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We consider a differential inclusion system involving the (p(x),g(x))-Laplacian with Dirichlet
boundary condition on a bounded domain and obtain two nontrivial solutions under appropriate
hypotheses. Our approach is variational and it is based on the nonsmooth critical point theory for
locally Lipschitz functions.

1. Introduction

In recent years, the study of differential equations and variational problems with p(x)-
growth conditions has been a new and interesting topic, which arises from nonlinear
electrorheological fluids (see [1]) and elastic mechanics (see [2]). The study on variable
exponent problems attracts more and more interest in recent years, and many results have
been obtained on this kind of problems, for example [3-11].

Elliptic systems with standard growth conditions have been the subject of a sizeable
literature. We refer to the excellent survey article of de Figueiredo [12].

In [11], the author obtained the existence and multiplicity of solutions for the
following problem:

—div<|Vu|p(x)_2Vu> =F,(x,u,0), inQ,
—diV<|VU|q(x)_2VU = F,(x,u,v), in Q, (P1)
0

u=0v=0, onoQ,
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where Q ¢ RY is a bounded domain with a smooth boundary 0Q, N > 2, (p,q) € C Q)%
p(x) > 1, g(x) > 1, for every x € Q. The function F is assumed to be continuous in x € Q
and of class C! in u, v € R. More precisely, the author was able to prove that, under suitable
conditions, the system might have at least one solution or have infinite number of solutions.

Since many free boundary problems and obstacle problems may be reduced to partial
differential equations with discontinuous nonlinearities, now a question arises: whether there
exist solutions for system (P;) in the case where there is no continuously differentiable
hypothesis required on the potential function F with respect to t(s). See, for example, F(x, t, s)
is locally Lipschitz with respect to t(s). That is the main problem which we want to solve in
the present paper.

To this end, we mainly discuss the existence and multiplicity of solutions for the
following nonlinear differential inclusion system involving the (p(x), g(x))-Laplacian:

—div(qulp(")‘2Vu> € \0,F(x,u,0), inQ,
—div<|VU|q<x>*2vU) € \0,F(x,u,v), inQ, (P)
u=v=0, onoQ,

where Q ¢ RY is a bounded domain with C!-boundary 0Q, A > 0 is the parameter, p,q €
C(ﬁ), l<p <p"<+00,1<q <g" <+, F: QxR xR — Ris a function such that F(-,¢, s)
is measurable in Q for all (t,s) € R x R, and F(x, t, s) is locally Lipschitz with respect to ¢(s)
(in general it can be nonsmooth), 0:F (x, t,s)(0:F (x, t, s)) is the subdifferential with respect to
the t(s)-variable in the sense of Clarke [13].

We emphasize that the operator —div(|Vu/*™?Vu) is said to be p(x)-Laplacian,
which becomes p-Laplacian when p(x) = p (a constant). The p(x)-Laplacian possesses more
complicated nonlinearities than the p-Laplacian, for example, it is inhomogeneous and, in
general, it does not have the first eigenvalue. In other words, the infimum of the eigenvalues
of p(x)-Laplacian equals O (see [14]).

Specially, if F(x,-,v), F(x,u,-) € CY(R) for a.a. x € Q, and p(x) = p, q(x) = g, then the
problem (P) becomes the following problem:

—div<|Vu|p_2Vu> = AF,(x,u,v), inQ,
—d1V<|VU|q Vo) = AF,(x,u,0), inQ, (Py)

u=0v=0, on 0Q.

There have been a large number of papers that study the existence of the solutions to (P).
For instance, when p > N, g > N, Li and Tang [15] ensured the existence of three solutions to
this problem. In [16], Kristdly studied the multiplicity of solutions of the quasilinear elliptic
systems (P;), where Q is a strip-like domain and A > 0 is the parameter. Under some growth
conditions on F, the author guaranteed the existence of an open interval A C [0, +o0), such
that for each A € A problem (P,) has at least two distinct nontrivial solutions; when p and g
are real numbers larger than 1, A = 1, Boccardo and Guedes de Figueiredo [17] obtained the
existence of solutions of the system (P;).
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But up to now, to the best of our knowledge, no paper discussing the solutions of
problem (P) with nonsmooth potential via nonsmooth critical point theory can be found in
the existing literature. In order to fill in this gap, we study problem (P) from a more extensive
viewpoint. More precisely, we would study the existence of at least two nontrivial solutions
for the problem (P) as the parameter A > \y for some constant .

This paper is divided into three sections: in the second section we introduce some
necessary knowledge on the nonsmooth analysis, basic properties of the generalized
Lebesgue-space LP™)(Q) and the generalized Lebesgue-Sobolev space W7 (Q). In the
third section, we give the assumptions on the nonsmooth potential F(x,¢,s) and prove the
multiplicity results for problem (P).

