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We consider a nonlinear 4th-order degenerate parabolic partial differential equation that arises
in modelling the dynamics of an incompressible thin liquid film on the outer surface of a
rotating horizontal cylinder in the presence of gravity. The parameters involved determine a rich
variety of qualitatively different flows. We obtain sufficient conditions for finite speed of support
propagation and for waiting time phenomena by application of a new extension of Stampacchia’s
lemma for a system of functional equations.

1. Introduction

The time evolution of thickness of a viscous liquid film spreading over a solid surface under
the action of the surface tension and gravity can be described by lubrication models [1-5].
These models approximate the full Navier-Stokes system that describes the motion of the
liquid flow. Thin films play an increasingly important role in a wide range of applications,
for example, packaging, barriers, membranes, sensors, semiconductor devices, and medical
implants [6-8].

In this paper we consider the dynamics of a viscous incompressible thin fluid film
on the outer surface of a horizontal circular cylinder that is rotating around its axis in the
presence of a gravitational field. The motion of the liquid film is governed by four physical
effects: viscosity, gravity, surface tension, and centrifugal forces. These are reflected in the
parameters: R: the radius of the cylinder, w: its rate of rotation (assumed constant), g: the
acceleration due to gravity, v: the kinematic viscosity, p: the fluid’s density, and o: the surface
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tension. These parameters yield three independent dimensionless numbers: the Reynolds
number Re = (RPw)/v, y = g/(Rw?), and the Weber number We = (pR*w?)/c. The
understanding of coating flow dynamics is important for industrial printing process where
rotating cylinder transports the coating material in the form of liquid paint. The rotating thin
fluid film can exhibit variety of different behaviour including: interesting pattern formations
(“shark teeth” and “duck bill” patterns), fluid curtains, hydroplaning drops, and frontal
avalanches [8-10]. As a result, the coating flow has been the subject of continuous study
since the pioneering model was derived in 1977 by Moffatt (see [11]):

oh 0 1g 4 3
E-F% wh—gﬁh cosB| =0. (1.1)

The surface tension and inertial effects were neglected in (1.1). Here h(x,t) is the thickness
of the fluid film, 0 is a rotation angle, and ¢ is a time variable. The linear stability of
rigidly rotating films on a rotating circular cylinder under three-dimensional disturbances
was examined in [12, 13]. It was shown that the most unstable mode for thin film flows on
the surface of a cylinder is the purely axial one that leads to so-called “ring instabilities”.
During the past decade, coating and rimming problems attracted many researchers who
analyzed different types of flow regime asymptotically [14-17] and numerically [18-20]. For
a detailed review of a growing literature on different types of thin film flows please see [21]
and references there in.

The coating flow is generated by viscous forces due to cylinder’s surface motion
relative to the fluid. There is no temperature gradient, hence the interface does not experience
a shear stress. If the cylinder is fully coated there is only one free boundary where the liquid
meets the surrounding air. Otherwise, there is also a free boundary (or contact line) where
the air and liquid meet the cylinder’s surface.

The asymptotic evolution equation for the thickness of the fluid film with the surface
tension effect:

oh 0 18 1 o sf0h &h\| _
at+89|:wh 3th cos@+3pR4vh <69+693 =0, (1.2)

was derived by Pukhnachev [22] in 1977. It is valid under the assumptions that the fluid film
is thin h <« R and its slope is small (1/R)(0h/00) « 1. Later in 2009, taking into account
inertial effects, Kelmanson [23] presented a more general model:

oh 9 1g 4 1 o ,[/0h oh\ 1wp ,0h]
E-’-@[Wh §V_Rh C059+§pR4vh <%+@ +§V_Rh @ =0. (13)

He analyzed, asymptotically and numerically, diverse effects of inertia in both small- and
large-surface-tension limits.

We should mention that all three lubrication approximation models described above
were based on the assumption of the no-slip boundary condition. It is well known [24] that
the combination of constant viscosity and no-slip boundary conditions at the liquid-solid
interface yields a logarithmic divergence in the rate of dissipation at moving contact line,
that is, an infinite energy is needed to make the droplet expand. The most common way



International Journal of Differential Equations 3

to overcome this difficulty is to introduce effective slip conditions (see (2.1)) that indeed
removes the force singularity at advancing contact lines (see [25]).

The main goal of our paper is to study waiting time phenomenon for the coating flows
under an assumption of effective slip conditions, that is, we analyze (2.1) that is a modified
version of (1.3). Our approach is based on now well-established nonlinear PDE analysis for
degenerate higher order parabolic equations.

The sufficient conditions: ho(x) < Alx[*" for 0 < n < 2, |hox(x)| < Blx|*" for 2 <
n < 3, (where A and B are some positive constants) on nonnegative initial data, hg for the
occurrence of waiting time phenomena were derived by Dal Passo et al. [26] for the classic
thin film equation:

hy + (|h|"hxxx) , = 0. (1.4)

These results were based on an energy method developed in [27] for quasilinear parabolic
equations. To the best of our knowledge, there is only one publication [28], where the waiting
time phenomenon in the classic thin film equation (1.4) was discovered for ho(x) ~ |x|*
for 2 < a < 4/n. The result was obtained by means of matching asymptotic methods and
was supported by numerous numerical simulations. For more general nonlinear degenerate
parabolic equations with nonlinear lower order terms the waiting time phenomenon was
analyzed in [29-31].

It is well known [32] that the similarity solutions of the second order nonlinear
parabolic equation:

¢t =(c"cy)y, m>0, (1.5)

subject to prescribing appropriate initial data, demonstrate the existence of a waiting-time
phenomena before the free boundary moves. The comparison theorem, that is not applicable
in our case, then enabled a number of results to be obtained about the existence and length
of waiting times for general initial data. Our approach is completely different and based on
local entropy/energy functional estimates.

We also analyze speed of support propagation and obtain an upper bound on it for the
modified version of (1.3) (see (2.1)). The first finite speed results for nonnegative generalized
solutions of the classic thin film equation (1.4) were obtained in [33, 34] for the case 0 < n < 2
and 2 < n < 3, respectively. For more general types of thin film equations the finite speed of
support propagation phenomenon was studied in [35-39] (see also references there in).

The outline of our paper is as follows. We first prove for n > 0 the long-time existence
of a generalized weak solution and then prove that it can have an additional regularity
in Section 2. In Sections 3 and 4 we show finite speed support propagation in the “slow”
convection case (n > 1): for 1 < n < 3 and waiting time phenomena for 1 < n < 2, accordingly.
The general strategy is to use an extension of Stampacchia’s lemma for a system of functional
equations (see Lemma 3.1 [26], where this extension is proved for a single equation and
Lemma A.2 in [37], where this extension is proved for systems in the homogeneous case).
This result to our knowledge is new and might be of independent interest. We leave as an
open problem the “fast” convection case (0 < n < 1): finite speed of support propagation and
sufficient conditions for waiting time phenomenon.
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2. Existence and Regularity of Solutions

We are interested in the existence of nonnegative generalized weak solutions to the following
initial-boundary value problem:

he + (f (h)(aohsxx + arthy +wy)), =0 in Qr,

d'h d'h .
(P)§ = (-a,t) = —(a,t) fort>0,i=0,3, (2.1)

ox! ox'

h(x,0) = ho(x) >0,

where f(h) = |h|", h = h(x,t), Q = (-a,a), Qr = (0,T) xQ, n >0, ap >0, a1 >0, and w(x,t)
such that

w(x,) e WL(0,T) forae xe€Q,  w(,t)eWi(Q) forae. tel[0,T]. (2.2)

ote that (1.3) is a particular case of (2.1) that corresponds to n = 3 and w(x, t) = cos(x — wt).
We consider a generalized weak solution in the following sense [40, 41].
Definition 2.1. A generalized weak solution of problem (P) is a nonnegative function h

satisfying

heCP(Qr) nL= (0, T;H' (@),  hel? <o, T; (Hl(g))'>,

(2.3)
heCy (D), F(h) (aohex + arhs + w5) € L2(D),
where 0 := {h > 0}. The solution h satisfies (2.1) in the following sense:
T
f (hy(-, 1), P)dt - ff f(h)(aohxxx + arhy + wy)Prdxdt = 0, (2.4)
0 P
for all ¢ € C1(Qr) N C(Qy) with d(-a,’)=¢(a,-);
h(-,t) — h(-,0) = hy pointwise & strongly in L2(Q) ast—0, (2.5)
h(-a,t) = h(a,t) Vte[0,T], a—h(—a,t) = a—h.(a,t), (2.6)
ox! ox!

fori=1,2,3 at all points of the lateral boundary where h #0.

