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We take into account the stability of ring homomorphism and ring derivation in intuitionistic fuzzy Banach algebra associated with
the Jensen functional equation. In addition, we deal with the superstability of functional equation f(xy) = xf(y) + f(x)y in an

intuitionistic fuzzy normed algebra with unit.

1. Introduction and Preliminaries

The study of stability problems has originally been formulated
by Ulam [1]: under what condition does there exists a homo-
morphism near an approximate homomorphism? Hyers [2]
had answered affirmatively the question of Ulam for Banach
spaces. The theorem of Hyers was generalized by Aoki [3]
for additive mappings and by Rassias [4] for linear mappings
by considering an unbounded Cauchy difference. The paper
work of Rassias [4] has had a lot of influence in the
development of what is called the generalized Hyers-Ulam
stability of functional equations. Thereafter, many interesting
results of the generalized Hyers-Ulam stability to a number
of functional equations have been investigated. In particular,
Badora [5] gave a generalization of Bourgins result [6],
and he also dealt with the stability and the Bourgin-type
superstability of derivations in [7]. Recently, fuzzy version is
discussed in [8, 9]. Quite recently, the stability results in the
setting of intuitionistic fuzzy normed space were studied in
[10-13]; respectively, while the idea of intuitionistic fuzzy
normed space was introduced in [14].

We now demonstrate some notations and basic defini-
tions used in this work.

Definition 1. A binary operation * : [0,1] x [0,1] — [0, 1] is
said to be a continuous t-norm if it satisfies the following con-
ditions:

(1) = is associative and commutative;
(2) * is continuous;
(3)ax1=aforallae [0,1];

(4)a b < ¢ = d whenever a < cand b < d for each
a,b,c,d € [0,1].

Definition 2. A binary operation ¢ : [0,1] x [0,1] — [0,1]
is said to be a continuous t-conorm if it satisfies the following
conditions:

(1) © is associative and commutative;
(2) © is continuous;
(3)av0=aforalla e [0,1];

(4)a<ob < c<©dwhenevera < cand b < d for each
a,b,c,d € [0,1].

Using the notions of continuous t-norm and ¢-conorm,
Saadati and Park [14] have recently introduced the concept of
intuitionistic fuzzy normed space as follows.

Definition 3. The five-tuple (', u, v, *,<) is said to be an
intuitionistic fuzzy normed space it I is a vector space, * is a
continuous ¢-norm, < is a continuous ¢-conorm, and y, v are
fuzzy sets on 2" x (0, 00) satisfying the following conditions.
For every x, y € £ and s,t > 0,



(1) ulx,t) +v(x,t) < 15

2) p(x,t) > 0

(3) p(x,t) = 1ifand only if x = 0;

(4) plax,t) = p(ax, t/|a|) for each o # 0;
(5) p(x, 1) * u(y,s) < pu(x + y,t +s);

(6) u(x,) : (0,00) — [0,1] is continuous;
(7) lim, _, op(x,t) = 1 and lim, _, ju(x,t) = 0;
8) v(x,t) < I

(9) v(x,t) = 0 if and only if x = 0;
(10) v(ax, t) = v(ax, t/]ex|) for each « # 0;
(11) v(x,t) O u(y, s) = v(x + y,t +5);
(12) v(x,-) : (0,00) — [0, 1] is continuous;

(13) lim, _, ,,»(x,t) = 0 and lim, _, yv(x,t) = 1.
In this case, (4, v) is called an intuitionistic fuzzy norm.

Example 4. Let (2, | - ||) be a normed space, let a « b = ab,
andleta<b = min{a+b,1} foralla,b € [0,1]. Forall x € X
and every t > 0, consider

t
, ift >0,
p(x,t) = t+[x|
0, ift<0,
lIx]l ®
X ifeso,
v(x,t) = 1 t+||x]
0, ift <0.

Then (X, u, v, *, <) is an intuitionistic fuzzy normed space.

Definition 5 (see [15]). The five-tuple (X, u, v, %, ©) is said to
be an intuitionistic fuzzy normed algebra if & is an algebra,
* is a continuous ¢-norm, < is a continuous ¢-conorm, and
u, v are fuzzy sets on X x (0, 00) satisfying the conditions
(1)-(13) of Definition 3. Furthermore, for every x,y € I
and s,t > 0, (14) max{u(x, 1), u(y,s)} < plxy,t +s), (15)
min{v(x, t), v(y,s)} = v(xy,t +s).

For an intuitionistic fuzzy normed algebra (', y, v, *, ©),
we further assume that (16) a * a = aand a © a = a for all
ae€[0,1].

