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The present investigation deals with global instability of a general n-dimensional system of
ordinary differential equations with quadratic right-hand sides. The global instability of the zero
solution in a given cone is proved by Chetaev’s method, assuming that the matrix of linear
terms has a simple positive eigenvalue and the remaining eigenvalues have negative real parts.
The sufficient conditions for global instability obtained are formulated by inequalities involving
norms and eigenvalues of auxiliary matrices. In the proof, a result is used on the positivity of a
general third-degree polynomial in two variables to estimate the sign of the full derivative of an
appropriate function in a cone.

1. Introduction

Recently, there has been a rapidly growing interest in investigating the instability conditions
of differential systems. The number of papers dealing with instability problems is rather low
compared with the huge quantity of papers in which the stability of the motion of differential
systems is investigated. The first results on the instability of zero solution of differential
systems were obtained in a general form by Lyapunov [1] and Chetaev [2].

Further investigation on the instability of solutions of systems was carried out to
weaken the conditions of the Lyapunov and Chetaev theorems for special-form systems.
Some results are presented, for example, in [3-10], but instability problems are analysed only
locally. For example, in [7], a linear system of ordinary differential equations in the matrix
form is considered, and conditions such that the corresponding forms (of the second and the



2 Abstract and Applied Analysis

third power) have fixed sign in some cone of the space R" are derived. To investigate this
property another problem inverse to the known Lyapunov problem for the construction of
Lyapunov functions is solved.

In the present paper, instability solutions of systems with quadratic right-hand sides
is investigated in a cone dealing with a general n-dimensional system with quadratic right-
hand sides. We assume that the matrix of linear terms has a simple positive eigenvalue and
the remaining eigenvalues have negative real parts.

Unlike the previous investigations, we prove the global instability of the zero solution
in a given cone and the conditions for global instability are formulated by inequalities
involving norms and eigenvalues of auxiliary matrices. The main tool is the method of
Chetaev and application of a suitable Chetaev-type function. A novelty in the proof of the
main result (Theorem 3.1) is the utilization of a general third-order polynomial inequality of
two variables to estimate the sign of the full derivative of an appropriate function along the
trajectories of a given system in a cone.

In the sequel, the norms used for vectors and matrices are defined as

Y 1/2
]| = <Zx,-2> , (1.1)
i=1

for a vector x = (xq, ... ,xn)T and
/
Il = (Amax(¢T$))1 ?, (1.2)

for any m x n matrix ¥. Here and throughout the paper, Amax(+) (Or Amin(-)) is the maximal (or
minimal) eigenvalue of the corresponding symmetric and positive-semidefinite matrix F'F
(see, e.g., [11]).

In this paper, we consider the instability of the trivial solution of a nonlinear
autonomous differential system with quadratic right-hand sides

n n
X; = Zaisxs + Z b;qxsxq, i=1,...,n, (1.3)
s=1 s5,4=1

where coefficients a;; and béq are constants. Without loss of generality, throughout this paper
we assume

b, = by, (1.4)

As emphasized, for example, in [2, 10-12], system (1.3) can be written in a general vector-
matrix form

x = Ax + X' Bx, (1.5)
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where A is an n x n constant square matrix, matrix X is an n x n* rectangular matrix
T T T T
X" ={x],xI,..., X7}, (1.6)

where the entries of the n x n square matrices X;, i = 1,...,n are equal to zero except the ith
row with entries xT = (x1,x,...,x,), that s,

/0 0 - 0\

0 0 --- 0
XiT: X1 X3 -0 X, |, (1.7)
0 0 --- 0

\ 00 -0/
and B is a rectangular n* x n matrix such that

BT = {By,B,,...,B.}, (1.8)
where matrices B; = {bgq}, i,s,q =1,...,n, thatis, matrices

i i i
b11 b12 bln

bi bi . bi
B=|"2 "2 2n (1.9)

i i i
bnl bnz bnn

are n xn constant and symmetric. Representation (1.5) permits an investigation of differential
systems with quadratic right-hand sides by methods of matrix analysis. Such approach was
previously used, for example, in [13].

