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This paper introduces multiresolution analyses with composite dilations (AB-MRAs) and ad-
dresses frame multiresolution analyses with composite dilations in the setting of reducing sub-
spaces of L2(R") (AB-RMRAs). We prove that an AB-MRA can induce an AB-RMRA on a given
reducing subspace L?(S)". For a general expansive matrix, we obtain the characterizations for a
scaling function to generate an AB-RMRA, and the main theorems generalize the classical results.
Finally, some examples are provided to illustrate the general theory.

1. Introduction

As well known, multiresolution analyses (MRAs) play a significant role in the construction
of wavelets for L2(R) [1, 2]. Up to now, different characterizations of the scaling function for
an MRA have been presented. It is shown in [1] that a function ¢ € L?(R) is a generator for
an MRA if and only if

(1) Skez 9@+ R =1, ae. g € [-1/2,1/2];
(2) limj - oo [§RTYI* = 1, 20. ¢ € R;
(3) there exists mg € L([0,1]) such that ¢(2¢) = mo(2)p(2), a.e. & € R

If condition (2) is replaced by R = U 2/ supp(p) or another condition that the

function F(x,y) = (1/(y — x)) fi I(ﬁ(w)lzdw is dyadicaly away from zero at the origin, then
the two different characterizations of the scaling functions for MRAs are obtained in [3, 4],
respectively.
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Similarly, under certain conditions, wavelet with composite dilations can be con-
structed by AB-MRAs which is the generalized definition of MRAs and permits the existence
of fast implementation algorithm [5]. Given an n x n invertible matrix a, f € L*(R"), and
k € 7", we define the dilation operator D and the shift operator Ty on L?(R") by

D.f() = |detal’2f(a),  Tif():=f(-~F). (1.1)

The affine system with composite dilations is defined by #4p(¥) = {D,DyT ¥ : k € Z", b €
B, a € A} where ¥ = {¢!,¢?,...,¢"} C L>(R"). By choosing ¥, A, and B appropriately, we
can make «/45(¥) an orthonormal basis or, more generally, a Parseval frame (PF) for L?(R")
[5-7]. In this case, ¥ is called an AB-multiwavelet or a PF AB-multiwavelet, respectively.
Since not all of the AB-multiwavelet come from AB-MRAs, we only focus on the AB-
multiwavelet which come from AB-MRAs. For convenience, we denote the operator Dy T
by B.

Before proceeding, we need some conventions. We denote by T" = [-1/2,1/2]" the
n-dimensional torus. For a Lebesgue measurable set E in R”, we denote by |E| its measure,
denote by yr the characteristic function of E, and define E~ := E + Z". An n x n matrix A is
called an expansive matrix if it is an integer matrix with all its eigenvalues greater than 1 in
the module. G denotes the set of all expansive matrices. We denote by GL,(Z) the set {a : a
is an n x n integral matrix and | deta| #0}, by §L;(Z) the set {a : ais an n x n integral matrix
and |deta| = 1}, and by B the set of the subgroups of SL,(Z), respectively. For a Lebesgue
measurable function f, we define its support by

supp(f) == {x e R" : f(x)#0}. (1.2)

The Fourier transform of f € L'(R") N L*(R") is defined by
F@) = f F(x)e 20 dx (1.3)
RVI

on R”, where (¢, x) denotes the inner product in R”. Let S be a Lebesgue nonzero measurable
set in R". We denote by L2(S)" the closed subspace of L?(R") of the form

L(8)" = {f e (") : supp(f) € S} (1.4)

Definition 1.1 (see [8, 9]). The sequence {xk,},; in a separable Hilbert space H is called a
semiorthogonal PF for H if {xx}; is a PF for H and satisfies (xk, 1,, Xk,,) = 0 forany kq, k> €
A1, 1,1 € Ay, and ky # ky, where Ay, A; are two countable index sets. In particular, if {xk 1},

is a semiorthogonal PF for span{xy}; ;, it is called a semiorthogonal sequence.

