80) g (8) + A (&) 9,9 (&)
=0,A (&) q (&) + A (&) 9,9 (&) -

Using the hypotheses, the previous equation is rewritten as

A(&)) an (&) = (ayA (&) - a,ﬂ (Eo)) q(&).
(79)

(78)

(iwy (V) I, -

Taking the inner product of p(£,) € C* on both sides of the
above equation and using (8), it follows that

0=(p (&), (iwy L - A(&)) 3,9 (%))
= (P (). 9,A (&) q(&)) - 9,1 (&)

Items (a), (c), and (d) follow from the above equation, the
Fredholm alternative (see [1]), and the results of [8]. The proof
of part (b) is equal to the previous proof; that is, it is sufficient
to differentiate (7) with respect to the parameter y and to
evaluate at & = &. The proofs of items (e) and (f) consist
of calculating the second-order partial derivative of (6) with
respect to the parameter p, evaluated at & = &, and to use the
Fredholm alternative. O

Proposition 8. Consider the coefficients of the formal Taylor
series of the map (z,z,&) — g(z,z,¢),

9208 =(p(&).B(q(),q9(%).%)),

911 &) =(p©&).B(q(%).3%).%)), -
902 ©) =(p(©),B(q(&).q(),%)),

921 ©) =(p(©).C(q(§),q),q().%)).

The following statements hold.

(a) The partial derivative with respect to u of the coefficient
92,0(8), evaluated at & = &, is

< p(&).B(q(&).q(&). Eo)>
+ <P (%) 2B (61 (go)’ayq (fo))fo) (82)
+0,B (a(&%)-q(&) ’fo)> ‘

ng 0 (&) =

(b) The partial derivative with respect to u of the coefficient
91.1(8), evaluated at & = &, is given by

3911 (&) = (9,1 (&), B(q(%).7 (%) &)
+(p (&) B(9,q(8).7(5).&)
B(4(&).0,4 (%) %)
+9,B(q(%),7 (%), &)) -

(83)
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(c) The partial derivative with respect to y of the coefficient
9o.2(&), evaluated at & = &, is obtained as

9,902 (&) = <a,4P (&).B(q(&).q(%), fo)>
+(p (&), 2B( (£)>0,d (%) » 50) (84)
+0,B (@(&)>q (&), Eo)>

(d) The partial derivative with respect to u of the coefficient
95.1(&), evaluated at & = &, is calculated as

9,921 (&) = <ayp (8),C(q(&)>q(&).q (%) ’Eo)>
+ <P (&),2C (q (&) 9.9 (%)-q (%) Eo)
C(q (EO)WI(EO)’B”ZI (fo)’go)

+9,C (a(&).q(&).q(%), Eo)> .
(85)

Proof. Observing how the symmetric multilinear functions
are defined, the proofs of items (a) to (d) consist in differen-
tiating each expression in (81) with respect to the parameter
p and evaluating at & = . O

The theory built up to this point approximates a family
of periodic orbits of the complex differential equation (11). In
the hypotheses of the Hopf bifurcation, if (w(e, »)t,€,v) +—
w(w(e, v)t,€,v) is a family of periodic orbits of (11), then
(w(e, Mt €,v) — u(w(e, vt €,v) is a family of periodic orbits
associated with the differential equation (1), where

u(w(e)ter)=wlEr)ter)q(¢Eer),)
(86)

+w(wEenter)q(pe),),

or, in a more simple way,

=w(s,1)q(¢(Er),7)+w(se)q(Pe),7).
(87)

u(s,e,7)

The family of periodic orbits (s,€,v) +— u(s,e,v) has
formal Taylor series around € = 0 of the following form:

u(s,ev) = Z%uk (s,7) & (88)
k=1

and the theory developed previously and the Taylor expan-
sion of (87), around € = 0, show that

uy (5,%) = q (&) wy (5,%) +q (&) W, (5,7),
v) +4 (&)W, (5,7),
q (&) ws (s,v) +q (&) ws (s,7)
+ 31, () (w; (5,7) 9,9 (&)

+w, (5,7) 9,9 (fo)) ,

U, (s,7) =q (fo) w; (s,

us (s,v) =
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uy (5,7) = q (&) wy (5,7) +q (&) Wy (5,7)
+ 64, () (wz (s,7) 0,9 (&)

+ W, (5,7) 0,9 (fo)).
(89)

The stability of the approximate family of periodic orbits
is studied in the next section by means of the Floquet expo-
nent.

