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We prove a strong convergence theorem for strongly quasi-nonexpansive sequence of mappings in Hilbert spaces. Moreover, we
can improve the recent results of Tian and Jin (2011). We also give a simple proof of Marino-Xu’s result (2006).

1. Introduction

Let H be a Hilbert space with inner product (-, -) and induced
norm || - |. Recall that a mapping T' : H — H is said to
be L-Lipschitzian where L > 0 if [Tx — Ty| < Llx — yl
for all x, y € H. In this paper, we are interested in nonex-
pansive mappings (that is, 1-Lipschitzian ones) and contrac-
tions (that is, L-Lipschitzian ones with L < 1). The problem
of finding a fixed point of such mappings plays an important
role in many nonlinear equations appearing in both pure
and applied sciences. The celebrated Banach’s contraction
principle is probably known as the major tool for the case of
contraction mappings. However, for nonexpansive mappings,
the situation is more difficult and different.

In 2000, Moudafi [1] introduced the viscosity approxima-
tion method, starting with an arbitrary initial x, € H, and
defined a sequence {x,} by

1
1+¢

Xy = —2— f (3,) + ——Tx

l1+¢g,

. (n>1), 1

n

where T is a nonexpansive mapping, f : H — H isacontrac-
tion, and {e,} is a sequence in (0, 1) satisfying

(M1) lim,_, ¢, = 0;
(M2) Y2, €, = 005

(M3) lim,, _, .,(1/¢,) — (1/e,,;) = 0.

It was proved that the sequence {x,} generated by (1) con-
verges to a fixed point z of T and the following inequality
holds:

(f(2)-2z,q-2z) <0 VqeFix(T):={xe€H:x=Tx}.
2)

In the literature, Moudafi’s scheme has been widely studied
and extended (see [2, 3]). It should be noted that the
convergence of Moudafi’s scheme is equivalent to that of its
special setting with a constant contraction f (see [4]). In fact,
this follows from the role of the nonexpansiveness of T'.

In the earlier result, the following scheme was studied by
Halpern [5]; starting with an arbitrary initial x, € H and a
given u € H, he defined a sequence {x,} by

xn+1 = Ocnu + (1 - (xn) T.xn (n > 1) > (3)

where {w,} is a certain sequence in (0, 1). In fact, Halpern
proved in 1967 the convergence of the iterative sequence {x,,}
where «,, = n%and 6 € (0, 1). Many researchers (see, e.g.,
[6, 7]) have improved Halpern’s result from Hilbert spaces to

certain Banach spaces with the following conditions on {«,,}:
(C1) lim,, _, e, = 0;
(C2) Y2, &, = 003
(C3) lim,, _, o (@, /et,,1) = Lor Y02 lot, — 4| < 00.

Halpern also showed that conditions (Cl) and (C2) are
necessary for the convergence of the sequence generated by
(3) for any given x,,u € H.



On the other hand, Chidume-Chidume [8] and Suzuki [9]
independently discovered that together just conditions (Cl)
and (C2) are sufficient for the convergence of the following
iterative sequence:

xpu€C, Xy =ou+(l-a,)Tyx, m=1), (4)
where T, = AI + (1 —A)T and A € (0, 1). Recently, Saejung
[10] proved that the conclusion remains true if T is a strongly
nonexpansive mapping. It is noted that in Hilbert spaces the
mapping T is strongly nonexpansive whenever A € (0, 1).
Recall that a mapping T : H — H is strongly nonexpansive
(see [11, 12]) if it is nonexpansive and lim, _, ll(x, — ¥,) —

(Tx,, — Ty,)ll = 0 whenever {x,}, {y,} are sequences in H
such that {x,,— y,,} isbounded and lim,, _, . (llx,,— ¥, II- I Tx, —
Tyn") =0.

In the aforementioned results, it was assumed that T has a
fixed point; that s, Fix(T') # @. Now we consider the following
more general settings. A mapping T : H — H is

(i) quasi-nonexpansive it Fix(T) # @ and [|[Tx — gl < ||x -
qll for all x € H and q € Fix(T);

(i) strongly quasi-nonexpansive if it is quasi-nonexpan-
sive and lim, _, . llx,, — Tx, |l = 0 whenever {x,} is a
bounded sequence in H such thatlim,, _, . (llx,, —gll -
ITx, — gll) = 0 for some g € Fix(T).