The concepts of convergence and Cauchy sequences in
an intuitionistic fuzzy normed space are studied in [14]. Let
(X, 4,7, ,©) be an intuitionistic fuzzy normed space or
intuitionistic fuzzy normed algebra. A sequence x = {x;}
is said to be intuitionistic fuzzy convergent to L € X if
lim, _, p(x; — L,t) = 1 and lim; _, . ,v(x; — L,t) = 0 for all

. . . IF
t > 0. In this case, we write (¢, v) —lim,, _, . x; = Lorx; — L

as k — o00. A sequence x = {x;} in (X, p, v, *,0) is said
to be intuitionistic fuzzy Cauchy sequence if limy. _, . p(xy, , —
x> 1) = Land limy _, o, v(x,p, = X, 1) = O forall£ > Oand p =
1,2,.... Anintuitionistic fuzzy normed space or intuitionistic
fuzzy normed algebra (2, y, v, *, ©) is said to be complete if
every intuitionistic fuzzy Cauchy sequence in (', u, v, *, ©) is
intuitionistic fuzzy convergent in (2, i, v, %, ©). A complete
intuitionistic fuzzy normed space (resp., intuitionistic fuzzy
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normed algebra) is also called an intuitionistic fuzzy Banach
space (resp., intuitionistic fuzzy Banach algebra).

In this work, we establish the stability of ring homo-
morphism and ring derivation in intuitionistic fuzzy Banach
algebra associated to the Jensen functional equation 2 f(x +
y/2) = f(x)+ f(y). Moreover, we consider the superstability
of functional equation f(xy) = xf(y)+ f (x)y in intuitionistic
fuzzy normed algebra with unit.

2. The Main Results

Remark 6. The following theorem introduced in [10] is
the generalized Hyers-Ulam theorem in intuitionistic fuzzy
normed space for the Jensen functional equation. However, in
order to arrive at the conclusion of the theorem, the assump-
tions

axa>a, ada<a Vacel0,1] (2)

should be added.

Theorem 7. Let o/ be a vector space and f a mapping
from o to an intuitionistic fuzzy Banach space (B, u, v, *, )
with f(0) = 0. Suppose that ¢ is a function from  to
an intuitionistic fuzzy normed space (C, y',v', %, <) such that

w2 (552) - re-£0)ees)
2 (9 (x),0) + ' (9(5),9),
v(2£(52) - F@-r0)t+s)

<V (p(x),t) 0V (9 (¥),5)

forall x,y € d\{0},t > 0, and s > 0. If p(3x) = ap(x)
for some real number o with 0 < |«| < 3, then there exists a
unique additive mapping & : o — B such that L(x) :=
(1 7) ~lim,,_, o (F3"0)/3"),

3 —6oc)t>,
(3 —6oc)t>,

p(Z (x) - f (x),t) 2M<x,
(4)

(L) - f@.0) <N (x
where
M (x,t)
(o020 (50301 (509.2).
N (x,t)
(9 30 o0 3 00 )
= <<p(x),4t v [g( x),4t Oy q)(3x),4t .
(5)
We begin with a generalized Hyers-Ulam theorem in

intuitionistic fuzzy Banach algebra for the ring homomor-
phism.
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Theorem 8. Let of be an algebra and f a mapping from ) f(3"x-y) B f(3"x)f( ) t
g to an intuitionistic fuzzy Banach algebra (B, u,v, *, <) 3" 3" V)3
with f(0) = 0. Suppose that ¢ is a function from o to an

intuitionistic fuzzy normed algebra (C,u',v', %, ) satisfying =y (f 3"xy) - f(3"x) f (), 3"71t)
(3) and that @ is a function from gl to an intuitionistic fuzzy
normed space (D, u'", V", %, <) such that < min 44" (CD %) <§>n£> V'@ (y) 3"
= > ﬁ 6 > y > 2
w(f ()= f) f(y),t+s) (8)
Zmax{pt” (dD(x),t),[«l” ((D(;V)’S)}’ ©) forallx,y € &/ andt > 0 and
6

v(f(x) = f @) f ().t +5)

(f( 3"x)
< min {v" (@ (x),1)," (® (y),s)}

fO)-2x 1), )

_ n _an n-1
forallx,y e of,t >0,ands > 0. If p(3x) = ap(x) for some - (f ) f (=32 ()3 t)
real number o with 0 < |&| < 3 and ®(3x) = BO(x) for some { (f (3"x) ¢ )

