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This paper proposes a simple surface interpolation attaining tangent-plane continuity. It is a
natural extension of the local quadratic C° interpolator developed by the author (2005) in one
of his works, which has already been applied successfully to diverse engineering problems. The
methodology presented in this paper inherits most of the advantages possessed by the C’ scheme.
That is, (i) The algorithm is efficient and completely local requiring only the position vectors
and normals given at the nodes of a patch, and hence it is suitable for parallel processing. (ii)
It converges rapidly to the given surface with the increase in the number of nodes. (iii) Singular
points (apexes, sharp edges, etc.) and nonmanifolds can be treated quite easily. (iv) Because of
the minimization criteria assigned to the surface coefficients, it is rather robust and amenable to
computational analyses. Validity and effectiveness of the proposed technique are demonstrated
through numerical examples.

1. Introduction

There is a significant gap between the requirements on geometric models in the CAD and
computational science communities. In the former, surface descriptions using few patches
with large degree of freedom and high level of continuity (e.g., NURBS, Bézier, Gregory)
are considered to be desirable. On the other hand, models for numerical simulation (e.g.,
the finite element method) are almost always represented by fine meshes, where the major
interests are in fast, stable, and accurate recovery of the surface information lost during the
process of discretization. With this as background, the author proposed an interpolation
scheme suitable for such analyses [1]. It has already been applied successfully to engineering
problems including

(A) high-precision machining [2],
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(B) simulation of elastoplastic mechanics [3, 4],

(C) ray tracing of optical devices [5].

All those applications prohibited the usage of traditional sophisticated surface
descriptions, due to severe tolerance as well as geometrical and physical complexity of the
systems. In (A) the method readily yielded positional accuracy of around 10~ m, which
could not be attained by other interpolators showing poor or no convergence. Less than 10%
of the linear surface patches turned out to be necessary to obtain the sufficient precision in
(B). The technique reduced the number of the patches required for the ray tracing in (C) by
a factor of 10°. The interpolator is now referred to as C® Nagata patch by its users, and hence
this paper follows this convention, though the name of the author is frequently dropped for
simplicity. The characteristics of the C° patch listed below have enabled the aforementioned
significant performance improvements.

(i) The algorithm is completely local, requiring only the position vectors and normals
given at the vertices of each patch. Therefore, it is suitable for parallel processing.

(ii) The algorithm is simple, computationally inexpensive, and hence amenable to
various geometrical and physical evaluations.

(iii) Because the formulation accounts for discontinuity (multiplicity) of normals, sharp
edges and singular points as well as non-manifolds can be treated quite easily.

(iv) It has the minimum degree (two) of interpolation necessary for representation
of the curvature. This property is desirable especially for ray tracing, contact
problems, and so forth, which involve implicitization and inversion, since closed-
form solutions may be obtained.

(v) The interpolation assures the C° continuity, and converges to the original surface
rapidly with the increase in the number of nodes, even in the presence of the
singular features. Hence error in the normals can be sufficiently small using rather
few patches. This implies asymptotic smoothness.

Other differences of the method from traditional approaches (smooth local interpola-
tors in particular) are discussed extensively in [1], and hence are not repeated here.

Another merit of the C? patch is that it can easily be extended to establish tangent-
plane continuity, as reported in this paper. The proposed interpolation is named G' Nagata
patch here for convenience of reference.(The term does not imply that the interpolation
always generates G! surfaces; it can reproduce singular points (apexes, sharp edges, etc.)
or may yield cusps similar to the C° patch.) The new algorithm involves correction using
a simple rational function retaining the boundary of the C° patch. Hence it is no longer
quadratic, but it inherits all other desirable features from the C° patch, such as complete
locality and capability of handling multiple normals. Similar to the C° patch, the present
algorithm assigns minimization criteria (inherent in the generalized inverse) to the surface
coefficients, and hence is rather robust. This is notable since accuracy and stability are not
compatible with smoothness for most surface interpolators presently available.