3. Stability of the Family of Periodic Orbits

According to the Floquet theory (see [9]), the stability of a
periodic orbit can be determined through the characteristic
exponent that, in this context and for differential equations
in R, is a function (g, v) — x (e, ) such that

T(e,v)
x(e,v) = J Tr (M (w (€,7) t,€,v)) dt, (90)

T (6, V) 0

where / (w(e, v)t,€,v) = Df (u(w(e, v)t, €,7), ¢(e,v), v). The
next proposition provides a simple way to compute (90) in
terms of the map (z,z,&) — g(z,z,¢).

Proposition 9. Through a change in time s = w(e, V)t, the

characteristic exponent associated with the differential equa-
tion z' = g(z,%,£) is of the following form:

1 2
x(e,v) = py J X (s,e,v)ds, (91
0
where
0 _
K (s,€,v) = ag (w(s,e,v),w(s,e,v),(/5(6,1/),v)
0 _ _
+ %g(w(s,e,v),w(s,e,v),qS(e,v),v).
(92)

Proof. The differential equation (1) can be written as (11),
where (z,z,&) — g(z,z,&) = g,(2,,2,,&) +i9,(2;, 25, &),

01 (@p0,8) = 2 (9B +7 @ BY),
3

02 (w0, 8) == (9@ BH - T B,

and z = z, + iz,. Thus, through the changes z(¢) = w(s, €, 7)
and s = w(e, »)t, the characteristic exponent (90) can be
rewritten as

x(e,7)

1 2 a a
= — J a_wlgl (wl,wz,f) + a—wzgz (wl,wz,f) ds,
(94)

1

where
0
a—wlfh (0, wy,§)

1/ 9 _ . ow 0 _ . Ow
_E<%g(w,w,f)a—%+%g(w,w,f)a—wl> (95)

l1fo_,  _ . o0w O0_, _ .  Ow
+3 (Gaa@mO G IO ).

0
a_w2£72 (wl,wz,E)

ow

i 0 _
=73 <_g(w)w>f) a_u)z

0 — . oW
2\ow *apamh ) 09

ifo_,  _ . oO0w O0_, _ Ow
+3 (Guawmd 5 I 5 ).

Adding equations (95) and (96) and taking into account that
w = wy + iw,, it follows that

0 0
a—wleh (w),wy, &) + a—wzgz (w, w,, )
(97)
0 _ o_, _
= ag(w,w,ﬁ) + ﬁg(w,w,ﬁ).

Therefore, # (s, €, v) = K(w, w, £), with
_ 5} _ 0o_,  _
Kw,w,) =—gwwé+-—gwuwi). (98)
ow ow O

By the formal Taylor series in the variable € of the function
(6,v) = x(e,v),

X (ev) = Z%xk )€, (99)
k=1"""

the theory of approximation of a family of periodic orbits
developed in the previous section and Proposition 9 allow
us to obtain the terms of the sequence {y,(v)}ien. For k =
1,...,4, the next theorem provides these terms.

Theorem 10. Let
o0

1
x(ev) = LS (v) €
k=1""

(100)

be the formal Taylor series of the characteristic exponent
(€,v) = x(e,v) associated with the differential equation 7z =
9(z,z,8). Then,

Xl (V) = 0’
X2 (v) =2Re (GZ,I (Eo)) >
X (v) =0, (101)

Xa (v) = 8Re (Gs,z (&)) + 121, () Re (a#GzJ (fo)) >

XS (V) = 0)
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where G, 1 (&), asz,l (&), and G5 ,(§,) are given by (50), (63),
and (64), respectively.

Proof. From (13) and (14), we have

—g(w w5 =A@ + ZZ T ,gk 4 O,

k2]0

_g(u)u)f) )L(f)+zz )' 'gk ]](E)wkjlu)J

k=2 j= O
(102)

Thus, formally, the map (w, w, &) — K(w, w, £) has the Taylor
series

K (w,@,8) = A(§) + A ()

(9]

k k—]
"L

X (g ©) + Gy (©) 0.
(103)