2. Preliminary

2.1. Variable Exponent Sobolev Space

In order to discuss problem (P), we need some theories on W(I; #0) () which we call variable
exponent Sobolev space. Firstly we review some facts on variable exponent spaces LP*) (Q)
and WkP®) (Q). For the details see [4, 18-20].

Firstly, we need to give some notations, which we shall use through this paper:

C+<§> = {p € C<§> :p(x) >1 for any x Eﬁ},

— (2.1)
p~ =limp(x),p" = maxp(x) for any p € C, (Q)
xeQ x€Q

Obviously, 1 < p~ < p* < +co.
Denote by % (£2) the set of all measurable real functions defined on Q. Two functions
in U(€Q) are considered to be one element of U (£2), when they are equal almost everywhere.
Forp e C, (ﬁ), define

LPO(Q) = {u cUR) : J [u(x) PP dx < +oo}, (2.2)
Q

and with the norm  [ul;,(q) = |l =inf{d > 0 [ Ju(x)/APPdx <1}, WPO(Q) = {ue
LPY(Q) : |Vu| € LPX)(Q)}, with the norm |ju|| = lullwrre @) = [1lyq) + |Vu|p(x).

Denote Wg’p(x) (Q) as the closure of C(Q) in W™ (Q).

Hereafter, let

p(x)

Np(x)

pr(x) =4 N-p(x)’
+00, p(x) > N.

pl) <N, (2.3)
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Lemma 2.1 (see [19]). (1) The spaces LP™(Q), W*™)(Q), and Wg’p(x)(Q) are separable and
reflexive Banach spaces. Moreover, LP™¥) (Q) is uniform convex.

(2) Poincare inequality in WS P() () holds; that is, there exists a positive constant C such that

1,
Jul ) < ClVUlpgy,  Yu e WyP™ (@), (2.4)

(3)If g € C,(Q) and q(x) < p*(x) for any x € Q, then the embedding from WP (Q) to
LI%)(Q) is compact and continuous.

By (2) of Lemma 2.1, we know that |Vul,y) and [[u]| are equivalent norms on

Wg’p(x) (€2). We will use [Vu/,y) to replace ||u|| in the following discussions.

Lemma 2.2 (see [4]). The conjugate space of LP™¥)(Q) is L1%)(Q), where 1/p(x) +1/q(x) = 1. For
any u € LP™(Q) and v € L% (Q), one has

1 1
fhmms<f+f)wmQMme (2.5)
Q P q

Lemma 2.3 (see [4]). Set p(u) = [, [u(x)[P™ dx. For u, ux € LP™(Q), one has
(1) foru#0,[ulpy =L & p(u/A) =1;
(2) [ulpx) <1(=1;>1) & p(u) <1(=1,>1);

: P P
() if lulpy > 1, then [ul} ) < p(w) <Jul,;

P&y
(5) hmk—>+oo|uk|p(x) =0s Limk—>+oop(uk) =0;

(4) if |ulp) < 1, then |u|Z(x) <p(u) < |uf’

(6) |uklpy — +o0 & p(ux) — +oo.

In this paper, the space Wé’p ) (Q) x Wé'qm(Q) will be endowed with the following
equivalent norm:

[, 0) || = [[ull + |[o]l, (2.6)

where

p(x)
||u||=inf{A>0:f dxsl}, ||v||:inf{A>O:J
Q Q

Similar to Lemma 2.3, we have the following.

Vu

A

Vo

A

q(x)
dx <14, (2.7)

Lemma 2.4. Set p(u) = [, [Vu(x) [P dx. For u, ux € W' (Q), one has

(1) for u#0, |lull = A © p(u/A) =1;
2) lull <1(=L>1) e p(u) <1(=1>1);
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(3) if llull > 1, then ||ull”” < p(u) < [lullP";
(4) if llull <1, then ||ull”” < p(u) < [lull”;
(5) Limk—>+oo||uk” =0e Limk—>+oop(uk) =0;

(6) l[ukll — +o0 = p(ux) — +oo.

Consider the following function:

J(u) = fQ ;%Wuv’(x)dx, ueW,"(Q). (2.8)

We know that (see [21]) ] € Cl(Wg’p(x)(Q),R) and p(x)-Laplacian operator —Apu =
—div(qu|p(x)_2Vu) is the derivative operator of ] in the weak sense. We denote £ = ]
W,"Q) - WPNQ)), then (L(w),v) = [L(IVu(x)P¥2Vu - Vodx, forall u,o €
w,"(Q).

Lemma 2.5 (see [19]). Set X = Wé’p(x) (Q), L is as above, then

(1) £: X — X*isa continuous, bounded and strictly monotone operator;

(2) L is a mapping of type (S.), if u, — u(weak) in X and limsup,, _, (L(u,), u, —u) <0,
thenu, — uin X;

(3) £: X — X*isa homeomorphism.