This paper is organized as follows. The next section formulates the problem, briefly
reviews the C’ Nagata patch, identifies the conditions on its correction for the tangent-
plane continuity, and gives a simple solution satisfying the requirement, thus deriving the
interpolation scheme in Section 2.2.5. Section 3 assesses the convergence and accuracy of the
interpolation through numerical examples, followed by Section 4 summarizing the results
with a scope for future work.
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2. Formulation

Assume that position vectors and normals are given at the vertices of a triangular mesh with
general topology. The objective here is to recover the curvature and smoothness of the surface
through interpolating each patch independently. The process consists of the following three
steps:

(A) to replace each edge of a patch with a curve orthogonal to the normals given at the
endpoints of the edge,

(B) to determine a parametric quadratic polynomial patch (C° Nagata patch)
reproducing the modified boundary to keep the C° continuity,

(C) to correct the patch preserving the boundary in order to obtain tangent-plane
continuity.

Algorithms for (A) and (B) were already proposed by the author in [1]. However,
they are essential for the present approach and hence are summarized in the next section for
completeness. The C° patch is then upgraded to enable local smooth interpolation.

2.1. The C° Paich

For the time being, assume a smoothsurface. Consider a curve segment on the surface as
illustrated in Figure 1. Its endpoints Py and P; have the position vectors xo, x; and the unit
normals ng, n; (In this paper, a bold typeface is used for vectors (column matrices), and bold
symbols in square brackets denote matrices.). They are supposed to be known as input.

The step (A) mentioned at the beginning of Section 2 approximates the curve segment
using the quadratic function

X&) =xo+ (d-c)¢+cé? (0<¢<1) (2.1)

to reproduce the position and normal vectors at the endpoints Py, P1. Here ¢ € [0,1] denotes
the parameter for the curve, and

d= X1 — Xp (22)

is the vector connecting the endpoints. The coefficient ¢ in (2.1) introduces curvature to the
segment, and hence is named the curvature parameter. It is determined from the boundary
conditions at Py, P; as

1 —c n'd
[no,n;] 0 (c=njm # £1),
C(d/ ny, nl) = 1 —-C —C 1 _n;rd (23)

0 (otherwise).

Here 0 is the zero vector. For general surfaces which may have multiple normals at Py, P;, the
curvature parameter can be extended as

c=[n]"{d}, (2.4)
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Figure 1: Interpolation of a curve segment on a surface.

where [n], {d} are constructed by (32) of [1] from the position and normal vectors at Py, P;.
The generalized inverse of the former is explicitly written as

(1
S 217 ] (DO 20),
- [alV[n]T (D© =0, DY £0),
[n]={ DO (2.5)
n = < .
1
W[n]T (DO =0, DV =0, D® 20),
[O] (otherwise),

where [O] is the zero matrix, and [a]*, D®) are coefficients defined by (27b) and (29) of
[1], respectively. Note that D@, D), D) are dimensionless and should be treated as zeros
when their absolute values are below a small positive threshold ¢, for avoiding numerical
instability.

The interpolator (2.1) is at most quadratic, and hence its approximation capability
is rather limited. If the magnitude of the curvature parameter c is too large, failure in
the aforementioned singularity detection or insufficient resolution of the original data is
suspected. This situation can be handled as follows. Note that the distance between Py and P,
is |d| (Figure 1) and the curvature parameter c also has the dimension of length. If the latter
increases, the interpolated curve deviates from the line segment PyP; . Therefore,

53(de) <cle (2.6)

can be used as a criterion for inadequate interpolation. Here 6. is a dimensionless parameter
and hence can be a constant regardless of the geometric scale. If the above holds, the next
expression on the right-hand side of (2.5) is chosen for evaluating the generalized inverse
irrespective of the decision based on the threshold ¢, and the curvature parameter c of (2.4)
is recalculated. If it still satisfies (2.6), the same process is repeated. In the worst case, the
generalized inverse (2.4) becomes the zero matrix resulting in ¢ = 0 making the curve segment
linear. Since the case is obviously against (2.6), this iteration always terminates and is safe.
Similar treatment should be taken also for (2.3).
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Figure 2: Interpolation of a triangular patch using the normals at its vertices.