In 2010, Maingé [2] proved the convergence of the sequence
{x,} defined by x, € H and

Xn+1 = anf (xn) + (1 - ‘xn) wan’ (5)

where T, = (1 — w)I + wT, w € (0,1/2) and T is a quasi-
nonexpansive mapping under the conditions (C1) and (C2).
In 2011, Wongchan and Saejung [13] improved Maingé’s result
by replacing T, with a strongly nonexpansive mapping T.
Hence, the restriction w € (0,1/2) can be extended to w €
(0,1).

There are also some other iterative schemes closely related
to the schemes above studied by many authors. For example,
inspired by the scheme studied by Yamada [14], Tian and
Jin [15, 16] recently proposed the following iterative scheme,
starting with an arbitrary initial x; € H and

Xny1 = (xnyf (xn) + (I - (xru”F) wan (nz1), (6)
where f and T, are the same as Maingé’s result but F: H —
H is strongly monotone and Lipschitzian.

A careful reading shows that there are some connections
between them. We will discuss and consolidate them into the
following scheme: Started with an arbitrary initial x, € H
and

Xnt1 = Ky (f (xn) +g (Tnxn)) + (1 - “n) Tnxn
n=1),

7)

where f, g are Lipschitzian and {T,} is a certain sequence of
quasi-nonexpansive mappings.
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2. Preliminaries

In this section, we collect together some known lemmas
which are our main tool in proving our results. Let C be
a closed and convex subset of H. Recall that the metric
projection P : H — C is defined as follows: for x € H,
P.x is the only one point in C satisfying

|x - Pox| = inf {|x - y| : y € C}. (8)

Lemma 1 (see [17]). Let C be a nonempty closed convex subset
of a Hilbert space H. Then for x € Hand y € C, y = Pox if
and only if (x — y,y —z) > 0forallz € C.

Lemma 2. Let H be a Hilbert space. Then
J+ 31° < Il + 27, x + ) (9)
forallx,y € H.

We also need the following lemma.

Lemma 3 (see [18, Lemma 2.5]). Let {a,} C [0,00), {,} C
[0,1), and {b,} C (—00,00), & € [0, 1) be such that

(i) {a,} is a bounded sequence;

(i) apyy < (1 - ,)’a, + 20,8~/@,/Gy + b, for all
neN;

(iil) whenever {a, } is a subsequence of {a,} satisfying
liminf, (@, — a,) = 0, it follows that

limsupy _, b, <0;
(iv) lim =0and Y >, a, = 0.

Then lim

n—)ooocn

o 0obn = 0.

Lemma 4 (see [19, Lemma 2.3]). Let {s,} be a sequence of
nonnegative real numbers, {«,} a sequence of real numbers
in [0,1] with Y72, o, = 00, {u,} a sequence of nonnegative
real numbers with Y u, < oo, and {t,} a sequence of real
numbers with lim sup,, _, . .t, < 0. Suppose that

Sy < (L—a,)s, +ot, +u, YneN. (10)

Then lim s, =0.

n— oo n

3. Main Results

Recall that {T,, : H — H} is a strongly quasi-nonexpansive
sequence if it satisfies the following conditions:

(1) N2, Fix(T,) # 0;

) IT,x-pll < llx—pl forallx € Hand p € ;2 Fix(T,)
and for alln e N;

(3) lim,,_, ,lIx,, — T,,x,|l = 0 whenever {x,,} is a bounded

sequence in H such that lim, , (lx,, — gl - IT,x, —
qll) = 0 for some g € (2, Fix(T,,).

We also say that {T},} satisfies the NST-condition if whenever
{z,} is a bounded sequence in H such that lim,_, [z, —
T,z,|l = 0 it follows that every weak cluster point of {z,}
belongs to (2, Fix(T},).
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Remark 5.

(1) Being strongly nonexpansive the sequence and NST-
condition are apparently inherited by subsequences.

(2) Suppose that T, =T : H — Hforalln> 1.

(i) If T is a strongly nonexpansive mapping, then
{T,} is a strongly nonexpansive sequence.

(ii) If I — T is demiclosed at zero, then {T,,} satisfies
NST-condition.