Definition 1.2 (see [4, 10]). A closed subspace X of L*(R") is called a reducing subspace if
D,X=Xand TxX = X forany k € Z", a € G.

The following proposition provides a characterization of reducing subspace.
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Proposition 1.3 (see [4, 10]). A closed subspace X of L>(R") is a reducing subspace if and only if
X = {f e A®") : supp(f) ¢ S} (1.5)

for some measurable set S C R* with aS = S. So, to be specific, one denotes a reducing subspace by
L2(S)" instead of X. In particular, L>(R") is a reducing subspace of L*(R").

Definition 1.4 (see [5-7]). Let B x Z" be a subgroup of the integral affine group SL,(Z) x Z"
(the semidirect product of SL, and Z"). The closed subspace V of L?>(R") is called a B x Z"
invariant subspace if BV =V for any (b, k) € B x Z".

Definition 1.5 (see [2—4]). Let B be a countable subset of §I:1(Z) and A = {a' : i € Z} where
a € GL,(Z). We say that a sequence {V;} jez of closed subspaces of L*(R") is an AB-MRA if
the following holds:

(1) Vyis a B x Z™ invariant space;

(2) for each j € Z,V; C Vjy1,and V; = DL Vy;
(3) Ujez Vj = L2(R");

(@) Njez V; = (0);

(5) there exists ¢ € V| such that ®p = {DyTxp : b € B, k € Z"} is a semiorthogonal PF
for V.

The space Vj is called an AB scaling space, and the function ¢ is an AB scaling function
for Vj or a generator of AB-MRA.

Similarly, we say that a sequence {V;} jez. 18 an AB-RMRA if itis an AB-MRA on L%(S)",
that is, conditions (1), (2), (4), (5), and (3)’ U]-€Z V= L*(S)" are satisfied.

The fact that an AB-MRA can induce an AB-RMRA will be demonstrated by the
obvious following results.

Proposition 1.6. Let I be a countable index set and P the orthogonal projection operator from a
Hilbert space H to its proper subspace K. If ¥ = {¢; : i € I} is a Parseval frame on H, then P(¥) =
{P(y;) :i €1} isa Parseval frame on K.

Proposition 1.7. Let P be the orthogonal projection operator from a Hilbert space H to its reducing
subspace K. Then P can commutate with the shift and dilation operators Ty and D,, respectively.

Theorem 1.8. Suppose that {¢; V;} is an AB-MRA, then {{; \7]-} is an AB-RMRA for L*(S)", where
¢ := Py, \N/o :=span{DyTx¢p : b € B, k € Z"}, \7] :=span{D,DyTxp : b € B, k € Z"}, and P is
the orthogonal projection operator from L?(R") to L2(S)".

The rest of this paper is organized as follows. Theorem 1.8 and some properties of
an AB-RMRA will be proved in Section 2. In Section 3, the characterization of the generator
for an AB-RMRA will be established, which is the main purpose of this paper. Finally, some
examples are provided to illustrate the general theory.
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2. Preliminaries

In this section, we will firstly prove Theorem 1.8 as follows.

We can easily prove that {DyTxp : b € B, k € Z"} is a Parseval frame sequence by
Propositions 1.6 and 1.7. Naturally, {DyTx¢ : b € B, k € Z"} is a semi-Parseval frame for \70.
Let ¢ € Vo € L2(R"). Thus Py = ¢;. For any f € V;, we have

f =2, 20, DTk Dy Tip = D' > (f, DoTipr) Do Ticpr,
bk bk

(2.1)
DyTif = D, D (f, DuTegp1 )1 (b'bx —bk' — k) = > > (f, DpTe1 )1 (bx — k),
b k b k
namely, Dy Ty f € \70. So \70 isa B x Z" invariant space. On the other hand,
=D, (f, DiTkPp)DyTi Py = > > (Pf, DyTip) PDyTip
b k b k
= (f, DoTip) P> > (DuTp, DaDypTip) DaDy Tiop (2.2)

v K

Cb,kDanTk¢ € ‘71 .