With the above algorithm as a basic tool, the triangular patch in Figure 2(a) is
interpolated. Its geometry can be described by

(x(n,8)10<¢<n<1), (2.7)

where x denotes the position vector to a point on the patch, and 7, { are its parameters defined
within the domain of Figure 2(b).
In Figure 2(a), the position vectors to the vertices vy, vy, v3:

x0 = x(0,0),
X10 = x(l,O), (28)
X11 = X(l, 1)

and the unit normals at the three points

ny =n(0,0),
ny =n(1,0), (2.9)

n;; =n(1,1)

are assumed to be known. The C° patch approximates the surface using the quadratic
polynomial

X(Tl, g) =Cpo + Cio1] + C01§ + C117”l€ + Czo?’lz + Cozgz. (210)
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The edges of the patch are first interpolated in the form of (2.1) as

x(7,0) = x0 + (d1 —c1)1 + C1712/
X(1,¢) = x10 + (d2 — €2)¢ + €287, (2.11)

x(1,1) = xo0 + (d3 — 3)17 + c31°

whose coefficients are given by

di = x10 — X0, ¢1 = ¢ (dy, ngg, nyp),
dy = x11 — x99, ¢ = ¢ (dp, nyg, ny1), (2.12)
d3 = x11 — Xgp, c3 = ¢ (dz, ngp, ny1).

Here the curvature parameter ¢ is evaluated by (2.3) for smooth surfaces or by (2.4) for
general cases. The parametric representation (2.10) of the patch is uniquely obtained from
the boundary curves of (2.11) as

x(1,6) =xo0(1 =1) +x10(n=¢) +xug—ec1(1-1m)(n-¢) —c2(n-¢) - s (1 -m)¢.  (2.13)

In the subsequent discussion, symmetric expressions play an essential role. For this purpose,
barycentric coordinates are introduced to replace the surface parameters 7, {. In the parameter
space of Figure 2(b), the vertices of the triangular patch have the following position vectors:

7105{8}/ m= {(1)}/ = {}} (2.14)

Hence the parameter vector for a point on the patch can be described as
+
1= {Z} = Potty + Prmy + o, = {ﬁlﬁfz}/ (2.15a)

where fy, p1, p» are the barycentric coordinates for #. They are in one-to-one correspondence
with the surface parameters provided that

Po+pi+p=1 (2.15b)
Equations (2.15a)-(2.15b) can be solved for the barycentric coordinates as
po=1-n,  p=n-¢  p=¢ (2.16)
Equations (2.16) and (2.7) show that the following holds on the patch:

0 < o, 1, Po. (2.17)
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Let V; be the vertex for the parameter vector #; and E; its opposite edge. Equations (2.15a)-
(2.15b) give their representation in the barycentric coordinates as

Vi:pi=1, pj=p=0, (2.18a)
Ei:pi=0, Bi+p=1 ({i,jk}eic). (2.18b)
Here i. denotes the set of all cyclic permutations of the indices 0, 1, and 2; that is,
i.=1{{0,1,2},{1,2,0},{2 0, 1}}. (2.19)
Introducing the barycentric coordinate vector
B=1{popp)", (2.20)
equations (2.18a)-(2.18b) can be rewritten as
Vi:p=1, (2.21a)
E:p=1p+1L(1-p)=efi+L ({i,jk}ei), (2.21b)

where 1; (i =0, 1,2) are unit vectors defined by

1 0 0
105{0}, 11_{1}, 12_{0}. (2.22)
0 0 1

As (2.21b) implies, the direction along the edge E; in the space of barycentric coordinates is
given by

ei=1-1c ({i,jk}€i). (2.23)

Application of (2.15b) and (2.16) to (2.13) yields the position vector in the physical space as
the following homogeneous polynomial:

x(B) = (x00Po + x10P1 + x1182) (Bo + P1 + P2) — c1fofr — 212 — e3P0

2 (2.24)
=D Pp+ D Qi
i=0

{ijk}eic
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Here
Py = xoo, P; =xq, P, =xq1, (2.25a)
Qo =x10+x11 -2 =P1 + P2 - Gy,
Qi =xp1+xp0—c3=Pr+Py-Cy, (2.25b)
Q2 =xp0 +Xx10—-€1 =Pp+P1 - C,

Co=cy, Ci=c3, C=qg (2.25¢)

are constant vectors. Equation (2.24) is equivalent to the quadratic Bernstein form

