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The inverse problem of reconstructing the right-hand side (RHS) of a mixed problem for one-
dimensional diffusion equation with variable space operator is considered. The well-posedness of
this problem in Holder spaces is established.

1. Introduction

It is known that many applied problems in fluid mechanics, other areas of physics, and
mathematical biology were formulated as the mathematical model of partial differential
equations of the variable types [1-3]. A model for transport across microvessel endothelium
was developed to determine the forces and bending moments acting on the structure of the
flow over endothelial cells (ECs) [4]. Computational blood flow analysis through glycocalyx
on the EC is performed as a direct problem previously under smooth and nonsmooth initial
conditions (see [5-7]). But it is known that, due to the lack of some data and/or coefficients,
many real-life problems are modeled as inverse problems [8-11].

In this paper, the well-posedness of the inverse problem of reconstructing the right
side of a parabolic equation arisen in computational blood flow analysis is investigated.
The importance of well-posedness has been widely recognized by the researchers in the
field of partial differential equations [12-16]. Moreover, the well-posedness of the RHS
identification problems for a parabolic equation where the unknown function p is in space
variable and in time variable is well investigated [17-27]. As it is known, well-posedness in
the sense of Hadamard means that there is existence and uniqueness of the solution and the
solution is stable. In this study, we deal with the stability analysis of the inverse problem of
reconstructing the right-hand side. The existence of a solution for two-phase flow in porous
media has been studied previously (for instance, see [28]).
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1.1. Problem Formulation

Blood flow over the EC inside the arteries is modeled in two regions (see [6]). Core region
(0 < x < I) flow is defined through the center of capillary and porous region (I < x <
L) flow is through the glycocalyx. RHS function includes the pressure difference along
the microchannels under unsteady fluid flow conditions. When the pressure difference is
an unknown function of ¢, we reach a new model, and, by overdetermined (additional)
conditions derived from an observation point, the solution of this problem can be obtained.
The model can be considered as the mixed problem for one-dimensional diffusion equation
with variable space operator:

a”gt' %) _ () azg(;éx) +p(tg(x) + f(t,x), x€(0,]), te(0,T],
i) _ 4@y it x) + p®a) + 5x), xe L), te 0T,

ot 0x?
u(0,x) =¢p(x), xe€l0,L], (1.1)
uy(t,0)=0, wu( L)=0, te][0,T],
u(tl+) =u(t,1-), u,(t,1+) =uy(t1-), te€][0,T],
u(t,x*)=pt), 0<x*<l, 0<t<T.
Here, u(t, x) and p(t) are unknown functions, a(x), b(t,x), f(t,x),g(t,x),p(t), and ¢(x) are

given sufficiently smooth functions, and a(x) > a > 0. Also, g(x) is a sufficiently smooth
function assuming that q'(0) = g(L) = 0 and g(x*) #0.

2. Main Results
2.1. Differential Case

To formulate our results, we introduce the Banach space (i" [0,L], « € (0,1), of all continuous
functions ¢(x) defined on [0, L] with ¢'(0) = ¢(L) = 0 satisfying a Holder condition for which
the following norm is finite:

”(i)”(oia[o,L] = max|p(x)| + sup |¢Cx + h) —<,‘b(x)|

a
Osx<L 0<x<x+h<L h

2.1)

In a Banach space E, with the help of a positive operator A we introduce the fractional
spaces E,,0 < a <1, consisting of all v € E for which the following norm is finite:

Iollg, = vl + S)Lup)‘l_a”AeXp{_‘/\A}U”E‘ 2.2)
>0

Positive constants will be indicated by M which can be differ in time. On the other hand
M; (a,p,...) is used to focus on the fact that the constant depends only on «, S, ..., and the
subindex i is used to indicate a different constant.
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Theorem 2.1. Let ¢ € C [0,L], F, € C([0,T],C [O,L]), and p' € C[O,T]. Then for the

solution of problem (1.1), the following coercive stability estimates

el + ]

cqorl, & oL c(o,T11, o [O,L])

< M(x*,q) ”p’”C[O,T] + M(a, 6,0,a,x°,q,T)

x <||(,0||&M[O,L] +|E

||P||C[0,T] < M(x,q) ||P'||c[o,T]

cory, & o)

“M(@,6,0,8,5,0,7) [lgll e IR

hold.