> max

real number B with 0 < |f| < 3, then there exists a unique ring SR Z(x), s )
homomorphism & : o — 9B satisfying (4).

n— 1
Proof. 1t follows by Theorem 7 that there exists a unique < (y), > >} ,
additive mapping & : &/ — 9 satisfying (4), where Z(x) :=
(p,v) = lim,, _, . (f(3"x)/3"). f(3 %)
Without loss of generality, we suppose that 0 < 3 < 3. We < f)-Z& f(y), )
prove that Z is a ring homomorphism. Note that

v (f(3'%) F () -3 () f ()3
u(Z(xy) - L) F(3),0) (f3) F() f(),3"")

n n—1
f(3"xy) t Smin{v(Lnx)—55(x),£>,v<f(y),3 t)]»
>p( Z(xy) - 3 6 2
#(f(inxy) _ f(;x)f(y),§> forall x,y € o/ and ¢t > 0. Letting n — oo in (7), (8), and
(9), we get
w(L82 )~z 0o 5 (),
fiy Y u(Z(xy) -2 x) f(y),t) = w0
V(2 (xy) - Z (x) f (y),1) 7 v(Z(xy) = Z () f(y).1) = 0.
cv( 2 (xy) - f(3"xy) t This implies that
e () )
ZL(xy)=Z(x) f(y 11)
10 16, 1)
<>v( 3" 3" f(y)’3 forallx, y € of.
(3" Using additivity of # and (11), we find that
ou( L8 0)-2w 0.4 ,, n
3L (x) f(y)=Z(3"xy) )
forall x, y € o and ¢ > 0. On the other hand, we see that =Z(x-3")=Z(x) f(3").
f(3"x-y)  f(3") ¢ So we obtain Z(x) f(y) = L(x)(f(3"y)/3"); that s,
#( T f(y)g)
(szm 9mf(”)=n
=u(f(3"xy) - £(3") f(1),3" ') )

zmax{y” (@(@,(%)E),M’ (@(y),3n21t>}, (z(x)f(y)  (x )f(3ny) t)=0



forall x, y € &/ and t > 0. This relation yields that
@ () -L @ Z(y)1)
f (3"y) t )

2u<3(x (y) - & (x) —=- 3

w702
(0 18

WZ@)f()-Z®Z(y).1)

—$<x)3(y),§>

—Sf(x)g(y),%),

(14)

sv(z(x)f(y) 2! “W t)

)

f(3 )

Ov(g( )
(2012

9<x)3(y),§)

t
-Zx)Z ()/) > E)
forall x, y € o/ and t > 0. On the other hand, we see that

(209 16

—Sf(x)z(y),%)

=u (Ef(x)f(3”y) -3'z (x)fé’(y),3—nt>

2
Zmax{ (g()#)#(f(jy) ()_)}
v( f(g’n ) _gwe (y),é)

_ v<££(x)f(3"y) —3"5/”(96)52()/),%)

com o 2)o 2520

(15)
forall x,y € o and t > 0. Sendingn — oo in (14) and (15),
we have

WZ @ f()-Zx)Z(y).1) =1, »
V(L) f(y)-ZLx)Z(y).t) =0.
Thus, we conclude that
L@ fy)=Z®Z () (17)

forallx,y € A.
Therefore, by combining (11) and (17), we get Z(xy) =
Z(x)Z(y), which completes the proof. O

Now we recall that an additive mapping d on an algebra
o is said to be a ring derivation if the functional equation
d(xy) = xd(y) + d(x)y holds for all x, y € o.
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Theorem 9. Let (<, u,v,*,0) be an intuitionistic fuzzy
Banach algebra and f : of — o a mapping with f(0) =
0. Assume that ¢ is a function from ¢ to an intuitionistic
fuzzy normed space (C, ', v/, ,©) satisfying (3) and that ®
is a function from ¢ to an intuitionistic fuzzy normed space
(D, y",v", %, ) such that

u(f () =xf (y) - f @) pst +5)
W@ @), 0,4 (@ (). 9)}
v(f (xy) =xf (y) = f (x) yt +5)

< min {3 (@ (x),8),9" (© (), 5)}

forallx,y € of,t >0,ands > 0. If p(3x) = ap(x) for some
real number o with 0 < |a| < 3 and ®(3x) = O(x) for some
real number 3 with 0 < |B| < 3, then there exists a unique ring
derivation & : o — df satisfying (4). Moreover,

{f () -2 =0 (19)
is fulfilled for all x, y € d.