If matrix A admits one simple positive eigenvalue, the system (1.5) can be
transformed, using a suitable linear transformation of the dependent variables, to the same
form (1.5) but with the matrix A having the form

Ao (M® 1.10
_<9T A>’ (110

where A is an (n — 1) x (n — 1) constant matrix, 8 = (0,0,...,0)7 is the (n — 1)-dimensional
zero vector and A > 0. With regard to this fact, we do not introduce new notations for the
coefficients bgq, i,s,q=1,2,...,nin (1.5), assuming throughout the paper that A in (1.5) has
the form (1.10), preserving the old notations a;; for entries of matrix Ag. This means that we
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assume that A = {a;},i,s =1,2,...,nwitha,s = a5, =0fors=1,2,...,n—-1and a,, = A,
and Ay = {a;s},i,s=1,2,...,n—1.

We will give criteria of the instability of a trivial solution of the system (1.5) if the
matrix A of linear terms is defined by (1.10).

2. Preliminaries

In this part we collect the necessary material-the definition of a cone, auxiliary Chetaev-type
results on instability in a cone and, finally, a third degree polynomial inequality, which will be
used to estimate the sign of the full derivative of a Chetaev-type function along the trajectories
of system (1.5).

2.1. Instability of the Zero Solution of Systems of Differential
Equations in a Cone

We consider an autonomous system of differential equations

%= f(x), (2.1)

where f : R" — R" satisfies a local Lipschitz condition and f(0) = 0, that is, (2.1) admits the
trivial solution. We will consider solutions of (2.1) determined by points (x,t) = (x9,0) where
xo € R". The symbol x(x, t) denotes the solution x = x(t) of (2.1), satisfying initial condition
x(0) = xo.

Definition 2.1. The zero solution x = 0 of (2.1) is called unstable if there exists € > 0 such that,
for arbitrary & > 0, there exists an xy € R” with ||xg|| < § and T > 0 such that ||x(xo, T)|| > &.

Definition 2.2. A set K C R" is called a cone if ax € K for arbitrary x € K and a > 0.

Definition 2.3. A cone K is said to be a global cone of instability for (2.1) if x(xo,t) € K for
arbitrary xp € K and t > 0 and lim;_, o, ||x(x0, t)|| = oo.

Definition 2.4. The zero solution x = 0 of (2.1) is said to be globally unstable in a cone K if K
is a global cone of instability for (2.1).

Now, we prove results analogous to the classical Chetaev theorem (see, e.g., [2]) on
instability in a form suitable for our analysis. As usual, if S is a set, then 05 denotes its
boundary and S its closure, that is, S := SU0S.

Theorem 2.5. Let V : R" — R, V(0,...,0) = 0 be a continuously differentiable function. Assume
that the set

K={xeR":V(x)>0]} (2.2)
is a cone. If the full derivative of V along the trajectories of (2.1) is positive for every x € K, that is, if
V(x):=grad V(x)f(x) >0, x€eK, (2.3)

then K is a global cone of instability for the system (2.1).
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Proof. Let € be a positive number. We define a neighborhood of the origin

U, :={xeR":|x| <e}, (2.4)
and a constant
M, = xéfﬁl?;(?‘/(x). (2.5)
Moreover, define a set
W; = {xeﬁgnE,V(x) 25}, (2.6)

where 6 is a positive number such that 6 < M,. Then, W5 #0.

Let xg € WsNK, then V(xg) = 61 € [6, M.]. We show that there existsa t = t7 = tr (g, xg)
such that x(xg, tr) € U, and x(xo,tr) € K.