Recall that I - T : H — H is demiclosed at zero if {x,} is
a sequence in H such that lim, _, |lx, — Tx,| = 0 and w -
lim, x, = p; then p € Fix(T).

n— 00

We now state our main theorem.

Theorem 6. Let {T, H — H} be a strongly quasi-
nonexpansive sequence satisfying the NST-condition. Let f, g :
H — H be a- and -Lipschitzian, respectively. Suppose that
{x,} is given by x, € H and

Xn+1 = Ky (f (xn) +g (Tnxn)) + (1 - ‘Xn) Tnxn
n=>1)),

(1)

where {a,} is a sequence in (0, 1) satisfying the conditions (CI)
and (C2). Suppose that o+ 3 < 1. Then {x,} converges strongly
to p = Prw pixcr,y (f + 9)(p).

Before we give the proof, we note that F := (-, Fix(T,)
is closed and convex. It follows from ac + 3 < 1 that f + gisan
(a + f)-contraction. Then the mapping Pp(f+g) : F — Fis
a contraction. By Banach’s contraction principle, there exists
a unique element p € F such that p = Pr(f + g)(p). It follows
then from Lemma 1 that ((f + g)(p) — p,z — p) < 0 for all
z €F.

Let us consider the following three lemmas first.

Lemma 7. The sequence {x,} is bounded. Hence, so are the
sequences { f (x,)}, {T,x,}, and {g(T,x,)}.

Proof. We consider the following inequality:
"xn+1 - P” <oy ||f (xn) tg (Tnxn) - p"
+ (1 - (Xn) ||Tnxn - P“ :

Since each T), is quasi-nonexpansive and p € (2, Fix(T,),
we have

(12)

ITwx, = pll < %, - 2 - (13)

It follows from the Lipschitzian conditions of f and g,
respectively that,

o, | f (x) + g (Tux) = 2
<o, |f (x) = £ (P + e |9 (T,x,) = g (p)]
+a, [ f(p)+g(p)-pl (14)
< aa, |x, = pl| + Bet, ||x, - p

+o, | f(p)+9(p)-pl.

Then, we have

s = Pl
< (1= 0, (1= (a+ B)) %, - pl

+a,(1-(a+p)) s (f):r(z EFP;)_ pl (15)

If () + 9(p) - pl
A

By induction, for all n > 1, we have

R (1;)_+( . (+pl);)— rl } . ae)

In particular, the sequence {x, } is bounded. O

< max {”xn -

b~ 1 < ma { e

Lemma 8. The following inequality holds for alln > 1:
"xn+1 - P”2
< (1_o‘n)2|lxn_P||2+2(a+ﬁ)an ||xn_p" 17)
X "xnﬂ - p" + 20‘n<f (P) +9 (P) — P Xp — P>
Proof. It follows from Lemma 2 that
s =PI
= “(Xn (f (xn) 9 (Tnxn) - p) + (1 - “n) (Tn'xn - P)||2
s (1 - an)zllTnxn - p”2

+ 20‘71 <f (xn) +9g (Tnxn) — P> Xpp1 — P> .
(18)

Since each T, is quasi-nonexpansive and p € (72, Fix(T},),
1T, = o < e = o (19)
Next, we consider
(f (x4) + g (Tx,) = P X1 = P)
= (f (%)) = f(P)> %11 = P)

+ <g (Tnxn) -9 (P) > X1 P>
+(f(p)+9(P) = P, Xy = P)
(20)
< ax, = pll %1 = 2l + Bllx, - 2l
X |xp1 = 2l + {f () + 9 (P) = Pr X1 = P)
= (‘x + /3) "xn - p” “xnﬂ - P"
+(f(P)+9(P) =P Xp1 - P)
Hence, the result follows. O



Lemma 9. If there is a subsequence {x, } of {x,} such that
liminfy _, o (1%, .1 — pll = Ix,, — pl) > 0 then

limsup (£ () +9(p) = P X1 =P) <0 (1)

Proof. We note that limy _, e, = 0. We consider the follow-

ing inequality:

0 < lim inf(

k— 0o

-rl)