Because the second term of (2.4) has an integral over {h > 0} rather than over Qr, the
generalized weak solution is “weaker” than a standard weak solution. Here, {h > 0} is short
hand for {(x,t) € @T : h(x,t) > 0}. This short hand is used throughout: the time interval
included in {h > 0} is to be inferred from the context it appears in.
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A key object for proving additional properties of a generalized weak solution is an
integral quantity introduced by Bernis and Friedman [42]: the “entropy” [ Go(h(x,t))dx. The
function Gy(z) is defined by

zZ—n )
m+dz+c if n#1,2,
Go(z) =4 zlnz—z+e ifn=1, (2.7)
—lnz+§+1 ifn=2,

where

(n _ 1)1/(1*1’1) .
B T ifl<n<?2, (2.8)
otherwise.

1 ifl<n< 2,
d= . c
0 otherwise, 0

By construction, Gy is a nonnegative convex function on [0, o). For 1 < n < 2, the linear part
of Gy is chosen to ensure that Gy has a positive lower bound on [0, o). Also in the statement

of Theorem 2.2 we use an “a-entropy”, fG(()a) (h(x,t))dx, where

zlnz-z+e ifa=n-1,
@ —lnz+E+l fa=n-2,
Gy '(2) = e (2.9)
ZZ—n+a

+dz +c otherwise,

2-n+a)(l-n+a)

1 _ N1/ (Q+a-n)
1 ifae(m-2n-1), (n-1-a)
d= i c= 2+a-n
0 otherwise, 0

ifae(n-2,n-1),

(2.10)
otherwise.

G(()a) is a nonnegative convex function on [0, o). The linear part of G(()a) is chosen to ensure

that G(()“) has a positive lower bound on [0, 00) if n =2 < a < n— 1. If a = 0, the a-entropy is
the same as the entropy (2.7).

Theorem 2.2. (a) (Existence). Let n > 0 and the nonnegative initial data hy € H*(Q), ho(-a) =
ho(a) satisfy

f Go(ho)dx < 0. (2.11)
Q

Then for any time 0 < T < oo there exists a nonnegative generalized weak solution, h, on Qr in the
sense of the Definition 2.1. Furthermore,

hel? (0, T; HZ(Q)>. (2.12)
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Let

&o(T) = % f i <a0h§ (x,T) — a1h?(x, T) — 2w(x, T)h(x, T))dx (2.13)

then the weak solution satisfies

Eo(T) + ff W' (aghyxx + arhy + wx)zdxdt < é&p(0) - J. hwdxdt. (2.14)
{h>0} Qr

(b) (Regularity). If the initial data also satisfies

f G (ho)dx < oo, (2.15)
Q

forsome =1/2 < a <1, a #0 then the nonnegative generalized weak solution has the extra reqularity
h@2/2 € [2(0,T; HX(Q)) and h**2/4 € L*(0, T; W} (Q)).

The theorem above was proved earlier in [41] for the case n = 3 only. We note that the
analogue of Theorem 4.2 in [42] also holds: there exists a nonnegative weak solution with the
integral formulation

! -1
IO (hy(-, 1), d)dt + aofoT (nh hahxds + h hxx¢xx)dxdt - ngh (arhy + wy) prdxdt = 0.
(2.16)

If initial data satisfy finite a-entropy condition, that is, f G(()a) (hp)dx < oo then one can prove
existence of nonnegative solutions with some additional regularity properties and use an
integral formulation [43] to define them that is similar to that of (2.16) except that the second
integral is replaced by the results of one more integration by parts (there are no hyy, terms).
It is worth to mention that for the case 0 < n < 2 the finite entropy assumption in Theorem 2.2
can be omitted because it does not impose any restriction on nonnegative initial data. One
needs to impose finite entropy and finite a-entropy conditions on initial data if n > 2 only.

2.1. Regularized Problem

Given §, € > 0, a regularized parabolic problem, similar to one that was studied by Bernis
and Friedman [42] can be written as:

(Pé,e)
ht + (fﬁe(h)(aohxxx + alhx + wx))x =0, (217)
a—h(—a, 1) = a—h.(a, t) fort>0,i=0,3, (2.18)
ox! ox?

h(x,0) = hoe(x), (2.19)
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where

4
fse(z) = fe(2) +6 = 12| +6 VzeR!, 6>0, e>0. (2.20)
z

21 + e

The 6 > 0 in (2.20) makes the problem (2.17) regular (i.e., uniformly parabolic). The
parameter ¢ is an approximating parameter which has the effect of increasing the degeneracy
from f(h) ~ |h|" to fc(h) ~ h*. The nonnegative initial data, h, is approximated via

2
ho+ €% < hoe € CH*7(Q) for some 0< 0 < =
o'hy, _ 0'ho.

—(-a) = “(a) fori=0,3,
ox'

(2.21)

hg,e — hy strongly in HY(Q) ase—0.

The ¢ term in (2.21) “lifts” the initial data so that they are smoothing from H'!(Q) to C*7(Q).

By Eidel’'man [44, Theorem 6.3, p.302], the regularized problem has a unique classical
4+y,1+y/4

solution hg, € Cy (Q x [0,75:]) for some time 75, > 0. For any fixed value of 6 and
¢, by Eidel’'man [44, Theorem 9.3, p.316] if one can prove a uniform in time a priori bound
|hse(x,t)| < Ase < oo for some longer time interval [0, Tioe,5e] (Tiocse > Tse) and for all x € Q
then Schauder-type interior estimates [44, Corollary 2, p.213] imply that the solution hs, can
be continued in time to be in Ci:y’1+y/4(£2 x [0, Tioc,6¢])-

Although the solution hs, is initially positive, there is no guarantee that it will remain
nonnegative. The goal is to take 6 — 0, ¢ — 0 in such a way that (1) Tioc5e — Tioc > 0, (2)
the solutions hs, converge to a (nonnegative) limit, h, which is a generalized weak solution,
and (3) h inherits certain a priori bounds. This is done by proving various a priori estimates
for hg, that are uniform in 6 and € and hold on a time interval [0, Tjo] that is independent of
6 and €. As a result, {hs.} will be a uniformly bounded and equicontinuous (in the C}C//tz'l/ 8
norm) family of functions in Qx[0, Tioc]. Taking 6 — 0 will result in a family of functions {h,}
that are classical, positive, unique solutions to the regularized problem with 6 = 0. Taking
€ — 0 will then result in the desired generalized weak solution h. This last step is where
the possibility of nonunique weak solutions arise; see [40] for simple examples of how such
constructions applied to h; = —(|h|"hyxx), can result in two different solutions arising from
the same initial data.

