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We introduce a new iterative scheme by shrinking projection method for finding a common
element of the set of solutions of generalized mixed equilibrium problems, the set of common
solutions of variational inclusion problems with set-valued maximal monotone mappings and
inverse-strongly monotone mappings, the set of solutions of fixed points for nonexpansive
semigroups, and the set of common fixed points for an infinite family of strictly pseudocontractive
mappings in a real Hilbert space. We prove that the sequence converges strongly to a common
element of the above four sets under some mind conditions. Furthermore, by using the above
result, an iterative algorithm for solution of an optimization problem was obtained. Our results
improve and extend the corresponding results of Martinez-Yanes and Xu (2006), Shehu (2011),
Zhang et al. (2008), and many authors.

1. Introduction

Throughout this paper, we assume that H is a real Hilbert space with inner product and norm
are denoted by (-,-) and || - ||, respectively. Let 2 denote the family of all subsets of H, and
let C be a closed-convex subset of H. Recall that a mapping T : C — C is said to be a k-strict
pseudocontraction [1] if there exists 0 < k < 1 such that

| Tx - Ty||2 <||x- y||2 +k||(I-T)x-(I- T)y||2, Vx,y € C, (1.1)
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where I denotes the identity operator on C. When k =0, T : C — C is said to be nonexpansive
[2] if

|[Tx-Ty| <||lx-y|, VYxyeC (1.2)

Andwhen k =1,T : C — Cis said to be pseudocontraction if

ITx =Tyl < flx =yl + | (T - T)x = (T - T)y]

, Vx,yeC. (1.3)

Clearly, the class of k-strict pseudocontraction falls into the one between classes of
nonexpansive mappings and pseudocontraction mapping. We denote the set of fixed points
of T by F(T).

A family S = {S(s) : 0 < s < oo} of mappings of C into itself is called a nonexpansive
semigroup on C if it satisfies the following conditions:

(i) S(O)x =xforallx € C,

)
(ii) S(s+t) = S(s)S(t) forall s,t >0,
(iil) [1S(s)x ~ S(s)yll < llx ~ yll forall x,y € Cand s >0,
)

(iv) for all x € C, s — S(s)x is continuous.

We denote by F(S) the set of all common fixed points of S = {S(s) : s > 0}, that is, F(S) =
Nss0 F(S(s)). It is known that F(5) is closed and convex.

Let A: H — H be a single-valued nonlinear mapping, and let M : H — 2H be a
set-valued mapping. We consider the following variational inclusion problem, which is to find
a point u € H such that

0 € A(u) + M(u), (1.4)

where 0 is the zero vector in H. The set of solutions of problem (1.4) is denoted by I(A, M).
Let the set-valued mapping M : H — 2 be a maximal monotone. We define the
resolvent operator Jpr, associate with M and A as follows:

Tva(u) = (I+AM) (u), ueH, (1.5)

where A is a positive number. It is worth mentioning that the resolvent operator [y, is single-
valued, nonexpansive, and 1-inverse-strongly monotone ([3, 4]).

Let F be a bifunction of C x C into R, where R is the set of real numbers,let A: C — H
be a mapping, and let ¢ : C — R be a real-valued function. The generalized mixed equilibrium
problem is for finding x € C such that

F(x,y) +(Ax,y—x) +p(y) —p(x) >0, VyeC. (1.6)
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The set of solutions of (1.6) is denoted by GMEP(F, ¢, A), that is,
GMEP(F,p,A) = {x € C: F(x,y) + (Ax,y —x) + ¢(y) — ¢(x) > 0,Vy € C}. (1.7)

If A =0, then the problem (1.6) is reduced into the mixed equilibrium problem for finding
x € C such that

F(x,y) +9(y) —9p(x) >0, VyeC. (1.8)

The set of solutions of (1.8) is denoted by MEP(F, ¢). The (generalized) mixed equilibrium
problems include fixed-point problems, variational inequality problems, optimization
problems, Nash equilibrium problems, noncooperative games, economics, and the equi-
librium problem as special cases ([5-15]). In the last two decades, many papers have
appeared in the literature on the existence of solutions of equilibrium problems; see,
for example, [9] and references therein. Some solution methods have been proposed to
solve the mixed equilibrium problems; see, for example, ([7-10, 12-20]) and references
therein.
In 2006, Martinez-Yanes and Xu [21] introduced the following iterative:

xo € C,

Yn = ApXp + (1 - an)Txn/
Cu={z € Cx llyn - 2" < llxa = 2IP + a0l + 2020 - x0,2)) }, (19)
Qn={zeC:{(xp—zx,—x9) <0},

Xn41 = Pc,no, X0,

where T is a nonexpansive mapping in a Hilbert space H, and Pc is metric projection of H
onto a closed and convex subset C of H. They proved that if the sequence {a,} of parameters
satisfies appropriate conditions, then the sequence {x,} converges strongly to Pr(r)xo.

In 2008, Zhang et al. [4] introduced an iterative scheme for finding a common element
of the set of solutions to the variational inclusion problem with a multivalued maximal
monotone mapping and an inverse-strongly monotone mapping and the set of fixed points
of nonexpansive mapping in Hilbert spaces. The following iterative scheme xy = x € H
and

Yn = ]M,J\(xn - )‘Axn)/
(1.10)
Xn+1 = X + (1 = ay) Sy,

for all n > 0. They proved the strong convergence theorem under some mind condi-
tions.
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Recently, Shehu [19] introduced a new iterative scheme by hybrid method for finding
a common element of the set of common fixed points of infinite family of k-strictly
pseudocontractive mappings, the set of common solutions to a system of generalized mixed
equilibrium problems, and the set of solutions to a variational inequality problem in Hilbert
spaces. Starting with an arbitrary xg € C, C1; = C, C; = (2 C1,i, and x1 = Pc,xq define
sequence {x,}, {w,}, {u,}, {zx}, and {y,,} as follows:

Zy = Tr(f]"pl)(xn - 1,AXy),
Y =T (2, - A,Bzy),
wy, = Pc(u, — s,Duy),
Yni = iy + (1 —a,i)Tiw,, n>1, (1.11)
Curti = (2 € Cui: lymi— 2l < lxu—2ll}, n21,
Cni1 = N2 Cniiy

Xna1 = Pc,, %0, n2>1,

n+l

where T; is a k;-strictly pseudocontractive mapping and for some 0 < k; < 1, A, B is
a, f-inverse-strongly monotone mapping of C into H. He proved that if the sequence
{ani}, {ra}, {sn}, and {1, } of parameters satisfies appropriate conditions, then {x, } generated
by (1.11) converges strongly to Poxo.