+ ”P”qo,r])f

(2.3)

Proof. Let us search for the solution of inverse problem (1.1) in the following form (see [23]):

u(t, x) = n(t)q(x) + w(t, x),

where
t
= ds.
1) = [ po)ds

Taking derivatives from (2.4) with respect to t and x, we get

ou(t, x) ow(t, x)
5~ PBal) + ——,

o%u(t, x)
0x?

d?q(x) . o*w(t, x) '

=) dx? 0x2

Moreover, substituting x by x* in (2.4), we obtain

u(t,x*) =n(t)qg(x") +w(t,x*) = p(t),

_ p(t) —w(t,x*)
="y

Differentiating both sides of (2.7) with respect to ¢, we get

p'(t) —wi(t,x )

p(t) = 2

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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From identity (2.8) and the triangle inequality, it follows that

p0] = [FO2 ) < pre, ) )+ o)
< M(x*,q) <max|p B+ max 61<1a<>£|’wt(t x)|) (2.9)

< M(x", q) ( max|p'(t)| + max||ew; () || 2« ),
< M( q)<0§t§T|p()| OStST” {Ollz [0,LI>

for any t,t € [0,T]. Using problem (1.1) and (2.4)—(2.7), one can show that w(t, x) is the
solution of the following problem:

2 d2
aw((;,x) _ a(x) 20X “(,;(; %)+ a(yP (Z’*()t *) "(x) +f(t,x), x€(0l), te(0,T],
w = a(0) T2 7‘5(2 ) | bt )it x)

t) —w(t, x*
Y q(?;() x) < (x) ‘7( ) b, x)q(x)> +g(tx), xe(l,L), te(0,T],
w(0,x) =p(x), x€][0,L],
wy(t,0)=0, w(t,L)=0, te]0,T],
w(t,l+) =w(t,1-), we(tl+) =w.(t1-), te]0,T],
(2.10)
under the same assumptions on g(x). Estimate (2.9) and the following theorem conclude the

proof of Theorem 2.1. O

Theorem 2.2. For the solution of problem (2.10), the following coercive stability estimate

Wyl| o2« < Mf(a,b,0,a,x*,q,T
[ t||C2 01 = ( q,T)

(2.11)
< (ol IR+ ellgon )
holds.
Proof. Let us rewrite problem (2.10) in the abstract form as an initial-value problem:
t) —w(t, x*
w; + Aw + Bw = (aq" - Gq)p()—u*)(x) +Fi(t) + Fa(t), 0<t<T,
q (2.12)

w(0) =¢
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in the Banach space E = é [0, L]. Here, the positive operator A is defined by

o%u(t, x)

Au = —a(x)T ou,

with
D(A) = {u(x) : u,u’,u" € C[0,L], ux(0) = u(L) = 0},
and for every fixed t € [0, T], the differential operator B is given by the formula

—-ou", 0<x«<l,

B(t)u = {
—(c—-b(®)u, b(t) =b(t,x), I<x<L.

Here, o is a positive constant. The right-hand side functions are defined by

f), 0<x<l,

RO=1"
g(f) + pq—*b(t)q, l<x<IL,

0, 0<x<l,

0
F(t)=4™ .
_w(;'*x Jb(tyg, 1<x<L,

(2.13)

(2.14)

(2.15)

(2.16)

where f(t) = f(t,x),g(t) = g(t,x),b(t) = b(t,x) are known, and w(t) = w(t, x) is unknown

abstract functions defined on [0, T] with values in E = é [0,L], w(t, x*) is unknown scalar
function defined on [0,T], g = q(x), 9" = 4"(x), ¢ = p(x), and a = a(x) are elements of

E = (OZ[O,L], and g* = g(x*) is a number.

It is known that operator-A generates an analytic semigroup exp{—tA}(t > 0) and the

following estimate holds:
| A% exp(~tA}|| ;< Me™t™, 0<a<l,

where t,6, M > 0 [29].