> max{
(18)

Proof. By Theorem 7, there exists a unique additive mapping
Z  d — B satisfying (4), where ZL(x) = (u4,v) -
lim, _, ., (f(3"x)/3").

As in the proof of Theorem 8, we consider 0 < |B] < 3.
We show that Z is a ring derivation. Observe that

u(Z (xy) = xf (y) = Z (x) y,t)
fBxy) t
2u( 20 -L52L1)
f(3"xy) f(3"x) ¢
*M<3— xf () - =3, )’,g)
w(f(;:x)y—ﬂx)y,g),
(20)
v(Z (xy) = xf (y) = Z (x) y:1)
Sv(g(xy)—w,g)
oo (A2 - 120,
<>V<f(;:x)y—$(x)y,§>
for all x, y € o/ and t > 0. On the other hand, we yield that
(f(3 9) iy L0 ")y,§>

=u(f (3" y)=3"x f(y) - F(3"x) 3" 1)

zmaX{M"<®(x),<%>né> (d)(y) nlt)},
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- 1E9,1)

3" 3

(L)

371
=v(f(3"xy) = 3" £ ()~ £ (3"x) 33" 1)

conf o (3] 2) 7 (05

(21)

forall x,y € &/ andt > 0 and

(52 )

=pu (f (3"x) y-3"Z (x) y, 3"_11‘)

2mx{ﬂ(f(::x) _g(x)’é)”(y’ 3“;%)}’

(162,

37!

—Sf(x)y,g)

=y (f (3"x) y-3"Z (%) y, 3"71t)

Smin{v(f(;x) —g(x),é),v<y, 32 t>]>

(22)

forall x,y € & and t > 0. Lettingn — o0 in (20), (21), and
(22), we have

u(Z (xy)-xf(y)-Zx) p.t) =1,

(23)
V(Z (xy) = xf (y) = Z () y,t) = 0.
So we get
Z(xy)=xf(y)+Z(x)y (24)
forallx,y € A.
Due to additivity of & and (24), we see that
3'xf (y)+3"Z (%) y=2Z(3"x- y) 05)
=ZL(x-3"y)=xf(3"y) +3"L(x) y.
So we obtain xf (y) = x(f(3"y)/3"); that is,
3
(xf(y) f( y) ) L
., (26)
‘u(xf(y) —xf(;y),t) =0

forall x, y € o/ and t > 0. From this, it follows that

u(xf (y) -xZ(y).1)
> M<Xf(y) —xM,£>

3" 2

*#(x#—xff(y),%)

t
g s~ ]
2wz ().1)

(27)

forall x, y € & and t > 0. On the other hand, we find that

(1

371

-x2().%)

(3 @)-x2 (). 5

s o (2 (L2, £},
v(x@ 20, -)

(s -3x20). 3

<o o 20) (L2

forall x,y € &/ andt > 0. Takingn — oo in (27) and (28),
we obtain that

uxf (y)-xZ(y).t) =1,

20).4)|

(28)

v(xf (y) =xZ(y),t) = 0.
(29)

Therefore,

xf (y) = xZ (y) (30)

for all x, y € &/, which implies that condition (19) holds.
Comparing (24) and (30), we have Z(xy) = xZ(y) +
Z(x)y. This completes the proof. O

By considering the unit, the following result can be
obtained easily from Theorem 9.



Corollary 10. Let (o, u,v, *,0) be an intuitionistic fuzzy
Banach algebra with unit, and let f : of — < be a mapping
with f(0) = 0. Assume that ¢ is a function from o to an
intuitionistic fuzzy normed space (C, u', V', *, &) satisfying (3),
and that © is a function from o to an intuitionistic fuzzy
normed space (D,u", 9", *,0) satisfying (18). If p(3x) =
a@(x) for some real number a with 0 < |a| < 3 and ®(3x) =
BD(x) for some real number B with 0 < || < 3, then f: d —
B is a ring derivation.

We can also prove the preceding results for the case when
« > 3 and f > 3. In this case, the mapping Z(x) :=
lim,, , .,3" f(37"x). In the case of intuitionistic fuzzy normed
algebras with unit, we can also prove the superstability of
functional equation f(xy) = xf(y) + f(x)y as follows.

Theorem 11. Let (of,u,v,*,0) be an intuitionistic fuzzy
normed algebra with unit. Suppose that f : o — o isa
mapping for which there exists a function © from o to an
intuitionistic fuzzy normed space (D,u"',v", %, ) satisfying
(18). IfI > 1 is a fixed integer and ®(Ix) = PD(x) for some
real number 3 with 0 < |B| < I, then f satisfies the functional
equation f(xy) = xf(y) + f(x)y forallx, y € o.