Suppose to the contrary that this is not true and x(xo,t) € U, for all t+ > 0. Since
V(x) > 0, the function V is increasing along the solutions of (2.1). Thus x(x, ) remains in K.
Due to the compactness of Wy, there exists a positive value f such that for x(xo,t) € W;s

d
=1V (x(xo, 1) = grad "V (x(xo, 1) f (x(x0, 1)) > . (2.7)
Integrating this inequality over the interval [0, ], we get
V(x(xo,t)) = V(x0) = V(x(x0,t)) — 61 > pt. (2.8)

Then there exists a t = t7 = tr(g, x¢) satisfying

tr > mi‘ﬁ, (2.9)

such that V(x(xo,tr)) > M, and, consequently, x(xo,tr) ¢ U,. This is contrary to our
supposition. Since ¢ > 0 is arbitrary, we have

Jim [lx(xo, £)] = oo, (2.10)
that is, the zero solution is globally unstable, and K is a global cone of instability. O

Theorem 2.6. Let V : R" — R be a continuously differentiable function and let S,Z : R" — R,
Z(0,...,0) = 0 be continuous functions such that V.= S - Z. Assume that the set

K ={x€eR": Z(x) > 0} (2.11)



6 Abstract and Applied Analysis

is a cone, and S(x) > O for any x € K. If the full derivative (2.3) of V along the trajectories of (2.1) is
positive for every x € K, that is, if V(x) > 0 for every x € K, then Kj is a global cone of instability
for the system (2.1).

Proof. The proof is a modification of the proof of Theorem 2.5. Let € be a positive number. We
define a neighborhood U, of the origin by formula (2.4) and a constant

M, := max V(x). (2.12)
xel .NKy
Moreover, define a set
W = {xeﬁgﬁE,V(x) 26}, (2.13)

where 6 is a positive number such that 6 < M,. Then W # 0.

Let xo € Ws N Kq. Then V(xy) = 6; € [6, M]. We show that there exists a t = t7 =
tr (g, x0) such that x(xg, tr) ¢ U, and x(xo,t7) € Kj.

Suppose to the contrary that this is not true and x(xo,t) € U, for all + > 0. Since
V(x) > 0, the function V is increasing along the solutions of (2.1). Due to the compactness of
W, there exists a positive value p such that for x(xo,t) € Ws

%V(x(xo, 1)) = grad" V (x(xo, t)) f (x(x0, 1)) > B. (2.14)

Integrating this inequality over interval [0, t], we get

V(x(x9,t)) = V(x0) = V(x(x0,t)) — 61 = S(x(x0,t)) Z(x(x0,t)) — 61 > pt. (2.15)

Since S(x(xo,t)) > 0, the inequality

61 +ﬁt

Z(x(xp,t)) > m >

0 (2.16)

is an easy consequence of (2.15). Thus x(xp,t) remains in Kj. Apart from this, (2.15) also
implies the existence of a t = t1 = t7(g, x¢) satisfying

> (Me - 61)

tr 5 (2.17)

such that V (x(xo, tr)) > M,. Consequently, x(xo, tr) ¢ U,. This is contrary to our supposition.
Since € > 0 is arbitrary, we have

tlingo||x(x0, B = oo, (2.18)

that is, the zero solution is globally unstable and K; is a global cone of instability. O
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Definition 2.7. A function V satisfying all the properties indicated in Theorem 2.5 is called a
Chetaev function for the system (2.1). A function V satisfying all the properties indicated in
Theorem 2.6 is called a Chetaev-type function for the system (2.1).

2.2, Auxiliary Inequality

Our results will be formulated in terms of global cones of instability. These will be derived
using an auxiliary inequality valid in a given cone. Let (x,y) € R? and let k be a positive
number. We define a cone

X = {(x,y) eR*:y> k|x|}. (2.19)

Lemma 2.8. Let a, b, ¢, d, and k be given constants such that b > 0, d > 0, k > 0, and |c| < kd.
Assume, moreover, either

|la| < kb, (2.20)
or
|lal > kb, (2.21)
lla+kb| [la- kb
> )
lc| # kd, k_max{ crka \lc=kal [’ (2.22)
then

ax® + bx*y + cxy* + dy® > 0, (2.23)

for every (x,y) € K.

