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We have introduced a new nonassociative class of Abel-Grassmann’s groupoid, namely,
intraregular and characterized it in terms of its (€, € V4)-fuzzy quasi-ideals.

1. Introduction

Fuzzy set theory and its applications in several branches of science are growing day by
day. These applications can be found in various fields such as computer science, artificial
intelligence, operation research, management science, control engineering, robotics, expert
systems, and many others. Fuzzy mappings are used in fuzzy image processing, fuzzy
data bases, fuzzy decision making, and fuzzy linear programming. It has wide range of
applications in engineering such as civil engineering, mechanical engineering, industrial
engineering, and computer engineering. Moreover, the usage of fuzzification can be found
in mechanics, economics, fuzzy systems, and genetic algorithms.

In [1], Mordeson has discovered the grand exploration of fuzzy semigroups, where
theoretical exploration of fuzzy semigroups and their applications used in fuzzy coding,
fuzzy finite state mechanics, and fuzzy languages. The use of fuzzification in automata and
formal language has widely been explored.

Fuzzy set theory on semigroups has already been developed. In [2], Murali defined the
concept of belongingness of a fuzzy point to a fuzzy subset under a natural equivalence on a
fuzzy subset. The idea of quasicoincidence of a fuzzy point with a fuzzy set is defined in [3].
Bhakat and Das [4, 5] gave the concept of (a, f)-fuzzy subgroups by using the “belongs to”
relation € and “quasicoincident with” relation g between a fuzzy point and a fuzzy subgroup,
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and introduced the concept of an (€, € Vq)-fuzzy subgroups, where a, f € {€,g,€ Vg, € Nq}
and a# € Agq. Davvaz defined (€, € vq)-fuzzy subnearrings and ideals of a near ring in [6].
Jun and Song initiated the study of (a, f)-fuzzy interior ideals of a semigroup in [7]. In [8]
regular semigroups are characterized by the properties of their (€, € vq)-fuzzy ideals. In [9]
semigroups are characterized by the properties of their (€, € vq)-fuzzy ideals.

In this paper, we have introduced (€,€ Vg)-fuzzy ideals in a new nonassociative
algebraic structure, that is, in an AG-groupoid and developed some new results. We have
defined an intraregular AG-groupoid and characterized it by the properties of its (€, € vq)-
fuzzy ideals.

2. AG-groupoids

A groupoid is called an AG-groupoid if it satisfies the left invertive law, that is, (ab)c =
(cb)a. Every AG-groupoid satisfies the medial law (ab)(cd) = (ac)(bd). It is basically a
nonassociative algebraic structure in between a groupoid and a commutative semigroup. It is
important to mention here that if an AG-groupoid contains identity or even right identity,
then it becomes a commutative monoid. An AG-groupoid not necessarily contains a left
identity, and if it contains a left identity, then it is unique [10]. An AG-groupoid S with left
identity satisfies the paramedial law, that is, (ab)(cd) = (db)(ca) and S = S*. Moreover, S
satisfies the following law:

a(bc) =b(ac), Va,b,c,deS. (2.1)

Let S be an AG-groupoid. By an AG-subgroupoid of S, we mean a nonempty subset A
of S such that A% C A. A nonempty subset A of an AG-groupoid S is called a left (right) ideal
of Sif SAC A(AS C A), and it is called a two-sided ideal if it is both left and a right ideal of
S. A nonempty subset A of an AG-groupoid S is called quasi-ideal of Sif SQN QS C Q. A
nonempty subset A of an AG-groupoid S is called a generalized bi-ideal of S if (AS)A C A,
and an AG-subgroupoid A of Sis called a bi-ideal of S if (AS) A C A. A nonempty subset A of
an AG-groupoid S is called an interior ideal of S if (SA)S C A. A subset A of an AG-groupoid
S is called semiprime if for all a € S,a*> € A implies that a € A.

If S is an AG-groupoid with left identity e, then S = S2. It is easy to see that every one
sided ideal of S is quasi-ideal of S. In [11], it is given that L[a] = aU Sa, I[a] = aU SaU aS
and Q[a] = a U (aS N Sa) are principal left ideal, principal two-sided ideal, and principal
quasi-ideal of S generated by a. Moreover using (2.1), left invertive law, paramedial law, and
medial law, we get the following equations:

a(Sa) = S(aa) = Sa®?, (Sa)a = (aa)S=a?S, (Sa)(Sa) = (SS)(aa) = Sa>. (2.2)

To obtain some more useful equations, we use medial, paramedial laws, and (2.1), we
get the following:

(Sa)® = (Sa)(Sa) = (SS)a? = (aa)(SS) = S((aa)S)

= (88)((aa)$) = (Sa?)SS = (Sa*)S. (23)
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Therefore,
Sa? = a?S = (Sa2)s. (2.4)

The following definitions are available in [1].

