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The initial-boundary value problem for partial differential equations of higher-order involving
the Caputo fractional derivative is studied. Theorems on existence and uniqueness of a solution
and its continuous dependence on the initial data and on the right-hand side of the equation are
established.

1. Introduction

Many problems in viscoelasticity [1-3], dynamical processes in self-similar structures [4],
biosciences [5], signal processing [6], system control theory [7], electrochemistry [8],
diffusion processes [9], and linear time-invariant systems of any order with internal point
delays [10] lead to differential equations of fractional order. For more details of fractional
calculus, see [11-15].

The study of existence and uniqueness, periodicity, asymptotic behavior, stability, and
methods of analytic and numerical solutions of fractional differential equations have been
studied extensively in a large cycle works (see, e.g., [16—42] and the references therein).

In the paper [43], Cauchy problem in a half-space {(x,y,t) : (x,y) € R%t > 0} for
partial pseudodifferential equations involving the Caputo fractional derivative was studied.
The existence and uniqueness of a solution and its continuous dependence on the initial data
and on the right-hand side of the equation were established.

In the paper [44], the initial-boundary value problem for heat conduction equation
with the Caputo fractional derivative was studied. Moreover, in [45], the initial-boundary
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value problem for partial differential equations of higher order with the Caputo fractional
derivative was studied in the case when the order of the fractional derivative belongs to the
interval (0,1).

In the paper [46], the initial-boundary value problem in plane domain for partial
differential equations of fourth order with the fractional derivative in the sense of Caputo was
studied in the case when the order of fractional derivative belongs to the interval (1,2). The
present paper generalizes results of [46] in the case of space domain for partial differential
equations of higher order with a fractional derivative in the sense of Caputo.

The organization of this paper is as follows. In Section 2, we provide the necessary
background and formulation of problem. In Section 3, the formal solution of problem is
presented. In Sections 4 and 5, the solvability and the regular solvability of the problem are
studied. Theorems on existence and uniqueness of a solution and its continuous dependence
on the initial data and on the right-hand side of the equation are established. Finally, Section 6
is conclusion.

2. Preliminaries

In this section, we present some basic definitions and preliminary facts which are used
throughout the paper.

Definition 2.1. If g(t) € C[a,b] and a > 0, then the Riemann-Liouville fractional integral is
defined by

N B L (C)
I7.g(t) = ) L - 5)1—ud5’ (2.1)

where I'(+) is the Gamma function defined for any complex number z as

I'(z) = I: t¥le tdt. (2.2)

Definition 2.2. The Caputo fractional derivative of order a > 0 of a continuous function g :
(a,b) — Ris defined by

1 (" 8"
‘De.g(t) = s, 2.3
+g( ) r(n_a) J‘a (t—s)u_m'l ( )
where n = [a] + 1, (the notation [a] stands for the largest integer not greater than a).
Lemma 2.3 (see [13]). Let p,q >0, f(t) € L1[0, T]. Then,
I I, f(8) = I, f(£) = I, I, f (1) (24)

is satisfied almost everywhere on [0,T]. Moreover, if f(t) € C[0,T], then (2.4) is true and
°Dg Ig, f(t) = f(t) forall t € [0,T] and a > 0.

+
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Theorem 2.4 (see [47, page 123]). Let f(t) € L1(0,T). Then, the integral equation
z(t) = f(t) + )Lf (t= z(T)dT (2.5)
F( )
has a unique solution z(t) defined by the following formula:
t
z(t) = f(t) + )Lf (t = 1) ' Ega (Mt - 7)%) f(7)drT, (2.6)
0
where Eq 3(z) = 300(2% /T (ka + p)) is a Mittag-Leffler type function.

For the convenience of the reader, we give the proof of Theorem 2.4, applying the
fixed-point iteration method. We denote

B t (t _ T)a—l
Bz(t) = Wz(‘r)d‘r. (2.7)
Then,
z(t) = mz_lBk f(t)+B™z(t), m=1,...,n. (2.8)
k=0

The proof of this theorem is based on formula (2.8) and

a-1
z(7)dT, (2.9)

m _\m t(t_T)m_
520 =4[ S

for any m € N. Let us prove (2.9) for any m € N. For m = 1, it follows from (2.7) directly.
Assume that (2.9) holds for some m — 1 € N. Then, applying (2.7) and (2.9) form -1 € N,
we get

- . t(t_ )(m—l)a—l
B2 =" | Tm-Da)

_ o\(m=-T)a-1 s
- lf (;((2 e L (s =)' z(r)dr ds

Bz(s)ds

(2.10)
= — (m-1)a— _ a—1
- ot [ [ =9 - Tz s

“ (m-1)a-1 -1
= —F(a)F((m “Ta) fo J‘T (t—1s) (s —1)" dsz(t)dr.
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Performing the change of variables s — 7 = (t — T)p, we get

t 1
J (t _ S)(m—l)u—l (S _ T)u—lds — (t _ T)ma—l JO (1 _ p) (m—l)a—lpa_ldp
T

= (t-7)"B((m-1)a,a) (2.11)
~ (t_T)ma—l
= T I'((m-1)a)I(a).