Proof. We partition X into two disjoint cones

Jcl = {(x,y) (S Rz 'y > k|x|, x> O}/
(2.24)
Ky = {(x,y) eR?: y > klx|, x < 0},

and rewrite (2.23) as
x(ax2 + cy2> + y(bx2 + dy2> > 0. (2.25)

We prove the validity of (2.23) in each of the two cones separately.
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The case of the cone K. Suppose that (2.20) holds. Estimating the left-hand side of
(2.25), we get

x(ax? +cy?) + y(bx* + dy?) > x(ax® + cy*) + kx(bx* + dy?
(2.26)
- x[xz(a +kb) + y2(c + kd)] >0,

and (2.23) holds.
If inequalities (2.21) and (2.22) are valid, then, estimating the left-hand side of (2.25),
we get

x(ax2 + cy2> + y<bx2 + dy2> > x(ax2 + cy2> + kx (bx2 + dy2>

x[x2(a +kb) + 2 (c + kd)]

v

x[—|a +kbla® + (c + kd)yz]

> la+kb| 2]
(c+kd)x[y rxa

) ~ flax kbl la + kb|
‘(”kd)x[y crkd ||V cka™

3 2|, |a + kb| |a + kb|
= (c+kd)x [k Vc+kd k + T kd

>0,

(2.27)

and (2.23) holds again.
The case of the cone K. Suppose that (2.20) hold, then, estimating the left-hand side of
(2.25), we get

x(ax2 + cy2> + y(bx2 + dy2> = —|x|<ax2 + cy2> + y(bx2 + dy2>
_ 2 2\ 4 kel (b2 + di?
> |x|<ax +cy ) + |x|< X+ y) 028)
= —|x| [(a —kb)x® + (c - kd)yz]

20,

and (2.23) holds.
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If inequalities (2.21) and (2.22) are valid, then the estimation of (2.25) implies (we use
(2.28))

x(ax2 + cyz) + y<bx2 + dy2>

>—uﬂm—kwxﬁ+@-kmyﬂ

 le - kdlx] |y2— a- kb 2]

lc—kd|™

>0 if a-kb<0,

a-kb a-kb
=<|c—kd||x|[y— c—kd x][y+ —kd x]

- kb [ a-kb
> e — 2 a — > if a— .
> |c - kd|x [k+ |c—kd|][k |c—kd|]_0 if a-kb>0

Hence, (2.23) holds again. O

(2.29)

3. Global Cone of Instability
In this part we derive a result on the instability of system (1.5) in a cone. In order to

properly formulate the results, we have to define some auxiliary vectors and matrices (some

definitions copy the previous ones used in Introduction, but with a dimension of n — 1 rather
than n). We denote

x(nfl) = (xlle/- . '/xnfl)T/
b; = (b b b ), i=12
i_< 1n’ 2n7 "7 n—l,n) 4 t=L2s...,n1, (31)
bZ

n-1 T
R

E:(H

nn’

Apart from this, we define symmetric (n — 1) x (n — 1) matrices

B?:{%”, i=1,2,...,n, sq=12,...,n-1, (3.2)
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that is,

blﬁ biz by

1,n-1
B — by by o blz,nf1
i - 7
b;—l,l b;—l,Z o b;—l,n—l
(3.3)
b%n b%n e b:l—l,n
’B _ b%n b%n Tt bifl,n
-1 n-1 -1
b;ln bgn e b:zl—l,n
Finally, we define an (n — 1) x (n — 1)? matrix
—T (=T =T —T
B ={By,B,.... By}, (3.4)
where (n —1) x (n — 1) matrices EiT, i=1,2,...,n—1are defined as
bill bilz o bil,n—l
ET B bizl bi22 o biz,n—l (3.5)
i - . .
byt byt e bl
We consider a matrix equation
ATH + HAq = -C, (3.6)

where H and C are (n—1) x (n—1) matrices. It is well-known (see, e.g., [14]) that, for a given
positive definite symmetric matrix C, (3.6) can be solved for a positive definite symmetric
matrix H if and only if the matrix A is asymptotically stable.