(2.17)
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By the Cauchy formula, the solution can be written as

w(t) = e - f (=94 qq w(sx)ds

t "o t
N J e_(t_s)AP(s)(aZ* oq) 1o\ I DA (s)ds (2.18)
O O

t t
+J e t=9)AF,(s)ds —J e 4B (s)w(s)ds.
0 0

Then, the following presentation of the solution of abstract problem (2.12) exists:

Aw(t) = Ae g - f Ae oAl _—1 aq’ - pm w(s,x Yds
t "o t
+ f Ae—(t—S)AW—*@dS + I Ae—(t—s)AFl(S)ds (219)
0

t t 6
+J' Ae”E9AF, (5)ds +I Ae"I1B(s)w(s)ds = Y Gi(t).
0 0 k=1

Here,
Gl (t) = AeitA(P/
Gao(t) = f Ap-t-)439 = 4 "% (s, x*)ds,

t "
Gs(t) = _J Ae-t-0aP)(aq" = 0q) ,
0

q*
t (2.20)
Gu(t) = f Ae 9AF (s)ds,
0
t
Gs(t) = f Ae 9AF, (s)ds,
0
t
Ge(t) = f Ae 4B (s)w(s)ds.
0
From the fact that the operators R,exp{-AA} and A commute, it follows that [29]
(2.21)

IRllg, £, < IRllE— E-
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Now, we estimate Gi(t) for k = 1,2,...,5 separately. Applying the definition of norm of the
spaces E, and estimate (2.21), we get

IGOll, = A, <[], Aol < e, Aol @22
Then, using estimate (2.17) for a = 0, we reach to
IGi (B, < Mi||Ag]|g ., (2.23)

foranyt, te€ [0,T].
Let us estimate G,(t):

t "no_
IG2 (B, = H f Ae*“*s)/*ww@, x*)ds
0

(2.24)
t "n_
< f Ae 92T ZTN 10, x| ds.
0 q E.
By the definition of norm of the spaces E,, we have that
J Jaeenata o) g ft Py i ] 3
0 q E, 0 q E
t (2.25)
1
+sup )Ll“"Ae‘MAe‘(t‘s)Aaq—:oq ds.
A>0 /0 E

Let us estimate the first term. From the definition of norm of the spaces E, it follows that

t n_ t " _
f Ae—(t—s)A aq - oq ds = f (t _ S)afl (t _ S)l*ter—(t—s)A aq - oq ds
0 E 0 9 E
t n_
< f (t—s)""'ds aq—*oq (2.26)
0 E,
Ta no_
< — aq—*oq =M,(a,0,a,x",q,T).
a q E,
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Using estimate (2.17), we obtain

|

A+t- SAe—((/\+t—s)/2)A

_ t 2— 1-
)Ll—uAe—AAAe—(t—s)AL*Gq dS<I 27 ds|

q e Jo(A+t—s)*" E—E
“ <)t +t- S>1_uAe—((A+t—s)/2)A aq' - oq
2 q
E
n_ t 1-a
q g Jo(A+t—5)""
"n_ Al—a
< Ms(a) 4 " % 1 ’
q E\N1-a)(A+1)"
(2.27)
for any A > 0. From that it follows
t "
sup )Ll*"‘Ae*)‘AAe’(t’s)A—aq _* 94 ds
150 Jo q E
(2.28)
aqu -0q 1 .
< = .
< Ms(a) — |, T My(a,0,a,x",q)
Then, we get
t "o
f Ae‘(t‘s)Aaq—*Gq ds < Ms(a,0,a,x*,q,T) (2.29)
0 q Eq
t
1G2(D)lg, < Me(a, 0, a,x*,q,T)f lw(s, x*)|ds. (2.30)
0

Using definitions of norm of spaces E and E, and estimate (2.21), we obtain that

-1
[w0(s, %) < ] < g, = |47 Aw

o <A, A, < MlAwls,  @31)

IG2(B)lg, < M7(a,0,a,x",q,T)| Awl|g,, (2.32)

forany t € [0, T].
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From estimate (2.29), the estimate of G3(t) is as follows:

t ~ ad' — o
1Gs(®)llp, = Hfo Ae 945y~ 5

q
t
<)
0

< Ms(a, o, a,x*,q/T)”PHC[o,T]'

Ea

Ap—(t-9)A aq" - oq (2.33)

*

dS”PHC[o,T]
Eq

Now, let us estimate G4(t). By the definition of the norm of the spaces E,, we get

t
1Gs(D) I, = Hj Ae "I (s)ds
0

b (2.34)