Doing the fourth-order Taylor expansion of the map

(s,6,9) > I (s,6,7) = K(w(s,,7),w(s,67),¢(e,7),7),
(104)

around € = 0, and taking into account that y, (v) = p;(v) =
it results that

Z (s,e,v) =1 (s,v) €+ %%2 (s, v) €
+ l% (s, 7)€ + i% (s,7)€* (105)
6 ° 2474

+ Oy (s,€%, 1),
with
Ty (s,7) =Wy (5,7) g1, (&) +wy (5,7) gr0 (&)
+w, (5,7) Gy, (§) + W, (5,7) Gy (§0) »
K (5,v) = w(5,9)7 930 (&) + w1(5,9)°Gy , (&)
+ 2w, (5,9) W, (5,%) g1 (&)
+ 2w, (5,7) W, (5,7) Gy, (&)
+ W, (5,7) g1 () + Wi (5:9) 912 (o)
+ W, (5,7) G20 (§0) + W, (5:7) Gy (§o)
+, (5,7) 959 (&)
+W1(5,9) G50 (80) + 211 0) 0,7 (&),
T 5 (5,7) = (5,9 g (&) + wi(5,)°G 5 (&)
+ 3w (5,9’ W, (5,9) g3, (&)

+ 3w (s, v)ZEI (5,7)9,, (&)
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+ 3w, (5,7) W, (5,7) g1 (&)

+ 3w, (5,7) W,(5,%) g5, (&)

+ 3w, (s,7) w, (5,7) g3 (&)

+ 3w, (5,7) w, (s,7) gy, (&)

+ 3w, (5,7) W, (5,7) Gy, (&)

+ 3wy (5,9) Wy (5,9)°Fs,, (§o)

+3p, () wy (5,7) 9,950 (&)

+ 34, (%) 9,9, (&) wy (5,7)

+ W5 (5,7) g1, (&)

+3W, (5,%) W, (5,7) g1 (&)

+,(5,9)’ gy5 (&) + w5 (5,7) G20 (&)
+ 3w, (5,7) W, (5,7) ga,y (&)

+ws (5,9 Gy, (&) + s (59) Fo (§9)
+ 3w, (s, ), (5,7) g5, (&)

+ 3w, (5,7) W, (5,7) g3 (&)

+w (s, V)3§4,o (&) + 3, (MW, (s, 7) aygl,l (&)

+ 3,“2 (V) wl (S’ ’)/) BMEZ,O (EO) >

T4 (s,7) = wi(s, V)495,0 (&) +wi (s, V)4§1,4 (&)

+ 4wy (5,9)’ Wy (5,7) ga; (&)
+ 4w, (5,9)’D, (5,7) Gp5 (&)
+ 6w, (s,9)W, (5,7) g3t (&)
+ 6w, (5,9)’W, (5,7) g3 5 (&)
+ 6w, (5, )’ w, (5,7) gy0 (&)
+ 6w, (5,7)°w, (5,9 7, 5 (&)
+ 6w, (5,9)’W, (5,) G, (&)
+ 6w, (5,9)°W, (5,)°F5., (&)
+ 6y (v) wy (5,9)°9, 50 (o)
+ 6, (V) wy (5,9)°3,9y., (&)
+ 4w, (5,9)W; (5,7) 9o,y (&)
+ 12w, (5,7) Wy (5,7) W, (5,7) g1 (&)
+ 4w, (5,9)W,(5,7) 955 (&)

+ 12w, (5,7) W, (s,7) w, (5,7) g, (&)
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+ 4w, (s,7) w3 (5,7) g0 (o)

+ 4w, (s,v) ws (5,%) gy, (&)

+ 4w, (5,9) W5 (5,9) Gy, (§)

+ 12w, (5,%) W, (5,7) w, (5,) G5, (&)
+ 12w, (5,%) W, (5,9) W, (5,7) G5, (&)
+ 4w, (5,7) W, (5,7)°7,, (&)

+ 12, (W) wy (5,9) W, (5,) 9,05, (&)
+ 120, () wy (5,7) W, (5,7) 0,9, (&)
+ W, (5,7) gu1 (&) + 3W5(5, %) g1, (&)
+4W, (5,%) Wy (5,7) g1, (&)

+ 6w, (5,9)W, (5, %) g1 5 (&)

+w,(s,%) " 914 (&)

+ Wy (5,7) g0 (&)

+ 4w, (s,7) wy (5,7) g5, (&)

+ 6w, (5,7) Wy (5,7) 9o,y (&)

+ 6, (5, ) w, (5,7) g2 (&)
+3w,(s,7)°g5,0 (&)