2.2. A Priori Estimates

Our first task is to derive a priori estimates for classical solutions of (2.17)—(2.21). The lemmas
given in this section are proved in the Section 4.
We use an integral quantity based on a function Gs, chosen such that

G! (z) = Gee(z) > 0. (2.22)

b
fbe(z),

This is analogous to the “entropy” function first introduced by Bernis and Friedman [42].
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Lemma 2.3. Let hy, satisfy (2.21) and be built from a nonnegative function hy that satisfies the
hypotheses of Theorem 2.2. Then there exist &y > 0, g > 0 and time Tio. > 0 such that if & € [0, &),
€ € [0,&9), and hs. is a solution of the problem (2.17)—(2.21) with initial data ho, then for any
T € [0, Tioc] the following inequalities:

2
J‘Q{h%&x(x, T) + aiolcﬁg(hég(x, T)) }dx + aoﬂg foelhoo) il dxdt <Kq <o, (223)

Oe,xx

I Gée(hse (x,T))dx + aojj W2 dxdt < K; < oo (2.24)
Q Qr

hold. The energy Es.(t) (see (2.13)) satisfies

665 (T) + If fﬁs(h6£)(aoh65,xxx + alhés,x + wx)zdxdt = 656(0) - J‘J‘ h5£wtdxdt- (225)
Qr Qr

The time Tioc and the constants K; are independent of 6 and e.

The proof of existence of 6y, €, Tioc, K1, and K is constructive; how to find them and
what quantities determine them are shown with details in Section 4.
Lemma 2.3 yields uniform-in-6-and-¢ bounds for [h2 _, [Gg(hse), [f hég,xx, and

be,x’

f f fse (h(sg)hée,xxx. However, these bounds are found in a different manner than in earlier work
for the equation h; = —(|h|"hyxx),, for example. Although the inequality (2.24) is unchanged,
the inequality (2.23) has an extra term involving Gs,. In the proof, this term was introduced
to control additional, lower-order terms. This idea of a “blended” || h«||2-entropy bound was
first introduced by Shishkov and Taranets for long-wave stable thin film equations with
convection [30].

The final a priori bounds for positive, classical solutions use the following functions,
parameterized by a for a ¢ {2,3},

z
(a=3)(a-2)

a=2 " a

G(2) =G (2) +¢ = (6(2) = ]% (2.26)

where G(()“) is given by (2.9). In the following lemma, we restrict ourselves to the case a €
[-1/2,1]; note that G (z) > 0 for such a.

Lemma 2.4. Assume €y and Tioc are from Lemma 2.3, 6 = 0, and € € [0, &). Assume a € [-1/2,1]
and that h, is a positive, classical solution of the problem (2.17)—(2.21) with initial data hy ¢ satisfying
Lemma 2.3. If the initial data hy . is built from ho which also satisfies

J G (ho(x))dx < oo (2.27)
Q

then there exists Ky such that

f {12 T) + G (he(x, T)) el + IJ‘ |BHER2 o + YHE2HE Jdxdt < Ky <o (228)
Q Qr
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holds for all T € [0, Tioc] and Ky is independent of € and is determined by a, €9, ap, a1, wy, Q and
hy. Here

a(l-a)

ap ifo<ac<l, a—¢ if0<a<l,
Peva 2 loaco, 7T i 1
"4(1-a) 2- ’ ao—( * ?6( %) f—§§a<0. (2.29)

Furthermore, if « € (-1/2,1) \ {0} then

{hgﬁz)/z} cI2 (0, Tioc; HZ(Q)>, {h£a+2)/4} cIA <0, Tioc; W1,4(Q)> (2.30)

e€(0,e0) £€(0,e0)

are uniformly bounded.

The a-entropy, fGé“)(h)dx, was first introduced for « = -1/2 in [45] and an a priori
bound like that of Lemma 2.4 and regularity results like those of Theorem 2.2 were found
simultaneously and independently in [40, 43].

The proof of existence starts from a construction of a classical solution hg, on [0, Tioc]
that satisfies the hypotheses of Lemma 2.3if 6 € (0, 89) and € € (0, o). Taking the regularizing
parameter, 6, to zero, one proves that there is a limit h, and that h, is a generalized weak
solution. After that additional nonlinear estimates are required to analyze properties of the
limit h,; specifically to show that it is strictly positive, classical, and unique. Hence, the a
priori bounds given by Lemmas 2.3 and 2.4 are applicable to h,. This allows us to take the
approximating parameter, ¢, to zero and to construct the desired nonnegative generalized
weak solution of Theorems 2.2 (see, e.g., [41]).

2.3. Long-Time Existence of Solutions

Lemma 2.5. Let h be a generalized solution of Theorem 2.2. Then

a
Z()”h(/ Tloc)”%{l(g) < 60(0) + KS + K6Tlocr (231)

where &y(0) is defined in (2.13), M = [ hy, and

2\/6 (a() + 01)3/2 M2 + ap + aq %2

Ks = M ,
5 ||w||oo + 3 ao 2 |Q|

Ke = [[w:]l,, M. (2.32)

Proof of Lemma 2.5. By (2.13),

el f W2 (x, T)dx < &(T) + 2 f K2 (x, T)dx + j h(x, T)w(x, T)dx — I J hwdxdt. (2.33)
2 Q 2 Q Q Qr
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The linear-in-time bound (2.14) on &¢(Ti,c) then implies

a ap+a
SR Tl < £0(0) + =5 fQ W dx + ([[w]., + [[i]],,T) M. (2.34)

Using the estimate (see [41, Lemma 4.1, page 1837])
2

1/3
Il <6 M ([ K dx) + 1o 2:39)

and Young's inequality:

ap + ai J Ry < S @ 62/3M4/3<_[ hidx>1/3+ m?
2 Jg 2 Q <]

(2.36)
3/2 2
I T R
1 )g 3 v 2 9
Using this in (2.34), the desired bound (2.31) follows immediately. O

This H'-estimate will be used to extend the short-time existence of a solution to the
long-time existence result of Theorem 2.2 (see [41, Proof of Theorem 3, page 1838]).

3. Finite Speed of Support Propagation

Theorem 3.1. Let 1 < n < 3. Assume hy is nonnegative, hy € HY(Q) and supp ho C (-1, 70) € Q.
Then the solution h of Theorem 2.2 has finite speed of support propagation, that is, there exists a
continuous nondecreasing function I'(T), I'(0) = 0 such that supp h(T,-) C (-ro-I'(T), r0+I'(T)) €
Qforall T <Ty:=T"(a-r).

In the following theorem, we find the explicit upper bounds of the I'(T) for a solution
of the corresponding Cauchy problem with a compactly supported nonnegative initial data
hy € H'(R!). Note that the definition of generalized weak solution of the Cauchy problem
is as Definition 2.1 except that Q is replaced by R! and the relation (2.6) is dropped. Using
Lemma 2.5, we can show that the upper estimate of I'(T) from Theorem 3.1 is independent
on Q therefore the solution from Theorem 2.2 can be extended to be identically zero for |x| >
7o — I'(T) and thus is a solution on the line for all T < Tj. Performing a similar procedure in
[To,2T0], ..., [mTy, (m + 1)T], ..., we obtain a compactly supported nonnegative solution of
the Cauchy problem for all T > 0 and Theorem 2.2 holds with Q = R!.