bk
o
So Vy C Vi. Notice that V; = D, Vy. Then V; C V. Thus, conditions (1), (2), and (5) in
Definition 1.5 have been proved. However, condition (3)’ is the natural consequence of the
later Lemma 3.1 in Section 3. Therefore, we complete the proof of Theorem 1.8.
Some properties of AB-RMRA, which were not discussed in [5-7], will be presented.
The first one can be obtained obviously by the definition of AB-RMRA as follows.

Proposition 2.1. Suppose that {V};c; is an AB-RMRA. Then
(1) for each j € Z, {DiDkaq) :b € B, k € 2"} is a semiorthogonal PF on V;;
(2) Vo is a B x Z™ invariant subspace, while V; is a B x a™/ " invariant subspace.
Condition (5) of AB-RMRA can be characterized by the following proposition.

Proposition 2.2. Let ¢ € L*(S)". Then ®p = {DyTx¢ : b € B, k € Z"} is a semiorthogonal PF
sequence if and only if

(1) Dpepnlo(é + k) = Xr(¢), a.e., where F={EeT"NQ: (¢ +k)#0, ke Z"};
(2) Dpezn @&+ k)(ﬁ(g‘1 (E+k)=0,ae¢e€Q, foreachbe Band b#1,.

Proof. Necessity. For any f(x) € span{Tky : k € Z"}, we have

f(x) = bEka, Byp)Bp(x) = D (£, Tep)Tep(x) + > D (f, Bp)Bop(x) = D (f, Tep) Teep ().

k b#l, k k
(2.3)
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By Theorem 1.6 in [1] and Theorem 7.2.3 in [8], conclusion (1) holds clearly. Using Parseval
theorem, we can deduce

(T, DpTiyp) = Lz ¢p(x - k)p(bx — k')dx
- [ pwprie it it (2.4)

- f Z(ﬁ(é + I)Mefzm(k*kl)édé,
Q

where ki = b'k'. Note that for any k, k' € Z", b#V' € B, (DyIxp, DyTiyp) = 0 if and only if
foranybe Band b#1,,

<Tk(p, Dka/(P> =0. (25)
Then, we have

o +Debl(E+1)) =0, ae ¢eQ. (2.6)
1

Sufficiency. By Theorem 7.2.3 in [8] and conclusion (1), {Tx¢ : k € Z"} is a PF sequence. So is
{DyTxyp : k € 2"} for any b € B. It follows from (2.4), (2.5), and conclusion (2) that for any
k, k' € Z",b,b' € B,and b#b', we get (DyTip, DyTiwgp) = 0. Thus, for any f(x) € span{DyTxp :
b€ B, k € 2"}, there exists b € B and f,(x) € span{DyTx¢ : k € Z"} such that

IFI7 = Slfell = 3 3 14fer DoTe)| = 35 3 14F DeTeg) ™ 27)
beB beB kezZ" beB keZ"
By Theorem 1.6 in [1], the proof of Proposition 2.2 is completed. O

Proposition 2.3. Let {V}} ¢, be a sequence of closed subspace of L*(S)", where
V= span{Df;Dka(p :beB, ke Z"}. (2.8)

If conditions (1), (2), and (5) of AB-RMRA are satisfied, then one has the following.