In this paper, motivated by the above results, we present a new general iterative
scheme for finding a common element of the set of solutions for a system of generalized
mixed equilibrium problems, the set of common solutions of variational inclusion problems
with set-valued maximal monotone mappings and inverse-strongly monotone mappings,
the set of solutions of fixed points for nonexpansive semigroup mappings, and the set
of common fixed points for an infinite family of strictly pseudocontractive mappings
in a real Hilbert space. Then, we prove strong convergence theorem under some mind
conditions. Furthermore, by using the above result, an iterative algorithm for solution of
an optimization problem was obtained. The results presented in this paper extend and
improve the results of Martinez-Yanes and Xu [21], Shehu [19], Zhang et al. [4], and many
authors.

2. Preliminaries

Let H be a real Hilbert space with norm || - || and inner product (-,-), and let C be a closed-
convex subset of H. When {x,} is a sequence in H, x, — x means that {x,} converges weakly
tox, and x, — x means that {x,} converges strongly to x. In a real Hilbert space H, we have

= ylI? = Ixll? = lyl|* - 2(x — v, v), 2.1)

[+ (1= Dy = Mxl? + A= D|ly| - 2a-V||x-y|*>, VxyeH, (2.2)
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and A € R. For every point x € H, there exists a unique nearest point in C, denoted by Pcx,
such that

lx - Pex|| < ||x-y|, VyeC. (2.3)

Pc is called the metric projection of H onto C. It is well known that Pc is a nonexpansive
mapping of H onto C and satisfies

(x -y, Pcx - Pcy) > ||Pex - Pcy||2, Vx,y € H. (2.4)

Moreover, Pcx is characterized by the following properties: Pcx € C and

(x = Pcx,y — Pcx) <0, (2.5)

[l - y||* > llx = Pex|® + |ly - Pex||?, ¥xeH, yeC. (2.6)

Recall that a mapping A of H into itself is called a-inverse-strongly monotone if there exists a
positive real number a such that

(Ax - Ay, x-vy) sz”Ax—Ay”Z, Y,y € H. (2.7)

It is obvious that any a-inverse-strongly monotone mapping A is (1/a)-Lipschitz monotone
and continuous mapping.
In order to prove our main results, we need the following Lemmas.

Lemma 2.1 (see [22]). Let V : C — H be a k-strict pseudocontraction, then

(1) the fixed-point set F(V') of V is closed convex, so that the projection Pr(yy is well defined;

(2) define a mapping T : C — H by

Tx=tx+(1-t)Vx, VxeC (2.8)

Ift € [k, 1), then T is a nonexpansive mapping such that F(V) = F(T).
A family of mappings {V; : C — H}Z; is called a family of uniformly k-strict
pseudocontractions if there exists a constant k € [0, 1) such that

[Vix = Viy P < llx -yl + K| T - Vox - A - Vy|>, ¥xyeC ¥zl (29



6 Journal of Applied Mathematics

Let {V; : C — C}Z; be a countable family of uniformly k-strict pseudocontractions. Let
{Ti : C — C}Z, be the sequence of nonexpansive mappings defined by (2.8), that is,

Tix=tx+(1-t)Vix, VxeCVi>1, te[k,1). (2.10)

Let {T;} be a sequence of nonexpansive mappings of C into itself defined by (2.10),
and let {y;} be a sequence of nonnegative numbers in [0, 1]. For each n > 1, define a mapping
W,, of C into itself as follows:

un,n+1 = I/
un,n = /lnTnun,nH + (1 - ,un)I/
U1 = pn1Tpalyn, + (1 - ,un—l)I/

Ui = px Tl a1 + (1= pic) I, (2.11)
Uni-1 = peaTeiUnp + (1 - pr1) I,

Uy = poTollys + (1 - o)1,
Wn = lln,l = #1T1un,2 + (1 — ‘I/ll)I

Such a mapping W, is nonexpansive from C to C and it is called the W-mapping generated
by Ty, T,,..., T, and py, po, . . ., Pn.

For each n,k € N, let the mapping U,k be defined by (2.11), then we can have the
following crucial conclusions concerning W,,. You can find them in [23]. Now, we only need
the following similar version in Hilbert spaces.

Lemma 2.2 (see [23]). Let C be a nonempty closed-convex subset of a real Hilbert space H. Let
Ty, Ty, ... be nonexpansive mappings of C into itself such that (\,oy F(T,) is nonempty, and let
Ui, Ha, . .. be real numbers such that 0 < p, < b <1 for every n > 1, then

(1) W, is nonexpansive and F(W,,) = N, F(T;),Yn > 1,

(2) for every x € C and k € N, the limit lim,, _, .U, kX exists,

(3) a mapping W : C — C defined by

Wx = lim Wyx = limU,1x, VxeC (2.12)

is a nonexpansive mapping satisfying F(W) = N2, F(T;), and it is called the W-mapping generated
by Tl,Tz, ...and Hi, U2,

Lemma 2.3 (see [24]). Let C be a nonempty closed-convex subset of a Hilbert space H, let {T; :
C — C} be a countable family of nonexpansive mappings with (2 F(T;) #0, and let {p;} be a real
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sequence such that 0 < y; <b <1, Vi > 1. If D is any bounded subset of C, then

lim sup||[Wx - Wyx|| = 0. (2.13)

=% yeD

Lemma 2.4 (see [25]). Each Hilbert space H satisfies Opials condition, that is, for any sequence
{xn} € H with x,, — x, the inequality

lim infl|x, — x|| < lim inf[|x, — y | (2.14)

holds for each y € H with y # x.