<timint o, 1 () -0 (1 5,) -

Xn+1 ~ p" —I*

+ (1= [Ty -2 = | - 2]) 22
<liminf (|T,, %, - p| - |, - £])
<timsup (|T,,x, - p| - |, - p]) <0
Then limy_, . (IT,, x,, — pll = llx,, — pl) = 0. Since {T}}

is strongly quasi-nonexpansive, so 1s {T}, }. This implies that

limy _, o, lIx, — T, x, Il = 0. Moreover,

||x"k+1 ~ Xy "

= ||x”k+1 = T, “ + “T”kx”k ~Xn "

(23)
= a”k f (x”k) tg (T”x"k) - T”kx"k “
+ "Tnkxnk = X || -
Then limy_, ,,llx,, .1 — x, | = 0. Since {x,, } is bounded,

k
there exists a subsequence {xnk} of {xnk} such that w -
1

llrnl—»oo 1,

=gqand

limsup (f (p) + g (p) = P %, — P)

k— o0

(24)
= fim (f(p)+a(p)- Py X, ~ p)-
As limk—>00”-xnk - xnk+1" = 0, we have lim Supk”"o(f(p) "

9(p) = pXyr — p) = (f(p) +g(p) — p,q — p). Since {T,}
satisfies NST condition, we have g € F and hence (f(p) +

g(p) — p,q— p) < 0. Therefore,
lim sup (f(P)+9g(P)=pxpur —P) <0, (25)
as desired. ]

Proof of Theorem 6. We are ready to apply Lemma 3. Set

a, = |x, - p|’,
.= (f(p)+g(p)-
a+p.

S
I

Dy X1 = P) s (26)

Q)
i
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It follows that

(i) {a,} is a bounded sequence (by Lemma 7);

(i) Gy < (1—0t,)a, +200,8/G, /ppy + b, foralln > 1
(by Lemma 8);

(iii) whenever {ank} is a subsequence of {a,} satisfy-
ing liminfy_, (a,., — a,) > 0, it follows that
limsup_, ,,b, <0 (by Lemma9).

Hence, lim,, _, . llx, — pll = lim,, _, . a, = 0. This completes
the proof. O

4. Deduced Results

4.1. Wongchan and Saejung’s Result. Settingg=0andT, =T
for all n € N in the proof of Theorem 6, we immediately have
the following result of Wongchan and Saejung ([13, Theorem
6]).

Corollary10. Let C be a closed convex subset of a Hilbert space
HandT : C — C a strongly quasi-nonexpansive mapping
such that I — T is demiclosed at zero. Suppose that f : C — C
is a contraction and a sequence {x,,} is generated by x, € C and

Xn+1 = nf (xn) (1 - n) wa (27)

where {a,} is a sequence in (0, 1) satisfying the conditions (CI)
and (C2). Then {x,} converges strongly to p = Pgycr) f(P)-

4.2. Tian and Jin’s Result I. Recall thata mapping F: H — H
is -strongly monotone if (x — y, Fx — Fy) = nj|lx — y||* for all
x,y € H.

Lemma 11. Let F : H — H be an n-strongly monotone
and «-Lipschitzian mapping. Then ||(I — uF)x — (I — uF)y|l <
V1 =271|x — y|| where T = pu(n — (;mz/Z))for allx,y € H. In
particular, if0 < y < 25/, then I — uF is a contraction.

Proof. Let x, y € H. Then

|(1 = uF) x = (I - uF) y|
=[(x - y) - u(Fx - Fy)|’

=[x = ¥ - 2u (x - y, Fx - Fy)

+‘”2||Fx _Fy"2 (28)
<=1 = 2l = 31 + 26 - P
2
~(1-2(n- 1) ot
= (-2 -y 0



Abstract and Applied Analysis

Theorem 12. Let T : H — H be a strongly quasi-nonexpan-
sive mapping such that 1 -T is demiclosed at zero. Let F : H —
H be an y-strongly monotone and x-Lipschitzian mapping. Let
f:H — H bean L-Lipschitzian mapping and let a sequence
{x,} be generated by x, € H and

Xn+1 = (xnyf (xn) + (I - (XnHF) Txn
where the sequence {«,} C (0,1) satisfies the conditions (CI)
and (C2). Suppose that 0 < u < 2n/x* and 0 < yL < 1 -
V1 =27, where T = u(y — (;mz/Z)). Then {x,} converges to
P = Peyey(I = pF + yf)p.