+w, (5,9) gy, (&)

+3wy(5,9)°7, , (&)

+ Ty (5,7) G (&)

+ 4, (5,9) w3 (5,9) Gy, (&)

+ 6w, (5,9) W, (5,9) Gy, (§)

+ 3w, (5,7)° G50 (&)

+4W, (5,7) W5 (5,9) 0 (&)

+ 6w, (5,7)°w, (5,9) G5, (&)
+6W,(5,9)'W, (5,9) Gy (&)

+ 0, (5,9)*Gs 0 (&)

+ 611, (V) Wy (5,9) 3,911 (&)

+ 24y (v) 9,y (&)

+ 6, (V) W, (5,7)°0,41, (&)

+ 644, (V) w, (5,7) 0,00 (o)

+ 64, (V) w, (s,7) ayyu (&)

13
+6p, (V) W, (s,7) ayyz,o (&)
+ 644, (V) W, (5,7)°0,95, (&)
+ 6.‘42(”)28,3? (%)
(106)

where for k = 1,2,3,4, the functions (s,7) — w(s, ) are
such as in (37), (46), (54), and (59) and the expressions p,(v)
and p,(v) are given by (52), and (61), respectively. Thus, from
(99) and (105) and by Proposition 9,

- 1 1 k
ZE(XIC(E’V)_EL ?/k(s,v)ds>e

k=1 (107)
+O0gy, (¢, 11]) = 0.
Therefore,
1 2 1 2
e L Ty (s,v)ds = e L 5 (s,v)ds =0,
1 2
. J T, (s,v)ds =2Re (GZ,I (%))
7 Jo (108)
1 2
5o j ,(s,v)ds = 8Re (G, (&)
2 Jo
+12p, (v) Re (aﬂGz,l (fo)) >
which proves the theorem. O

It follows from Theorem 10 a corollary that deals with the
stability of a family of periodic orbits of the differential equa-
tion (1) which exists due to a Hopf bifurcation.

Corollary 11. Let

1 1
x (&) = K ()€ + 2k (et + O, (65, |v|) (109)

be the fourth-order Taylor expansion around € = 0 of the char-
acteristic exponent (e,v) — x(e, v) associated with the differ-
ential equation z' = g(z,z, &), and let

B9 = S )E + 0 +0,(¢4b]), (10)

be the fourth-order Taylor expansion, around e = 0, of the func-
tion (e,v) — u = ¢(¢,v). The following statements hold.

(a) For a fixed (¢,v) € U, € € R sufficiently small, and
Re(G, (&) #0, the stability of the periodic orbit of the
differential equation (1) is given by the sign of
Re(G,(&)). When Re(G, (&) < 0 for &, € U, the
periodic orbit in the phase portrait of differential equa-
tion (1) is stable. As for € € R, sufficiently small,

B _ 1Re(Gy (&) 4
‘u—gb(e,v)——iwe +0,(eh 1), W
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if 9,y(&) > 0, the periodic orbit in the phase portrait
of (1) exists for p > 0, and if 9,y(§,) < 0, the periodic
orbit in the phase portrait exists for w < 0. If
Re(G, (&) > 0, the periodic orbit in the phase por-
trait of the differential equation (1) is unstable.

(b) Suppose that for & = (0,0), Re(G,;(&;)) = 0 and
Re(G;,(8))) #0. Then, for ¢ € R sufficiently small,
the stability is given by the sign of Re(G;,(,)). When
Re(G;,(&,)) < 0, the periodic orbit in the phase por-
trait of the differential equation (1) is stable. As, in this
case,

1 Re(G;, (&) 4 5
T ®) e +0, (1),

if 9,y(§;) > O, the periodic orbit in the phase portrait
of the differential equation (1) exists for y > 0, and if
9,¥(§;) < 0, the periodic orbit in the phase portrait
of the differential equation (1) exists for y < 0. If
Re(G;,(&,)) > 0, the periodic orbit in the phase por-
trait of the differential equation (1) is unstable.

u=¢(er) = (112)

Proof. As the sign of the Floquet exponent provides the
stability of a periodic orbit, by (109), and (110) the proof is
immediate. O

Corollary 11 does not deal with the case where y(e,v) = 0
for a set of points (¢, v) € U,. The theory developed up to this
point enables us to study the curve of nonhyperbolic periodic
orbits Cyyy in the parameter plane (4, v) € R?, associated with
a transversal Hopf point of codimension two. This curve is the
set