X(ﬂ) = Z Pio i1 izBZ,i (ﬂ)/ (226)

iEIzrz

where i = {ip,i1,i2} is a multi-index, whose valid values form the set I, and

rﬁg <i= {2,0, O}T )r
g (i=10207),
lis (i=10,0,2)7),
Bai(B) = 1 (2.27)
2pp1 (i=11,1,007),
264 (i=10,1,1)7),
(2680 (i=11,0,1) T)

denote the Bernstein basis functions. Substituting the above into (2.26) and comparing the
result with (2.24) yield the coefficients

P200 =Py,
Pg20 =Py,
Pgo2 =P»,
Po11 = %, (2.28)
Pio1 = %,
Piio= %,

which are the quadratic Bézier control points for the C° patch.
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Symmetry of (2.24) greatly simplifies the formulation. For instance, a position vector
on any edge E; can be expressed through (2.18b) as

E;:x =P+ Pify + Qifip ({ij k) €ic). (2.29)

2.2, The G' Patch

Despite its extreme simplicity, the aforementioned interpolation has high geometric accuracy.
Hence it has already found many engineering applications as mentioned in Section 1.
However, it generally gives discontinuous normals across patches, even if the original surface
is smooth. (In this study, parallel normals are considered to be identical.) This may not
be desirable when visual quality needs to be respected or the tangent-plane continuity is
essential for the analysis. To overcome the drawback, the G! patch has been designed. It is
obtained through modifying the C° patch to conform with the following conditions, which
are necessary for the complete locality of the algorithm.

(A) The C° and G! patches have the same boundary.

(B) The normals of the G! patch on its edge depend only on the position and normal
vectors at the endpoints of the edge.

After mathematical preliminaries, the normal of (B) is defined in Section 2.2.2. The G!
patch is then determined from the boundary conditions.

2.2.1. Tangent Vector and Cross-Boundary Derivative along the Edges

For the subsequent formulation, directional derivative (see, e.g., [6, page 86])

f(B+he)~F(B) _of
h op

Def () = lim (2.30)

becomes handy. Here e is an arbitrary nonzero vector along the direction of the
differentiation. Recalling (2.16) and (2.20), the partial derivatives with respect to the surface
parameters 7 and ¢ are represented by the above operator as

of _ofop _of
o opon  op
of _ofop _of _

_ T
5 ~opoc " ops = Def w=10-11)"

e, =De f, e,={-1,1,0}",
(2.31)

Consider a triangular patch described by x(f). Selecting the vector e; of (2.23) as e in (2.30),
the tangent vector along the edge E; can be written as

d ox 0 AN
ti[x] = De, x(B)], = (ﬁeo LI_ - <a_;3(] - a-él) L._O ({i,j,k} € ic). (2.32a)
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Replacing the above e; with the vector e; for the next edge leads to the cross-boundary
derivative

si[x] = D, X(ﬁ)Lz,. = <§—;ej) . = <aa—ﬂxk - g—;)'ﬂ By ({i,j, k} €i). (2.32b)

Note that t;[-] and s;[-] defined above are linear operators generating functions from their
arguments. Vector product of (2.32a) and (2.32b) gives the normal of the patch along the
edge E;.

For the CY patch of (2.24), its partial derivative with respect to the barycentric
coordinate f; is

o =2 Qi upy ([0 K] <), 2.33)

Substituting this into (2.32a)-(2.32b) yields the tangent vector and the cross-boundary
derivative as
ti[x] = ((2P;p; + Qipi + QiPi) — (PP + Qif; + Qi) | _
=-T;ip;i + Tupfr  ({i,j k} €ic),
si[x] = 2Pk + Qif; + Qif;i) — (2PiBi + Q;fx + Qip;) |ﬁi ~0

=Siipj+Supc  ({i,jk} €ic),

(2.34a)

(2.34b)

where the following constant vectors are introduced:

Tii EQi—sz = Pk—P]' -G, Tu=0Q;-2P = P]' -Pr -G ({l,],k} Gic), (2.35&)

S,']' =Q;,-0Qx = Ti]' - Tk]', Sik = 2Py — Q]' = —T]'k ({i,j,k} € ic). (2.35b)