Lemma 2.5 (see [3]). Let M : H — 2H be a maximal monotone mapping, and let A : H — H be
a monotone mapping, then the mapping S = M + A : H — 2H is a maximal monotone mapping.

Remark 2.6. Lemma 2.5 implies that I(A, M) is closed and convex if M : H — 2H isa
maximal monotone mapping and A : H — H is a monotone mapping.

Lemma 2.7 (see [4]). Let u € H be a solution of variational inclusion (1.4) if and only if u =
Jma(u— LAu), YA > 0, that is,

I(A, M) = F(Jama(I - AA)), YA >0. (2.15)

Lemma 2.8 (see [20]). Let C be a nonempty bounded closed-convex subset of a Hilbert space H, and
let S ={S(s): 0 <s < oo} beanonexpansive semigroup on C, then for any h > 0,

t t
% Jo S(s)xds — S(h) <% .[o S(s)xds>

Lemma 2.9 (see [26]). Let C be a nonempty bounded closed-convex subset of H, let {x,} be a
sequence in C, and let S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on C. If the following
conditions are satisfied:

lim sup
t=oyec

' =0. (2.16)

(1) xi’l - Zr
(2) limsup,_, limsup,_, _[[S(s)x, - x,|| =0, then z € F(S).
For solving the generalized mixed equilibrium problem for F : C x C — R, one gives the
following assumptions for the bifunction F, ¢ and the set C:
(Al) F(x,x) =0forall x € C,
(A2) F is monotone, that is, F(x,y) + F(y,x) <0 forall x,y € C,
(A3) foreach x,y,z € C,limy_,oF(tz+ (1 -t)x,y) < F(x,y),
(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous,

(AD) foreach y € C,x — F(x,y) is weakly upper semicontinuous,
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(B1) for each x € H and r > 0, there exist a bounded subset D, C C and y, € C such that for
any z € C\ Dy,

F(z,yx) + ¢ (yx) + %(yx —2,2-x) <¢(2), (2.17)

(B2) C is a bounded set,

then one has the following lemma.

Lemma 2.10 (see [18]). Let C be a nonempty closed-convex subset of H. Let F : Cx C — Rbea
bifunction that satisfies (A1)—(A5), and let ¢ : C — R U {+oo} be a proper lower semicontinuous
and convex function. Assume that either (B1) or (B2) holds. For r > 0 and x € H, define a mapping
T, : H — C as follows:

Tr(P,lP)(x) _ {z €C:F(zy) +o(y) + %(y -z,z-x)>¢(z), Yy € C}, (2.18)

forall z € H, then the following hold:

(1) for each x € H, T (x)#0,
(2) T,(F"P) is single valued,

2
(3) Tri’(”; is firmly nonexpansive, that is, for any x,y € H, ||Tr(F'lP)x - Tr(F'(P)]/H < (Tr(P"P)x -
T v, x-y),

4) F(T"") = MEP(F, ¢),
(5) MEP(F, ) is closed and convex.

3. Main Result

In this section, we prove a strong convergence theorem for finding a common element of
the set of solutions for a system of generalized mixed equilibrium problems, the set of
common solutions of variational inclusion problems with set-valued maximal monotone
mappings and inverse-strongly monotone mappings, the set of solutions of fixed points for
nonexpansive semigroup mappings, and the set of common fixed points for an infinite family
of strictly pseudocontractive mappings in a real Hilbert space.

Theorem 3.1. Let C be a nonempty closed-convex subset of a real Hilbert Space H. Let Fy, F, be
bifunctions of C x C into real numbers R satisfying (A1)—(A5), and let ¢1,¢p, : C — R U {+o0} be
proper lower semicontinuous and convex functions with assumption (B1) or (B2). Let A, B, E1, E; be
a, B, m, np-inverse-strongly monotone mappings of C into H, respectively, and let M1, M, : H —
2H e maximal monotone mappings. Let S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on
C, and let {t,} be a positive real divergent sequence. Let {V; : C — C}Z; be a countable family of
uniformly k-strict pseudocontractions, let {T; : C — C}Z; be a countable family of nonexpansive
mappings defined by Tix = tx + (1 - #)Vix, Vx € CVi > 1, t € [k, 1), and let W, be the
W-mapping defined by (2.11) and W a mapping defined by (2.12) with F(W) #@. Suppose that
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©:=F(S)NF(W)NGMEP(F;, 1, A)NGMEP(F,, ¢, ByNI(E1, M1) NI(Ey, M) #0. Let {x,,}
be a sequence generated by xo € C, C1; =C, C1 =21 C1i, x1 = Pc,x0, and

ty = Too ) (x = 1y Axy),

Uy = T;fz”m (tn — qnBta),

Un = ]MI/)Ll (un - AlElun)/

wn = ]Mz,)»z (Un - A*ZE:Z’UVI)/
tn

1
Yni = An,iXo + (1- an,i)t_ S(s)W,wyds, (3.1)
0

n

2
Curti = {2 € Cui ¢ [lymi = 2 < Nl = 2P + i (1ol + 2¢x0 = x0,2)) },

[oe]
Cui1 =) Crstis

i=1

Xn41 = Pc,,, X0,

n+l

for every n > 0, where {ay i}y C (0,1), {rn}, {gn} C (0,00), A1 € (0,2171), and Xy € (0,212) satisfy
the following conditions:

i)0<a<r,<b<2a

(i) 0<c<gn <d <2p,
(iii) limy gt =0,
(iv)0<e< A £ f<2m,
(V)0<g<A<j<2n,

then {x,} converges strongly to Pox.