; t
f Ae”IAF (s)ds|| +supA™® AeflAJ‘ Ae""IAF (s)ds
0 O

E A>0

E

Equation (2.2) yields that

t
f Ae~9AF, (s)ds |(t —5)1 A~ -IAF, () ”Eds
0

t
_ t
< J‘ (t—s)" 1ds||F1||C(E,1) = ;||F1||C(Ea) < Mo(ar, T) || Fill o, -
0

(2.35)
Now, we consider the second term. Using (2.2), we get
t t _ a-1 _ -1
Al Aeﬂ\A Ae*(tfs)Apl(S)ds < Y- t-s+1 <t s+ )t>
E
y || t-s+ )LAe—((t—sH»)/Z)A
2 E—E
_ l-a
x ‘ (t SF )‘> Ae~ =+ VAR ()|l ds  (2.36)
2 E
F/t—s+A\"?
< My f ( > > IF1llg, ds
0

t a-2
N t—s+A\
< M\t "‘f < > > ds||Fillc(e,),
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for any A > 0. Then,

supA!™®
A>0

t
Ae M f Ae 9AF (s)ds
0

E (2.37)

Mgzl—tx
< —— IR,y = Mu(@|[Fillce,)-

l-a
Combining estimates (2.35) and (2.37), we obtain

1Ga(®)llg, < Mua(ar, T) || Fillce,)- (2.38)

The estimate of Gs(t) is as follows. Since operators A and e*4 commute, we can write that

t
Gs()|lr < ||| Ae™9AF,(s)ds
Ea
0

< Miz(a, T)||Awl|g, - (2.39)

Eq

Let us estimate Gg(t) :

t
I1Gs(®)llg, = HL AeCIAB(syw(s)ds

Eq
- ft Ae”94B(s) A7 Aw(s)ds (2.40)
0 E.
< f; ||Ae-<f-S>AB(s)A-1“EﬁEanAw(s)nEads.
Since
—tA < —tA <M -6t
ol <l .
||AB(s)A‘1 pon <M, |
we get

t
IGe(®)llg, < M14f [[Awo(s)]|g,ds. (2.42)
0
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Finally combining estimates (2.23), (2.32), (2.33), (2.38), (2.39), and (2.42), we get
[Aw|g, < MlllA(P“Ea + Ms(a, 0, a'X*quT)”P"C[O,T]

t
+ Muo(a, T)|Fi e, + Mis f | Aw(s) |1 ds,
0

where M15 = M7 + M13 + M14.
Using Gronwall’s inequality, we can write

lAwllg, < ™ [My| Apl, + Ms(a,0,a,",4,T)[Ipllcior

+Mio(a, T)”F1“C(Ea)]'

Applying the formulas

t t
w(t, x*) = w(0,x") +f wz(z,x*)dz = p(x*) +J‘ w;(z,x")dz,
0 0

lo(x")] < max|e(x)] = [lo]l; < [lo

0<x<L Ex
<[la™], . lavll, < MllAg],
and the triangle inequality, we can write
aq" -o
T 29D (o) ot x)
q E.

(aq" - oq)

<=
q

t
(Wellcwn +Molavl, e ).
Eq

Using boundedness of B, problem (2.12), and estimate (2.46), we have

lwillg, < l[Aw|lg, +[IBwlg, + [IFillc,)

(aq" - 09)
q*

+

t
(Hellcr, + Mollagl, + [ o )
Eq

So, Gronwall’s inequality and the following theorem finish the proof of Theorem 2.3.

11

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

O

Theorem 2.3 (see [29]). For 0 < a < 1/2, the spaces E, (C[0,L], A) and C**[0, L] coincide and

their norms are equivalent.
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2.2, Difference Case

For the approximate solution of problem (1.1), the Rothe difference scheme

k - k k k
Uy — ulrcl ! Uy — Zun + U,
_n_n _ a(xn) 2

1<k<N, 1<n<M;-1, Mh=I1, Nt=T,

Ly pqn + f(te, x0),

k _ k-1 k k4 uk
uk —u u. . —2uy+u
DT () L h2n "Ly b(t, Xa)uk + pFan + gtk X0),

1<k<N, M;+1<n<M, Mh=L, Nr-=T, (2.48)
u) = (x,), 0<n<M,
uf —uf =uk; =0, 0<k<N,
Ul g — iy, = Uy, — iy, OSK<N,

ulfx*/hj =uk=p(ty), 0<k<N, 0<s<M,

where pk = p(tk), gn = q9(x4), X, = nh, and t; = k7 is constructed. Here, g #0 and g1 — g =
gm = 0 are assumed. |x| represents the floor function of x.