Theorem 3.1 (Main result). Assume that the matrix Ay is asymptotically stable, b}, > 0 and h is a
positive number. Let C be an (n — 1) x (n — 1) positive definite symmetric matrix and H be a related

(n—1) x (n — 1) positive definite symmetric matrix solving equation (3.6). Assume that the matrix
(-HBT — BH + h(B%)") is positive definite,

|26 = F1B| < \/Amin (FD) - 3, (3.7)
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and, in addition, one of the following conditions is valid:
either

_ . ~ ~ T
“HBT < \/W - Ammin (—HBT ~ BH + h(BY) > (3.8)
or
o . ~ ~ T
||HBT S )Lmlr;/l(H) '-)tmin (_HBT - BH + h<B2> )r (39)

a strong inequality holds in (3.7), and

: /)‘mir;l(H) > max{\/a’\/a}, (3.10)

where
‘HET ' — VA (D) /B Amin (-HET -BH+ h(Bg)T)
tl = P, 7
—||2hbn - Hb” v/ mm (FDR - b1,
(3.11)
‘HET + VA (D /B Amin (-HET -BH + h(Bg)T)
T = .

”2hbn - HE” + v/ Amin ()R - bl

Then the set

K i= { (a1 ) + Viy > /2], Hxun | (3.12)

is a global cone of instability for the system (1.5).
Proof. First we make auxiliary computations. For the reader’s convenience, we recall that, for

two (n—1) x (n—1) matrices &4, 41, two 1 x (n— 1) vectors €, €1, two (n—1) x 1 vectors C, Cy
and two 1 x 1 “matrices” m, m, the multiplicative rule

A4 C e41 C1 e4941 + Cel AC1 + le (3 13)
¢ m 81 mi - &41 + mél €C1 + mm .

holds. This rule can be modified easily for the case of arbitrary rectangular matrices under
the condition that all the products are well defined.
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We will rewrite system (1.5) in an equivalent form, suitable for further investigation.
With this in mind, we define an (n — 1)? x (1 — 1) matrix X(n-1) @s

T T T T
X(n—l) = <X1(n—l)’ XZ(n—l)" e Xn-l(n-1)>r (3.14)
where all the elements of the (n — 1) x (n — 1) matrices XiT(n_l), i=1,2,...,n-1 are equal to

zero except the ith row, which equals x(Tnfl), that is,

0 0 0
Xl.T(n_l): X1 Xo oo Xpa |- (3.15)
0 0 0

Moreover, we define 1 x (n — 1) vectors Y;,i = 1,2,...,n — 1 with components equal to zero
except the ith element, which equals x,, that is,

}/i=(01---101xn/01---10)/ (316)

and (n—1) x (n — 1) zero matrix ©.
It is easy to see that matrices X and B in (1.5) can be expressed as

T T T T
X7 = <X1(n—1) Yl Xn—l(n—l) Yn—l © 9>

er o0 ... o7 0 x(Tn_l) Xn
B! b
3.17
bl b, (3.17)
B=
B b,

bl b

nn
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Now we are able to rewrite the system (1.5) under the above assumption regarding the
representation of the matrix A in the form (1.10) in an equivalent form

X\ (Ao O\ [*w)
x / \6T A\ «x,
+ XlT(n-l) YlT Xz—l(n—l) YnT-l © 0
or o0 .- o7 0 x(Tn_l) Xn

(3.18)
B by

Finally, since the equalities

ST o 7T
2 X1 Bf = B Xy,
j=1

n-1 _
>Y/bl = Bx,,
j=1
(3.19)

n-1

. .
D> Xjw1bj = Bxgn,

j=1
n-1

ZY]Tb{m = Exn
j=1

can be verified easily using (3.13), we have

(3.20)

T T
<3‘c(n1)> Aotrn <x("—1)’ x,,) 2 (x(n—l)’x"> (x(n1)>

x
1 (x(T,H), xn) A+12 <x(Tn71), xn> "
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where

n-1
11 <x(Tn71),xn> = [ i(n- 1)B§) +Y; bT] B X(n 1) + an,
j=1
n-1 ]
T
rolx, ., x,) = nbi +Y b,m Bx(n 1) +bxn,
( (n-1) > ]_1[ jn=1)~1 (3.21)

1 (x(Tn_l),xn> = (n 1)B + xan,

2 <x(Tn71),xn> = x(T,H)bn + x,by;,,

The remaining part of the proof is based on Theorem 2.6 with a Chetaev-type function V =
S - Z and with suitable functions S and Z. Such functions we define as

V() = (¥ ) <_; z> <x‘;’”>, (3:2)

that is,

T
V<x(n_1),xn> = (n 1)Hx(n 1+ hx

5 <x<Tn—1>' x,,) = \/m + Vhay, (3.23)
Z(xb 4y xn) = = \xf oy Hoxguny + V.