2.2. Generalized Gradient

Let X be a Banach space, X* its topological dual space and we denote (:,-) as the duality
bracket for pair (X*, X). A function ¢ : X — R is said to be locally Lipschitz, if for every
x € X we can find a neighbourhood U of x and a constant k > 0 (depending on U), such that
() - p(2)] < klly - 2|, forall y,z L.

The generalized directional derivative of ¢ at the point u € X in the direction h € X is

! Ah _ !
¢’ (u; h) = limsup('o(u +Ak) (p(u). (2.9)
u — ;110 A
The generalized subdifferential of ¢ at the point u € X is defined by the
(1) = {u* € X*; (u',h) < ¢°(w; h), Vh e x}, (2.10)

which is a nonempty, convex and w*-compact set of X. We say that u € X is a critical point of
¢, if 0 € O (u). For further details, we refer the reader to [12].
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Finally we have the following Weierstrass Theorem and Mountain Pass Theorem.

Theorem 2.6. If X is a reflexive Banach space and ¢ : X — R satisfies

(1) o is weak lower semicontinuous, that is,

xn — xo (weakly) in X — ¢(xg) <lim infe(xy); (2.11)

(2) @ is coercive, that is, lim,| - o ¢p(x) = +0o0,

then there exists x* € X such that ¢(x*) = minyex@(x).

Theorem 2.7 (see [22]). Let ¢ : X — R be locally Lipschitz function and xo,x1 € X. If there
exists a bounded open neighbourhood U of xo, such that x; € X \ U, max{¢p(xo), p(x1)} < iarglf(p

and ¢ satisfies the nonsmooth C-condition at level ¢, where ¢ = inf,ccmaxcpo119(y(t)), T= {y €
C([0,1]; X) : y(0) = x0, y(1) = x1}, then c is a critical value of ¢ and ¢ > infarep.

3. Existence Results

For each (u,v) € Wg’p(x)(Q) X Wé’q(x)(Q), define

1 1
®(u,v) = —Vu”(x)dx+f —|Vo|"™ dx,
(t,2) Lp(x)' | erihid

(3.1)
Y(u,v) = Lz F(x,u,v)dx.

By a solution of (2), we mean function (u,v) € Wg’p(x) Q) x WS %) Q) to which there
corresponds mapping Q 3 x — (w1, wy) with wq(x) € 0,F (x,u,v), wy(x) € 0,F(x,u,v) for
almost every x € Q having the property that for every (¢, 7) € Wg’p (x)(Q) X Wg’qm(Q), the
function x — (wy(x)é(x), wa(x)n(x)) € LY(Q) x L1(Q) and

VulPO2vuvidx + | [Vo|"@2VoVndx = A | wigdx+A | wondx. (3.2)
1 1
Q Q Q Q

Our hypotheses on nonsmooth potential F(x,t,s) is as follows.
H(F): F : QxR xR — Ris a function such that F(x,0,0) = 0 a.e. on Q and satisfies
the following facts:

(1) forallt € R, s € R, x — F(x,t,s) is measurable;

(2) for almost all x € Q, t — F(x,t,s) and s — F(x,t,s) are locally Lipschitz.
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Lemma 3.1. Suppose H(F) and the following conditions hold:

(f1) there exists a € C,.(Q) and a(x) < p*(x), such that

luwn| < 1 <1 + |t|a(X)—1 + |S|ﬁ(X)(a(X)—1)/a(X)>’ (3.3)

foralmost all x € Q, all t,s € Rand w; € 0:F(x,t,s);
(f2) there exists p € C. (Q) and P(x) < q*(x), such that

lws| < C2<1 + |t|(ﬂ(x)(ﬂ(x)—1))/(ﬂ(x)) + |s|ﬂ(x)—1>, (3.4)

foralmost all x € Q, all t,s € Rand w, € 0;F(x,t,s);
then (-, 0) (¢ (u, -)) is locally Lipschitz on W, (Q) (W, 1™ (Q)).

Proof. We need only to prove that ¢(-, v) is locally Lipschitz on Wg’p(x) (Q).
By @(-,v) € C! (Wé'p(x)(g),R), we have

p(u1,0) = p(uz,v) = J(ur) = J (up) = J'(u) - (w1 = w), (3.5)

where u = tuy + (1 = t)up, t € (0,1).

Let B, = {u € Wy"™(Q) : llu— uoll,y1ro @ <7)-

Note that B, is w-compact. Then V\;]e obtain that there exists a positive constant M,
such that ||J' () [lyy-100(q) £ M with 1/p(x) +1/p'(x) = 1, for sufficiently small r.