(1) There exists {cpx} € I>(B x Z™) such that

p(x) = > Y cvildetal*p(bax - k). (2.9)
b k
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(2) There exists {hp(¢)},ep € L= (T™) such that
70) = S @) "e] | B0 e, 2.10)
b

for any b € B, where hy(¢) = |deta|™/? 3, cpre 27k,

Proof. By conditions (2) and (5) of AB-RMRA and the fact that ¢ € V; C Vi, we obtain

9(x) = D (9, DaBp)DaBp(x) = D, D cpldet a|'"?p(bax - k), (2.11)

bk b kezn

where cpx = (¢, D,By) and {cp i} € I?(BxZ"). Therefore (2.9) holds. Taking Fourier transform
on both sides of (2.9), we obtain (2.10), where for any b € B, hy(8) = |deta| /2 3 cy e 27ik4.
In what follows, we will only prove {hy(¢)},cp € L*(T"). Indeed, for a € GL,(Z),aZ" is a
subgroup of Z" and the quotient group Z"/aZ" has order M = | det a|. Thus, we can choose a
complete set of representatives of Z"/aZ", thatis, the set {ag, a1, ..., apr-1} so thateach k € Z"
can be uniquely expressed in the form k = ak’ + a; with k' € Z", 0 <i < M - 1. For simplicity,

—_— N71
we denote (ba) "and (b'a) by b* and bj, respectively. Then we have

2

S1eE+0 = 3| Shlb @+ k)1gb ¢ + k)]
k

kezZ"| b

= D Db G+ k)] [0 + K)1Q[b" (¢ + K)]p[b] (€ + k)]

KEZ" b,by

(2.12)
M-1 ~
= >0 3 helb @+ o) [} G+ a1 [b" (¢ + a) + K|
=0 Kk',b,by
X pIbI (& +a) + by K]
M-1 ——
Sl ¢+ ) Vo T E )]
i=0 b,b
Z oo @+ ) + B lby (@ + ) + By K] (2.13)
ez
M-1 ~ 2
Z Sihlb' @+ a)ll Y |g[br @ +a) + 57K |
i=0 b k'ezn

where (2.12) is obtained by the periodicity of function sequence {h;(¢)};, and (2.13) is proved
by conclusion (2) in Proposition 2.2. In addition, usmg Proposition 2.2 again and (2.13) above,
for any ¢ € F, we get >z |[0(¢ + k)2 Z LS lhp[b*¢ + b*a)]|* = 1. Then, for ¢ € R?,
1 (:§)|2 <1, s0 hy(¢) € L2(T"). Therefore, the proof of Proposition 2.3 is completed. O



Abstract and Applied Analysis 7

3. Characterization of the Generator for an AB-RMRA

In this section, we will characterize the scaling function of AB-RMRA which will determine
a multiresolution structure and AB-wavelets and the obtained results can be easily extended
to the whole space L?(R").

Lemma 3.1. Let {Vj};¢; be a sequence of closed subspaces of L%(S)" and defined by (2.8). Assume
that conditions (1), (2), and (5) in an AB-RMRA are satisfied. Then the following results are
equivalent:

(1) U;‘eZ V; = LZ(S)V;
—~—1 2

(2) im0 X 1@[(baj) €]l =1,a.e ¢ e R
Proof. Theorems 1.7 and 5.2 in [1] imply that for any f € L*(R"), lim,gmollpjf”z = IfIP is
equivalent to U;ez V; = L*(R"). Thus, for any f € L*(S)", lim; . o[ Pi f1I> = || fII is equivalent
to Ujez Vj = L%(S)". Hence, we have to prove that lirn,-ﬂmollpjfll2 = ||f]|* is equivalent to

—-1 2

lim; .00 3 @[ (ba;) ¢]| =1, a.e. ¢ € Q. First, we prove (1)=(2) For any f € L*(S)", f =

P;f+Q;f, where Q; : L*(R) — (V]-)l is the orthogonal projection operator. Set f (&) = xrrns(8)-
Then, when j is large enough, we have

1B = S 5[5 DD Tip )|

- 1 - 2
f |det aj |71/2f(§)¢ [(l;;_]/)_lé] eZJrik-(/b_:l_]Slédé‘
Rn

2

dg

= |deta;| >}
b k

J' ara
(bay) Tn

2 @3.1)
dg

= |detai|2f
b JT"