Theorem 3.2. Let 1 < n < 3. Assume hy is nonnegative, hy € H'(R'), supp ho C (~ro,10) and h is
a solution of the Cauchy problem. Then the following estimates:

T(T) < Dy(TV "9 4 T5/09) for all T > 0if 1 < 1 < 2,
[(T) < DTV for small enough time if2 < n < 3,

are valid. Here the constants D; depend on the parameters problem and initial data only.
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3.1. Proof of Theorem 3.1 for the Case 1 <n <2

The following lemma contains the local entropy estimate. The proof of Lemma 3.3 is similar
to (A.16), (A.29), therefore it is omitted.

Lemma 3.3. Let { € C,2(Qy) such that supp ¢ € Q, (¢*)' = 001 9Q, and {*(-a,t) = (a, ).

Assume that =1/2 < a < 1, and a #0. Then there exist constants C; (i = 1,2,3) dependent on
n, m, a, aop, and ay, independent of Q, such that for all 0 < T < oo

f . ¢, TG (h(x, T))dx — H@ (g4)tcg“> (h)dxdt

+ lefQT (h(a+2)/2>ix§4dxdt < fg Sx, O)G(()a)(ho)dx .
+ sz 0 ha+2<§4 + Ci + gz ix + §2§32( + §3|§xx|>dxdt

+C3foTha+1<'€3

Let 0 < n <2, and let supp hg C (-rp,19) € Q. For an arbitrary s € (0,a - rp) and 6 > 0
we consider the families of sets

G| + g4)dxdt.

Q(s) =Q\ (-rg—s,19+ ), Qr(s) =(0,T) x Q(s). (3.2)

We introduce a nonnegative cutoff function 7(7) from the space C?(R!) with the following
properties:

0 if <0,
n(r) =3 r?(3-21) if0<7<1, (3.3)
1 ifr<1.

Next we introduce our main cut-off functions 75 5(x) € C? (Q) such that 0 < 7s,6(x) <1 forall
x € Q and possess the following properties:

le—(ro+5))

15,6(x) = rz( ; {1’ xeQls o),

3 6
Sz <=, (34
0, xeQ\Q(s), |(115’6)x| -6 |(n5'5)xx| 52 (3.4)

foralls >0, 6 >0:7)+s+6 < a. Choosing {*(x,t) = 1755(x)e”*/T, from (3.1) we arrive at

2
f h*"2(T)dx + l” R 2 dxdt + CH (h<“+2>/2> dxdt
Q(s+6) T Qr(s+6) Qr(s+6) xx

(3.5)
c a+2 C a+1 3 —a; &i
<= h*2dxdt + — h*ldxdt = CY 67" K,
6 :
Qr(s) Qr(s) i=1 Qr(s)
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for all s € (0,a — ry), where (n - 1), < a < 1and 0 < 6 < 1 is enough small. We apply
the Nirenberg-Gagliardo interpolation inequality (see Lemma B.2) in the region Q(s +6) to a
function v := h@*?/2 with a = (2¢;)/(a+2), b= 2(a-n+2))/(a+2),d=2,i=0,j=2,and
0;i=(a+2)¢—a+n-2))/(¢i(4a —3n + 8)) under the conditions:

a-n+2<¢ fori=1,2. (3.6)

Integrating the resulted inequalities with respect to time and taking into account (3.5), we
arrive at the following relations:

&i/ (a—n+2)

2 1+v,- 2
he < CT'- () (@s2) < 5@ H h§i> + CT( 57 ” h§i> ,
J‘J‘QT(SHS) ; Qr(s) ; Qr(s)

(3.7)

where v; = (4(¢ — a + n—2))/(4a — 3n + 8). These inequalities are true provided that

Qigi <1 ﬁéi <5a-4n+10 fori=1,2. (38)
a+2

Simple calculations show that inequalities (3.6) and (3.8) hold with some (n—-1), < a <1
if and only if 1 < n < 2. The finite speed of propagations follows from (3.7) by applying
Lemma B.3 with s; = 0. Hence,

supp h(T,") C (—=ro —T(T), 7o+ T(T)) € Q forall T: T € [0, Ty], (3.9)

where Ty := T (a - ro).

3.2. Proof of Theorem 3.2 for the Case 1 <n <2

We can repeat the previous procedure from Section 3.1 for Q(s) = R!\ (-rp — 5,79 + s) and we
obtain

2 1+v;
Gi(s+06) := ff K < CT-(6:5)/ (a+2) <26—aiff h§i> , (3.10)
Qr(s+6) i=1 Qr(s)

instead of (3.7), and

I(T) = C<T(1—(91§1)/(ac+2))(1+vz)T(l—(@2§2)/(d+2))vl(1+v1)(G(O))v])1/(4(1+v1)(1+vz))

(3.11)
1/((14+91)(14+92))

4

+C <T(1—(92§2)/(a+2))(1+1’1) T (1=(8161)/ (a+2))v2 (14+92) (G(O))v2>

where

G(0) = C(T(l—(91§1)/(a+2))(1+w)(GZ(O))HW + T(l—((9z<§z)/(vt+2))(1+vl)(G1 (0))1“’2)‘ (3.12)
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Now we need to estimate G(0). With that end in view, we obtain the following estimates:
Gi(0) < C1(Cy + C3T) D/ @D 1=/ (@45) - -1 2 (3.13)

where 1 < ¢ < a + 6, and C; depends on initial data only. Really, applying the Nirenberg-
Gagliardo interpolation inequality (see Lemma B.2) in Q = R! to a function v := h(®*2/2 with
a=(2&)/(@+2),b=2/(a+2),d=2,i=0,j=2,and 6; = ((a +2)(& — 1))/ (&(a +5)) under
the condition ¢; > 1, we deduce that

J' B < |20 (@2 as5) (J‘ (3.14)
R

2
y (h(a+2)/2> xdx

X.

> (§i-1)/(a+5)

Integrating (3.14) with respect to time and taking into account the Holder inequality ((¢; —
1)/(a+5) <1=¢ < a+6), we arrive at the following relations:

) (&=1)/ (a+5)
H he < o2 ““*2”“*5”T1‘<¢f‘1>/<“+5><H (=272 dx) . (315)
Qr or xx

From (3.15), due to (A.16) (as ¢ — 0) and (2.31), we find (3.13).
Inserting (3.13) into (3.12), we obtain after straightforward computations that

[(T) < C(TY0 + 7% for all T > 0. (3.16)

3.3. Proof of Theorem 3.1 for the Case 4/3 <n <3

The following lemma contains the local energy estimate. The proof of Lemma 3.4 is
Appendix A.

Lemma3.4. Letn € (1/2,3) and p > (1-n)/3. Let { € C2(Q) such that supp ¢ in Qand (%) =0
on 0Q, and {(—a) = {(a). Then there exist constants C; (i = 1,_3) dependent on n, m, ay, and a,
independent of Q and e, such that forany 0 < T < oo

2

fQ CH2 (x, T)dx + fQ ST dox + C1HQTg6 (h<"+2>/ 2) dxdt

xXxx

< J’ ) K2 (x)dx + J; S dx + CZ”QT;I"+2 (8 + 88 + &l ) drcait (3.17)

+ Csff {)C{§>0]h"+3ﬂ’1 + h"§6}dxdt,
Qr

2
f géhg(x,T)dmclJ‘f g6<h<"+2>/2) dxdtgj $OR2(x)dx
Q T XXX Q
© (3.18)

+ CZH B2 (56 +20+ §3|§xx|3>dxdt + QH W6 dxdt.
Qr Qr
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Let 755(x) be denoted by (3.4). Setting (°(x) = 7s5(x) into (3.17), after simple
transformations, we obtain