Therefore, for any uy, u, € B,, we have

|D(u1,v) - @(up,v)| = |]'(ﬂ) “(u1 — u2)|
< 1@ e @ 11 = w2l (3.6)

1,
< Mlur = uzllygv gy Vo € Wy 19(Q).

Fixing v € Wg’q(x) (Q), by (f;) and Lebourg mean value theorem, we have

[F (11, 0) = F(x, 15, 0)] < o1 (1+ @07 + [of OO/ g — ), (3.7)

Hence,

J‘ F(x,ul,v)dx—f F(x,uy,v)dx
Q Q

< f [ur — up|dx + 1 f |ﬁ|“(x)_1|u1 —up|dx + 1 f [oPP@@-D/a) )1 d
Q Q Q

u,(x)|“1 - uz'a(x)’

(3.8)

<cilur — sy + 01 | |ﬁ|"‘<">*1| 1 — Uy + €1 | o] (@)-1)/a)

a'(x)

where 1/a'(x) +1/a(x) = 1.
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It is immediate that

f () f 7 dx {|ﬂ|z<x><c||ﬂ||“ o > 1,

|u|u(x) < C”u” |ﬂ|a(x) < 11

(3.9)

j (jopp /e «) j PO dx < 117 |ﬂ(x) <clol”, ol > 1,

o |U|ﬂ(x) <clloll, [0lpy <1

are bounded.
So,
F(x,uy,v)dx — f F(x,up,v)dx| < c|lu; — uszl|, (3.10)
Q Q

since Wé’p Q) = LM (Q) isa compact embedding.
Therefore, ¢(-,v) is locally Lipschitz. Similarly, we can prove that ¢(u,-) is locally
Lipschitz. O

Theorem 3.2. Suppose that H(F), (f;) with a* < p~, (f,) with p* < g~ and the following conditions
(f5)-(f,) hold:

(f3) there exists y; € C(Q) (i = 1,2) with P < nx) <p(x), g5 < p(x) < g"(x) and
Ui, o € L= (Q), such that

(wa,s)

11msup<w oA < p(x), hmsup| e

t—0,5—0 | |Y t—0,5—0

< pa(x) (3.11)

uniformly for almost all x € Q and all w; € 0;F(x,t,s), wy € 0sF(x,t,5s);
(f4) there exist & € R, 19 € R, xo € Q and ry > 0, such that

F(x,&,m0) > 60>0, ae. x€ B,(x), (3.12)

where By, (xp) == {x € Q: |x —xp| < 1o} C Q.

Then there exists A, > 0 such that, for each A > \,, the problem (2) has at least two
nontrivial solutions.

Proof. The proof is divided into four steps as follows. O

Step 1. We will show that ¢ is coercive in the step.
Firstly, for almost all x € Q, by H(F)(2), t +— F(x,t,s) is differentiable almost
everywhere on R and we have

%F(x, t,s) € 0;F(x,t,s). (3.13)
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Moreover, from (f;), (f,) and Young inequality, we can get that

¢
F(x,t,8) = F(x,0,s) +f iF(x,y,s)dy
o dy

°d td
= F(x,0,0) + fo EF(x,O,z)dz + Jo d—yF(x,y,s)dy

|t|0¢(x)
<cllf|+ —+ |S|ﬂ(x)(a(x)—1)/a(x>|t|
- a(x)

1
fe [|S| 4 HFOED/BE) g 1 |S|ﬂ(x)] (3.14)
p(x)

ww—m¢m+wm]
a(x) px)

wm—nw@+qu
px) p(x)

< ar [+ 2 + 15179 + & [Is] + 207 + 1),

3qh+wm+

+0 [|s| + s +

for almostall x e Qand t,s € R.

Note that 1 < a(x) < a* < p~ < p'(x) and 1 < f(x) < B < g < q°(x),
then, by Lemma 2.1, we have Wg'p(x) (Q) — L*™(Q) and Wé’q(x) (Q) — LFX(Q) (compact
embedding). Furthermore, there exists c3, ¢4 > 0 such that |u|,(x) < c3|ul| and |v|pn) < callo|l.

So, for any |u|xx) > 1 and |lul| > 1,

+

[ e < ulz < Jul” (3.15)
and, for any [v|g) > 1and [|v]| > 1,
J; [o]P® dx < |v|£(x) < || (3.16)

By (3.14), (3.15), (3.31), the Holder inequality and the Sobolev embedding theorem,
we have

1
p(u,v) = fg M|Vu|p(x)dx + f

iwvw(x)dx - )LJ‘ F(x,u,v)dx
o q(x) Q

l " 1 - + + ﬂ‘r -+
> —[ull” +— ol —laf [uldx = 20165 [|u]* - ercy Jlol)?
Q

+ + +
_)LCJ [oldx — 2c2¢h ollP" ~ cact ull®
Q
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1 -1 -
2 F””HP + FHU”q - 2M1|1|af(x)|u|a(x) - 2)LC1|1|pf(x)|v|ﬂ(x)