A fuzzy subset f of an AG-groupoid S is called a fuzzy AG-subgroupoid of S if
f(xy) 2 f(x) A f(y) for all x, y € S. A fuzzy subset f of an AG-groupoid S is called a
fuzzy left (right) ideal of Sif f(xy) > f(y)(f(xy) > f(x)) forall x, y € S.

A fuzzy subset f of an AG-groupoid S is called a fuzzy two-sided ideal of S if it is
both a fuzzy left and a fuzzy right ideal of S. A fuzzy subset f of an AG-groupoid .S is called
a fuzzy quasi-ideal of Sif f o SNSo f C f. A fuzzy subset f of an AG-groupoid S is called a
fuzzy generalized bi-ideal of S if f((xa)y) > f(x) A f(y), forall x, aand y € S. A fuzzy AG-
subgroupoid f of an AG-groupoid S is called a fuzzy bi-ideal of Sif f((xa)y) > f(x) A f(y),
for all x, a, and y € S. A fuzzy AG-subgroupoid f of an AG-groupoid S is called a fuzzy
interior ideal of S if f((xa)y) > f(a), forall x,aand y € S.

A fuzzy subset f of an AG-groupoid S is called fuzzy semiprime if f(a) > f(a?), for
allaeS.

Let f and g be any two fuzzy subsets of an AG-groupoid S. Then, the product f o g is
defined by

(F o g)(@ = a\:{c{f(b) Ag(c)}, if there exist b,c € S, such that a = bc, 3

, otherwise.

The symbols f N g and f U g will mean the following fuzzy subsets of .S:

(fNg)(x) =min{f(x),g(x)} = f(x) Ag(x), Vxin35, (2.6)
(fUg)(x) =max{f(x),g(x)}=f(x)Vvg(x), Vxin3.
Let f be a fuzzy subset of an AG-groupoid S and t € (0,1]. Then, x; € f means
f(x) >t xqf means f(x)+t>1, x;aV pf means x;af or x;ff, where a, f denotes any one of
€,9,€Vq,€ Nq. xsax A Bf means x;af and x;ff, x;a f means x;a f does not holds.
Let f and g be any two fuzzy subsets of an AG-groupoid .S. Then, the product fogs g
is defined by

{f(b)ng(c)}, if there exist b,c € S, such that a = b,
(f00.5 g) (a) = 3 a=bc (2.7)
, otherwise.

The following definitions for AG-groupoids are same as for semigroups in [8].

Definition 2.1. A fuzzy subset 6 of an AG-groupoid S is called an (€,€ vg)-fuzzy AG-
subgroupoid of S if for all x,y € Sand t,r € (0, 1], it satisfies the following:

x; € 6, y, € 6 implies that (xvy) | € Vq6. (2.8)

min{t,r
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Definition 2.2. A fuzzy subset 6 of S is called an (€, € Vq)-fuzzy left (right) ideal of S if for all
x,y € Sand t,r € (0,1], it satisfies the following:

x; € 6 implies (yx), € vg6  (x; € 6 implies (xy), € Vgb). (2.9)

Definition 2.3. A fuzzy AG-subgroupoid f of an AG-groupoid S is called an (€, € vg)-fuzzy
interior ideal of S if for all x,y,z € Sand t,r € (0,1], the following condition holds:

y: € f implies ((xy)z), € Vqf. (2.10)

Definition 2.4. A fuzzy subset f of an AG-groupoid S is called an (€, € Vg)-fuzzy quasi-ideal
of S if it satisfies f(x) > min(f o Cs(x),Cs o f(x),0.5), where Cg is the fuzzy subset of S
mapping every element of S on 1.

Definition 2.5. A fuzzy subset f of an AG-groupoid S is called an (€, € Vq)-fuzzy generalized
bi-ideal of Sif x; € f and z, € S implies ((xy)z) | € vqf,forallx,y,z € Sandt,r € (0,1].

min{f,r

Definition 2.6. A fuzzy subset f of an AG-groupoid S is called an (€, € Vg)-fuzzy bi-ideal of S
if forall x,y,z € Sand t,r € (0,1], the following conditions hold.