2
f W2 (x, T)dx + J WP (TYdox + Cﬂ <h<"+2>/ 2) dxdt
Q(s+6) Q(s+6) Qr(s+6) Xxx

< W2 dxdt + C h"+3ﬁ Ly h" ldxdt = c 5 i
6
5 Qr(s) QT<s> QT(S)

(3.19)

for all foralls € (0,a—-1y), 6 > 0 : rp+s+ 6 < a. We apply the Nirenberg-Gagliardo
interpolation inequality (see Lemma B.2) in the region Q(s + 6) to a function v := h("2/2
witha = (2&)/(n+2),b=Q2P+1)/(n+2),d=2,i=0,j=3,and 6; = (n+2)(¢& - p -
1))/ (&i(n +5p + 7)) under the conditions:

p<é&—-1 fori=1,3. (3.20)

Integrating the resulted inequalities with respect to time and taking into account (3.19), we
arrive at the following relations:

3 &/ (1)
H he < C T 0/ (n+2) <25 ” > + CT<Z6“’” f f héi> ,
Qr(s+06) Qr(s) i=1 Qr(s)

(3.21)
where v; = (6(é —p—1))/(n+5p + 7). These inequalities are true provided that
0:¢; & -n-8 .
o7 = 3.22
n+2<1<=>ﬂ> A fori=1,3. (3.22)

Simple calculations show that inequalities (3.20) and (3.22) hold with some g € ((2-n)/2,n-

1) if and only if 4/3 < n < 3. Since all integrals on the right-hand sides of (3.21) vanish as

T — 0, the finite speed of propagations follows from (3.21) by applying Lemma B.3 with
= 0 and sufficiently small T. Hence,

supph(T,-) C (-ro-TI'(T), o +I(T)) € Q forall T:0<T <T,. (3.23)
3.4. Proof of Theorem 3.2 for the Case 4/3 <n <3

Suppose that Q(s) = R\ {x : |x| < s}, Qr(s) = (0,T) x Q(s) for all s > ry, supphy C
(=79,79), and I'(T) = r(T) — rg. Since the time interval is small, we can assume that (T) < 2ry.
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Hence, for all s € (ry,2rp), we can take (up to regularization) ¢ = (|x| — s), in (3.18). As a
result, we obtain

2
1 f (x| - 8)8 h2dx + 56C1H (h<"+2>/2) dxdt
2 )ag) Qr(s+6) xxx
(3.24)
< C4” {h"+2 +(r(T) - s)ih"}dxdt,
Qr(s)
for all T < T, s € (ro,2r0). Using the Hardy type inequality
[ x-spfar<c| (x-912far, (3.25)
Q(s) Q(s)
where Cy = 4/(a +1)* and a > -1, we deduce that
1/2 1/2
f hdx < f (lx| - s)th2dx I (x| - s)+4dx>
Q(s+6) Q(s+6) Q(s+6)
(3.26)
1/2 1/2
<(52) (| tl-smmax)
36 Q(s)
whence
e
f hdx ) < =267 (x| - 5)S h2dx, (3.27)
Q(s+6) 3 Q(s)
forall 6 > 0, s € (rp,2rp). Substituting (3.27) in (3.24), we get
3 2 2
—_53sup f hdx ) + QH (h272)" dxat
2Co t Q(s+6) Qr(s+6) xxx
(3.28)

Cq f J’ 2 6
<= B2 4 TO(T) k" dxdt,
6° QT(S){ }
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forall T < Ty, s € (ro,2rp). By the Nirenberg-Gagliardo, Holder and Young inequalities, after
simple transformations, for €; > 0, we have

n+2
5 T
_Cgﬂ h"*zdxdtgelff (nt=272) dxdt+CEi17) <f hdx> dt,
6°)) qus) Qr(s) e "7 Jo \aw

6 2
MJI h'dxdt < GZII <h("+2)/2> dxdt (329)
o° xxx
Qr(s) Qr(s)

3(n+7)/4 T (Bn+1)/4
+C(e2) I hdx dt.
6 0 Q(s)

Substituting the estimates (3.29) in (3.28) and making the standard iterative procedure for
small enough 0 < ¢; < 1, we arrive at the inequality

3 ? 2 2 G9(s)
—sup f hdx +C563jj <h<"+2>/2) dxdt < Cq y (3.30)
2Co Q(s+6) Qr(s+6) xxx o

t i=1

where a1 = n+ 4@ = GBn+3)/4, GPs) = [)(guhd)"?dt GP(s) =
TOEIN/4(T) [7( Jas 7t dx) Dt Thus, (3.30) yields

() NG JONS
1 .
Gy (s +06) < C;T TH(T) <i§=1 = > , (3.31)

forall s € (rg,2rp) and 0 < 6 < s, where y; =0, up = 3(n+7))/4, pr=(n+2)/2, po = Bn +
1)/8. By Lemma B.3, from (3.31) we find that G(T’) (sg) = 0, where I'(T) < so(T) = Cs(T"* +
TVerr/%2(T)). As pp/ay = (n+7)/(n+3) > 1 for any T < Ty, we have I'(T) < CoTV/ ("9,

4. Waiting Time Phenomenon
Let Q(s) = {x:x > s} forall s € R!, and

hy(s) := J;( ) hS ™2 (x)dx =0 Vs>0, (4.1)

where (n - 1), < a < 1. Let us assume that the function hy(s) satisfies the flatness conditions.
Namely, for every s : sp < s < 0 the following estimate:

ho(s) < Xmax{ (_S)1+(4(u—n+2))/n, (_S)1+(4—3n+4(a—n+2))/(4(n—1))}

x(_s)1+(4(a—n+2))/n for g <n<?2, (4.2)

1+(4-3n+4(a-n+2)) / (4(n-1))

x(=s) forl<n< 3

is valid.
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Theorem 4.1. Let 1 < n < 2. Assume hy is nonnegative, hy € H' (R') and meas{Q(s)Nsupp ho} =
0 for all s > 0, that is, the condition (4.1) is valid, and the flatness condition (4.2) also holds.

Then for the solution h of Theorem 2.2 (with Q = R!) there exists the time T* = T*(y) > 0
depending on the known parameters only such that

supp h(t,)NQ0)=0 VO<t<T", (4.3)

where  is the constant from the flatness condition. Note, that T* — +ooas y — 0.

Remark 4.2. Let the initial data hy € C(R!) satisfy the following properties:
(1) if 1 < n < 4/3 then we suppose that

sup hO (x) < X(_S)(4—3n+4(a—n+2))/(4(n—1)(a—n+2))

for some a € ((n-1),,1); (4.4)
x€Q(s) .

(2) if 4/3 < n < 2 then we suppose that supxeg(s)ho(x) <y (—5)4/".

These assumptions on the initial data are sufficient for the validity of flatness condition (4.2)
and guarantee the appearance of the WTDP, that is, the validation of property (4.3).

Remark 4.3. Note that due to Lemma 2.5 we have the estimate h**?(x,t) < C(1 + t)h**(x,t).
Therefore, using this inequality in (3.1) with Q = R!, we could also obtain the waiting time
phenomenon by the application of Theorem 2.1 from [46] withw = h@*?/2 | =k=p=2,q=
a-n+2))/(a+2),and s = 2(a+1))/(a+2).