Proof. Without loss of generality, we assume that 0 < § < [.
Here, we will denote the unit by e. We first note that

M(W-xf(y)— #%Q

=u(f("x-y)=Tx- f(y) - f("x) p,1")

e o0 (5009 2.

() f
( )

T xf ()~ —x
=v(f("x-y)=T"x- f(y) = f(I"x) y,I"t)

o (s (1) )7 (0.2

31

forall x, y € &/ and t > 0, which mean that

(#,7) = lim (f(ln;f'y) —f(ll:x)y) =xf(y) (32

n—:aoo

for all x, y € /. Secondly, we find that

(f(x-l"y) )
123 X

I I f(x)y’t)

=u(f(x-"y)=xf (I"y) = f (x)- "y, 1")

e o ) (000 ()
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V<f(xl;l ») _xf(llny) _f(x)y,t>

=v(f (- Iy) = xf (I"y) = f () - 1"y, 1"%)

< min {v" (CD(X),Z;)”’" <(D(y)<é)n%>}

(33)

for all x, y € o/ and t > 0. This implies that

(17) - lim (f(xl;f"y) —xf(ll:y))=f(x)y (34)

n—:aoo

forallx,y € o.
We also know that

u(f (xy) = xf (y) = f (x) y,t)
> <f (xy) - ! (lnel;x ), 1 (line) xy

SWUxy) f() 5)
I )

y-fx)y

fUe-x-y) f(%) — f{l'x-y)
* M ln lfl xy l?l

fx)  fx-y)  f("y) ¢t
L T A TR T ’E)’

v(f (xy) = xf (y) = f (x) y,t)

2 (o) - L2 LT,

Sy 1)

- xf (») = V= f)y
SWxy)  f() 5)
In "2
<>v(f(l”e-x-y)_f(l”e)xy_f(l”x-y)
Iz Iz "
fx)  f'x-y) f("y) ¢
L T A TR T ’E)’

(35)
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forall x, y € o/ and t > 0. On the other hand, we see that

(560 - LEED L

fx-y)  f(I"x)
T T

SWUxy)  f1) 5)

In ro’2

st (105019
(1O 09 gy 1)
*#((f(l’;f-y) f(ll"y)> )y )

(- L2 1C,,

y-fx)y

() LO) S0
f (l"x ) fy) ¢
—-f(x)y+ I -Xx n ,§>

o (L2250, 1)
oo (£ 1) _p.1)

<>v((f(l”lﬁ:-y) f(ll”y)> 0y )

(36)

forall x,y € &/ and t > 0 and

(f(l”e'X'y) fe) — f("x-y)
M l?l ln y l?l
fx)  fx-y)  f) ¢
A T A TR ’E)

~u((G@ex)-re- f@ - Fre)x)y
HPF Gy () £ (). )
2max{y((f(l”e.x)—l"e-f(x)—f(l”e)x)y,l%)

w(rr@year 0 - rwen. 2L

(Llexn) 109, ey

ln ln xy ln
[09, S0 S0 1)
m 7 I "2

(e -Te f0- 1))y
HPF Gy () - £ (). )
Smin{v((f(l"e~x)—l”e-f(x)

()} )

OV(l”f(X)y+Xf(l”y)— f(l"x'y)’l%t”
(37)

forall x, y € o/ and t > 0. In particular, we obtain the follow-
ing:

b((F@e ) -re s - £ 05

> max o £ (Pe-x) - T'e- £

< §)a( )}
oG @e)-regeo- 7 @990 )

Smin{v(f(l"e-x)—l”e-f(x)

—f(l”e)x,%),v(y,%)},

M(f(l”e-x)—l" ) - f(e)x, )

s o (1) ) (.23

W(fwen-resw-rrax)

Smm{v”(@(e),(é)n%) Y (0.5}

(38)

forall x, y € &/ and t > 0. Also, we arrive at

n

W(rr @y ) - . )

"t

= M(f(x-l”y) —xf(lny)—l"f(x)y,q>

> max {y” (CD(x), l%t) e (CD(y), (é)né>} ,
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(rrwyexr @0 -r@x 0. 5)

o (F G- -

Smin{v”(@(x),%),v" <q)(y)’<é)”é>}

(39)
Lettingn — oo in (35)-(39) with (32) and (34), we get
the desired result. This completes the proof. O

We remark that we can also verify Theorem 11 for the case
when 3 > 1.
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