¥ 1 (0)={(ev) €U, : x(ev) =0}. (113)

From the set X_I(O) and the Implicit Function Theorem,
the parameter v can be obtained as a function of the param-
eter €. Therefore, the curve Cyyy follows from functions € +—
v = y(e) and (e,7) — u = ¢(e€, v); that is, the curve Cyyy can
be locally represented as a curve parameterized by e

T'(e) = (p(ew () v (e),

or can be locally represented as the graph of a function

(114)

p=A®). (115)

In fact, the Taylor expansion around € = 0 of the exponent
characteristic is such as in (99), and, therefore,
x (&) = &y (e,7), (116)

where the third-order Taylor expansion around € = 0 of the
function (g, v) — Y(e, v) is of the following form:

¥ (e,7) = %Xz () + i;@ e +0, ().  W7)

It is easy to see that v10) = {(e,7) € U, : ¥Y(,v) =0} C
x ' (0). Thus, the study of the curve of nonhyperbolic periodic

Abstract and Applied Analysis

orbits in the parameter plane (u, v) € R?, associated with the
differential equation (1), and in the hypotheses of a transversal
Hopf bifurcation of codimension two is reduced to the study
of the set ¥~1(0).

The next lemma, whose proof is given in [3], guarantees
the existence of the function € — v = y(e).

Lemma 12. Let

D:RxR*—>R
(118)
(x,y) +— D(x, )

be a smooth function, where y = (¥, ¥, ¥5» ¥3). Suppose that
for (0,5°) € R xR*, y° = (3,0, y5, ¥3), the function in (118)
satisfies the following assumptions:

(A1) D(0, y°) = 0;

(A2) 9,D(0, y°) = 0;
(A3) 3, D(0, y°) #0;
(A4) 32D(0, y°) 0.

Then, there exists a unique smooth function

(%5") = =¢(x5"), (19)
such that y = @(x,»°) = »° + (0,¢(x,°),0,0) and
D(x, D(x, y°)) = 0. Moreover, the function (x, y°) + y, =
B(x, ¥°) has the following representation:

8(65°) = 592 (") + Oy (W), (120
where
22D (0, )
0y 2))
¢ (»") = 5500, (121)

The following theorem can be stated now.

Theorem 13. Let (0,&,) € W x U be a transversal Hopf point
of codimension two of (1). Then, the curve of nonhyperbolic
periodic orbits Cyyy, in the parameter plane (u,v) € R
associated with the differential equation (1), has the following
local representations:

_ [ Re (Gs, (&) 4 Re(Gs, (81)
r (e) B ( 128#]/ (f]) © _3 Re (avGZ,l (El))e ) ! OF (6) )
(122)
u=A@) = —#i//(:)v + é—“‘;(;) Vo, (W),  (123)
where
_ W(0,00  2Re(G, (&) (124)

V2= _ay‘l’ (0,0) _3av Re (G, (&)
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Proof. As
¥ (0,0) = 0,
9,¥ (0,0) =0,

a:\y (0,0) = %X‘l 0) = % Re (Gs,z (51)) #0, (125)

0.%(0,0) = 51 (0) = 3, Re (G () #0.

Lemma 12 guarantees the existence of a smooth function €
v = y(e) such that W(e, y(e)) = 0, or even, x(e, y(e)) = 0.
Moreover, the function € — v = y(e) has the second-order
Taylor expansion around € = 0 of the following form:

v=vy(e) = %1//262 +0, (63) , (126)
where
_ aez\{, (0,0) _ 2Re (G3,2 (El))
Y= Tw 00 T 0 ReGn @) )
Thus,
y=y(e) = Re (G3,2 (51)) 2, OV/ (63) , (128)

B 30, Re (GZ,I (&) ¢

and substituting (128) into the function (e, ) — pu = ¢(e,v)
results in the following Taylor expansion:

Re (Ga,z (&) 4 5
—128#)/ ) € +0y (e )

So, there is a curve in the parameter plane, ¢ — I'(e) =
(¢(e, w(€)), y(e)), that can be parameterized by € and repre-
sented as in (122). Another representation for this curve is
obtained when the Implicit Function Theorem is applied to
the following function:

u=¢(ey(e)= (129)

e = iv + O, (lvlz).
2

(130)