Xy ' @@

2
dg

3 bl el

J.Z

Before proving the equivalence, we need to prove two assertions as follows:

~——-1 2
o|oa) @] e

— 2
(i) 3, [§lbay) &l e L'(T™);

—~—-1 2
(i) limj 40 > [@[(baj) ¢]| makes sense.
i b 1PLO4a;
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Since

J. 3

~Jdeta| X [l
bt (32)

~Jdeta| [ Jolas
Up (baj) T"
—~ 2
< |detaj|fR 16(2)?d2 < oo,

it follows that (i) holds.
2

—~ 1
For (ii), we will only prove that {3, [¢p[(ba;) ¢]| }jcz is a monotonic bounded
sequence when ¢(e S) is fixed. Indeed, by the orthogonality, for each b#b’' € B, we have

supp((ﬁ(g‘lg)) N supp((ﬁ(l;’_lg)) = . In addition, we deduce from (2.10) that, for any b € B,

b'eB

(3.3)
- o (575 a8 ) (5B a ).
beB
Setb* = b E]-Tfl. Then by the orthogonality and Proposition 2.3, we obtain
. 1) ~ -1 [ ~1 2
Slo|oa) | =3 S0 (57ve)o (57 ee)
beB beB|b'eB
~-1 N\ . [~-1, ~-1 [ ~-1
=> Dy, (b1 b §>(p<b1 b .g> > hy, (bz b*§>(p<b2 b*§>
beB b, €B b,€B
(3.4)
= Z hb((baj+1) §>‘P<(b“j+1) é)
beB
<> ¢<(baj+1) é) :
beB

Hence, {35 |¢((b/E]-/) 1§)|2 }jez is a monotonic sequence when ¢ is fixed. On the other hand,
by the property of B, we deduce that DpTx¢(x) = p(bx — k) = ¢(b(x — b™'k)) = ¢(b(x - k')) =
T Dyp(x). Note that {DpTr¢ : k € Z"} is a PF for span{DyTx¢ : k € Z"} for any b € B.
Then {Ti Dy : k' € Z"} is a PF on span{DyTx¢p : k € Z"}, which implies that there exists
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a set M, such that 3, |p(b'¢ + k)|2 = ym, (&). By the orthogonality, 3, 3, [p(b~'& + k)|2 =
XU, M, (&), consequently (J, M, = F. Hence, ), |(ﬁ(5‘1(§)|2 < 1 holds for ¢ € S. So
—~—-1_ 2
lim; .o 3pep 1@((ba;) ¢)| exists. Now we have proved the two assertions. By the Lebesgue
2

dominant convergence theorem, we get hm]_>+m||P fI* = = [plimj o 3 I(p[(ba]) §]| d¢ =

IfIP = |T"| = 1. Thus, lim; _ 1os Spep [ (bas) é]l =laegeR"

Next, we prove (2)=>(1). Let D be the class of all functions f € L*(R") such that f €
L*(R") and fis compactly supported in R" \ {0}. If we can show that lirn,-ﬁ+o<>||13]-f||2 = ||f||2

—~ 1
for all f € D, then, by Lemma 1.10 in [1], the proof is finished. Indeed, denoting (ba;) by
b*, we have

IPfI° = Zb} Ek;| <f/Da;-Dka90>|2

D O o
= E g J‘R |det aj|_1/2f(§)¢(b*§)€2‘7nk'b gdé
b k n

2

=SS Jdeta | amale G e ey
b k| mYaI"

2

SS|[ btal S i e

jT
J‘(l

- f S+ Gl @ amISFE s amply’ ¢+ dm]at

2

d (3.5)

S+ am)p[b(¢+alm)]

Zbl 2 f S F)f(n+ ap)g|btn + bp| @ mdn

1;T"+m p

=S [ ST ape(en s bp)awman
b "p

.