Then,

ma-1
B"z(t) = A™ Jt %Z(T)dr. (2.12)
0

So, identity (2.9) holds for m € N. Therefore, by induction identity (2.9) holds for any m € N.
In the space domain, Q = {(x,y,t) : 0 <x <p,0<y <q,0 <t < T}, we consider the
initial-boundary value problem:

ke rma o%ky 0%y
(-1) D0+u+m+w=f(x,y,t), O<x<p O0<y<gq 0<t<T,

*mu(0,y,t) 0" u(p,y,t)
= = =0,1,...,k-1,0<y < <t<T,
B g O MO L kL OSySq 0sEsT o
0¥ u(x,0,t)  0™"u(x,qt)

532 3y 00 m=0,1,...,k-1,0<x<p, 0<t<T,
Yy y

u(x,y,0)=9(xy), w(xy0)=¢(xy), 0<x<p 0<y<gq

for partial differential equations of higher order with the fractional derivative order a € (1,2)
in the sense of Caputo. Here, k(k > 1) is a fixed positive integer number.

3. The Construction of the Formal Solution of (2.13)

We seek a solution of problem (2.13) in the form of Fourier series:

u(x,y,t) = D () oum (x, ), (3.1)

n,m=1

expanded along a complete orthonormal system:

. nxr . mr
Vum (X, y) = sin ?x sin Ty, 1<n, m< oo. (3.2)

2
vPq
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We denote

Qozﬁﬁ(t:O):{(x,y,O):OSxSp,OSySq},

3.3)
nar mair ok 2k 12k (
— =Yy, —q =Um, Vy +Um =N, 1<n,m< co.

We expand the given function f(x,y,t) in the form of a Fourier series along the functions
Vum(x,y),1 <n,m < oo:

Fyt) = D fam®)owm(x,y), (3.4)
n,m=1
where
P g
Fam(t) = J j f(x,y, ) vum(x,y)dydx, 1<n,m<co. (3.5)
0Jo

Substituting (3.1) and (3.4) into (2.13), we obtain

(=1 Dt (1) + (=1) A3 () = frum (D). (3.6)
By Lemma 2.3, we have that
‘Dt (£) = I3l (1), (3.7)
where
B.F0 = o | 0 (t )" f(r)dr (3.8)

is Riemann-Liouville integral of fractional order a. Using (3.6) and (3.7), we get the following
equation:

I22Ul () + A2 11 (8) = (<1)F frm (8). (3.9)

Applying the operator Ij, to this equation, we get the following Volterra integral equation of
the second kind:

2k
_J\nm

I'(a)

U (£) = JZ (t- T)“"lunm(T)dT + Upm (0) + tu,,,(0) + (—1)k15‘+fnm(t). (3.10)
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According to the Theorem 2.4, (3.10) has a unique solution u,,,(t) defined by the following
formula:

am(® = S [ 12 (e

t
wm(0) [ 1= A2 | (8= 7)*  Egu (Ao, (t = 7)%)d
tu ()[ fo(t ) B (~A25, (£ = 7)) T]
t ) (3.11)
] 0 _)sz _ alEaa _-)lzl]:n _ a d
H%UP mLaﬂ o arwrﬂ

)" Eaa (=N (E= 1)) f: (1=7)"" fam(7)dr.