By substituting (130) into (110), the curve € +— I'(¢) can also
be represented locally as

1 2 1 2 Y
u=20)= 3,0 Zv) + 0 (20) +0x ()

_ 142(’/)1}+1M4(27’)

W +0, (7).
v, 6 v, A

(131)

Therefore, there exists a curve I' in the parameter plane that
locally has the representation (122) or (123). By the hypotheses
of the transversal Hopf bifurcation of codimension two,
Re(G;,(&;)) # 0 and equation z = 9(z,z, &) are locally topo-
logically equivalent, around z = 0, to the complex differential
equation (67). Therefore, the curve of nonhyperbolic periodic
orbits has the representation (122) or (123). O
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Example 14. For the complex differential equation (67), we
have

y (o) = a,
n(ep)=1,
Gy (@ B) = 2B,
Gs, (o, B) = 12s.

(132)

So, by Theorem 13, the curve of nonhyperbolic periodic orbits
has the following representations:

I'(e) = (564, —25€2) +Or (€),
1 (133)
a=AB) = Lp 0, (8),

which agree with (68) and (69), respectively.

The local representations (122) and (123) in Theorem 13
are valid when the Hopf curve is the set {(¢,v) : y = 0}.
If the Hopf curve is the set {(4,v) : y = @(»)} and the
transversal Hopf bifurcation of codimension two occurs for
& = (u>,7)#(0,0), it is easy to show that the local rep-
resentations are given by

) 1 ) Re (G3,2 (El)) 4
I(e) = <M1 Toe T 120, (8)

v Re(G3’2 (&)
' 3Re(avG2’1 (&)

”j/f” (=)

2

>

62) + Oy (€),
(134)

u=A@) =9+

1 Uy (v)

6 v

(v- ”1)2 + O, (V)

for v < v,, where

¢, =v,0,0 (v,). (135)

The next two sections present applications of the theory
developed here in an extension of the van der Pol equation
known as the Liénard equation and in Bazykin’s predator-
prey system and show how local representations of the the
curve Cyyy are obtained.

w=9(),

4. Liénard Equation

One of the pioneers in nonlinear electrical circuits was,
undoubtedly, Balthasar van der Pol, through studies with
triodes (vacuum tubes). Balthasar van der Pol showed that
in circuits with triodes, the electrical quantities can exhibit
nonlinear oscillations under certain conditions. Nowadays, it
is known that the model of this circuit with triode presents a
Hopf bifurcation. In a simple and theoretical way, the electric
circuit of van der Pol consists of a triode, a capacitor of
capacitance C, and an inductor of inductance L, according to
the diagram of Figure 1.
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FIGURE 1: van der Pol circuit diagram.

Let v, i and vy, i; be the models of voltage and current
in the capacitor and inductor, respectively. The triode of van
der Pol, by the hypothesis, satisfies the generalized Ohm’s law
ip > vg = X(ig), where v and iy are the models of voltage
and current of the triode of van der Pol, respectively. Applying
Kirchhoft’s laws to the van der Pol electrical circuit model and
using the capacitor and inductor equations, it follows that

ip =i = —ig, vV, +vp—vo =0,
(136)

vp=1L ic = C_th-

' d
Therefore, the van der Pol circuit model is of the following
form:

d. .
LEIL =v,— X (iy),

d .
CE‘VC =—1.

(137)

The study of differential equation (137) is simplified by the
change of coordinates and time

1

= —ip, = Ve T=—1, 138
\/E L y C \/E ( )

which leads to the differential equation

x = dix:y—.fl"(x),
T

(139)

A

Y S T

where 2'(x) = X((C/VLC)x). Suppose that
x— X (x) = —pux + vx® + éxs. (140)

In the literature, the differential equation (139) satisfying
(140) is known as the Liénard-type equation.

Abstract and Applied Analysis

The Liénard equation has a unique equilibrium point
0,8) € R? x R?, with & = (¢, v), and the linear part of the
vector field, evaluated at (0, &),

IMS=(ﬁ>®, (141)

has eigenvalues A and A, with

AE) =y ) +in(E) = §y+i§\/4—u2,

for u € (-2,2). When & = &, = (0,7), y(§,) = 0, and n(§,) =
1, which indicates the occurrence of Hopf bifurcations. The
eigenvectors q(§,) € C* and p(&,) € C?, where g(&,) is nor-
malized with respect to p(&,) according to (8), are chosen as

(142)

1) =(-2.3);

In the case of the Liénard equation, the symmetric mul-
tilinear functions are given by

B(xy,£) = (0,0),
C(xy,u,§) = (6vx,y,u;,0),
D(x,y,u,v,&) =(0,0),

p(&)=(-i,1).  (143)

(144)

E(xy,u,v,w,&) = (24x, y,u;v,w,,0).