+ + + + + +
— 2018 [[ull® — erc ollf" = 2c0ct (oIl — cac[lull®
1
p*

1 .
> —|lull’ +Fllvllq = 2Xe1c| gy lull = 2Aerc[1] g 12|l

. -+ " -+ + +
— 2018 [ull™ - el ol =262 o)l = cacd [lull

— o0, as ||u,v|| — oo.
(3.17)

Step 2. We will show that the ¢ is weakly lower semicontinuous.
Leting u, — u weakly in Wg’p(x)(Q), v, — v weakly in Wé’q(x)(Q) by Lemma 2.1(3),
we obtain the following results:
W, 7(Q) = 1P®(Q); Wy (Q) = L19)(Q);
u, — uin LF®(Q); v, — v in L19(Q);
u, — uforaa.xeQ; v, - vforaa. x €Q;

F(x,u,(x),v,(x)) — F(x,u(x),v(x)) for a.a. x € Q.

By Fatou’s Lemma,

limsup | F(x, un(x), vn(x))dx SI F(x,u(x),v(x))dx. (3.18)
n—oo Q Q
Thus,
lim infy(u,, v,) = lim inf U qunv’(x)dx + f L|an|q<x>dx]
n— oo n— oo Qp(x) Qq(x)
—limsu F(x,u,,v,)dx
nﬂoop Q ( ) (319)
> f quv’(x)dx + f vawmdx - )Lf F(x,u,v)dx.
o p(x) o q(x) Q
=¢(u)

Hence, by Theorem 2.6, we deduce that there exists a global minimizer (uo, vy) €
W, "™ (@) x W™ (Q) such that

@ (up, vo) = min o(u,v). (3.20)
(1,0) W™ (@)W 1™ (Q)

Step 3. We will show that there exists A, > 0 such that for each A > A, ¢(ug, vp) < 0.
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By the condition (f4), there exists &y, 770 € R such that F(x,¢&y,70) > 69 > 0, a.e. x €
B,,(xp). Itis clear that

0<M;:= max {01 [|t| + 2 + |s|f’*] + cz[|s| +2lslf + |t|“*] )
[¢<[&olsI<] o

(3.21)
¢ [|t| 2T + |s|ﬂ’] + e [|s| +20sf + |t|“’] } < +o0.

Now we denote

< M; )“N
to = ,
60+M1

K= ma"{ (riss) (s >p+’ (ri=n) - (ro(f—o—t>>q } (322

K(H)(1-tN)
= ImaxX 7
te(t 2] [60tN - M, (1 - tN)]

A

where typ < t; <t <1 and 0§ is given in the condition (f4). A simple calculation shows that
the function t — 6ot — M; (1 - tV) is positive whenever t > t; and 6ot — My(1 - t)Y) = 0.
Thus A, is well defined and A, > 0.

We will show that, for each A > A,, the problem (P) has two nontrivial solutions. In
order to do this, for t € [t1,1], let us define

0, if x € Q\ By, (x0),
n(x) = 4 S0 if x € By, (x0), (3.23)
%(1’0 = |x = xq|), if x € By, (x0) \ Bir, (x0)-

By conditions (f;) and (f3) we have

L} F(x, 1 (x), s (x))dx = f F(x, 1 (x), n(x) ) dx

Biro (x0)

F(x, 1:(x), 74 (x) ) dx (3.24)

J
By (x0)\Biry (x0)
> wNT(])VtN(SO - M1 <l - tN>riéV

= riéV <60tN - M1 <1 - tN>>.
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Hence, for t € [t1, 5],

1 1
, = — |V p(x)dx+j — |V q(X)dx_.A,J' F(x,n:(x),ni(x))dx
(P(Tlt Tlt) JQ p(x) ﬂt| o q(x)l Tlt| o ( Tlt( ) 711‘( ))

1 p(x) 1 q(x) N N N
SF?J‘QWTM dx+q—_ Q|V71t| dx — Awnr, <60t —M1<1—t >>

+

: max{ <70(1§0— t)>P’ (ro(léo_ t)>p '<,0(f0_ t)>q, <%>q} (3.25)

X rié\] <1 - tN> - )LriéV <60tN - M1 <1 - tN>>

= wnrd [K(1) (1-1) =2 (80t = My (1-1V))],

so that ¢(7;, 77¢) < 0 whenever A > A,.