o(5an)|'an + &y,

where Ry = 3, 37,9 Jn f(q)f(q +ajp)p(b*n + Ep)(ﬁ(b*q)dq. Since f has compact support,
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when j is large enough, supp(f (1)) N supp(f (1 + ajp)) = 0, consequently, Ry = 0. Thus,
taking j — +o0in (3.5), we obtain

lim | |Pf|| = lim ZZ|<f Da/Dka‘P>|

]—>+oo —>+oo k

= lim Eb]fR |f(71)|2§b]|¢(5‘15j111)|2dn

j—+oo
(3.6)
2 e 2
- [, ol im Slo(Ea ) 'an
" b
2 )
- |Fenfan=1s1
[l
Lemma 3.2. Let a € G, ¢ € L*(R") satisfy (2.10), and let {V}} ;7 be defined by (2.8). Then
UV, = L*s)", (3.7)

jez.

where S = Ujez Upes E]-Esupp((ﬁ)-

Proof. By the definition of {V; } iYiez we have D, Vi = Vin for any j € Z. It follows that
Da(U]’ez Vi) = U]-€Z V;. Note that D, is a unitary operator. Hence D, (U]eZ Vi) =D, (U]ez Vi) =
m. It is obvious to see that V; = {f : f =3 Fb[(b/Z-)flgm[(b/}]/-)*lg]}, where {F},}, €
L>(T™). Then,Nfor any f € V(l’ we havef(g) =3 Fb(E*1§)¢(E*1§), F;, € L?>(T™). Notice that for
any b € B, p(b1¢) = 3, hp(b'a 1) p(bta'¢). Thus

F@) = S (b578) S (b2 ) (B7)

B (e (),

(3.8)

Put Hp,('a'8) = Sy Fn(i My (b @'8). Then, we obtain f(2) =

S, Hi (b2 @'8)¢(by @'¢). Recalling that Fy(¢) € L3(T") and hy() € L*(T™), we
have My, (¢) € L*(T"), so f(x) € V1. Thus, for any f(x), we get Vo C Vi, 50 V; C Vj.
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Therefore, for any f(x) € Uje; V), we can choose jr > 0 such that f(x) € Vj, that is,
f(x) =3 2k evip(baj x — k). Hence, for any m € Z"", we have

Tomf(x) = Z Zcb,k(p(ba,-f (x —m) - k)
bk

= ; ;cb,k(‘zJ(bajfx - ba]-fm - k) (39)

= Z Zcb,k(p<ba,-fx - k>,
bk

which implies Ty, (U;ez, Vi) € Ujez Vj- Thus, Th(Ujez Vi) = Ujez Vj holds. Note that Ty is

also a unitary operator. Hence, Tin(Ujez, Vi) = Tm(Ujez Vj) = Ujez Vj- By Proposition 1.3,

Ujez Vj is a reducing subspace. We notate ;ez V; = L%(S)". Next we have to prove S =
~ —~ 1

U]-€Z Uy ajbsupp(9). By ¢(baj-) € V;, we have supp(¢((baj) ¢)) C S. Obviously, we will

only prove that S\ Ujez Uy E]E supp(9) is a zero measurable set. If S\ Uz Up E]-Esupp((ﬁ)
is a set with nonzero measure, then a contradiction is led. In fact, choosing a set M C

S\ UjezUp E,E supp(¢p) with 0 < |M| < +cc and using Plancherel theorem, we have
1P = (Bif Pif) = (£ Pif) = (F. Fy). (3.10)

for any f € L*(R"), where f]' := P; f. In particular, setting f(g) = ym(¢) and taking j — +ooin
(3.10), we get ||P]-f||2 = (f,f]’.) =0, but || f||* = IM| > 0, and this is a contradiction. Therefore,
we complete the proof of Lemma 3.2. O

By Lemmas 3.1 and 3.2 and Theorems 1.7 and 5.2 in [1], we characterize the density
condition of AB-RMRA as follows.