Thus, for k = 2,3,...and j = 0,1,...,k, the only nonzero
coefficients g_; ;(§) are

920 (60) = 912 (80) = =021 (&) = =905 (&0) =
a1 (&) = 92,5 (§0) = 905 (§0) = —g5,0 (&)

= =035 (§) = 914 (§) = Z-
The eigenvectors 9,4(,) and 9, p(&,) and the coefficients

aygz,o(fo)’ aﬂgl,l(go)’ ang,Z(EO)’ and ay92,1(50)7 computed by
Propositions 7 and 8, are such that

(145)

1 i

)= (-L1).

8’8

(146)
ang,O (&) = ay!h,z (&) = a,ugO,Z (&) =0,

3,
ayg2,1 (&) = g”’-

Thus, from the previous results and by (50), (63), and (64),
it follows that

3 3.
Gy (&) = _ZV’ a,4G2,1 (&) = g””

(147)
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Therefore, the first Lyapunov coefficient is given by

1 (&) = Re (G, (&) = —ZV’ (148)

and since
1
0,7 (&) = 5. (149)

the Liénard equation presents a transversal Hopf bifurcation
of codimension one for ¢ = 0 and v # 0. From Corollary 11,

U= (Zv) e+ O# (64, |v|),

x(ev) = <—Zv> e+ O, (63, Ivl),

(150)

and if v < 0, then there exists a unique unstable periodic orbit
in the phase portrait of the Liénard equation when y < 0, and
if v > 0, the periodic orbit is stable and there exists for ¢ > 0.

For v = 0, the Liénard equation has a transversal Hopf
point of codimension two, and the second Lyapunov coefti-
cient is given by

1

L (&) =Re (G3,2 (&) = 16 (151)
where &, = (0, 0). Since
0,Re (Goy ()2, (61) = (-3 ) (3) =3 #0152

by Corollary 11 and Theorem 13, the Liénard equation has a
bifurcation diagram as shown in Figure 2.

The curve of nonhyperbolic periodic orbits has the
following local representations:

1 1
T(e)=(ulev(e),v(e) = <—§e4, —§€2> +0Or (e), (153)
as a curve parameterized by € or as the graph of the function

9
u=A0)=-27+0,(r), (154)

forv <0.

Figure 3 emphasizes the comparison between the curve of
nonhyperbolic periodic orbits Cyy; of (139) obtained numer-
ically with the software MATCONT (see [5]) and the quad-
ratic approximation (154).

5. Bazykin’s Predator-Prey System

Consider the dynamics of a predator-prey ecosystem, whose
model is

! xz(l_x)
X =—-

u+x

>

(155)
Y =-yy(v-x),
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v
R, 0 R,
U
Ry
Cnu Ry

FIGURE 2: Bifurcation diagram of the Liénard equation (139).

-1 -09 -0.8 -0.7 -0.6 -0.5 -04 -0.3 -0.2 -0.1 0
u

FIGURE 3: Comparison between the curve of nonhyperbolic periodic
orbits Cyy; of (139): the dotted curve was obtained numerically
with the software MATCONT and the continuous curve from the
representation (154).

where y > 0 (fixed), ¢ > 0, and 0 < v < 1 are parameters.
Model (155) is known in the literature as Bazykin’s predator-
prey system. See [1] or [10].

Taking y = 1, the equilibrium point of interest is

B v(1-v)
(X0(£)>£)—(<7’> S >£> (156)
For
v (157)
H=e0) =15,
the linear part of the vector field, evaluated at (x,(£), &),
v(pt(l -2v) - vz)
-y
A@) = ()’ , (158)
v(1-v) 0

u+v
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has eigenvalues A and A, where MEy) = iwy(v), wy(v) =

V(1 —2v) and &, = (¢(v), 7).