We will verify the necessary properties. Obviously, V = S - Z, the set

K;:= {(x(Tnfl),xn> eR": Z(x(n-1), Xn) > O}

{(x(Tn_l),xn> eR": \/ﬁxn > \/m}

(3.24)

is a cone and S(x!

(n_1), Xn) > 0 for every (xT

(n-1)" xn) € Kl-
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The full derivative of V (in the form (3.22)) along the trajectories of the system (1.5)
(we use its transformed form (3.20)) equals

)= (o ) (o (5 e () ()
= (50 ) AT+ (3 yxn) () <—H 9> (x(n1>>

“H 0\ [ Ao+ ru(xhy %) (a0
+ <x(Tn—1) xn) < or h> < 21 <x{n_1),xn> A+72 (x(Tn_l),xn>
X(n-1)

Using formula (3.13), we get
T T
Y (wayxn) = (< %) <CH ey o (x(“)/x’o) <x(nl)>, (3.26)
car () a2 () o

T
c11 (x{nfl)’ xn> == [AO +1m (x{nfl)/ xn)] H - H[AO +rm <x{n71)’ xn)]/

(3.25)

where

C12 <x(Tn71), xn> = hrle <x(Tn71), xn> - Hrpp <x(Tn71), xn>,

(3.27)
e (3, 1y, n) = hran (xh, oy x0) = 1 (3, 2 ) H = by (3,30,
e (0 1y, 2) = 2R [t oo (xF, )|
We reduce these formulas using (3.21). Then,
e (1, 1)) = ~(ATH + HAo) - (B Xy + B H — H(B Xy + B, ),
(%7, %) = h(x, B+ x,bT) = H(Bxguony + ), s

1 (x(Tn_l),xn> = h(x(Tn_l)Bg + xnb£> - <1§x(n_1) + Exn>TH,

C» <x(Tn_1), xn> =2h ()L + x(Tn_l)bn + xnbzn>.
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The derivative (3.26) turns into

V(x(Tn_l), xn> = x(Tnfl)cn (x(Tnfl), xn>x(n,l) + x(Tnfl)clz (x(Tnfl), xn>xn

T T
+ XuC21 <x(n—1)’ xn>x(n—l) + XnC22 <x(n_1)r xn)-xn

=« [- (ATH + HA)) - <§TX(n_1) + Exn>TH - H(ETX(,,_D + Exn)] X1

x(Tn_l) [h( (= 1)Bn + xnb,f)T - H(Exm,l) + l;xn>] Xy,

T

+ X, h(x(Tnfl)Bg + xnb£> - <§x(n_1) + Exn>

H] X(n-1)

430 [2R (L, b+ b, )|
= —x{, 1 (ATH + HAg)x(u1) + 2hAx}

—T
(n 1) <B X(n 1)) H+ HB X(n_1) X(n-1)
T ~ T ~
X(n1) <an> H + HBx, ) x(n-1)
T ~ ~
wxl ) (2h <Bg> _HB- BH) X(11)Xn
+2x(, 1) (hbn - HE) x2

+2h< (n-1)bn +xnbnn>xfl

Finally, using (3.6), we get

V(x(Tn_l),xn> = x(Tn—1)CX(n—1) +2h)tx$l 2 (n— 1)HB X(n 1)X(n-1)

(3.29)

~ ~ T ~
+2x0 [ ~HB" - BH + h(BY) ]x(n_l)xn +2x{, ;) (2hb, — Hb )x} + 2hb,x;

(3.30)
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Let us find the conditions for the positivity of V (x )»Xn) in the cone K. We use (3.30). If