The right-hand sides of (2.35a) are obtained through (2.25b). Equations (2.34a)-(2.34b) and
(2.18a)-(2.18b) reveal that -T;;, S;; represent the tangent vector and the cross-boundary
derivative, respectively, at the vertex V; on the edge E;. Similarly, the tangent vectors of the
edges E; and Ex ({i,j,k} € i.) meeting at the vertex V; are T;; and —Tj;, respectively. Their
normalized vector product

. TeixTj

A= 4k e (2.36)
Ty ikl ew)



Journal of Applied Mathematics 11

gives the unit normal of the C° patch (2.24) at the vertex V;. By definition, it is perpendicular
to the tangent vector (2.35a) and the cross-boundary derivative (2.35b) at the same location,
that is,

A, Tj;=10,Ty =0, (2.37a)

A/S;i=10,S4=0 ({i,jk}€i). (2.37b)

For ordinary cases where the CY patch reproduces the normals of the original surface at the
vertices, Figure 2(a) indicates

ng = Ny,
nj = 1Ny, (2.38)
ny; =Ny,

and hence it is unnecessary to evaluate (2.36) in practice. Moreover, if the surface has the
unique normal n; at the vertex V;, it naturally becomes parallel to the one for the adjacent
patch. In the subsequent discussion, such smooth surfaces are assumed to focus on the
tangent-plane continuity.

2.2.2. Normals on the Edges

The most important feature of the C° patch summarized in Section 1 is complete locality;
that is, positional continuity across shared edges is automatically assured without requiring
the coefficients of the adjacent patches. This is an outcome of the fact that each edge curve
is constructed only from the position and normal vectors at its endpoints. If the same
information can also determine the tangent plane on the patch boundary, smoothness can
be achieved retaining the locality.

According to the definition of (2.36), the unit normals at the endpoints V; and Vy of
the edge E; are n; and n, respectively. These normals tend to be parallel when the edge
becomes shorter, if the original surface is smooth. Therefore, the convergence is not lost by
an assumption that the normal of the G! patch at an arbitrary point on the edge E; is a linear
combination of n; and ny as

N;=fn;+gne  ({i,jk} €ic), (2.39)

where f and g are unknown functions. The above normal must be orthogonal to the tangent
vector of (2.34a), and hence the following needs to be satisfied everywhere on the edge E;:

0=NTt[x] = (fn, + gix) ' (-TyB; + Tufi) = £ (dife) - g(cif;)- (2.40)
Here (2.37a) is employed, and the constants

ci=1n, Ty, dizﬁ}Tik ({i,j k} €ic) (2.41)
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are defined. Equation (2.40) can always be established if the unknown functions are selected
as

f = a,-c,-ﬂj, g= aidiﬁk ({l,],k} (S ic). (24221)
Here a; is an arbitrary constant, but the choice

1 (Ci = di = 0)/

a; = 1 (2.42b)
m (otherwise)

normalizes (2.42a) and hence is recommended. Based on (2.42a)-(2.42b) and (2.39),

N;=&np; +dimefe  ({i,j,k} €ic) (2.43)

is adopted for the normal vector of the G! patch on the edge E; with the following coefficients:

Ei=CL= (Cl’=dl’=0),
N (2.44)
C; = ajci, di = a;d; (otherwise).
The special treatment of the case ¢; = d; = 0 prevents the normal from vanishing. The

corresponding coefficients ¢; = d; = 1 make the normal of (2.43) equivalent to (2.39) with
f = Bj, § = Pk This satisfies the orthogonality condition of (2.40) and hence causes no
problem.

If only one of ¢; and d; is zero, the normal of (2.43) may vanish at an endpoint of
the edge. However, this does not imply difficulty because the normals at the vertices are
predefined and hence unchanged after the interpolation; that is, the orthogonality is not
necessary to be specified at the endpoints. Thus it is concluded that the proposed normal
vector is adequate as long as the C? patch matches the boundary conditions.

2.2.3. Conditions on the Correction

The next step is to find a patch whose normal on its boundary is (2.43). Note that the
equation depends only on the edge curve and the normals at its endpoints. Hence the normals
automatically coincide on an edge shared by adjacent patches, and tangent-plane continuity
is attained for ordinary cases where the original surface is smooth and its normals at the
vertices are reproduced by the C patch.