(i) If x; € f and y, € S, then (xY) yin(s,) € V4S,
(ii) If x; € f and z, € S, then ((xy)z)min{t,r} e vqf.

Definition 2.7. A fuzzy subset f of an AG-groupoid S is said to be (€, € vVq)-fuzzy semiprime
if it satisfies the following:

xj € f = x; €Vqf (2.11)

forallx € Sand t € (0,1].
The proofs of the following four theorems are same as in [8].

Theorem 2.8. Let 6 be a fuzzy subset of S. Then, 6 is an (€, € Vq)-fuzzy AG-subgroupoid of S if
6(xy) > min{6(x),6(y),0.5}.

Theorem 2.9. A fuzzy subset & of an AG-groupoid S is called an (€, € Vq)-fuzzy left (right) ideal of
Sif

6(xy) > min{6(y),0.5}(6(xy) > min{6(x),0.5}). (2.12)
Theorem 2.10. A fuzzy subset f of an AG-groupoid S is an(€, € Vq)-fuzzy interior ideal of S if and
only if it satisfies the following conditions:

(i) f(xy) >min{f(x), f(y),0.5} forall x,y € S,
(ii) f((xy)z) > min{f(y),0.5} forall x,y,z € S.

Theorem 2.11. Let f be a fuzzy subset of S. Then, f is an (€, € Vq)-fuzzy bi-ideal of S if and only if
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(i) f(xy) > min{f(x), f(y),0.5} forall x,y € S,
(ii) f((xy)z) > min{f(x), f(z),0.5} forall x,y,z € S.

Theorem 2.12. A fuzzy subset f of an AG-groupoid S is (€, € Vq)-fuzzy semiprime if and only if
f(x) > f(x*) NO5, forall x € S.

Proof. 1t is easy. O
Here we begin with examples of AG-groupoids:

Example 2.13. Let us consider an AG-groupoid S = {1,2,3} in the following multiplication
table.

(2.13)

Clearly S is noncommutative and nonassociative, because 1.2 #2.1 and (1.2).2#1.(2.2). Note
that S has no left identity. Define a fuzzy subset F : S — [0, 1] as follows:

0.8 forx=1
F(x)=407 forx=2 (2.14)
0.6 for x=3.

Then, clearly F is an (€, € Vq)-fuzzy ideal of S.

Example 2.14. Let S = {1,2,3,4}, and the binary operation “-” be defined on S as follows:

(2.15)

Then, (S, ) is an AG-groupoid with left identity 1. Define a fuzzy subset F : S — [0,1] as
follows:

09 forx=1
0.7 f =2
F(x) = orx (2.16)
0.6 forx=3
0.6 for x=3.

Then, clearly F is an (€, € vq)-fuzzy ideal of S.



6 Journal of Applied Mathematics

Lemma 2.15. Intersection of two ideals of an AG-groupoid with left identity is either empty or an
ideal.

Proof. 1t is straightforward. O

3. (€, € vq)-Fuzzy Quasi-Ideals of an Intraregular AG-groupoid

An element a of an AG-groupoid S is called intraregular if there exist x,y € S such that
a = (xa?)y,and S is called intraregular if every element of S is intraregular.

Example 3.1. Let S = {a,b,c,d, e}, and the binary operation “-” be defined on S as follows:

(3.1)

I N T T o W S B SN
=== =N RN
W = U1 O = = W
B Ul oW |
U1 O W = = = O
Wk Ul == o

[oXNNO) BTSN C I S R

It can be easily checked by the test given in [12] that (S,-) is an AG-groupoid. Also, 1 =
(1-1%)-1,2=(2-2%)-2,3=(4-3?)-5,4=(5-4?)-5,5=(3-5%) -4 and 6 = (6 - 6°) - 6. Therefore,
(S,-) is an intraregular AG-groupoid. Define a fuzzy subset f : S — [0,1] as follows:

(09 forx=1
0.8 forx=2
0.7 forx=3
X) =< 3.2
f) 0.7 forx=4 (32)
0.6 forx=5
0.5 for x=6.

Then, clearly f is an (€, € Vq)-fuzzy quasi-ideal of S.