Step 4. We will check the C-condition in the following.
Suppose {(un, Un)}ps1 € Wg’p(x)(Q) x Wg’q(x)(Q) such that ¢(u,,v,) — ¢ and

(1 + [(un, o) )m(un,v,) — 0. Let (u,v)) € 0¢(u,,v,) be such that m(u,,v,) =
||(u;,v:l)||(W;,p(x)(g)xwé,q(x)(Q))h The interpretation of (u,v)) € O0@(un,v,)is that u; €

Outp(uy, v,) and v}, € Opip(Uy, v,). We know that

u:l = —Ap(x)un — /\w;, (3 26)

*

Uy = =Agx)Un — J\wi

with w), € 8,¥ (uy, v,;) and w? € 3, ¥ (uy, vy,). From Chang [23] we know that w). € L¥®(Q)
and w? € LF®)(Q), where a'(x) = a(x)/(a(x) - 1), B (x) = p(x)/(B(x) - 1).

Since ¢ is coercive, {u,},>1, {Un},>1 are bounded and passed to a subsequence, still
denoting {u,},5, and {v,},5, we may assume that there exist u € W&’p(x) (Q),ve W&’q(x) (Q),
such that u, — u weakly in Wg’p(x) (Q) and v, — v weakly in W;’q(x) (Q). Next we will prove
that

wy — uin WPY(Q), v, — vin W (Q). (3.27)

By W,"™(Q) — 1r®(Q), w1 Q) — LI9(Q), we have u, — u in [F®(Q)

and v, — o in LI®(Q). Moreover, since ||(u, v;)||(Wl,p(x)(g)xwll‘?(x)(g))* — 0, we get
0 0

:l”(w(}'i’("’(g))* -0, “U:l”(w(}'q(")(g))* — 0,50 |<u;k1/ un)l <€, |<v:l/ Uﬂ)l < én
From (3.26), we have

[[u

(—Ap(x)tn, Up — 1) — f wh(u, —u)dx <e,, VYn>1.
@ (3.28)
(—Ag(x)Un, Uy — ) — I w3 (v, —v)dx <e,, VYn>1.
Q
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Moreover, [, w} (i, — u)dx — 0and [, w?(v, — v)dx — 0, since u, — uin LF™(Q), v, —
v in L19(Q), {w}},s in LF®(Q) and {w?},s; in L™ (Q) are bounded, where 1/p(x) +
1/ (x)) =1, 1/(q(x)) +1/(4'(x)) = 1. Therefore,

lim sup(—A,(x)tn, tty — 1) <0, lim sup(—Ay(x)Vn, v — v) <0. (3.29)

n—oo n—oo

From Lemma 2.5, we have u, — u, v, — vasn — oo. Thus ¢ satisfies the nonsmooth
C-condition.

Step 5. We will show that there exists another nontrivial weak solution of problem (P).
From Lebourg Mean Value Theorem, we obtain

F(x,t,s) — F(x,0,s) = (wy, t),

(3.30)
F(x,0,8) — F(x,0,0) = (wy,s)

for some w; € 0:F(x,84,s), wy € 0;F(x,0,7s),and 0 < ¥, 7 < 1. Thus by the condition (f3),
there exists € (0,1) such that

|F(x,t,5)| < [(w1, t)| + (w2, 5)|

3.31
< pr ()" + pa (x) |52, (331

forall |f|,|s| < f and a.e. x € Q.
It follows from the conditions (f;1), (f2) 1 < a” < a* < p~ < p* < y1(x) < p*(x) and
1<p <P <q <q" <yn(x) <p*(x)thatforall |t| > p, |s| > fand a.e. x € Q,

|F(x,t,5)| < c1 [|t| + 2045 + |s|ﬂ(x)] + 0 [|s| +2]s]P® + |t|"(")]
1 2co o
< ¥1(x)
= < o1 ¢ gnto-aG ‘BYl(x)—ﬂ(x)>|t|
N 2. 2¢cy N c1 )
ﬁ)’z(X)—l ﬂrz(X)—ﬁ(X) ﬁ)’l(X)—a(X) (3.32)
L
‘[5)’1 -1 ﬁYl —a ‘ﬁY1 -p

2
Y e M. T
ﬂYz -1 ﬂYz -p ﬂY1 —a
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this together with (3.31) yields that, forallt € R and a.e. x € Q,

c1 2cy
y ¥1(%)
|F(x/tls)| = <I’ll(x) + ﬂﬁ_l + ﬂ)’f—“ ﬁy _'[5 >|t|

3.33
+ <#2(x) = ﬁfii,- + ﬁyfla_>|t|”<"’ &3
2 2 17

< C3|t|Y1(x) + C4|S|Y2(X)

for positive constants c3, c4.
Note that p* < y1(x) < p*(x), g° < y2(x) < g*(x), then, by Lemma 2.1, we have
Wg’p(x) (Q) — L™ (Q) and Wé A% (Q) s L1 (Q). Furthermore, there exist cs, ¢ such that

luly o < csllull, Vue WP (Q), ol < collull, Yo e Wy (). (3.34)
Forall A > A,, [[(w,v)|| <1, |uly,(x) < 1and |v],) < 1, from (3.33) we have
1 1
u,v) = —Vup(x)dx+f —Vvq(x)dx—)uf F(x,u(x),v(x))dx
o) = [ sivu el PG u(x), 0(x)