Proof. First, we show that I — A, E; and I — A\, E; are nonexpansive. Indeed, for all x,y € C and
A1 € (0,2m1), we obtain

(I = MEDx = (I = MEDy|* = ||x - y - M (Exx - Ery)||®
= [lx = y||* - 201 (x = y, Exx - Exy) + A2||Exx - Evy||?
< |lx=y|* - 20m || Exx - Evy||* + B3| Exx - Eay ||

< [lx =yl + 21 (A = 2m) | Evx = Evy

2
7

<|lx-y
(3.2)
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which implies that the mapping I -\, E; is nonexpansive, sois I -\, E;. Let p € ©. We observe
that

200 = pII* = [[JMo2 (0n = X2E2vn) = Tato 1o (p — A2E2p) ||
< || (@ = A2E2v,) — (p — \2Eap) ||2
<|lon-p|I®
(3.3)
= |[Jm 0, (i = MEvuan) = Jann, (p — M Erp) “2
< || (n = MEyun) = (p - M Eap) |

= |~ pII”

Since both I —r, A and I — g, B are nonexpansive for eachn > 1, letp € O, thenp = T,Fn " (p -
rmAp) and p = Tanz (p - gnBp); by conditions (i) and (ii), we have

””n - 79”2 = ||T(F2,w2)(1 - an)tn - Tt;fZ,(pZ)(I - an)Pnz

< (I - guB)ta ~ (I - guB)p|*

< |ltw = pII* + G (gn - 2B) || Bt - Bp||’

<ltu=pll’,
, (34)
e = pII* = | 7507 = 1 A = T (1 =, A)p|
< 1T =)z = (I = A)p|”
< Jlxn = pII” + 7 (ra = 2) || Ay — Ap|*
<l = pII”
Therefore, we get
[l =PIl < llea = Pl- (3.5)

Next, we will divide the proof into five steps.

Step 1. We show that {x,} is well defined. Let n = 1, then C;; = C is closed and convex for
each i > 1. Suppose that C,; is closed convex for some n > 1, then, from the definition of
Cpi1,i, we know that C,41; is closed convex for the same n > 1. Hence, C,,; is closed convex
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for n > 1 and for each i > 1. This implies that C,, is closed convex for n > 1. Furthermore, we
show that @ c C,. Forn =1,0 c C = Cy;. Forn > 2, letp € O, then

2

1 ("
”yn,i - P”Z = an,i(xO - P) +(1- an,i)(a fO S(s)Whwpds — P)

2

tn
< atyil| 20— p|* + (1 - @) tl JO S(s)Wywnds —p

(3.6)
< aty,i]| %0 —P||2 + (1 - ay)||wn —P”Z

= [[wn = pII* + ani (|lx0 - pII* - [le0n - pII*)
< [lxn = pI1* + i (1ol + 2000 = x0,p) ),

which shows that p € C,;, Yn > 2, Vi > 1. Thus, © € C,;, Vn > 1, Vi > 1. Hence, it follows
that #© c C,,, Vn > 1. This implies that {x,} is well defined.

Step 2. We claim that limy,_, »||xp41 — Xp|| = 0 and limy, o ||y — x|l = O, for i > 1. Since
Xy = Pc,xp and xy11 = Pc,,,x0 € Cys1 CCp, Vn 2> 1, we have

n+l
llxn = xoll < [Xns1 = x0ll, V21 (3.7)

Also, as © ¢ C,, by (2.1), it follows that

|xn —x0l| S |lz=x0ll, z€O, Vn>1. (3.8)

Form (3.7) and (3.8), we have that lim, _ ,||x, — xo|| exists. Hence, {x,} is bounded and
SO are {yn,i}/Vi > 1, {wn}/ {vn}/ {un}/ {tn}/ {Axn}/ {Btn}/ {Elun}/ {Ezvn}/ {ann}r and
{(1/tn)fé” S(s)W,wpds}. For m > n > 1, we have that x,, = Pc,xo € C,, C C,. By (2.5),
we obtain

2 2 2
[[m = xull” < ll2cn = x0l|” = [l — x0| ™ (3.9)

Letting m,n — oo and taking the limit in (3.9), we have ||x;, — x,|| — 0, which shows that
{x,} is Cauchy. In particular,

nh_]go”xn-#l — x|l = 0. (3.10)
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Since {x,} is Cauchy, we assume that x,, — z € C. Since x,.1 = Pc,.,x0 € Cy41, then

n+l

i = 2w |1? < e = st I + e (00l + 2420 = x0, 1) ) — 0, (3.11)
and it follows that
1Y = 2nl < [[Yni = Xnar ]| + l12me1 = xal- (312)
Therefore,
Tim [lyni = x| =0, Vi1, (3.13)

Step 3. We claim that the following statements hold:

(1) limy— oo [t — ta]] = 0,

)
(2) limy o5 ||t = 24l = 0,
(3) limy o [wn — ul = 0,
)

(4) limy - o5 ||on — un| = 0.

For p € ©, from (3.4), and (3.6), we obtain

lymi =pII” < anillxo =plI* + (0 = ani) [ wn —p||”
< af|x0 = pl|” + (1 = &) [[un ~ p|’
< anllxo = plI* + (= @n) ([t = pII* + 4u(a: ~ 26) || Bts - Bp|*)

< atnil|xo = plI* + 1xu = pII” + (1 = @) (4 ~ 26) | Bt — Bp||”.

(3.14)

Since 0 < ¢ < g, < d < 2f, we have

(1= @)9n (2B = 4u) | Btw = Bpl|* < anillxo = p||* + = PII* = llyni — pII”
2
< atnil|xo = p|” + (|20 = Yl (2w = pI| + lyni = pII)-
(3.15)

Hence, by condition (iii) and (3.13), we have

Tim || Bt, ~ Bp]| = 0. (3.16)
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From (3.6), we have

i = plI” < awillxo - p|I” + (1 = aw) |wn - p||*
(3.17)

< anilxo = p|I* + (1 = @) [lua — p*

On the other hand,

2
len = pII* = || 76" (tn = 4uBta) = T4 (p - 4.Bp)|
< {(tn = quBtn) — (p — GuBp), un = p)
1
= 5{ 1t = uBts) = (p = 4uBp) |I* + 1 ~ |