Proof of Theorem 4.1. Similar to (3.10) for Q(s) = {x : x > s} and we obtain

2 1+v;
Gi(S + 6) = J‘J‘ héi <K Tl—(@;’éi)/(a+2) <Z6—akck(s) + ho(S)> . (4.5)
Qr(s+6) k=1

Let us check that all conditions of Lemma B.4 are satisfied. We denote by

) - Bi-1 1/(aip)
Gmax(s) = I,T_lla;({cozﬂ+1 <Z (Gk (S))ﬂk> (S) } ’

k=1
2 ﬁ Bi/“i (46)
— (p+1)/ (i p) p-1 1-(0kék)/ (a+2) \ 7k Bi-1)/a; .
g (5) = max{ 2 (2 ;(KT ) > (ho(s)) ,

) _
p
co = 2°71 E (K Tl_(ekék)/(mz)) y fi=1+v;, p = prpo.
k=1

Taking s = -26 in (4.5) and passing to the limit 6 — oo, due to the boundedness of functions
Gk(s) and hgy(s), we deduce

Gr(~o0) < K T Ot/ (@Dl (Lo, (4.7)
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This implies that the condition (i) of Lemma B.4 is fulfilled. Because of the assumption (4.2)
on the function hy(s), we can find T* such that the condition (ii) of Lemma B.4 is valid for all
T € [0,T*]. Here T* = T*(x) goes to infinity as y — 0. Hence, the application of Lemma B.4
ends the proof. O

Appendices
A. Proofs of a Priori Estimates

The first observation is that the periodic boundary conditions imply that classical solutions
of (2.17) conserve mass:

I hse(x,t)dx = I hoe(x)dx = M < oo forall t>0. (A1)
Q Q

Further, (2.21) implies M, — M = [ hg as e — 0. Also, we will relate the L? norm of h to the
L? norm of its zero-mean part as follows:

M.| M,
hE) -

Ihx)| < =

+

_ 2 \7*!
=||h||§szp1||vn£+(@) M, (A2)

where v := h — M. /Q. We will use the Poincaré inequality which holds for any zero-mean
function in H'(Q)

P P _@f
[0l < billvxll, 1<p<oo, by= e (A.3)

Also used will be an interpolation inequality [47, Theorem 2.2, page 62] for functions of zero
mean in H'(Q):

(1-a)
oIl < alloxlly" o1l 7, (A4)

wherer > 1, p>r,a= (1/r-1/p)/(1/r +1/2), by = (1 + r/2)". It follows that for any
zero-mean function v in H'(Q)

[0l < balloxlly, = Ikl < ballhelly + bsME, (A.5)
where
biQIP PP if1<p<2 . < 2 )f’l
ba = by =21 b, bs = — . A6
’ {bi”*z)/zbz if 2 <p<oo, * ’ ST\IQ (A.6)

To see that (A.5) holds, consider two cases. If 1 < p < 2, then by (A.3), [|7||, is controlled
by [|vxl,- By the Holder inequality, ||vy|, is then controlled by [|v,>. If p > 2 then by (A.4),
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|lv]l, is controlled by ||vx||§||v||§*a where a = 1/2 - 1/p. By the Poincaré inequality, ||v||;’“ is
controlled by v |l; .

Proof of Lemma 2.3. In the following, we denote the solution hs. by h whenever there is no
chance of confusion.

To prove the bound (2.23) one starts by multiplying (2.17) by —hyy, integrating over
Qr, and using the periodic boundary conditions (2.18) yields

f hz(x T)dx+aoff fgg(h)hxxxdxdt— J hogx x)dx

(A7)
- alj foe(h)hyhyxxdxdt — f foe(h)wWxhyxxdxdt.
Qr Qr
By Cauchy and Young inequalities, due to (A.3)—(A.5), it follows from (A.7) that
f W2 (x, T)dx + —ff foe(h)h2 dxdt < = f hOE .
(A.8)

+le hixdxdt+czj max{ <f hzdx> }dt,
Qr

where x; = max{n,3}, c1 = (a}/4ao)by, c2 = (a3/2a0)bs + (at/2ag)bsM?" + (a2 /4ag)by +
(a1/a0)6 + sup,r((lwxl3/a0)6 + (wxllZ / a0)ba + ([wx 1%,/ a0)bsMY). Multiplying (2.17) by
G's¢(h), integrating over Qr, and using the periodic boundary conditions (2.18), we obtain

f G55(h(x,T))dx+aoff W2, dxdt SJ Goe (hoe)dx
Q Qr Q

. (A9)
+c3 f max{l,f hi(x, t)dx}dt,
0 Q
where ¢3 = a1 + sup,;||wx 2. Further, from (A.8) and (A.9) we find
2 2C1
h dx + — Ggg(h(x, T))dx + ag fgg(h)hxxxdxdt

ap

(A.10)

T K1
fhogx 2—1 Gﬁg<h0€>dx+c4f max{l, q hi(x,t)dx) }dt,
0 Q

where ¢4 = 2¢1c3/ap + 2¢;. Applying the nonlinear Gronwall lemma [48] to v(T) < v(0) +
C4 fOT max{1, 0" (t)}dt with v(t) = [(h2(x,t) + 2¢1/ a9 Gse (h(x,t))) dx yields

f 2 (x, £) + 252 G (h(x, 1)) dx
Q ap
(A.11)
< 2/ (-1 max{l,f ( Ge (1) + — cﬁg(hog(x))>dx} = Kge < 00
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forall t € [0, Tse joc], where

Toioc = ﬁmm{l, (] (e + 22 Gt i) (KH)}. (A12)

Using the & — 0, ¢ — 0 convergence of the initial data and the choice of 0 € (0,2/5) (see
(2.21)) as well as the assumption that the initial data hj has finite entropy (2.11), the times
Tseloc cONverge to a positive limit and the upper bound K in (A.11) can be taken finite and
independent of 6 and ¢ for 6 and ¢ sufficiently small. Therefore there exists 6y > 0 and gy > 0
and K such that the bound (A.11) holds for all 0 < 6 < §p and 0 < € < g with K replacing Kg,
and for all

9
0<t<T e := Egal(l)rg; Tse loc- (A.13)

Using the uniform bound on [ h2 that (A.11) provides, one can find a uniform-in-6-
and-¢ bound for the right-hand-side of (A.10) yielding the desired a priori bound (2.23).
Similarly, one can find a uniform-in-6-and-¢ bound for the right-hand-side of (A.9) yielding
the desired a priori bound (2.24). The time Tj,. and the constant K are determined by
80, €0, @0, @1, SUP,rl|wxll2, SUp,rl|wxlles, [ ho, [[hoxll2, and [ Go(ho).

To prove the bound (2.25), multiply (2.17) by —aph«x — a1h — w, integrate over Qr,
integrate by parts, use the periodic boundary conditions (2.18) to find (2.25). O

Proof of Lemma 2.4. In the following, we denote the positive, classical solution h. by h
whenever there is no chance of confusion.

Multiplying (2.17) by (G (n)), integrating over Qr, taking 6 — 0, and using the
periodic boundary conditions (2.18) yield