ZI L|Vu|p(x)dx+J‘ L|Vv|q(x)dx—)u:3’[ ()" P dx
o p(x) o q(x) Q

(3.35)
- mf [o(x) 2™ dx
> Ll + S oll? - Afeacl Jull + cacl ulE].
p* q°
So, for p > 0 small enough, there exists a v > 0 such that
p(u,v)>v, for|uv||=p (3.36)

and ||(uo,vo)|| > p. So by the Nonsmooth Mountain Pass Theorem (cf. Theorem 2.7), we can
get (u1,v1) € WP (Q) x W™ (Q) which satisfies

(p(ul,vl) =Cc> 0, m(ul, Ul) =0. (337)

Therefore, (11, v1) is another nontrivial solution of problem (P).

Remark 3.3. Let p~ > a*, g~ > * and consider the following nonsmooth locally Lipschitz
function:

) 4 gr), t€(0,6) or s € (0,6),
max{ |t - 6, |t - 6 | + [

+max{ s — 6@ |s - 6|ﬂ(x>} +16[2%), e [6,+00) or s € [6,+0),
0, t € (—0,0] or s € (—o0,0],

F(x,t,s) = (3.38)

where0<6<1,07>1,0"<a and 6" < f.
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Obvious, t — F(x,t,s) and s — F(x,t,s) are locally Lipschitz. Then,

( n (x)tyl (x)—l/

0tF (x,t,8) = 4

[0(x), a(x)],
L0,

P2 (x)s7L,

0sF(x,t,s) = <

[0(x), ()],
0,

0(x)(t-6)°,
a(x)(t-6)",
[0, 11 ()67,

0(x)(s - 6)"™7,
B(x)(t - 6)PX,
[0, 11 (x) 6701,

t € (0,6),
te(56,1+0),
te(1+6,+0),
t=96,
t=1+56,

t € (-0,0],
(3.39)
s €(0,06),

s€(6,1+0),
s € (1+6,+0),
s=0,
s=1+6,

s € (-o0,0].

Hence, for any w; € 0:F (x,t,s) and w, € 0sF(x,t,s), we have

|w1|§<

|wa| < 4

'}’1 (x)ta(x)—lt)q(x)—zx(x) < Y1+|t|a(x)—1’

+

a(x)(t - 6) @ < qr|p*1

[6(x), a(x)] < a*(1+6)"7,
0,

\

rYz(x)Sﬂ(x)—lsyz(x)—ﬂ(x) < Yglslp(x)q’

4+

B0 (s =6/ < prisf,

[0(x),p(x)] <p*(1+ 5)PeI-1)

0,

\

at-1
Q(X) (t - 6)9(96)—1 <0t < 9+<%> |t|a(x)—1,

1 (x)6Y1(x)—1 =1 (x)ﬁ“(x)_l(SYl(x)_“(x) < Y+6a(x)_1,

0(x)-1 1\ 1
0(x)(s - 6)°)~ <9+<9+<5> 5|1,

Y2(x) 6720071 =y (x) 6P 512007P0) <yt

te(0,6),

te(5,1+0),
te(1+6,+x),
t=0,
t=1+6,
t € (-o0,0],
(3.40)
s €(0,6),
s€(6,1+6),
s€(1+06,+0),
s=0,
s=1+6,

s € (—o0,0].
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Therefore,

[z | < <yl++a++9+<
nl < <Yz++ﬁ++9+<

(a"-1)
> >|t|“(")1, Yw, € 8, F(x,t,s),

= Al

(pr-1)
) PO V€ 8,F(x, 1 5),

<wit> Yl(x)th(x) t>0 (341
lim sup———— o o tY1 T <ri(x),
t—0,5—0 |t| tS 0
Y2(x)
. <wys> _ fim 2SS x)sz s>0
limsup———— e Séo S)’z(x ’ < n(x),
t—0,s—0 |S| s<0

uniformly for almost all x € Q, all w; € 0;F(x,t,s) and w, € 0,F(x,t,s).
Thus far the results involved potential functions exhibiting p(x)-sublinear. The next
theorem concerns problems where the potential function is p(x)-superlinear.

Theorem 3.4. Suppose that H(F), (f1) with a~ > p*, (£,) with = > q*, (f3), (f4) and the following
condition (fs) hold.

(fs) For almost all x € Qand all t,s € R, one has F(x,t,s) < x(x) with k € LP®(Q), 1<
y3(x) <min{p~,q7}.