~|(t2 = 4uBt) = (p = 4.Bp) = (ua —p) |}

1
< s{ It =l + lln = p1I* = 1|t = 4uBt) = (p = 4uBp) = (n = p)|I*}
1
< E{ ||xn - P”2 + "un _Pllz - ”un - tn”2 + 2qn<tn — Uy, Bt, - BP> - S%HBtn - BPMZ}/
(3.18)
and hence,

lltn = pII* < |20 = PII* = l1ttn = Eall* + 2Gullts — wall || Bt — Bp||- (3.19)

Putting (3.19) into (3.17), for i > 1, we have

s = PII* < anillxo = pI* + (1 = @n) ([l = PII* = ltn = tall® + 2401t = wall[| Bt - Bp|)
< apil|xo = p||> + |20 = pII” = (1 = @) [t = tal® + 2Gulltn — a]l]| Bt - Bp|-

(3.20)

It follows that
(1= n) it =l < nilxo =PI + 5 = I = s =PI + 200l — Bt - Bpl

< anillxo = pII” + 1200 = ysll (e = o + s = 1)

+2qu||tn — ual| “Bt" - Bp“.
(3.21)
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Therefore, from condition (iii), (3.13), and (3.16), we have

Jim fluy = ]| = 0. (3.22)
Furthermore, from (3.4), and (3.6), we get

i = PII* < @nillxo = plI” + (1 = &) [ewn = p|”
< ayillxo = p|I* + (1 = )| - ]
< anillxo —pl* + (1 - an)||ta - p|’ (3.23)
< anillo = plI* + (1 = @) { oeu = pII* + ra(ra — 20| Ay ~ Apl*)

<apllxo = plI* + e =PI + (1= i) ra(rn = 200) || Ax = Ap]|*,
Since 0 < a < r, <b < 2a, we have

(1= a)ra e = 1) | Az = Ap|* < sl = pII* + ocw = pI* = llymi = pII

2
< anif|xo = pl|” + |20 = ymill Cllen =PIl + [[yni = PII)-

(3.24)
Then, by condition (iii) and (3.13), we obtain that
r}ijr;o||Axn - Ap|| =0. (3.25)
From (3.6), we have
[yni = PII* < @nillxo = pII* + (1 - aw) s~ p||*
< anil|xo = p* + (1 = ) - p||? (3.26)

< anillxo = p|I* + (1= @) [1ta — P
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On the other hand, we note that

2
=l < |15 o - rads) - T4 (p - 4p) |

< <(xn - rnAxn) - (P - rnAp)/tn - P>
1
= 5l = raAxs) = (p = ruap) | + ||t - P

_”(xn - 1nAxy) — (P - TnAp) - (t" - P) ”2}

1
< S{llen =PI+ 1t = I = | = raAxa) = (p = raAp) = (0 = ) |}
1
= E{”x,1 —p”z + ||tn —;9”2 —It. - xn||2 + 21 (xy — tn, Ax, — Ap) — rﬁ”Axn - Ap||2},
(3.27)
and hence,
£ = PII* < {120 = pII” = lltw = 2all” + 27l = tall[| Ax, = Ap]|. (3.28)

Putting (3.28) into (3.26), we have

1 =PI < anillxo = p* + (1 = @n) ([l = I =l = %0l + 271200 = £l ]| Ax — Ap])

< il x0 - p”2 + ||xn - p||2 — (1= ) ||tn = X||* + 27|20 — tall|| Ax, — Ap||-
(3.29)

It follows that

(1 = an)llxn = tall* < anillx0 = p||* + |0 = p||* = [|ymi = pII” + 27all2n = zall | Axa - Ap]|

< atnillxo = pII” + 1200 = ymsll (e = ol + s = 1)

+ 21y || %0 — zull|| Axn — Ap||-
(3.30)

Therefore, by condition (iii), (3.13), and (3.25), we have

nh_rgo”xn —tul| = 0. (3.31)
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Condition (iii) implies that

2
— 0. (3.32)

1 (™ 1 (M
Yni— o f S(s)Wyw,ds|| = anil|[xo - . f S(s)W,w,ds
nJo nJo

It follows that

1 (™ 1 (™
Xn= f S(s)Wywnds|| < ||xn = Ynil| + ||yni + ™ f S(s)W,w,ds|| — 0. (3.33)
nJo nJo

From (3.6), we have

i = pII* < awilloo = pI* + (1= ) [0~ p
= api||x0 — P"z + (1= i) | TMa s (On = X2E20y) = Tty 0, (p — A2Eap) ||2
< il xo - P"Z + (1= ) || (vn = MaE2vn) = (p - )tzEzp)”z (3.34)
< v I+ (1= ) (fom = I+ 1202 - 20) Bz - Expl?)

< anillxo = pl* + [l = plI” + (1 = @) d2 (A2 = 212) | Exvw ~ Eap|.
Since 0 < g < Ay < j <21, we have

(1= ) da(212 = 12) || Exvw = Eap ||* < atnsillo = pII” + fla = pII” = lymi = pII

2
< anillx0 = plI” + [12n = ymill Cllen =PI+ [[yni = plI)-
(3.35)

Then, by condition (iii) and (3.13), we obtain that

lim ||E2vn — Eap|| = 0. (3.36)
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From (3.6), we have
yni = PII” < anillxo = pI* + (1 = &n) |e0n = I (3.37)
On the other hand, we note that
||zon - ]9”2 < || TMaps (On = X2E20y) = Tasy o, (P — \2Eap) ||2
< ((vn — L2Eyvy) — (p — L Eap), wy — p)
1
= §{|| (0 = X2E202) = (p = L2Eap)||” + || = p||”
~[[@n = X2E20,) - (p = X2Eap) = (i - p) |}

< 5{llow =pI*+ lwn = pII* = 100 = X2E200) = (p = XaE2p) = (wi = p)||*}

Nl— N

< {||xn =plI” + lwn = p|I* = llwon = vall® + 202{0n = Wy, Exvy — Eap)

||, - Expll*},
(3.38)

and hence,
||won - ]0”2 < xn - p||2 ~lwn = va|* + 242||0y = wall||E2vn — Eap|- (3.39)
Putting (3.39) into (3.37),

i = pII* < anillxo = pII* + (0 = @n) ([l = PII” = lwn = 0all* + 2allon = || Ez0n - Eap])
< “n,i”xo - p”Z + ”xn - p“2 - (1 - “n,i)“wn - Un”z + 2)‘2”7)71 - wn“ ”EZUn - EZP”/
(3.40)

this implies that

(1 = ) lwn = vall® < awil| %0 = p||* + |0 = PII” = || i = pII* + 242l = vull | E20w - Eap|