Theorem 3.2 (See [13]). For an intrareqular AG-groupoid S with left identity, the following
statements are equivalent:

(i) Aisaleft ideal of S,

(ii) A is a right ideal of S,

(iii) A is an ideal of S,

(iv) A s a bi-ideal of S,

(v) Ais a generalized bi-ideal of S,

(vi) A isan interior ideal of S,
(vii) A is a quasi-ideal of S,
(viii)) AS=Aand SA = A.
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Theorem 3.3 (See [14]). In intraregular AG-groupoid S with left identity, the following are
equivalent.

(i) A fuzzy subset f of S is an (€, € Vq)-fuzzy right ideal.
(ii) A fuzzy subset f of S is an (€, € Vq)-fuzzy left ideal.
(iii) A fuzzy subset f of S is an (€, € Vq)-fuzzy bi-ideal.
(iv) A fuzzy subset f of S is an (€, € Vq)-fuzzy interior ideal.
(v) A fuzzy subset f of S is an (€, € Vq)-fuzzy quasi-ideal.

Definition 3.4. Let f and g be fuzzy subsets of an AG-groupoid S. We define the fuzzy subsets
fos, fAosg, and fogsg of S as follows:

(i) fos(a) = f(a) AO.5,
(i) (fAosg)(a) = (f Ag)(a) AO.5.

Definition 3.5. Let A be any subset of an AG-groupoid S. Then, the characteristic function
(Ca)o5 is defined as

05 ifaeA,

. (3.3)
0, otherwise.

(Ca)os(a) = {

Lemma 3.6 (See [14]). The following properties hold in an AG-groupoid S.

(i) Ais an AG-subgroupoid of S if and only if (Ca)ys is an (€, € Vq)-fuzzy AG-subgroupoid
of S.
(ii) A s a left (right, two sided) ideal of S if and only if (C )5 is an (€, € Vq)-fuzzy left (right,
two-sided) ideal of S.

(iii) A is left (quasi) ideal of an AG-groupoid S if and only if (Ca)gs is (€,€ Vq)-fuzzy left
(quasi)-ideal.

(iv) For any nonempty subsets A and B of S,C4005Cp = (Cap)gs5 and Canos5Cp = (Cang)gs-

(v) A nonempty subsets A of S semiprime if and only if (C ), 5 is semiprime.
Lemma 3.7. If S is an AG-groupoid with left identity, then Sa is quasi-ideal of S.

Proof. Using paramedial, medial, and left invertive laws, we get:
S5(Sa)n (Sa)S C S(Sa) = (5S)(Sa) = (aS)(SS) = (aS)S = (§S)a = Sa. (3.4)

Hence, Sa is a quasi-ideal of S. O

Theorem 3.8. For an AG-groupoid with left identity e, the following are equivalent:
(i) Sis intraregular,
(ii)) InJ =1] (INn] CI]J), forall quasi-ideals I and J,
(iii) fAos58 = foosg (fAos5g < foosg), forall (€, € Vq)-fuzzy quasi-ideals f and g.
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Proof. (i)=(iii) Let f and g be (€, € Vq)-fuzzy quasi-ideals of an intraregular AG-groupoid
S with left identity. Then, by Theorem 3.3, f and g become (€, € Vq)-fuzzy ideals of S. For
each a in S, there exists x,y in S such that a = (xa?)y and since S = S?, so for y in S there
exists u,v in S such that ¥ = uv. Now, using paramedial law, medial law, and (2.1), we get
the following:

a= <xa2)y = <xa2>(uv) = (Uu)<a2x> = a*((vu)x) = (a(vu))(ax). (3.5)
Then,

(foosg)(a) = \/ {f(p) Ag(q) A0S5)

a=pq
=\ {f(a(ow)) A g(ax) A0.5} (3.6)
a=(a(vu))(ax)
> f(a)Ag(a) NO.5 = fApsg(a).
Therefore, fop59 > fAo5g. Also, one has

fopsg(a) = fog(a) A0S

= \/ f(b) Ag(c) AO5
a=bc

= \/ (f(b) A05) A (g(c) AO.5) A0S (3.7)
a=bc

< \/ f(be) A g(be) NO5 = frosg(a).
a=bc

Therefore, fop59 < fAo58. Hence, fogsg(a) = fAosg(a).
(iii)=(ii) Let I and ] be the quasi-ideals of an AG-groupoid S with left identity and let
a € In J. Then, by hypothesis and Lemma 3.6, we get the following:

(C17)p5(a) = (Cro0sCy)(a) = (C1rosC) (a)

= (Ciny)g5(a) = 0.5. (3.8)

Therefore, a € I]. Now, if a € I], then
(Cm])OVS(a) = (C[])O.S(a) =0.5. (39)

Therefore,a € INJ. Thus, IJ=1N].
(ii)=(i) Since Sa is a quasi-ideal of an AG-groupoid S with left identity containing a,
by (ii), medial law, left invertive law, and paramedial law, we obtain that

SanSa = (Sa)(Sa) = (8)(aa) = (a°S)S = ((aa)($8))$
(3.10)
= ((55)(aa))s = (Sa’)s.
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Hence, S is intraregular. O

Corollary 3.9. Let S be an AG-groupoid with left identity e, then S is intrareqular if and only if every
quasi-ideal of S is idempotent.

Corollary 3.10. For an AG-groupoid S with left identity, the following conditions are equivalent.

(i) S is intraregular.

(i) (fAosg)Nosh < (foos g)oos b, for all (€,€ Vq)-fuzzy quasi-ideals f, g and (€,€ Vq)-
fuzzy left ideal h of S.

(iii) (fAosg)Nosh < (foos §)oos h, for all (€, € Vq)-fuzzy quasi-ideals f, g and h of S.

Proof. (i)=(iii) Let f and g be (€, € Vvq) fuzzy quasi-ideals and h be an (€, € Vq)-fuzzy left
ideal of an intraregular AG-groupoid with left identity e. Since S is intraregular. Therefore,
for a € S, there exists x,y in S such that a = (xa?)y. Now, using (2.1), left invertive law,
paramedial and medial laws, we get the following:

a=(xa®)y = (x(aa))y = (a(xa)y = (y(xa))a
= (v(x((xa)y)))a= (v((xa) ) )a = ((xa*) (v (xy)))a = ((xa”) (xv?) )a
= (") (@) )a= (@((v*x)x) )a = ((a(yx) ) (@x))a

(3.11)

Then,

((foos g)cosh)(a) = \/ (foos g)(p) Ah(q) AO5

a=pq
\/ (foos g)<<a<y2x>>(ax)> Ah(a) N0.5
u=((u(y2x))(ux))a
> (foos g)<<a<y2x>>(ax)> Ah(a) A0.5 (3.12)

= \/ f(c) Ag(d) Ah(a) NO.5
(a(yzx))(ax):cd

2 f (“<y2x>> A g(ax) Ah(a) AN0.5
= (fAos M5 h)(a).

(iii)=(ii) It is obvious.
(ii)=(i) Let f and g be (€, € Vvq)-fuzzy quasi-ideals of an AG-groupoid S with left
identity. Then,

((CsMos f)Mos g)(a) = (Cshos f)(a) A g(a) AO.5
=Cs(a) A f(a) NO.5 A g(a) AO.5 (3.13)

=1Af(a)Ag(a) NO5= fAy5g(a).
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Thus, ((CsAos f)Mos §) = fMos g- Also,

Csoos f(a) = \/ Cs(p) A f(q) A0S

a=pq
= \/ Cs(e) A f(a) AOS5 (3.14)

a=ea

= f(a) AN0.5 < f(a).
Thus, Csogs g < f. Now, using (ii), we get the following;:
(fros g)(a) = ((Cshos f)Mos &) (a) < ((Csoos f)oos §)(a) < fous g(a). (3.15)

Therefore, by Theorem 3.8, S is intraregular. O
Lemma 3.11. Let S be an AG-groupoid with left identity, then (aS)a* C (aS)a, for some a in S.
Proof. Using paramedial law, medial law, left invertive law, and (2.1), we get the following;:

(aS)a’ = (aa)(Sa) = [(Sa)ala = [(aa)(SS)]a = [(SS)(aa)]a

= [a{(SS)a}]a C (aS)a. (3.16)

O

Lemma 3.12. Let S be an AG-groupoid with left identity, then (aS)[(aS)a] C (aS)a, for some a in
S.

Proof. Using left invertive law and (2.1), we get the following;:
(aS)[(aS)a] = [{(aS)a}S]a = [(Sa)(aS)]a = [a(Sa)]Sa C (aS)a. (3.17)

O
Lemma 3.13. If S is an AG-groupoid with left identity, then (aS)(Sa) = (aS)a, for some a in S.