n=1), (29)

Proof. First we rewrite the iteration (29) as follows:
Xpp1 = Ky (]?(xn) + g(Txn)) + (1 - (xn) Tx,, (30)

where f = yf and § = I-uF. Note that f is a yL-Lipschitzian
and gisa V1 — 27-Lipschitzian. Using yL + V1 — 2L < 1 and
putting T,, = T for all » € N in Theorem 6 imply that {x,}
converges to p € Fix(T), where

P = Prixer (f+ !7) (P) = Prixery I = uF +yf) (p).  (31)
O

Lemma 13 (see [12]). If T : H — H is a quasi-nonexpansive
mapping, then the mapping T, := (1 — w)I + wT is strongly
quasi-nonexpansive wherever w € (0, 1).

Using Theorem 12 and Lemma 13, we immediately have
the following result which is an improvement of Tian and Jin’s
result ([15, Theorem 3.1]).

Theorem 14. Let T : H — H be a quasi-nonexpansive
mapping such that I =T is demiclosed at zero. Let F: H — H
be an n-strongly monotone and x-Lipschitzian mapping. Let
f+H — H bean L-Lipschitzian mapping and let the sequence
{x,} be generated by x, € H and

X1 = ouVf (x,) + (I = auF) Tpx, (n21),  (32)
where T, = (1 - w)I + wT, w € (0,1) and the sequence {«,} C
(0, 1) satisfies the conditions (Cl1) and (C2). Suppose that 0 <
u < 2n/x*and 0 < yL < 1 - 1-21 wheret = u(y -
(ux*[2)). Then {x,,} converges to p = Priyry(I = uE + yf)(p).

Remark 15. Theorem 14 improves the result of Tian and Jin
(15, Theorem 3.1]) in the following ways.

(i) We assume that yL < 1 — V1 — 27 while [15, Theorem
3.1] is proved under the assumptions yL < 7. We note

thatt <1 - +/1-2r7.

(ii) Our result allows us to choose w in the wider interval
(0,1) while [15, Theorem 3.1] is proved under the
assumptions w € (0, 1/2).

4.3. Tian and Jin's Result II. Recall that a mapping A: H —
H is strongly positive with the coefficient y > 0 if

(Ax,x) 2l (33)
forall x € H.

Lemma 16 (see [20]). Let A be a strongly positive self-adjoint
linear bounded operator with coefficienty > 0 on H and 0 <

p <A™ Then | I - pA |< 1 - py.

Theorem 17. Let T : H — H be a strongly quasi-nonex-
pansive mapping such that I — T is demiclosed at zero. Let
A : H — H be a bounded linear self-adjoint operator and
strongly positive with the coefficienty. Let f : H — H be an
a-contraction mapping and let a sequence {x,,} be generated by
x, € Hand

Xpt1 = “n)’f (xn) + (I - (an) Txn (1’1 2 1) > (34)
where the sequence {«,} c (0, 1) satisfies the conditions (C1)
and (C2). Suppose that 0 < yx < y. Then {x,} converges to

P = Prixery(I = A+ yf)p.

Proof. By Lemma 16, we can choose t € (0,1) such that || I -
tA || < 1 — ty. Rewrite the iteration (34) as follows:

+1 = &n (f(xn) + g(Txn)) + (1 - an) Txn’ (35)

where f = tyf, g := I —tAand @, = a,/t foralln € N.
Note that f is tya-Lipschitzian and g is (1 - £y)-Lipschitzian.
It follows from 0 < y« < y that

tya+1-ty=1-t(y—ay)<1. (36)

Setting T,, = T for all n € N in Theorem 6 implies that {x,}
converges to p € Fix(T) such that p = Py ( f+gp =
Py (tyf +1-tA) ps thatis, (tyf(p)+ p—tAp—p, p-w) 2 0
for all w € Fix(T'). This implies that (yf(p) - Ap,p—w) >0
for all w € Fix(T); thatis, p = Py (yf + I — A)p. This
completes the proof. O

Using Lemma 13 and Theorem 17, we immediately have
the following result which is an improvement of Tian and Jin’s
result ([16, Theorem 3.1]).