With the help of a positive operator A, we introduce the fractional spaces E,,0 < a < 1,
consisting of all v € E for which the following norm is finite:

o, = ol +supas|| AL+ A) "o . (2.49)
A>0 E

o ol
To formulate our results, we introduce the Banach space C,, =C [0, L], a € (0,1), of all grid
functions ¢" = {¢,, }nM:I1 defined on

[0,L], = {x, =nh,0<n<M,Mh=L}, (2.50)

with ¢1 — ¢o = pum = 0 equipped with the norm

pulles = Nigullc, + sup  ldner = gul 1),

<n<n+r<M

(2.51)
[[#nllc, = max |¢u].

1<n<M
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Moreover, C,(E)
defined on [0, T],

C([0,T],,E) is the Banach space of all grid functions ¢™ = {¢p(tx) }kN: _11
{tc = k7,0 <k < N, Nh = T} with values in E equipped with the norm

197 llc. ) = max [|¢(te) || - (2.52)

1<k<N

Then, the following theorem on well-posedness of problem (2.48) is established.

Theorem 2.4. For the solution of problem (2.48), the following coercive stability estimates

”Z‘”Z—l Y D2y N
T o2a - { huk}k:l C(gi“)
k=1l T
< iy {02200
- ¥ T k=1{lcro,11,
~ 2, h h N T
+M(a,¢,a,T) ”Dh‘P (o:i“+ {F1 (tk)}k:1 . ((o:fa)Jf e Nerom, )
. p(te) = p(te1) | N
Ip ”C[O,T], < M(q, S)H{f
k=1{|co,11,
~ 2 h h N T
+M(a, ¢,a,T) ”Dh‘P & + {Fl (tk)}k:1 o +lp ”C[O,T]T
T h
(2.53)
hold. Here,
£ (e, %) M
0 _
Fi(b) = p(t) A U(Ch] g
b(tk/ xn)q_Qn + g(tk/ xn)
s n=1
(2.54)

M-1
Uns1 — Zun + Uy }

pr= {p(tk)}kN:O’ Dyu" = { 2

n=1

.1
a= % <aD,21qh - oqh>.
Proof. The solution of problem (2.48) is searched in the following form:

uk = n*q, + wk, (2.55)
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where

nk = Zpi’r, 1<k<N, 110 =0. (2.56)

A e U T R v

T T " T P-An T ¢
. . . . (2.57)

un+l B 21/{5 + unfl _ k qn+1 — an T qn-1 wn+1 B 2w§ + wnfl

h? B h2 h2 ’
for any n,1 <n < M - 1. At the interior grid point s = |x*/h|, we have that
uk =g, +wk = p(te),

(2.58)

= p(te) — wk
qs

Taking the difference derivative of the last equality and using the triangle inequality, we
obtain

) — te k _ k-1
o ql<P( K) Tp(k 1) wh Tws > (2.59)
(k) = p(ti-1) | | |k —wk!
|pk|sM(qls)<|P )=l fwi =

p(tx) — p(tk-1)

T

+ maX max

1<k<N 1<k<N 0<s<M

< M(g,s) < max

h_ ook
Wy — Wy

p(tk) — p(tk-1)

T

+ max
1<k<N

1<k<N T

< M(q,s) <max

forany k,1 <k < N.
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In estimate (2.60), {w,’f }ll:io is the solution of the following difference scheme:

wh —wk wy 4~ 2w +wh p(tk) = WE Gus1 = 2Gn + Gn
- a(xn) hz + a(xn) q h2
S

+ f(ti,xn), 1<k<N, 1<n<M;-1, Mjh=1, Nt =T,

wk — wk1 ws .- 2wk + wlri_l p(t) = WK Gust = 2Gn + Gur
T = a() == h? +alx) qs : h2
) — k
b(tx, xn)wﬁ + b(ty, xn)qu + g(tk/ Xn), (2.61)