Proof. Using paramedial law, medial law, and (2.1), we get the following:
(aS)(Sa) = [(Sa)S]a = [(Sa)(SS)]a = [(SS)(aS)]a = (a(SS))a = (aS)a. (3.18)

O

Theorem 3.14. Let S be an AG-groupoid with left identity, then Bla] = a U a® U (aS)a is a bi-ideal
of S.
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Proof. Using Lemmas 3.13, 3.11, 3.12, left invertive law, and (2.1), we get the following:

(B[a]S)BJa] = [{a Ua’u (aS)a}S] [a Ua’u (aS)a]
= [as Ua*Su ((aS)a)s] [a uUatu (aS)a]
- [aS UaSu (Sa)(aS)] [a Uau (aS)a]
- [aS UatSu a((Sa)S)] [a uatu (aS)a]
¢ [aSuasuas][aua* U (aS)a] (3.19)
= (aS) <a Ua®u (aS)a>
= (aS)a U (aS)a* U (aS){(aS)a}
C (aS)au (aS)a* U (aS)(Sa)
C (aS)ac (a Uatu (aS)a).

Thus a U a? U (aS)a is a bi-ideal. O

Theorem 3.15. For an AG-groupoid with left identity e, the following are equivalent.

(i) Sis intraregular.
(ii) Q[a] N Bla] = Q[a]B|a], for some a in S.
(iii) Q N B = QB, for every quasi-ideal Q and bi-ideal B of S.
Proof. (i)=(iii) Let Q be a quasi-ideal and B be a bi-ideal of an intraregular AG-groupoid S
with left identity. Then, by Theorem 3.2, Q and B become ideals of S. Let a € Q N B. Now

since S is intraregular so for each a in S there exists x, y in S such that a = (xa?)y. Now, since
a = (a(vu))(ax); thus,

a = (a(vu))(ax) € (Q(SS))(BS) C OB. (3.20)

Therefore, Q N B C QB. Next let gb € QB, for some g € Q and b € B. Then gb € QS C Q and
gb e SBC B. Thus QB C QN B. Hence, QN B = QB.

(iii)=(ii) It is obvious.

(ii)=(i) For a in S,B[a] = aU a® U (aS)a and Q[a] = a U (Sa N aS) are bi- and quasi-
ideals of S generated by a. Therefore using left invertive law, medial law, and (ii), we get the
following:

[au(SanaS)]naua®u(aS)a=[au(SanaS)] [a Ua?u (aS)a]
C [Sa] [aUaZU (aS)a]

C (Sa)au (Sa)a® U (Sa)[(aS)a]
= Sa? U [S(aS)](aa) C Sa*.

(3.21)

Hence by (2.4), S is intraregular. O
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Theorem 3.16. For an AG-groupoid with left identity e, the following are equivalent.

(i) S is intrareqular.

(ii) fAos5 g = foos g where f is any (€, € Vq)-fuzzy quasi-ideal and g is any (€, € Vq)-fuzzy
bi-ideal.

Proof. (i)=(ii) Let f be an (€, € Vvq)-fuzzy quasi-ideal and g be an (€, € vq)-fuzzy bi-ideal
of an intraregular AG-groupoid S with left identity. Then, by Theorem 3.3, f and g become
(€, € vg)-fuzzy ideals of S. Since S is intraregular, so for each a in S there exists x, y in S such
that a = (xa?)y. Now, since a = (a(vu))(ax),

(feosg)(a) = \/ {f(p) ng(q) n0S5)

a=pq
> f(a(vu)) A glax) N0.5
> f(a) Ag(a) NO.5 = fAgs g(a).

(3.22)

Thus, f00.5 g > f/\0.5 g. Also

foosg(a) = fog(a)A05="\/ f(b) Ag(c) AO5

a=bc

= \/ (f(b) A0.5) A (g(c) A0O.5) A0S (3.23)

a=bc

< \/ f(be) A (g(bc) AO5) = fros g(a).

a=bc

Therefore, fops g < fAos g Hence, fogs g(a) = fAos g(a).
(ii)=(i) Let a € Q N B. Then, by hypothesis and Lemma 3.6, we get the following:

(CQB)0.5(“) = (Co05Cs)(a) = (CorosCp)(a)