Theorem 18. Let T : H — H be a quasi-nonexpansive
mapping such that I - T is demiclosed at zero. Let A: H — H
be a bounded linear self-adjoint operator and strongly positive
with the coefficient y. Let f : H — H be an a-contraction
mapping, and let the sequence {x,} be generated by x, € H
and

xn+l = “nyf (xn) + (I - (an) wan n 2 1) > (37)

where T, = (1 — w)I + wT, w € (0, 1) and the sequence {«,} C
(0, 1) satisfies the conditions (Cl1) and (C2). Suppose that 0 <
ya < Y. Then {x,} converges to p = Py y(I = A+ yf)p.

Remark 19. Theorem 18 improves the result of Tian and Jin
([16, Theorem 3.1]). In fact, their result was proved under the
assumption w € (0, 1/2) while our result allows us to choose
w in the wider interval (0, 1).



5. A Discussion on Marino-Xu’s Result

The following theorem is studied by many authors; for
example, see [3].

Theorem 20. Let C be a closed convex subset of a Hilbert space
H. Suppose that

iHT : C — C is a nonexpansive mapping and
Fix(T) # ©;

(ii) {«,} < (0,1) is a sequence satisfying the conditions
(C1), (C2), and (C3).

Define the following iterative sequence:
u,x; €C, (38)
X = ot + (1 — o) T, (39)
Then {x,} converges to Py (ryu.

Using the technique in [4], we can give a simple proof of
the following result proved by Marino and Xu [20].

Theorem 21. Suppose that

(i) A: H — H is a bounded linear self-adjoint operator
and it is strongly positive with the coefficient y;

(i) T H — H is a nonexpansive mapping and
Fix(T) + O;

(i) f: H — H is an a-contraction;
(iv) y is a positive number such that 0 < ya < y;

(v) {o,} < (0,1) is a sequence satisfying the conditions
(C1), (C2), and (C3).

Define the following iterative sequence:
z, €H (40)
Zn+1 = (xnyf (Zn) + (I - (XHA) TZ"' (41)

Then {z,,} converges to Z € Fix(T) and (AZ-yf(2),z—w) <0
for all w € Fix(T).

Proof. Chooset € (0,1) such that || I —tA | < 1—ty. First we
show that I-tA+tyf is a contraction. To see this, let x, y € H.
Then

I(T —tA +tyf) x — (I - tA + tyf) y|
<[ -tA) x - (I -tA) y| +ty | f ) - f (W)
<= tAllx =y +ty [ f ) = £ ()] (42)
< (1=19) |x = y] + tyafx -y
=(1-t(y-ya)) Jx— |-

It follows from ya < P that I — tA + tyf is a contraction.
Note that P, 7 is nonexpansive and hence Py (p (I — tA +
tyf) is a contraction from Fix(T) into itself. It follows
from the closedness of Fix(T) and the Banach’s contraction
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principle that there exists a unique element z € Fix(T) such
that

Z = Py (I - tA+1yf) (2). (43)
Therefore,
(Az-yf (2),z-w) <0 VYw € Fix(T). (44)
Now we define the following iterative sequence:
X, =2y,

(45)
Xnt1 = (XT ((I -tA)TZ + tyf (z)) (1 _ —)Tx

It follows from Theorem 20 that the sequence {x, } converges
t0 Z = Pyyy(ry(I — tA + tyf)(2). Observe that

Zp1 = “7 (I-tA) Tz, +tyf (z,)) + (1 - %)Tzn. (46)
We next consider the following expression:
||Zn+l - xn+1"

=|(1-%) e - 1) + a1y (12, - 72)

+22y (£ (2) - £ @)

IA

(Xﬂ an — -~ ~
(1-22 ) leu=ul + 22 1 - ) =2l + oy 2,2
(44 24 — —~

(1= %) o=l + (52 - 0 (7= @) ) o~ 2

< (10, (7 70) o=l + ( -, (7-700)) |, - 2]

= (1 -, (7_ Y“)) “Zn _xn" +a, ()_/_V“)
(1/t) = (y - ye
(M st

It follows from Lemma4 that lim,_, |z, — x, = O.
Therefore, we conclude that {z,,} converges to z € Fix(T') and
(AZ-yf(2),z-w) < 0 forallw € Fix(T). This completes the
proof. 0

(47)
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