Theorem 3.3. Let a € Gand {V;} e, be defined by (2.8). If conditions (1), (2), and (5) of AB-RMRA
are satisfied, then the following results are equivalent:

(D) Ujez Vi = L2(9)";
) liijJroollP,-fII2 = |IfII*>, where P : L*(R") — V; denotes an orthogonal projection
operator;
—~ —— -1 2
(3) imj o Spes 19((ba) &) =Lac.geS;
(4) S =Ujez Uy ajbsupp g,

It is well known that e, Vj = {0} can be deduced by the other conditions of MRA.
Similarly, the condition ;e V; = {0} of AB-RMRA can be also deduced by the others. Thus,
using Proposition 2.2 and Theorem 3.3, we can get the main theorem as follows.

Theorem 3.4. Let a € G, and let B be a subgroup of SL,(Z) with aBa™' C B. Suppose that ¢ €
L*(S)" and {V; }jez, is defined by (2.8). Then ¢ is a generator of AB-RMRA if and only if
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(1) there exists {hp(¢) }pep C L (T™) such that

PE) =D My (5‘15‘1§)¢<5‘15‘1§); (3.11)
b

(2) Sk lopé+ k)|2 = yr(¢), ae, where F={¢{€T"NS: p(E+k)#0, ke Z"};
(3) foranybe Band b#1,, >, ¢(¢ + k)(ﬁ(l;*1 ((+k)=0,aeé€S;
4) S = Ujez Uy ;b supp(@).

Remarks 1. (1) Condition (4) in Theorem 3.4 can be replaced by any one of conditions in
Theorem 3.3.

(2) If S = R* in Theorem 3.4, then we obtain the characterization of generator of AB-
MRA.

(3)Ifn=1,a=(2),and B = (1) in Theorem 3.4, then we obtain the characterization of
{vi} jez, as a generator of MRA on L?(R).

Corollary 3.5. Let a € G, and let B be a subgroup of SL,(Z) with aBa™ C B. Suppose that E is a
bounded nonzero measurable set satisfying a'E C E with S = Ujez Uy @;bE. Define ¢(¢) = xe(§)
amd F={¢eT"NnQ: ¢ +k)#0, k € Z"}. Then ¢ generates an AB-RMRA if and only if

(1) F = Upeyn(E + k) with [EN (E+k)| =0, BTENVTE| = 0 (b#V);
(2) there exists b € B such that (7971’)7113 C E and [(’l_)\(_zl)ilE]~ NE = (7971’)7115;

(®) Ty £ ©) = Xy 5@ 01 B@) En[(ba) E+Kl#0for k€ 2\ (0).

4. Some Examples
Three examples are provided to illustrate the general theory in this section.

Example 4.1. Let ¢(8) = x1(2), where [ = [*UI~, - = {{ € R* | =¢ € I}, and I* is a triangle
region with vertices (0,0), (a,0), (a,a). Let a = (39), B = {(}i) :i € Z}, S0 = {(&1, &) €
R:0<¢g <a & €R), Sj = (a/)Sp. Define V; = LZ(S]-)V. Then by Corollary 3.5, we get the
following:

(1) when a <1, ¢(x) is a generator for an AB-RMRA;
(2) when a > 1, ¢(x) is not a generator.
Example 4.2. Given k € Z,let E = [0, f]* U (U];l_k [2/a, 27 B]*), where 0 < By < 27%a, a < p <

min{2a, 2816y, 2}. If = x£(-), then ¢ generates an AB-RMRA, where S = {(x,y) : x >0, y >
0},a=(93).

Example 4.3. Let E = [0, 1/4]* U [3/8,3/8 + €]?, where 0 < ¢ < 1/16. Assume that @ = ye(").
Then ¢ generates an AB-RMRA, where S = {(x,y) : x>0,y >0}, a = (39).
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