Using the formula (see, e.g., [27, page 118] and [47, page 120])

0] L T Ey (M%) (z = 1) dt = 2P E 5 (A2%),

(3.12)
m + ZEa,aﬂl(z) = E“rﬂ(z)’

we get

?;;f (t=1)""Ena(- n’fn(f—n)”)dnﬂ (1=7)" fum(7) dr

[ g [ - (500" (-0 anfar
’[ frm(T) { 1%(2;) 7 Z'X_lEa,a (-/\ilfnza> (t-7- Z)a_ldz}dT

- f Fam ()X (= 707 B (A, (£ = 7)) b

f (t-7)™ 1fn,,,(r){ @ E(—A28,(t - T)a>}dT,

-2, f =D Ea (-2, (- 7)")dr

t
= -2 f 2 B (-13,2%) (t - 2)' Tz
0
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= D)2t Bt (120 1) = Bt (-A2547) -1,
t
— A2k f (t- 1) 'E (—ﬁk (t - T)“>T dr
nm 0 a,a nm
t
= -2 J 2 B (-A25,2%) (t - 2) Nz
0

= D202 1 Egaio (A t") = B (~A25,t%) ~ £
(3.13)

From these three formulas and (3.11), it follows that

thn (£) = 1t (0) Eagp (—20, 1) + 114, (0) Exp (— A2 £%)
. (3.14)
+(-1)* J (t=7)""Ena (—/\fl’,‘n(t - T)“) fum(T)dT.
0

For u,,,(0) and u),,(0), we expand the given functions ¢(x,y) and ¢(x,y) in the form of a
Fourier series along the functions vy, (x,y),1 < n,m < co:

(P(x’y) = Z (anvnm(x/]/) 7

nm=1
(3.15)
(X y) = D, PamOun (X, V),
n,m=1
where
P 4
Prm = f f @(x,y)vnm (x, y)dy dx,
00 (3.16)
P (4 '
Gom = fo fo ¢ (x,Y)Vnm (x,y)dy dx.
Using (2.13), (3.14), (3.16), we obtain
Uy (t) = Ea1 (—Aﬁ’;,,t“)%m +tEq» (—Aﬁ’,;t“)qxnm
(3.17)

E ﬂ (t =) Eqa(-A25,(E = 7)) fum(T)dT.

So, the unique solution of (3.10) is defined by (3.17). Consequently, the unique solution of
problem (2.13) is defined by (3.1).
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Applying the formula (3.17), the Cauchy-Schwarz inequality, and the estimate (see
[13, page 136])

|Eap(z)| < %, M =const >0, Rez <0, (3.18)

we get the following inequality:

t 1/2
|ttum ()] < C0<|(an| + | @um| + <f0 | fnm(t)lzdt> > (3.19)

for the solution of (3.10) for any t,t € [0, T]. Here, Cy = max{M,TM, M(T* V2 /+/2a - 1)}.

4. Solvability of (2.13) in L,(Q) Space

Now, we will prove that the solution u(x,y,t) of problem (2.13) continuously depends on

o(x,y), ¢(x,y),and f(x,y,t).

Theorem 4.1. Suppose p(x,y) € Ly(L0), ¢(x,y) € L2(Q0), and f(x,y,t) € Lo(Q), then the series
(3.1) converges in L,(Q2) to u € Ly(Q) and for the solution of problem (2.13), the following stability
inequality

el L, @) < Cl(”‘l’"Lz(Qo) + ”‘I’“LZ(QO) + ||f||L2(g)> (4.1)

holds, where Cq does not depend on ¢(x,y), ¢(x,y), and f(x,y,t).

Proof. We consider the sum:

N
un(x,y,t) = Z Unm (D) Opm (X, 1), (4.2)

n,m=1

where N is a natural number. For the positive integer number L, we have that

N+L 2

Z Unm () Onm (-, *)

nm=N+1

2
lun+r — unlli, @ =

Ly(Q) (43)

N+L T
S | hemoPar

nm=N+170
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Applying (3.19), we get

%) T o) o) o0 T
D jo |unm<t)|2dtssc3< S lpuml + S gum]+ > fo |fnm<t>|2dt>

n,m=1 n,m=1 n,m=1 n,m=1

(4.4)
2 2 2 2
=C <||(P||L2(Qo) + ”‘I’HLZ(Qn) + ”f”Lz(Q))’

where C? = 3TC3. Therefore, ZnN,;iN + OT ltgm()[?dt — 0as N — oo. Consequently, the

series (3.1) converges in L,(Q2) to u(x,y,t) € Ly(Q). Inequality (4.1) for the solution of
problem (2.13) follows from the estimate (4.4). Theorem 4.1 is proved. O

5. The Regular Solvability of (2.13)

In this section, we will study theregular solvability of problem (2.13).