(3.24)
= (Conr)ys(a) = 0.5.
Therefore, a € QB. Now, if a € QB, then
(CQOB)O.S(‘I) = (CQB)0.5(‘1) =0.5. (3.25)
Therefore, a € Q N B. Thus, QB = Q N B. Hence by Theorem 3.15, S is intraregular. O
Lemma 3.17. If I is an ideal of an intrareqular AG-groupoid S with left identity, then I = I,
Proof. It is straightforward. O

Theorem 3.18. For an AG-groupoid S with left identity, the following are equivalent.
(i) S is intraregular.
(ii) Qla] nL[a] N Bla] = (Q[a]L[a])B|a], for some a in S.
(iii) QN LN B = (QL)B, for any quasi-ideal Q, left ideal L, and bi-ideal B of S.
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Proof. (i)=(iii) Let Q be a quasi-ideal, L be a left ideal, and B be a bi-ideal of an intraregular
AG-groupoid S with left identity. Since S is intraregular, for each a € S, there exist x,y € S
such that a = (xa?) y. Then, by Theorem 3.2, Q, L, and B become ideals of S. Then, using (2.1),
left invertive law, paramedial and medial law, we obtain that

a=(xa’)y = (x(aa)y = (a(xa))y = (y(xa))a

= (y(xa)) ((y(xa))a) = (a(y(xa)))((xa)y) € Q(S(SL))((SB)S) (326)
C (QL)B.

(iii)=>(ii) It is obvious.

(ii)=(i) For ain S,L[a] = aU Sa, Q[a] = aU (San aS) and B[a] = aU a*> U (aS)a are
left, quasi and bi-ideals of S generated by a. Therefore using medial law, left invertive law
and (ii), we get the following:

[au(SanaS)|Nn[auSa]ln [a Ua®u (aS)a] = ([au (SanaS)][au Sa]) [a Ua®u (aS)a]
C ((Sa)(Sa)) [a Uau (aS)a]
(Saz) [a Ua*u (aS)a]

_ (Sa2>a U <Sa2> au <Sa2> [(aS)a] C Sa®.
(3.27)

Hence by (2.4), S is intraregular. O

Theorem 3.19. For an AG-groupoid S with left identity, the following are equivalent.

(i) Sis intrareqular.

(ii) (fAos §)Nosh = (foos §)oush, for (€, € Vq)-fuzzy quasi ideal f, (€, € Vq)-fuzzy left-ideal
g and (€, € Vq)-fuzzy bi-ideal h of S.

Proof. (i)=(ii) Let f be an (€, € Vgq)-fuzzy quasi-ideal, g be an (€, € vVq)-fuzzy left ideal, and
hbe an (€, € vq)-fuzzy bi-ideal of an intraregular AG-groupoid S with left identity. Since S is
intraregular, for each a € S there exist x,y € S such that a = (xaz)y. Then, by Theorem 3.3, f,
g, and h become (€, € Vg)-fuzzy ideals of S. Then, using (2.1), left invertive law, paramedial
and medial law, we obtain that

a=(xa’)y = (x(aa)y = (a(xa))y = (y(xa))a

(3.28)
= (y(xa)) ((y(xa))a) = (a(y(xa))) ((xa)y).
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Now,

((feosg)oosh)(a) = \/ (feos &) (p) Ah(q) A0S

a=pq

© OV Feuss(atyem) Ah(ray) A0
a=(a(y(xa)))((xa)y)

> (foos g)(a(y(xa))) Ah(a) A0.5

= { \V  fan g(v)} Ah(a) A0.5 (3.29)

a(y(xa)):uv

- { \  fl@rg(y(xa)) A 0.5} Ah(a) A0.5

u(y(xa)):uv
> {f(a) Ag(a) N0.5} Ah(a)A0.5
= f(a) A g(a) ANh(a) NO.5 = [(fAos §)Mosh] (a).

Therefore, (fAo5g)Nosh < (foos g)oos h. Also

((fous g)eosh)(a) = \/ (feos g)(p) Ah(g) NO5

a=pq

=\ { \/f(c)/\g(d)/\O.S} Ah(q) ANO5

a=pq \ p=cd

<\ { \/ f(cd) A g(cd) /\0.5} Ah(pg) AO.5

a=pq | p=cd

= \/ {f(p) Ag(p) NO.5} AR(pg) AO.5

< \/ f(pq) A g(pq) Ah(pq) AO.5

= f(a) A g(a) Ah(a) NO.5
= [(fAos5 &) Nos h] (a).