T
(n-1

(x(Tn_l), x,) € Ky, then x,, > 0 and
V(382 50) 2 X Coxony + 201 = 2| B x|
+ 2 <—H1§T ~BH+ h(Bg)T> Mo P - xa (331)
- 2||2hbn - HE” Nxe || - 22 + 212 3.
We set
a= —2||H§T )
b = 2Amin (—HET ~-BH+ h(Bg)T>, 62)
c = -2||2nb, - Hb|,
d=2hb",.
If
a2y ||” + Bl [I* - 20 + cl|x0un || - x5 + dacy > 0 (333)
in K1, then V(x(Tn_l), x,) > 0 since C is a positive definite matrix and
X1y CX oty + 200X > dnin (O) || oy [|* + 2% > 0. (3.34)

If (x(Tn_l),xn) € K, then

xT  Hx(,
V (n-1)1 1 X(n-1) Amin (H)
Xn > h 2 h ’ ”x("—l)”’ (3:35)

* n -)Lmin(H)
Ky C K= {(x(Tnl),xn> R x> |/ T x| } (3.36)

Now, we use Lemma 2.8 with X = X*, y = x,,, X = |[x(,-1]|, with coefficients a, b, ¢, and d
defined by formula (3.32) and with k := \/Anin (H) /h.
Obviously |c| < kd because, due to (3.7), inequality

|26, — HB|| < \/din(FDI B3, (3.37)
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holds. Moreover, |a| < kb if (3.8) holds, that is, if

< \/% + Amin (-HET ~BH + h<B2>T>. (3.38)

Further, |a| > kb if (3.9) holds, that is, if

> V —)LmiI;I(H) : )Lmin<—H§T - BH +h, (BS,>T), (3.39)

and (2.22) holds due to (4.10) and the condition |c| # kd. Thus the assumptions of Lemma 2.8
are true, the inequality (3.33) holds in the cone £* and, due to embedding (3.36), in the cone
Ky as well.

All the assumptions of Theorem 2.6 are fulfilled with regard to system (1.5) and the
theorem is proved, because K; = K. O

—T
|HB

H HB'

Remark 3.2. We will focus our attention to Lemma 2.8 about the positivity of a third-degree
polynomial in two variables in the cone X. We used it to estimate the derivative V expressed
by formula (3.30). Obviously, there are other possibilities of estimating its sign. Let us
demonstrate one of them. Let us, for example, estimate the right-hand side of (3.31) in the
cone K using inequality (3.35), then

' —T
V(o 00) 2 ¥l ot + 2012 2 HB' | - oo I

~ ~ T
+2Xmin <—HBT - BH + h<32> > Ny 17 - 2

- 2||2nb,, ~ HB|| - [lxgun || - 2 + 2hb, )

= 3.40
> )Lmin(C)||X(n,1)||2+2hlxi—2“HBTH . ||X(n,1)”3 ( )
o [AmnlH) <_HET ~BH+ h(BS,)T) x|
h
~ Amin (H n
2|2k~ B - x| 2+ 24 22Dy )b,
and the positivity of V(x(Tnfl), x,) will be guaranteed if
HHET < lmir;l(H) ,)Lmin<—H]§T - BH + h<Bg>T>,
(341)

nzhbn - HE|| <A/ Amin(H)h - b
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We see that this approach produces only one set of inequalities for the positivity of
V(x(Tnfl),xn), namely the case when (3.7) and (3.8) holds. Unfortunately, using such

approach, we are not able to detect the second case (3.7) and (3.9) when V(x(Tn_l),xn) is
positive. This demonstrates the advantage of detailed estimates using the above third-degree
polynomial in two variables.

4. Planar Case

Now we consider a particular case of the system (1.5) for n = 2. This means that, in accordance
with (1.5) and (1.10), we consider a system

%1(t) = axy(t) + bj,x3(t) + 2bl,x1 (F)x2(t) + byyxs (t),
(4.1)
%2(t) = Ao (t) + b2, x5 (t) + 2b3,x1 (F)x2 () + b3, x5 (1),

where a < 0 and A > 0. The solution of matrix equation (3.6) for Ay = (a), H = (h11), and
C = (¢) with ¢ > 0, that is,

(ah11) + (hnia) = —(c) (4.2)
gives

H= () = (-52) 4.3)

with hi1 = —¢/2a > 0. The set K defined by (3.12) where h > 0 and x(,-1) = x1 reduces to

K = {(xl,xz):x2> ﬁ '|.‘X'1|}. (44)

Now, from Theorem 3.1, we will deduce sufficient conditions indicating K being a global
cone of instability for system (4.1). In our particular case, we have

bi= (), i=12 b=(bh)
(4.5)
B = (b)), i=12 B=(l), B =(b})=5.