Then there exists a A, > 0 such that, for each A > A, the problem (P) has at least two nontrivial
solutions.

Proof. The steps are similar to those of Theorem 3.2. In fact,we only need to modify Step 1
and Step 5 as follows: Step 6 shows, that ¢ is coercive under the condition (fs); Step 7 shows,
that there exists second nontrivial solution under the conditions (f;), (f,), and (f3). Then from
Steps 6, 2, 3, 4, and 7 above, the problem (P) has at least two nontrivial solutions. O

Step 6. By (fs), for all (1,0) € W,"(Q) x W™ (Q), (1, 0)|| > 1, we have

I e 1 vy -
p(u,v) Igp(x)|Vu| dx+fgq(x)|Vv| dx AIQF(x,u(x),v(x))dx

. (3.42)
S+ ol - Afgx(x)dx o, aslwo)]| — .
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Step 7. Because of hypothesis (f;), (f2) and mean value theorem for locally Lipschitz
functions, we have

F(x,t,5) < eIt + 20 +[s/"] + 3 [Is] + 218/ + 1]

<c1[£
A

[s
+ Cp

p
<C1[1
T

a(x)-1

HHHW@+MW1

B(x)-1

wumwm+mmq
(3.43)

at-1

|t|”(x) +2|t|a(X) + |S|ﬂ(X)]

-1

11°
+ Cp [ p

= o[t + cgtP™)

|t|l5(X) +2|S|ﬁ(X) + |t|a(X)]

forae.x € Q,all |t| > B, |s| > p with ¢y, cg > 0.
Combining (3.31) and (3.43), it follows that

IF (e, 9)] < [ (o) 70+ 0] + [pea ) 510 + sl (3.44)

fora.e.x e Qandallt,s € R.
Thus, for all A > A, [[(w,0)[| < 1, |uly,x) < 1, [tla@) < 1|l < 1and [vlpn) < 1, we

have
o(u,v) = f L|Vu|f’<x>dx + f qurﬂ’”dx - )Lf F(x,u(x).v(x))dx
o p(x) o q(x) Q
zjﬂww“+3ﬂvw*—xfIHQNMﬁmdx—Awf jul“ddx
[4 q Q Q (3.45)
- AI pa ()02 dx — Acg J [o]P™) dx
Q Q
1, e 10 ] - : ]
2 Fllull” + Ellvll" = doo||ul]" = Aczllul® — Aewollo])> - Acs|lo] .
So, for p > 0 small enough, there exists a v > 0 such that
(u,0)>v, for |luo = p (3.46)

and ||(uo,vo)|| > p. Arguing as in proof of Step 4 of Theorem 3.2, we conclude that ¢ satisfies
the nonsmooth C-condition. So by the Nonsmooth Mountain Pass Theorem (cf. Theorem 2.7),

we can get (11,v1) € W&’p(x) (Q) x Wg’q(x) () which satisfies

p(u;,v1)=c>0, m(uy,v;)=0. (3.47)
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Therefore, (11, v1) is second nontrivial of problem (P).

Remark 3.5. Consider the following nonsmooth locally Lipschitz function:

_ tYl(-x) _ Yz(x)/ tH < 1 < 1,
Fxts) = { It B |t} <1or|s| < (3.48)

cos(ar|t]) + cos(or|s]|), [t| > L;0r |s| > 1,

In the following, we will show that F(x, ¢, s) satisfies hypotheses H(F) and (f;)—(fs).
It is clear that F(x,0,0) = O for a.e. x € Q,then hypotheses H(F) is satisfied. A direct
verification shows that conditions (f4) and (fs) are satisfied. Note that

[y (x) @1, 0<t<l,
@) EEHMET 1 <t<o,
OtF (x,t,8) = 3 [_Yl(x)ro]r t=1,
[0,y1(x)], t=-1,
| {-orsin(rt)}, [t > 1,
(3.49)
(12 (x)sr()1, 0<s<l1,
() (=", —1<s<0,
0sF(x,t,5) = { [-12(x),0], s=1,
[0, 12(x)], s=-1,
| {-7sin(7s)}, |s| > 1.
So,
[wi| < (y1(x) + ) "7, Ve, € 8:F(x,t,5),
[wr] < (y2(x) +Jr)|s|Y2(xH, Vw, € 0;F(x,t,s),
—p ()
limsup—< Wyt > LN ) Y 11(x) < y1(x)
= = _ n\nx =N = J1 ’
f—00—0 [H1 limETT (3.50)
t—0 ()" (x)
i _Yz(x)sYZ(x)
. <wj, s> t—0 g2 (x) ! s>0
PSP R T ) @ 9" =Rt Rt
t—0,5—0 |s] lim 5s<0

t—0 (_S)Yz(X)

which shows that assumptions (f;), (f2), and (f3) are fulfilled.
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