S

1<k<N, Mj+1<n<M-1, Mh=L, Nt =T,
w?,:(p(xn), 0<n<M,
wk-wk=wk, =0, 0<k<N,

k k o_ ook ok
W1 = Why, = Wiy ~Wpy oy, 0SkSN,

where x,, = nh, t; = k. Therefore, estimate (2.60) and the following theorem finish the proof

of Theorem 2.5. OJ

Theorem 2.5. For the solution of problem (2.61), the following coercive stability estimate

h_.hn N
Wy — Wy
T

k=1

<M(a,¢,aT)
o02a
@) (2.62)

X <“‘Ph {F{l(tk)}]’;“q(éia) + ||pT||C[0,T]T>

Proof. We can rewrite difference scheme (2.61) in the abstract form:

+

o2a
Ch

holds.

w} - w;! -2 t) — wk
k k-1 x, . h x,, . h qn+1 An + qn-1 > P( k) Wy
—+A +B =la—mFF— - _
p h Wk + bW (‘1 2 oq 7
2.63
+Fi(t) + FJ(t), te=kr, 1<k<N, NT=T, (263)
w = ¢,
in a Banach space E = C[0, I],, with the positive operator A} defined by
n+l — 2 n n— M
Ayl = {—a(xn)u ! ;‘2 T tn1 +0u} ) (2.64)
n=1
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acting on grid functions #" such that it satisfies the condition
Uy —Uyg=UM = 0. (2.65)

For every fixed t € [0, T], the difference operators B; (t) are given by the formula

M-1
—ou", 1<n<M,,

Bﬁ(t)uh =23 —(oc=-b"(t))u", b"(t) = b(t, x), , (2.66)
xXp=nh, Mj+1<n<M-1,

n=1

where 0 is a positive constant and the right-hand side functions are

f(tk)/ 1<n< M, M-
Fity) = t )
1 b(tk)%p;k)“Lg(tk)i M+1<n<M-1,
s n=1
Mot (2.67)
0, 1<n< M, N
FJ(t) = k
’ —b(tk)qn%, M +1<n<M-1,
s n=1

Let us denote R = (I + TAj}, )L In problem (2.63), we have that

qn+1 — 2‘171 + dn-1 P(tk) - w?
h? s

wy = Rw}' | + RT<a - B (Hw! + F(t) + Fg(tk)>, (2.68)

forall k,1 < k < N. By recurrence relations, we get

k
—m+1 T _Yqne1 — 2% + qn-1
w,i’ = Rk(Ph + ZRk +1ia+Tp(tm)

m=1

_ iRk-mﬂlawwm (2.69)
1 s h? ’
m=

k k k
= > RE™IBE )T + Y REITE (t) + Y. REITE ().

m=1 m=1 m=1
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Then, the following presentation of the solution of problem (2.63)
kbR T Gui1 = 2Gn + Gn-1
ATwl = AZR " + ZAZRk’m*lq—an(tm)
m=1 s

k
- > AR L - 2Gn + Gn

m=1 S h2 “
(2.70)
k k
— ZAZRk_m+1BZ(t)Tw;n + ZAZRk_m+1TF1;l(tm)
m=1 m=1
k 6
+ D ARRETTEY () = 3Tk
m=1 k=1
is obtained. Here,
k k, h
Ji = AR ¢",
k d xpk-m+1 T _qn+1 — an + qn-1
T T SR LT R
m=1 S
k < xpk-m+1 T _qn+l — 2% tqn-1_
J5 = _ZAhR q_aTws ,
m=1 S
k 2.71)
Ji = = 2 ARRB (DT,
m=1

k
JE = D AFRS T (L),

m=1

k
J§ = DLARRS T F) ().

m=1

Now, let us estimate J* for r = 1,2,...,6 separately. We start with ]{‘. Applying the
definition of norm of the spaces E,,, we get

|k

- R A"

< |”
Ea

A"

E, E,—E, E,

(2.72)

E—E h E
I] . .