2
< anif|xo = pl|” + |0 = ymsll (Nl =PIl + [[yni = Pl

+2o|lwn = vall || E20n - Eop|.
(3.41)
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Therefore, by condition (iii), (3.13), and (3.36), we have

lim ||w, — v,|| = 0. (3.42)

Furthermore, from (3.6), we have

i = pII* < anillxo = plI* + (1 = @u) [eon = p°
< anf|x0 = pl|* + (1 = @) [Jon - p|’
=ty |0 = p|I* + (1 = aw) | a0, (tn = MaEvta) = Joa, 1, (p = MErp) ||
< atyil|x0 = p||* + (1= @) || (un = M Eruag) - (p - M Erp) ||
< il xo = plI* + (1= an) ([lun = pIP + X1 (41 = 21) | Evien = Esp||*)

< anillxo = pI* + e = p[I” + (1 = @) (A1 = 2m0) || Evan — Evp||*.

(3.43)
Since 0 < e < Ay < f <211, we have
(1 - i) A (21 = M) || Evitn — ElP"z
< aillxo = p|I* + xa =P I* = llymi ~ P’ (3.44)
2
< anillxo = p||” + [lxn = ymill (20 = Pl + lymi = II)-
Then, by condition (iii) and (3.13), we obtain that
lim || Equy - Evp]| = 0. (3.45)
From (3.6), we have
lymi = PI* < anillxo = plI* + (1 = an) |0 - p||*
(3.46)

< anillxo—p|* + (1~ ) [[on —p|*.
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On the other hand, we note that

||on - P”2 < || Jvi s (i = M Eqtay) = Jagy o, (p — M Eap) ||2
< ((up — MEruy) = (p = MEip),vn - p)

1
= 5 {16t = Erw) = (p = MEp) [P+ low - p)°

=[[(un = MiExun) = (p = ME1p) = (vn = p) ||2}

< %{Ilun ~ I+ llow = pII* = [ (ttn = MiEviea) = (p = LErp) = (0a = p)|I*}
: %{ 2 = pII* + 0w = pII* = 1o = ttall® + 241 (4 — v, Exit, — Exp)
~A3||Evun - ElP||2},
(3.47)
and hence,
o = plI* < |2 = PII* = 00 = tall* + 24 1ty = 0all]| Exitn — Enp|- (3.48)

Putting (3.48) into (3.46),

s =PI < anillxo = p* + (1 = @0) (1% =PI = 0w = sl + 2Ms [t = 0l || Even = Exp])

< an,i”xo - pHZ + ”xn - pllz - (1= ap)||vn - un||2 + 2\ |[un — vn| ”Elun - ElP”/
(3.49)

this implies that

(1= an) v = unl® < anillxo = p||* + | %0 = PN = Nymi = pII” + 210108 = ttull|| Even - Exp|

2
< anillxo = plI” + 120 = ymsl| (ll2en =PIl + [[yni = P

+ 201 [0 — ||| Exen — Exp|.-
(3.50)

Therefore, by condition (iii), (3.13), and (3.45), we have
lim [o, - uy|| = 0. (3.51)

Step 4. We show that z € © := F(S)NF(W)NGMEP(Fy, ¢1, A)NGMEP(F, ¢, B)NI(E1, M1)N
I(E,, M,). Since {wy, } is bounded, there exists a subsequence {wnij } of {w,,,} which converges
weakly to z € C. Without loss of generality, we can assume that w,, — z.
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(1) First, we prove that z € F(S). From (3.22), (3.31), (3.33), (3.42), and (3.51), we get

1 (™
w, — . S(s)Wyw,ds
0

n

lim

n— oo

=0. (3.52)

Since {W,,w,} is bounded and from Lemma 2.8 for all s > 0, we have

lim

n—oo

=0, (3.53)

ty, tn
tl J S(s)Wyw,ds — S(s) <tl f S(S)annds>
nJo nJo

and since

llen = S(s)wnll <

1 (M
Wy — — J S(s)W,w,ds
tTl 0

ty tn
tl I S(s)Wy,w,ds — S(s)tl f S(s)W,w,ds

nJo 0

+

tn
+ S(s)tl f S(s)Wyw,ds — S(s)wy, (3.54)
nJo
1 ("
<2||w, - — f S(s)W,w,ds
tn 0
1 (" 1 ("
+ o I S(s)W,w,ds — S(S)t_ f S(s)Wy,w,ds||.
nJo nJo
It follows from (3.52) and (3.53) that
Jim [[zo, = S(s)wy| = 0. (3.55)

Indeed, from Lemma 2.9 and (3.55), we get z € F(S), thatis, z = 5(s)z,Vs > 0.

(2) Next, we show that z € F(W) = N>, F(W,), where F(W,,) = N, F(T;),Yn > 1,
and F(W,.1) ¢ F(W,). Assume that z ¢ F(W), then there exists a positive integer m such
that z ¢ F(T,,), and so z ¢ %y F(T;). Hence, for any n > m,z ¢ N, F(T;) = F(W,,), that
is, z# W,z. This together with z = S(s)z,Vs > 0 shows that z = S(s)z#S(s)W,z,V¥s > 0;
therefore, we have z#(1/t,) fo" S(s)Wyzds,¥n > m. It follows from the Opial’s condition
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and (3.52) that

1 (M
lim inf||wy,, — z|| < liminf|{z0,, — —J S(s)Why,zds
i— oo i— o0 t-,ll. 0

1 (M
o RO LA

ni J0

< lim inf<
e (3.56)
b

1 1 (M
— S(s)Wy,wy,ds - = f S(s)Wy,zds
ni JO ni JO

+

)

< lim inf”wni - Z”/
1— 00

which is a contradiction. Thus, we get z € F(W).