@)

j G (h(x,T))dx + aof 2 dedt + a “ =
Q

f h*2h dxedt
Qr Qr

(A.14)
= f G (ho.)dx + alf h*h2dxdt — LH W™, doxdt.
Q Qr a+1))o,

Case 1 (0 < a < 1). The coefficient multiplying [ [ h*"2h% in (A.14) is positive and can therefore
be used to control the term [[ h*h2 on the right-hand side of (A.14). Specifically, using the
Cauchy-Schwartz inequality and the Cauchy inequality,

alﬂ h“hidxdtgmﬂ W 2htdxdt + —— 1 ” h*2dxdt.  (A.15)
Qr 6 or 2aovc(1 a))) o,
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Using the bound (A.15) in (A.14), due to (A.5), yields

f G (h(x, T))dx + aoﬂ 2 daedt + ap =% f f W2 dxdt
Q Qr 6 or

2
3a1 I ha+2dxdt + SuptST”wxxHoo
2apa(1-a) ) ) o, a+1

T a/2+1
< f G (ho.)dx + di ’[ max{l, <I hidx) }dt,
Q 0 Q

where d; = b4((3a%)/(2aoa(1 - a))) + b4((suptST||wxx||O°)/(1 + a)) + b5(((3a%)/(2a0a(1 -
2))) M2 + ((sup,r[[Wxxlleo) / (1 + a)) ME*). Using the Cauchy inequality in (A.7) and taking
6 — 0, after applying the Cauchy-Schwartz inequality and (A.5), yields

gf G (ho.)dx + f h*dxdt.  (A.16)
Q Qr

f hidx + aoff fs(h)hixxdxclt < f h(z)e,xdx
Q Qr Q

242 2su w2
L4 f f W dxdt + MH h"dxdts_[ K, dx (A.17)
ap Or ao Qr Q ’
3 T n+l-a/2
+—a0a(1 a) II h“’zhidxdt+dzj‘ max{l, <I hidx) }dt,
6 or 0 Q
where dy = ((6a})/(aga(l — @)))bs + ((2suprllwslZ)/a0)bs + bs(((6ay)/(aga(l -

) ME"D ™ 4 (2sup,pllwel|%) / a0) M2). Using (A.16) yields

f W2(x, T)dx + f G (h(x, T))dx + aoﬂ fo(WH2, dxdt
Q Q Qr

T n+l-a/2
< j h3, dx +J G (hoe)dx + d3f max{l, (J hidx) }
Q Q 0 Q

where d3 = di + dy. Applying the nonlinear Gronwall lemma [48] to v(T) < v(0) +
ds [y max{1,0™1=%/2(¢)}dt with o(T) = [(h2(x,T) + G (h(x,T)))dx yields

(A.18)

f (hi(x,T) + G (h(x, T)))dx
¢ (A.19)

0g,x

S 41/(271’“) max{llf <h2 (x) + Gga)(holg(x))>dx} = Kg < oo,
Q
forall T:

0<T<T® = 1 inl1, (j (h2 + Gg“)(hog))dx>QM)/2 . (A.20)
= = % ¢gloc d3 (27’[ _ a) o Og,x r
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The bound (A.19) holds for all 0 < ¢ < & where ¢y is from Lemma 2.3 and for all ¢ <
min{ T, Ts’fgc} where T}, is from Lemma 2.3.

Using the ¢ — 0 convergence of the initial data and the choice of 6 € (0,2/5) (see
(2.21)) as well as the assumption that the initial data hg has finite a-entropy (2.27), the times
Tg(”fc))c converge to a positive limit and the upper bound K, in (A.19) can be taken finite and
mdependent of ¢. Therefore there exists ¢y and K such that the bound (A.19) holds for all

0 < € < g with K replacing K, and for all

0<t<TW = min{Tloc, : Ohrr(l)TE(”l’())c}, (A21)

where T, is the time from Lemma 2.3.
Using the uniform bound on [h2 that (A.19) provides, one can find a uniform-in-¢
bound for the right-hand-side of (A.16) yielding the desired bound

a(l-a)

f G (h(x,T))dx + aof h*h2 dxdt + ag
Q

f f Bidxdt < Ky, (A22)
Qr Qr

which holds forall 0 < ¢ < ggand all 0 < T < Tl(oi) Note, (A.22) implies that for all 0 <
€ < g that h%’**" and h%/**'/? are contained in balls in L?(0,T; H*(Q)) and L*(0, T; W}(Q))
respectively, that is,

JfQ (hg/erl)ixdxdt <K, J]Q (hg’/4+1/2)i dxdt < K. (A.23)

From these estimates follows immediately (2.30).

Case 2 (-1/2 < a < 0). For a < 0 the coefficient multiplying [[h*2h? in (A.14) is negative.
However, we will show that if « > —1/2 then one can replace this coefficient with a positive
coefficient while also controlling the term [[ h*h2 on the right-hand side of (A.14). Using the
Cauchy-Schwartz inequality, it is easy to show that

Qr Qr

(1-a)

Using (A.24) in (A.14) yields

f G (h(x, T))dx+a01+2“jj hH2, dxdt
1-a or
” N (A.25)
wxx
gf Gg“)(hOE)dHal” h*h2dxdt + pKT H h** dxdt.
Q Qr Qr



International Journal of Differential Equations 23

Note that if &« > —1/2 then all the terms on the left-hand side of (A.25) are positive. We now
control the term [[ h*h% on the right-hand side of (A.25). By integration by parts and the
periodic boundary conditions

II h“hidxdtz— ! ff h“+1hxxdxdt. (A.26)
Qr T+a Qr

Applying the Cauchy inequality to (A.26) yields

a?(l-a
alﬂ hh2 daxdt < “0(1 +22) I I hR2 dxdt + 1d-a 2” h*2dxdt. (A27)
or 20-a) J) g, 2ap(1+2a) (1 +a)* o,

Using inequality (A.27) in (A.25) yields

[ 6 hen mydxs a2 [ nend ot < [ G haax
o 2(1—(1) Or Q

(A.28)
Sup; 7| wax|l

2 1- -
;-2 f hddp + S0 f W dedt.
Qr

2a9(1+2a) (1 + a)?

Adding ((ao(1+2a)(1-a))/36)[ [, h*2h}dxdt to both sides of (A.28) and using the inequality
(A.24) yields

(@) (1+2a) R
J; G/ (h(x,T))dx +a 04(1 JT h*hZ,dxdt

;2201 - “)J' W2kt dxdt < f G (hoe)dax (A29)
36 o o :

T a/2+1
+e I max{l, <f hidx) }dt,
0 Q

where e; = ((a%(l —-a))/Qao(1 +2a)(1 + a)z))b4 + ((suptSTwawa)/(vc +1))by +b5(((a%(1 -
a))/ag(1 + 2a)(1 + a)*)) M=+ + ((supyepllwsxlles) / (@ + 1)) M2*1). Recall the bound (A.17).
As before, by the Cauchy inequality,

2
al” h"thxdt<“°(1+2“)(1 "‘)” W2 dxdt
Qr 36 Qr

(A.30)
36a1

K2 D=2 g dt.
al(1+2a)(1-a)
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Using (A.30) in (A.17) yields

f hidx+u0f fg(h)hxxxdxdt<f hj, dx
Q

~ T n+l-a/2
+ ao(1+2a)(1 a)J‘ h*2h}dxdt + ezf max4 1, <I hidx> dt,
36 Or 0 Q

(A.31)

where e; = ((36a7)/ (a(1+2a)(1- a)))b4+((25upt<T||wx||2 )/ ag)bs + bs(((36a7) / (a3 (1+2a)(1-
a))) M2 ((2sup,pllwxll2,) / a0) M?). Using (A.29) yields

f K2 (x, T)dx+f G (h(x, T))dx + aoﬂ fo(h)H2, dxdt

T n+l-a/2
J' K. dx+J £“)(h05)dx+e3f max{l, (f hidx> }
0 Q

where e3 = e1 + e;. The rest of the proof now continues as in the 0 < a < 1 case. Specifically,
one finds a bound

(A.32)

f (hi(x, T) + G (h(x, T)))dx
“ (A.33)
< 41/ Cr-a) max{l,f (1) + G(“)(hog(x))>dx} =K.<o

forall T:

2n-a)/2
0<T<TY = ﬁ min{l, (j ( 2 () + G(“)(hog(x))>dx) } (A.34)

The time TI(O“C) is defined as in (A.21) and the uniform bound (A.33) used to bound the right-
hand side of (A.29) yields the desired bound