Lemma 5.1. Suppose ¢(x,y) € CHQ), pxy(x,y) € La(Qo), ¢(x,y) € CHQo), gy(x,y) €
Ly(Q0), ¢(x,y) = 0 on 0Q,¢(x,y) = 0 on 08y, f(x,y,t) € CZ(Q),fxxy(x,y,t) €
C(Q) fryy (X, y,1) € C(Q), frxyy(x,y,t) € C(Q), and f(x,y,t) = 0 on dQ x [0, T]. Then, for
any € € (0,1), the following estimates

|@um| | @nm| 1 1 1
Iunm(t)|§C1< + + + —— + — (5.1)
Vrl:/l]rcn vslfllr(n v1I;+1#Inc1+1 v§+1 g#lrcn+l v§+1‘ulrcn+1 £
(11) (L1)
Pum Bnm 1 1 1
X8 ()] < Co | |+ bt ot (52)
Vnlm Vnlm Vallm Vi Mm Valm

hold, where Cy and C, do not depend on ¢(x, y) and ¢(x, y).

Proof. Integrating by parts with respect to x and y in (3.5), (3.16), we get

_ 1 an
Pum = (5.3)
_ 1
e L (5.4)
Fam(®) = —— FL9 (1), (5.5)
Vnltm

Fam(t) = FEEO ), (5.6)

1
Vaum
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where

Vum (x, y)dy dx,

Pl _ I J‘qa p(x,y)

0xoy

1 o2
(1 1) (p(x, 3/)
I f 2x0y — "0 (x, y)dy dx,
(5.7)
10°f(x,y,t)
(1 1,0) ,
(t) = j f Bxdy ———— 0 (x,y)dy dx,
10'f(x,y,1)
(220) ,
0= [ [ g o )y .

Under the assumptions of Lemma 5.1, it follows that the functions fy, (L1.0) (t) and fy;r; ©2.0) (t) are
bounded, that is,

fan O] <Ny,

£ ®] < N, (5.8)

where Nj = const > 0, N, = const > 0. Let 0 < ty < t < T, where ¢ is a sufficiently small
number. For sufficiently large n and m, the following inequalities are true:

£ 2 =) 2
In\;,, <A;, <v,+u, 0<e<l,

(5.9)
1+ 02K 70 < 222k T2,
Using (3.16), (5.8), (5.9), and (3.17), we get
o m FA(1+ A%k (= 1)
tn (O] < M ( 52 lo |+ L lown] N f (L+ L (t = 7))
25 viph, 25T vk, kTl o T A (- 1)
n n In2T* + (2 In A¢
< M< Lol | 1_lom] | Niin2T"+ 2k/e) nAnm)> (5.10)
2tO vn#m ZtS Vnlm avn+ /'lm+

1 1 1
< C1<|inn;| + |(I;nrrll<| + PR + ke ki + PR e
Vnlm Vilm Hm Hm Hm
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where C; = max{M/2t], M/2tg*1,MN1 In2T*/a,2k MN1 /ac}. Thus, inequality (5.1) is
obtained. Now, we will prove inequality (5.2). Using (5.3), (5.4), (5.6), (5.8), (6.9), and (3.17),
we get

_ a-1
./\Zk |unm(t)| < M |(P”m| + M +)anJ‘ M ar
1 fa-1 1+ .A,%l,;n(t ~ T)

a,1)
M (an | Gum | N, J‘t d(1+)L (t T) )
- 1 Vi tg* Vnflm @ vnum<1 + A (t=7)" )
(5.11)
(1,1) 1)
M |Pnm | oo | , 2MN,InT®  2kMN, _2kMN,
- tg Vim t“ 151 Vi aviuz, agviEut  aevius©
1,1 a,1)
Prm | Pnm | 1 1 1
+ + + ,
Vnfm  Vafm  Vifm Vi m o Vi
where C; = max{M/t], M/tg"l,MNz In2T*/a,2k MN,/ac}. Lemma 5.1 is proved. O

Theorem 5.2. Suppose that the assumptions of Lemma 5.1 hold. Then, there exists a regular solution
of problem (2.13).

Proof. We will prove uniform and absolute convergence of series (3.1) and

0% u(x,y,t o
a(xzky ) _ > D Y s (1) O (x, ), (5.12)
n,m=1
0% u(x,y,t ©
a(kay ) Z( 1)k 2kT/lnm(t)vnm(x y) (513)
nm=1
‘Dgu(x,y,t) == >, (D8t () 0um (x, ) + Z Fum ) 0um (x, ). (5.14)
n,m=1 nm=1
The series
> ()] (5.15)
n,m=1

is majorant for the series (3.1). From (5.1), it follows that the series (5.15) uniformly
converges. Actually,

|<an| |<an| 1 1 1
Z |tnm ()] < C Z < Kk T ke kel k+1 k+l-e (5.16)

n,m=1 n,m=1 Vn m vn/"m vn,un Vn Hn Hn
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Applying the Cauchy-Schwarz inequality and the Parseval equality, we obtain