(3) Now, we prove that z € GMEP(Fy, ¢, A). Since t, = Tr(f“"“)(xn -1 Axy,),n > 1, we
have for any y € C that

1
Fi(twy) +o1(v) — @1(tn) + (Axp, y — ty) + r—(y —tytn—xn) >0, VyeC. (3.57)
n
From (A2), we also have
1
P1(y) —1(tn) + (Axp, y — 1) + r—(y —ty bty —x) 2 F1(y, ta), VYyeC. (3.58)

FortwithO<t<landy € C, lety; =ty + (1 -t)z.Since y € C and z € C, we have y; € C.
Then, we have
(Yt = tu, Aye) > (Y = tu, Aye) = 91(ye) + @1 (tn) — (Yt — b, Axn,)

t, — Xp
- <yt — by, n’r o > +F1(]/trtni)

ni

(3.59)
= (]/t - t"i/Ayt - Atﬂi> + <yt - tni’Atni - Axni> — 1 (]/t) + (Pl(tni)

t, — X,
- <yt—tm, ”‘r ”’>+P1(yt,tni).

ni

Since ||ty — x4,]] — 0, we have ||At,, — Ax,,|| — 0. Furthermore, from the inverse-strongly
monotonicity of A, we have (y; —t,,, Ay; — At,,) > 0. So, from (A4), (A5), and the weak lower
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semicontinuity of ¢, (tp, — x5,)/7n, — 0and t,, — z, we have at the limit
(yr =z, Ayr) > —p1(y) + 1(2) + Fi(yr, 2), (3.60)
asi — oo. From (Al), (A4), and (3.60), we also get

0=Fi(yeye) +¢1(ye) - 1 ()
<tFi(y,y) + (1-HF1 (v, 2) + tp1(y) - (1= He1(2) — 9(y1)
=t[Fi(ye.y) + 91(y) = o1 (y)] + (L= [Fi(ys, 2) + p1(2) = o1 ()] (3.61)
<t[Fi(yey) + 91(y) = o1 (ye)] + A=)y - 2, Ayr)
=t[Fi(ye.y) + 91(y) —pr(y)] + (1 - DKy — z, Ayy),

and hence,
0<Fi(y,y) +o1(y) —p1(yr) + A= 1){y — z, Ayy). (3.62)
Letting f — 0, we have, for each y € C,
Fi(z,y) +¢1(y) —¢1(2) +( y -z, Az) 2 0. (3.63)

This implies that z € GMEP(F1, ¢, A). By following the same arguments, we can show that
z € GMEP(F,, ¢, B).

(4) At last, we show that z € I(Ep, My). Infact, since E, is #-inverse-strongly
monotone, this implies that E, is(1/72)-Lipschitz continuous monotone mapping and
domain of E; equal to H. It follows from Lemma 2.5 that M, + E; is a maximal monotone.
Let (v, g) € G(M, + Ey), thatis, g — Ery € M»(y). Since wy, = Jm, ., (Un; — M2Ervp,), we have
Un, — Mo Eqvy, € (I + X2 M>)(wy,), that is,

J\l(vni — Wy, — M2 Exvy,) € My (wy,). (3.64)
2

Since M, + E, is a maximal monotone, we have

<y - wy, g — By - %2(0,” — Wy, — )L2Ezvni)> >0, (3.65)
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and so

1
(y—wn, g) > <y — Wy, Eyy + )l—z(vn,. - Wy, — )LZEZUni)>
1
= <y — Wy, Exy — Eywy,, + Exwy,, — Ecvy, + )L_(U"i - wn,.)> (3.66)
2

1
>0+ (y — wn, Eywy, — Eyvy,) + <y - Wy, 1—2(0,11. - wni)>.

It follows from ||v, — wy|| — 0, |[E2v, — E;wy|| — 0, and w,, — z that
lim (y —wn, g) = (y -w, g) 20. (3.67)

It follows from the maximal monotonicity of M, + E; that 0 € (M» + Ey)(z), that is, z €
I(E;, M3). By following the same arguments, we can show that z € I(E;, M;). Hence, by
(1)—-(4), we have z € ©.

Step 5. Noting that x,, = Pc,xo, by (2.5), we have
(X0 =X,y —x4) <0, VyeC,. (3.68)

Since © C C, and by the continuity of inner product, we obtain from the above inequality
that

(xo-2z,y—-2z)<0, VyeC. (3.69)

By (2.5) again, we conclude that z = Poxy. This completes the proof. O
Using Theorem 3.1, we obtain the following corollaries.

Corollary 3.2. Let C be a nonempty closed-convex subset of a real Hilbert Space H. Let F1,F, be
bifunctions of C x C into real numbers R satisfying (A1)—(A5), and let ¢1,¢> : C — R U {+o0} be
proper lower semicontinuous and convex functions with assumption (B1) or (B2). Let A, B, E1, E» be
a, B, m, np-inverse-strongly monotone mappings of C into H, respectively. Let S = {S(s) : 0 < s <
oo} be a nonexpansive semigroup on C, and let {t,} be a positive real divergent sequence. Let {V; :
C — C}Z, be a countable family of uniformly k-strict pseudocontractions, let {T; : C — C}2; bea
countable family of nonexpansive mappings defined by Tix = tx+ (1 -t)Vix,Vx € C,Vi > 1,t € [k, 1),
and let Wy, be the W-mapping defined by (2.11) and W a mapping defined by (2.12) with F(W) #0.
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Suppose that © := F(S)NF(W)NGMEP(F;, g1, AANGMEP(F,, ¢,, B)INVI(C, E1)NVI(C, E;) #0.
Let {x,} be a sequence generated by xo € C, C1; =C, C1 =23 C1,i, X1 = Pc, %o, and
b= Tp, " (= 1 Axy),
= T (b, - quBty),
vy = Pe(un — M Evuy),

wy = PC (Un - )LZEZUn)r

tn
j S(s)Wyw,ds, (3.70)
0

2 2 2
Custi = {2 € Cui t [lymi = 2 < Nl = 2P + i (IlxolP + 2(x0 = x0,2)) },

Yni = apixo + (1 - “n,i)t—
n

[oe]
Cui1 =) Cusris

i=1

Xus1 = Pc,,, X0,

for every n >0, where {aty ;)7 € (0,1), {rn}, {gn} C (0,00), A1 € (0,211), and A, € (0,212) satisfy
the following conditions:

i)0<a<r,<b<2a,

(i) 0<c<gn<d<2p,

)
)
(iii) lim, o, =0,
(iv)0<e< A £ f<2m,
(V) 0<g <A <j< 2,
then {x,} converges strongly to Pox.