20 Abstract and Applied Analysis

Now, we compute all necessary expressions used in Theorem 3.1. We have

HF B (B) = () (o) - (o) () (o) = (s - Sy,

<
2|al

ch
\/Amin (H)h = V 2lal ’

i) [ <
h \2ah’

1
b22 4

|26, — Hib| = '2hb§2 -

—T C C
HB || = [=—Db} | = —|b}
[ = et = st
~ ~ T c
Ammin (-HBT - BH + h(B)) ) = hb?, - mb}y (4.6)

“HET” ~ Vi) /B - Ain (~HBT = BH + h(BY)")

< = =
—||2hb,, - Hb” + v/ Amin (R - b1,
_ (c/2laD)[b},| - v/e/2alh - (hb3, - (c/|a)bl,)
—|2hb3, - (c/2lal)bl, | + \/ch/2]a] - 13,
“HET + Vi (H) /1 - Anyin (~HBT = BH + h(B3)")
T, =

(21t — Hb + A (D -8,

_ (c/2]a))|bl,| + \/(c/2[alh) - (hb3, - (c/|a|)bL,)
|2hb2, — (c/2|al)bl,| +\/(ch/2]a]) -b3,

Theorem 4.1 (Planar Case). Assume that a <0, b3, >0, h >0, ¢ > 0 and hb3,|a| > cb;,. Let

.
2|al

ch
‘2hb§2 - =—b), 2l 2, (4.7)

<

and, in addition, one of the following conditions is valid:

either
€ |11 1/ c > €1
2|a||b11|§ _2|a|h (hb11 _|a|b12) (4.8)
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ol (e
allh] >\ za (1 - k) (+9)

strong inequality holds in (4.7), and

C
‘Vm Zmax{ﬁ,\/fz}, (4-10)

where Ty and Ty are defined by (4.6). Then the set K defined by (4.4) is a global cone of instability for
the system (4.1).

or

It is easy to see that the choice h = 1, ¢ = |a] significantly simplifies all assumptions.
Therefore we give such a particular case of Theorem 4.1.

Corollary 4.2 (Planar Case). Assume that a <0, b3, > 0 and b2, > by,. Let

1

1
'217?2 - Ebiz < W -b3,, (4.11)
and, in addition, one of the following conditions is valid:
either

L 1 2 gl

§|b11| < \_@ ' <b11 - b1z> (4.12)
or

Tha 1 2 g1

§|b11| > N <b11 - b12>r (4.13)

strong inequality holds in (4.11), and

> maX{\E,Va}, (4.14)

Sl

where

o2k - (1/v2) - (bh-bh) /2l (1/V2) - (5 - b)
1= s 2 = 7
- |26, - (1/2)bYy| + (1/V2) - B, 263, - (1/2)b | + (1/2) - ¥,

(4.15)
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Then the set

K= {(xl,xz) Xy > — - |x1|} (4.16)

is a global cone of instability for the system (4.1).

Example 4.3. The set K defined by (4.16) is a global cone of instability for the system

x1(t) = axy(F) + x3(t) +2v2x1 (F)x2 (F) + x5 (t),

(4.17)
%2(f) = Ao (£) + 2V2x3 (1) + 21 (F) x2 (F) + 2V/2x5(8),
where a < 0 and A > 0 since inequalities (4.11) and (4.12) in Corollary 4.2 hold.
Example 4.4. The set K defined by (4.16) is a global cone of instability for the system
x1(t) = axi () +4x7(t) +2v2x1 (F)xa(t) + 25 (),
(4.18)

%o () = Axa(t) + 2V2x2 (t) + 221 (£) x2 (£) + 20V 23 (8),

where a < 0 and A > 0 since inequalities (4.11), (4.13), (4.14) in Corollary 4.2 hold.
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