||R’<||HE <M, (2.73)
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we get
It < v aret| (2.74)
forany k, 1<k <N.
Let us estimate ]f :
|| k _ £ Aka—m+l T qn+l — zqn + dn-1 ¢
L = mZ_l n EaTP( m|
- E.
(2.75)
k
< X pk-m+1 .~
- 1rsl;ln‘ag)z(\rp(tm)mz:1”AhR Ta| E/
where
= 2qy + G-
G =gl =S Tl (2.76)
qsh
From the definition of norm of the spaces E,, it follows that
k k
ZAsz—mHTa < Z ' Asz—m-#lTE“E
m=1 E, m=1
(2.77)
k
+sup | AAT (A + Az)flA’ﬁRk_m”Tﬁ” .
A>0 =1 E
Let us estimate each term separately. We divide first term into two parts:
k k-1
S| asretra| = || agrerE| |+ (|l AgRea] (2.78)
m=1 m=1
In the first part, by the definition of norm of the spaces E|, and the identity (see [29])
1 [oe]
(I+T1A)F = f t*letexp{-TtA}dt, k>2, (2.79)
k-1t ),

we deduce that

k-1 . k-1 T o tk—m 1 "
AXR ‘"”17'71” < j e_t”(Tt) “Are ™ 71” dt
mZ:1|| " E mZ:l (k-m)!'J)y (zr)'™= h E

=] tk_m o

<Nl S T f o
- E“m:1 (k-m)l' )y ()l
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kz_i i “ kem-lva -t
= Nl [ et
w1 (k=m)! )

|a”E Z (k m)'f (k m-1)a+a —att(k m-1)(1-a) —(1 a)tdt

(2.80)

The Holder inequality with p = 1/a,q = 1/(1 — a) and the definition of the gamma function
yield that

) . v ” ( (k=m-1) ,)1/,1 a
|azREm17a] < pall, _q A dt)
mZ=1 h E amzzl (k — m)' .
* _ 1-a
x q (t<k*m—1><l—a> e*(l—a)t>1/(1 ) dt)
0

(2.81)
- k-1 Tp( <J<OO 3 td >a<J;oo 3 1 td >1—D{
=\allz > —— e dt e dt
| IIEa%(k_m)! . .
- o T 1-
= ||a||5;%m(r(k -m+1))"(I'(k-m))".
By the fact thatI'(n) = (n —1)! and I'(n) = (n — 1)I'(n — 1), we get
< k-m+1 ¢
X —m+ 24
%”AhR Ta“ < |lallg, Z = oy (e =) = m)
k-1 p k-1
T T
=lallg, 2, ——— =g 2, = (2.82)
n%(k—m)1 mZ=1 (k —m)7)!
kT aqkt
~ 1 . kt-s
< Mall, [ —ds = Mlal, [FE2] ).
0o (kt-5) a 0
So, we have that
k-1
]~ - kt
S| axrrieal| < My, € < My, Djall, (283)
m=1

In the second part, we have that

|AxR7a||, < | ALRT| ;. pllalle < Malall, - (2.84)
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Combining estimates (2.83) and (2.84), we obtain

}k] |AxRE1r| < Ms(a, T) g
m=1

Let us estimate the second term. From the Cauchy-Riesz formula (see [29])

1
) = 57 [ F@ -

it follows that

k
N ACAT (A + AF) T REAS TG

m=1

1 k z X

= N — _1
271 Js,us, o (1 + z)F™ A+ 2T

271 Jsus, o= (1 + Z)’Hﬂ+1 AT+ 2z

1 koo (z/T)" A% <

Since z = pe*'®, with |¢| < /2, the estimate (see [29])

. M(9)
”(A_ 4) 1||EHE < 1+
yields
CYmG-a)a) <o (8)ar(B+ar) ]
1 M
[AT+z| T AT +p’
Hence,
Ek:MA;g(A + AY)TRE AT
m=1 E
v [ S P ST

0 m=1[1+2pcos¢ +p?]