J G (h(x, T))dx + 21 +22) ” hei2 dxdt + ©2L* 23“6)(1 ~a) H h*2hidxdt < K.
Q Qr T

41—
(A.35)
O
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Proof of Lemma 3.4. Let ¢(x) = ¢®(x). Multiplying (2.17) by —(¢(x)h,),, and integrating on
Qr, yields

1 1
3| MG T =3 [ peomd, (s
= _J fs(h)(aohxxx + alhx + wx) ((,bxxhx + 2(i)xhxx + (Phxxx)dth
Qr
= _I fs(h)(aohxxx + alhx)¢xxhxdxdt - ZJ fs(h)(aohxxx + alhx)(i)xhxxdxdt
Qr Qr
- JT fe(h)(aohyxx + arhy) Phyxrdxdt — II fe(M)wx (Pxxhx + 2Pxhxx + Phyry ) dxdt
Qr Qr

- aof fg(h)hixxd)dxdt =L+D+ I3 + Iy + I5.
Qr

(A.36)
We now bound the terms I, I», I3, and I. First,
L= - aOH b fo (M) haxxhdxdt — alﬂ s fo (W) R2 dxdt
Qr Qr
(A.37)
< elﬂ G| fehyi2y, + W'hS Y dxat + C(el)ff B2 (804 88+ gl ) dca,
Qr Qr
L= - 2aoH B fe (W) et — m” Bofe()hchocdxdt
Qr Qr
< €zf f g6{ fe(W My + W' 2H3RG, + h"‘1|hxx|3}dxdt (A.38)
Qr
+ C(EZ)H B2 (g6 + gg)dxdt,
Qr
L= — aOH b f(h)R2, dxdt - aljj b fo(h) hyxxhxdxdt
Qr Qr
< - aof S fo(h) 2, dxdt + e I I g6 ( fe(WH2,, + h”’4h§>dxdt (A.39)
Qr Or

+ C(eg)ff h"+2§6dxdt,
Qr
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o= = 6f [ gemhanng? (583 + g ava

~12f[ fmhoo,tadwdt [ oo
Qr Qr
(A.40)
< e4”Q 56{ fe(h)R2,, + h"*hS + h"‘1|hxx|3}dxdt

+ C(e4)HQ 2 (gg +¢3 §x> dxdt + C(e4)”Q W6 dxdt.

Now, multiplying (2.17) by ¢*(h + N, B> 1-n/3 y>0and integrating on Qr,
using the Young’s inequality, letting y — 0, we obtain the following estimate:

I . CRPU(T)dx < fg S dx + 64”Q §6{ fo(WH2, + h""*hg}dxdt
! (A.41)
+ C(e4)fj { o0 H3FL 4 B2 (gé + gg) + h"gé}dxdt,
Qr

where > (1 —n)/3. If we now add inequalities (A.36) and (A.41), in view of (A.37)-(A.39),
then, applying Lemma B.1, choosing ¢; > 0, and letting ¢ — 0, we obtain (3.17). O

B. Auxiliary Lemmas

Lemma B.1 (see [34, 38]). Let Q ¢ RN, N < 6, be a bounded convex domain with smooth
boundary, and let n € (2 -+/1-N/(N +8),3) for N > 1,and 1/2 < n < 3 for N = 1. Then
the following estimates hold for any strictly positive functions v € H*(Q) such that Vo -7i = 0 on 0Q
and [, v"|VAv[* < co:

2
f ¢6{U”*4|Vv|6+v"*2 D2’0| |VU|2} Sc{f ¢6v”|VAU|2+f
Q Q {

fg (,06|VA-0("+2)/2|2 : c{-[g (p6v"|VAv|2 " J‘{ 0} v"+2{ |Vq)|6 * (P2|D2(P|2|V‘P|2 + ‘P3|A(P|3}}’
p>

(B.1)

U"+Z|V‘P|6}r

¢>0}

where ¢ € C*(Q) is an arbitrary nonnegative function such that the tangential component of Ve is
equal to zero on 02, and the constant ¢ > 0 is independent of v.

Lemma B.2 (see [49]). If Q C RN is a bounded domain with piecewise-smooth boundary, a > 1,
be(0,a),d>1,and0<i<j, i,j €N, then there exist positive constants dy and dy (dp = 0 if Qs
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unbounded) depending only on Q, d, j, b, and N such that the following inequality is valid for every
v(x) € Wi (Q) N LY (Q):

0 1/b+i/N-1/a i

1-6 _
)”v”Lh(Q) +d2”v”Lb(Q)’ 0= 1/b+]/N—1/d € ;,1) (B2)

“D"v” | <di[| Dl

L(Q L4(Q

Lemma B.3 (see [37]). Let (1, ..., pm) € R™,m > 1and let f = T, B;, Bi=p/Bi = [T P
Assume that G;(s) are nonnegative nonincreasing functions satisfying the conditions:

m oo pi -
G1(5+6)§C1<ZG(;‘(15)> VS>O, 6>O, i=1,m (B3)
i=1

with real constants ¢; > 0, > 1, and a; > 0 for i = 1,m, and a; > 0 fori = 1,¢. Let
= —_ 7_717ﬁi

G(s) = 7 (cP)(Gi(s))P:, and let the function H(s) = mP 37, (") (Gi(s))P™" be such

that H(s1) < 1atasome sy > 0. Then there exists a positive constant ¢ > 1 depending on m, a;, Bi, €,
_—1-p

and H (sy) such that Gi(so) = 0 foralli = 1,€, where sg = s +¢ 32, (P () (G(s1))P)!/ @),
Note, if € = m then s1 = 0.

Lemma B.4. Let (By,...,pm) € R™,m > 1, and let p =TT/, B;, Bi=p/pi = [T i Assume
that G;(s), g(s) are nonnegative nonincreasing functions satisfying the conditions:

m Bi
Gi(s+06) < Ci< G(;(S) + g(s)> VseR', 6>0,i=1,m (B.4)

ai
i=1

with real constants ¢; >0, p; > 1, and a; > 0. Let the functions

m _ pi-1 Veaip m —_
Grnax (8) = max{mcozf’<2<ck<s>>ﬂk> (s)} ;=23 e (BS)
k=1

i=1,m k=1
and Gmax(5) = max_ (m2P) P (2B1 S (ci)P)P /% (g (s)) D/ be such that
(i) for some sy € (—oo, sg) the inequality Gmax(s) < kigmax(s) holds for all s < sq,

(ii) gmax(s) < ka(so —s) forall s < sg,

where ki > (1 - max_5 {27 FV/@AH and 0 < k < k'(Q - k' -
max,_i,; {2- WD/ @P}) Then Gi(s) = 0 for all s > sy.
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Proof. Let us denote by G(s) := >}/, (Gk(s))ﬁk. Raising both side of (B.4) to the power ﬁi and
summing with respect to i, we deduce

mo o fom p
G(s+6) < Z<ck>ﬂk< GS—(S) + g(s>>

k=1 i=1
o Gﬁ(s)  GPi(s) (B
<213 + g (s) < co2 21]6—5 +cgh(s).
Choosing 6 = 6(s) = 37, (mco2PGP1(s))" P we arrive at
G(s+6(s)) < %G(s) +cogf (s), (B.7)
whence we find that
6(s+6(s)) <eb(s) +3(s), (B.8)

where € = maxizm{2‘(ﬁf‘1)/(“iﬂ)}, g(s) = Zi”il(mcg‘Zﬂ)l/(”"ﬁ)(g(s))(ﬁ"_l)/“". Applying [27,
Lemma 4] to 6(s), taking into account the conditions (i) and (ii), we obtain 6(s) = 0 for
all s > sg. O
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