Proof. From Theorem 3.1, put M = 06¢, then Jpry, = Pc and Jumy, = Pc. So we have v, =
Pc(u, — MEjuy,) and w, = Pc(v, — A2E»v,,). The conclusion of Corollary 3.2 can be obtained
from Theorem 3.1 immediately. ]

4. Applications

In this section, we study a kind of multiobjective optimization problem by using the result
of this paper. We will give an iterative algorithm of solution for the following optimization
problem with nonempty set of solutions:

min 7 (x)

min  hy(x) (4.1)

xe(C,
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where h(x) is a convex and lower semicontinuous functional, and define C as a closed-
convex subset of a real Hilbert space H. We denote the set of solutions of (4.1) by M(hy)
and M(hy). Let F; : C x C — R be a bifunction defined by F;(x,y) = hi(y) — h;i(x). We
consider the equilibrium problem, and it is obvious that EP(F;) = M(h;),i = 1,2. Therefore,
from Theorem 3.1, we obtain the following Corollaries.

Corollary 4.1. Let C be a nonempty closed-convex subset of a real Hilbert Space H. Let hy, hy : C —
RU {400} be proper lower semicontinuous and convex functions. Let E1, E; be 11, -inverse-strongly
monotone mappings of C into H, respectively, and let My, My : H — 2 be maximal monotone
mappings. Let S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on C, and let {t,} be a

positive real divergent sequence. Let {V; : C — C}Z; be a countable family of uniformly k-strict

pseudocontractions, let {T; : C — C}2, be a countable family of nonexpansive mappings defined by

Tix =tx+(1-t)Vix, Vx € C, Vi> 1, t € [k, 1), and let W,, be the W-mapping defined by (2.11) and
W a mapping defined by (2.12) with F(W) #@. Suppose that © := F(S) N F(W) N M(h1) N M(hp) N
I(E1, M1)NI(Ey, M) #0. Let {x, } be a sequence generated by xo € C,Cq; =C, C1 =2 C1i, x1 =
Pc, xo, and

hl(t)—hl(tn)+%(t—tn,tn—x,)20, VteC,
1
hZ(u)_hZ(un)+q_<u_unlun_tn> 20/ VuEC,

Un = ]Ml,Al (un - AlElun)r

Wy = ]Mz,Az (Un - )‘ZEZDn)/
1 [t (4.2)
Ynji = dnixo + (1 - an,i)t_ j S(s)Wyw,ds,
nJo

2
Cusni = {2 € Cui t [lymi = 2l < Nl = 2P + i (IlxolP + 2¢x0 = x0,2)) },

[*e]
Cui1 =) Cueris

i=1

Xns1 = Pc,,, X0,

n+1

for every n > 0, where {a,,;};2; C (0,1), {r,},{q,} C (0,00), A1 € (0,211), and A, € (0,215) satisfy
the following conditions:

(i) iminf, . 1, >0,

(ii) liminf, g, > 0,

)

)
(i) im,, ., an; = 0,
(iv) 0<e< A <f<2n,
)

(V) 0<g< A <j< 2,

then {x,} converges strongly to Poxy.
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Proof. From Theorem 3.1, put Fi(t,,t) = hi(t) — hi(ty), F2(un,u) = ho(u) — ho(uy,), and
A,B,p1,9o = 0. The conclusion of Corollary 4.1 can be obtained from Theorem 3.1
immediately. O

Corollary 4.2. Let C be a nonempty closed-convex subset of a real Hilbert Space H. Let hy, hy : C —
RU {+00} be proper lower semicontinuous and convex functions. Let E1, E; be 11, 1p-inverse-strongly
monotone mappings of C into H, respectively, and let My, My : H — 2H be maximal monotone
mappings. Let S = {S(s) : 0 < s < oo} be a nonexpansive semigroup on C, and let {t,} be a

positive real divergent sequence. Let {V; : C — C}Z; be a countable family of uniformly k-strict

pseudocontractions, let {T; : C — C}2; be a countable family of nonexpansive mappings defined by

Tix =tx+(1-t)Vix, Vx € C, Vi> 1, t € [k, 1), and let W,, be the W-mapping defined by (2.11) and
W a mapping defined by (2.12) with F(W) # 0. Suppose that © := F(S) N F(W) n M(h1) N M(hp) N
VI(C,E1)NVI(C,Ey) #0. Let {x,} be a sequence generated by xo € C,C1; = C,C1 =72 Cri, X1 =
Pe,xo, and

1
() = ha(ta) + —(t=tuta=x2) 20, VEEC,

hy(u) — ho(uy,) + ql(u— Uy, Uy —ty) >0, VYuec,

n
Up = PC(un - -)LlElun)/

wy = PC(vn - -)LZEZ'Un)/

Yni = Anixo + (1 - txn,i)t— S(s)Wyw,ds,
nJo

1 J-tn (4.3)

2
Crori = {2 € Cui t [lyms = 2 < len = 217 + s (ol + 20 = x0,2) ) |,
o]
Cn+1 = ﬂcml,ir
i=1

Xni1 = Pc,,, X0,

n+l

for every n > 0, where {a,,;};2; C (0,1), {r,},{q,} C (0,00), 1 € (0,2m1), and A, € (0,215) satisfy
the following conditions:
(i) iminf, ., 1, >0,
(ii) liminf, g, > 0,
(iii) limy, gty =0,
(iv)0<e<A < f<2m,

(V)0<g<A<j<2n,

then {x,} converges strongly to Poxy.
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