(k=m+)/2 AT+ p

Af(z-TAY) adz

) Ai(Z - Ay) adz.
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(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)
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Summing the geometric progression, we get

k
N ACAT (A + AF) T RE AR TG

SMsj‘wi

1-a

P

m=1 E 0 m=1[1l+2pcos¢+ ,02]1/2

-1 a
. <1_ 1 > (A1)%dp

211/2 AT +
[1+2pcos¢+p?] P

® (A1)*s(p)dp
<M, | o)y
“(r+p)p
Since the function
p _1+[1+2,0cos¢+p2]1/2

»x(p) = =
2 1+2pcosd + 2% -1
pcosp+p

does not increase for p > 0, we have (0) = 1/ cos ¢ > »(p) for all p > 0. Consequently,

Z‘)‘an()‘_f_A) Rk m+1Ax ~

m=1

for any A > 0. Hence,

sup
A>0

m=1

Then, using estimates (2.85) and (2.94), we get

<
Ea

Zk: ( RE-m+1 _ Rk—m) 3

, < max M
E, 1<m<Np m) 8

Now, let us estimate ];f :

”]3 " ZAka m+1; n+1 —

k

<

m=1

A;lchfm+1 l (a n+1

qs

~ cos¢

ZMA*()L + A7) RF AR

—2Gn + G
dn+4 1_0q>

2cosdp+p

Mg (* (Ar)%dp
o (AT+p)p

E

Mg(d)/ a, T) ||Zi||E;/

2
h E

(@l

< My (¢, a) il

(¢, T)lalg,
24, + gn-
Ijzn qn 1wgn
E,
[l

21

lallg,

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)



22 Abstract and Applied Analysis

Since
o < max e = [’ < "] .
(2.98)
<fean g A, < Ml aiet]
and using estimate (2.95), we obtain
1sllg: < Mo(¢p, a,T,T)||ﬁ||E;§| A;;wh”H T. (2.99)
m=1 a
J¥ can be estimated as follows:
(T H—iAsz‘m”B;f(t)ng”
i m=1 E,
ZAka "B () (AY) T Al Tl (2.100)
m=1 E!
< ﬁ|Aka "B A7, el
m=1
From
L P L IIH <M,
(2.101)
[EEACIE I
it follows that
£, < szk: 1Az, 7 (2.102)
“ m=1

The estimations of J¥ and J¥ are as follows. By the definition of the norm of the spaces E/, and
(2.95), we get

], < | S meren]|

(2.103)
+ M (¢, a, T)H Fh(tk)}

C(E)
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k
e, < Mio(g,@) Y |
m=1

A;l‘wh ” T.
Eq

Combining estimates (2.74), (2.96), (2.99), and (2.102)—(2.104), we get

Ay Argh

<M1|

, + max p(tm)MS((pra/T)“a”E;

Ey E, 1<ms<N

+ (Mo(¢,a,T,7) @, + Mio + Mis(9, “>>§_1|

+ My ($,a,T) H [Fia)

k=lllc,(E,)

Using the discrete analogue of Gronwall’s inequality, we get

< eMi(@aTr)

x, . h
Ajwy E

g [M1||Ai‘l’h”E; + Mus(@ ¢, 0, T)[lp"|| o,

CT(E&)]'

N

+Mi1($,a,T) “ {Fio}

k=1

It follows from (2.63) and the triangle inequality that

h_ ook
Wy — Wy 4

< eMn(@@gal)
- <

E

X [M1|

+Mi($,a,T) H [Fr)”

cmszo]'

k=1
for every k, 1 < k < N. Then, we have that

h n N
{ Wy — Wy }
T
k=1

< Muu(a, ¢, a,T)

Cr(Ey)
. ((

The following theorem finishes the proof of Theorem 2.6.

{Freo}

x,.h
Ay “E, +
a

x,, . h
Ahwk”EaT

Ai‘l’h”ﬂ +Mi3(@,¢,a,T)|p" “C[O,T]T

. ||pf||qo,T]T)-
C.(Ey)
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(2.104)

(2.105)

(2.106)

(2.107)

(2.108)
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Theorem 2.6 (see [30]). For 0 < a < 1/2, the spaces E,(C[0, L], A}) and C?%[0, L],, coincide and
their norms are equivalent.

3. Conclusion

Since artery disease caused by atherosclerosis is one of the most important causes of the death
in the world, investigation of the effect of flow over the glycocalyx takes an important place.
The flow equations can be formulated as an inverse problem. Here, our aim is to give more
detailed understanding of the flow phenomena. Therefore, the well-posedness of the inverse
problem of reconstructing the right side of a parabolic equation was investigated. Further, a
new computer code regarding the flow analysis for the unknown pressure difference will be
written.
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