The eigenvectors g(&,) € C* and p(&,) € C* are chosen as

3 v 1 [ iwy (v) )
1@ - (5o53)  pE=("21), 0
and by Proposition 7,
(1=
ap.y (50) - 21}(1 _ ‘!/)2’
(1=
a;ﬂ? (&) = —m,
) _ 20 -20)°
a‘u))(fo) - v2(1 _V)3’
(1= =) (4y —iwy (v))
%4 (%) = ( 8v(1 —v)? ’ (160)
wo(v)2 (iwo(v)3 - (1- v))
8v4(1 — v)? ’
) iwy () (iwy(v)* = v* (1))
9P (%) = ( 51— ) ,
wy(v)? (iwo(v)3 - (1- v))
B 441 - )’ '
The symmetric multilinear functions are given by
2(V +3u + > 3y - 1)
B(x,y,&) = (‘xz)’l - (” “ M3 ! )xl)’l
(#+)

X1 X )1 t x1)’2) >

2u(2v+u(3v-1))
a#B(x,y,E):< I w10,
(u+)
6 (p+1)
C(xy,ué)= (——4x1)’121’0 >
(u+7)
6u (> +2-3v)u—2v
a#C(x,y,u,£)=< ( 5 )xlylzl’o .
(u+)
24u* (u+1
D(x,y,u,v,&) = (M’ﬁylzluvo> >
(u+7)
12047 (u+ 1
E(X,Y,U,V,W,f) = <——# (M 5 )x1}’121”1"1’0>~
(u+)

(161)
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0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

FIGURE 4: Comparison between the curve of nonhyperbolic periodic
orbits Cyy; of (155): the dotted curve was obtained numerically
with the software MATCONT and the continuous curve from the
representation (164). The dot-dashed curve is the Hopf curve.

Therefore, from the previous results,
Re (G (80) = 7
5(1-2v) (409° - 670" +27v - 2)
- 7292(1 - »)*
2v+1
2(1-v)%

ay Re (G, (&)) =

>

o, Re (Gz,l (&) = -

292v* — 4859° + 2861 — 687 + 5
249(1 - 2v)*(1 - »)*

Re (G3,2 (&)) =
(162)

When v = v; = 1/4, uy = ¢(v,) = 1/8. Thus, for &, =
(41,v,) = (1/8,1/4), Bazykin’s system (155) has a transversal

Hopf point of codimension two, since Re(G,;(§;)) = 0,
Re(G;,(§,)) = —32/27,and

0,Re (Go (82,7 &) = (— ) (5) = —5; #0. 63

Using (134), the curve of nonhyperbolic periodic orbits
has the following local representations:

2
F(€)=<l—%+—,———>+0r(e), (164)

as a curve parameterized by € or as a graph of the function

2 2
v 9v(1 — 4y
, 91— )

:A‘V:
=00 1-2v  3202v-1)°

27(4v - 1)*v(1209° - 98v* + 7v + 1) (165)
+
2048(v — 1)*(2v - 1)°

+0, (v3),

forv <, =1/4.
Figure 4 emphasizes the comparison between the curve
of nonhyperbolic periodic orbits Cyy of (155) obtained
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0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

FIGURE 5: Comparison between the curve of nonhyperbolic periodic
orbits Cyy; of (155): the dotted curve was obtained numerically
with the software MATCONT and the continuous curve from the
representation (165). The dot-dashed curve is the Hopf curve.

numerically with the software MATCONT and the quadratic
approximation (164).

The comparison between the curve of nonhyperbolic
periodic orbits Cyyy of (155) obtained numerically with the
software MATCONT and the approximation (165) is shown
in Figure 5.

6. Concluding Comments

This paper shows how to obtain approximations of periodic
orbits of a family of differential equations in the plane that has
a transversal Hopf point. Moreover, if the family of differen-
tial equations has a transversal Hopf point of codimension
two, then it is also possible to build an approximation to
the curve of nonhyperbolic periodic orbits in the bifurcation
diagram. These results are summarized in Corollary 11 and
Theorem 13. Example 14, the study of the Liénard equation
(139) in Section 4, and Bazykins predator-prey system in
Section 5 demonstrate the applicability of the theory. See also
Figures 3, 4, and 5.

Although the theory is formulated for a family of differ-
ential equations in the plane, it can be applied to any family of
differential equations in R” that presents a transversal Hopf
bifurcation of codimension two. For this, it is necessary to use
the Center Manifold Theorem, or more precisely, to apply the
proposed theory to the family of differential equations in R”"
restricted to the center manifold.
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