= ol N 1/2
nm 2
Z kk5<z 2k2k> (Zl‘/’nm|>

nm=1YnHm nm=1Yn Hm n,m=1
. (5.17)
k 4k © ) 2
Pyl
L (SES) Wl
Analogously, we get
1/2
= |‘an| quk &1 & 1
< —c — D, — . 5.18
n,mz=1vlrf#lfn = g2k ;,ﬂk%mzk “(Plle(Qo) ( )

Since 2k > 2, then the series 322, (1/n%),3%_(1/m?*) converges by the integral test.
Further, k + 1 — £ > 1, then the series

& 1 & 1 = 1
Z k+1,,k+17 Z k+1—¢, k+1” Z k+1, k+1-¢ (519)

n,m= 1Yn Hm n,m= 1Vn Hm n,m= 1Yn Hm

converges also by the integral test for any k > 1 and € € (0,1).
Consequently, the series (3.1) absolutely and uniformly converges in the domain €, =
Q x [to, T] for any ¢ty € (0 T). Att = 0, the series (3.1) converges and has a sum equal to
¢(x,v). Since v2F < A2k 12k < )2k then the series

> Aot (5.20)

n,m=1

is majorant for the series (5.12), (5.13) and for the first series from (5.14). From (5.2), it follows
that the series (5.20) uniformly converges. Indeed, using the Parseval equality and Cauchy-
Schwarz inequality, we get

11 1/2 1/2
S (an| © 1 * 1 0 1) 2> Pq aZ(P
< D, n =2 (5.21)
n,mz=1 Vufhm <§”%n§mz> <n,mz=l ? 6 || 0xdy L2(Q)
Analogously, we conclude that
(L1)

Z Yum | Pq Py ‘ (5.22)
ey Vntm Bxay Lo(Go)
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The series

x 1 1 1
> ot (5.23)

2,2
n,m=1 Vulm Vn Hm Vilm

converges for any ¢ € (0,1) according to the integral test. The series

i | fam (8| (5.24)

n,m=1

is majorant for the second series from (5.14). From (5.6) and (5.8), it follows that the series
(5.14) uniformly converges. Indeed,

1 Nop?q?
2,2,0
m (B)] <N E —— = . 5.25
fnm ( )| 2nlm=1v2#%n 36 ( )

[ele] [e'e] 1
Z Ifnm(t)| = n/mzﬂm

nm=1

Adding equality (5.12), (5.13), and (5.14), we note that the solution (3.1) satisfies equation
(2.13). The solution (3.1) satisfies boundary conditions owing to properties of the functions
Unm(x,y). Simple computations show that

lim Eq1 (- A75t) = 1,

}in%%Ea,l (-a2kt7) =0,
(5.26)

lim Eqp (-A75,t%) = 1,

}iirét%Ealz<—Ai’,;t“> = 0.

Consequently, limy; _, oty (t) = @, imy _, 014, (£) = ¢m. Hence, we conclude that the solution
(3.1) satisfies initial conditions. Theorem 5.2 is proved. O

6. Conclusion

In this paper, the initial-boundary value problem (2.13) for partial differential equations of
higher order involving the Caputo fractional derivative is studied. Theorems on existence
and uniqueness of a solution and its continuous dependence on the initial data and on the
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right-hand side of the equation are established. Of course, such type of results have been
established for the initial-boundary value problem:

2k 2k
0 u+a—u+u:f(x,y,t), O<x<p O0<y<gq 0<t<T,

kcpya
(_1) D0+u + 8x2k ayzk

aZmHu(O, Y, i’) 82m+1u(p’ v, t)
= = =0,1,...,k-1,0<y < <t<T,
Ox2m Ox2m 0 m=01... Osy<q0stsT, (6.1)
aZm+1u(x,O, t) - aZm+1u(x,q’t) ~
ayZm - ay2m -

0, m=0,1,....k—=1,0<x<p, 0<t<T,

u(x,y,0)=9(x,y), w(xy0)=¢(xy), 0<x<p 0<y<gqg

for partial differential equations of higher order with a fractional derivative of order a € (1,2)
in the sense of Caputo. Here, k(k > 1) is a fixed positive integer number.

Moreover, applying the result of the papers [15, 23], the first order of accuracy
difference schemes for the numerical solution of nonlocal boundary value problems (2.13)
and (6.1) can be presented. Of course, the stability inequalities for the solution of these
difference schemes have been established without any assumptions about the grid steps
in t and h in the space variables.
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