(3.30)

Therefore, (fAo5 §)MNosh > (foos g)oos f- Hence, (fAosg)Nosh = (foos g)oos h.

(ii)=(i) Let Q be a quasi-ideal, L be a left ideal, and B be a bi-ideal of an AG-groupoid
S. Then, by Lemma 3.6, (Cg),5, (Cr)o5, and (Cg)y5 are (€,€ Vq)-fuzzy quasi, left, and bi-
ideals of S. Then, using (ii), we have

(Coning)gs = [(CoMosCr)MosCr] = (Cgo05CL)205Ch = (Ciarp)s- (3.31)

This implies that Q N L N B = (QL)B. Hence by Theorem 3.18, S is intraregular. O

Theorem 3.20. Let S be an AG-groupoid with left identity, then the following conditions are
equivalent.
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(i) Sis intraregular.

(ii) For every bi-ideal B and quasi-ideal Q of S, BQ = QB and B & Q are semiprime.
Proof. (i)=(ii) Let B be a bi-ideal and Q be a quasi-ideal of an intraregular AG-groupoid S
with left identity. Then, by Theorem 3.2, Q and B become ideals of S. Let b € B and g € Q.

Since S, is intraregular so for each b in S, there exists x,y, in S such that b = (xb?) y. Thus by
left invertive law, we get the following;:

bq = [(xb2> y]q = (qy) (xb2> € (QS)(SB) C QB. (3.32)

Similarly we can prove that QB C BQ. Now let b*> € B. Then b = (xb?*)y € (SB)S C B. Thus B
is semiprime. Similarly we can prove that Q is semiprime.

(ii)=(i) For ain S,Q[a] = au(Sana$S) and B[a] = aUa?U(aS)a are quasi and bi-ideals
of S generated by a. Therefore, using (2.1), (2.4), medial law, and (ii), we get

a’ e [a Ua*u (aS)a] [au (SanaS)]
C [a Ua?u (aS)a] [Sa]

C a(Sa) U a®(Sa) U [(aS)a](Sa)
C a’SuU[(aS)S](aa) C Sa’.

(3.33)

Clearly Sa? is a bi-ideal of S, so, by (ii), it is semiprime. Thus, a € Sa?. Hence by (2.4), S is
intraregular. O

The proofs of following two Lemmas are easy and therefore omitted.
Lemma 3.21. For any fuzzy subset f of an AG-groupoid S, Soys f < f and for any fuzzy right ideal
8, 8%55<g.
Lemma 3.22. Let f and g be (€,€ Vq)-fuzzy ideals of an AG-groupoid S with left identity, then
foos g isan (€, € Vq)-fuzzy ideal of S.

Theorem 3.23. LetS be an AG-groupoid with left identity, then the following conditions are
equivalent.

(i) S is intrareqular.
(ii) For every (€, € Vq)-fuzzy quasi-ideal f and (€, € Vq)-fuzzy bi-ideal g, foos g = goos f,

and f and g are semiprime.

Proof. (i)=(ii) Let f be an (€, € Vvq)-fuzzy quasi-ideal and g be an (€, € Vq)-fuzzy bi-ideal
of an intraregular AG-groupoid S with left identity. Now by Theorem 3.3, f and g become
(€, € vq)-fuzzy ideals of S. Then by Theorem 3.16, Lemmas 8, and 9, we get the following;:

foosg=fMosg=8Nos f =SNos(gNos f)

3.34
= SNo5(g005 f) = Soos(go0s f) < gous f- (3:34)
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This implies that fogs g < goos f. Similarly we can prove that gogsf < fopsg.
Hence fops5 g = goo5 f. Moreover,

f(a) = f<<xa2>y> > f(a2>. (3.35)

Thus, f(a) > f(a?). Similarly g(a) > g(a?).

(ii)=(i) Let A be a bi-ideal and B be a quasi-ideal of S, then by Lemma 3.6, (C4)5, and
(Cg)g5 are (€, € Vq)-fuzzy bi and (€, € Vq)-fuzzy quasi-ideals; therefore, by using Lemma 3.6
and (ii),

(CaB)gs = Caops5Cp = Cpogs5Ca = (Cpa)gs- (3.36)

Therefore AB = BA. Now since (Ca),5 and (Cg), 5 are semiprime so by Lemma 3.6, A and B
are semiprime. Hence by Theorem 3.20, S is semiprime. O
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