The patch in question is represented by the following function of the barycentric
coordinate vector B:

xg(P) =x(P) +&(p)- (2.45)

On the right-hand side, x is given by (2.24) describing the C° patch. Since the patch
is generally not orthogonal to the normal of (2.43), the correction term g is added. As
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mentioned in Section 2.2, this modification is carried out without changing the boundary
curves. Therefore, the correction g needs to vanish on the edges:

g= 0 on Eo, El,Ez. (246)

This preserves the tangent vector t;[x] of (2.34a), which is already perpendicular to N;
because of (2.40). If the cross-boundary derivative

si[xg] = si[x] +si[g] (2.47)
is also normal to N;, that is,
0 = NTsi[xg] = Ns;[x] + N[s;[g], (2.48a)

the tangent-plane continuity is achieved. The first term on the right-hand side can be
simplified through (2.34b), (2.37b), and (2.43) as

_ ~ T ~
NTsi[x] = (cif; + dinpi) (Siiby + Supi) = Cipipe ({ij k) i), (2.48b)
where the following constants are defined:

Ci=ef Sy +din Sy ({i,j,k} €ic). (2.49)

The correction g should be chosen to fulfill (2.46) and (2.48a)-(2.48b). For sufficient generality,
an arbitrary rational function

ym=§% (250)

is assumed. Here y, w are polynomials, and the former is a vector function vanishing on the
edges due to (2.46); that is,

Y = 0 on Eo, El,Ez. (251)

A directional derivative of (2.50) can be evaluated as

De<r(ﬁ) ) _Dr(® _Dewlp) (2.52)

w(p) w w?

and hence the cross-boundary derivative (2.32b) for the correction g becomes

Dk,
= <—’T(ﬁ) )‘ ;o (253)
pi=0 w pi=0

De;(B) _De/w(ﬁ) Y>

w w?

ﬂm=mﬁmm@=(
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where (2.18b) and (2.51) are employed. The above can be simplified further through applying
(2.32b) as

slgl = T (k] <o) 259

=l

The above derivative is subject to the condition of (2.48a); that is,

0=NT <si x] + S > (2.55)

wlg=o

Multiplying the above by its denominator and substituting (2.48b) into the result yields
0= Cipjr w0 + Nisi[y], (2.56a)

which is necessary for the tangent-plane continuity, together with (2.51) demanding that y
vanish on the edges. Due to the boundary condition and (2.18b), y = 0 must hold when at
least one of the barycentric coordinates f, p1, f» becomes zero. Therefore, y can be written in
the following form where G is a polynomial:

Y = PoP1p2 G(P). (2.56b)

Once the polynomials y and w satisfying (2.56a)-(2.56b) are determined, the parametric

representation xg of the G! patch is obtained through (2.50) and (2.45). Among an infinite

number of such candidates, a simple function is designed in the subsequent consideration.
A monomial involved in the polynomial y of (2.56b) has the partial derivative

o

aﬁ,ﬂgoﬂ? gz = aiﬂ?iilﬂ? Zk ({i,j,k} €i, 0< “01“1/“2), (2.57)
i

which gives the cross-boundary derivative through (2.32b) as

slgs ] = (a0 et B )|

{o 1 <ap), (2.58)

_ﬁ“i “ (‘x. ~ 1) ({l,],k} €i, 0< ao,al,oq).
i P (@i=

Assuming that (2.56b) is at most quartic, the degree of G on its right-hand side is one or zero.
This gives

Y = BoBrBa(robo + 11B1 + 12B2) = YifiBiB +1,BiB B+ viBiBify  ((i ) k) €ie),  (259)



Journal of Applied Mathematics 15

where y,, 7, and y, are unknown coefficients. The cross-boundary derivative of the above
polynomial is obtained through (2.58) as

sily] =18 - 1iBibe (17K} €ic). (2.60)
Substituting this and (2.43) into the condition (2.56a)-(2.56b) results in
. R o T
CibiPrwlyo = (Gpy +dinpe) (1B + 1B}

= (Ejﬁ}ﬁ)ﬁ?ﬂk + (Eiﬁjiyk + iﬁir})ﬁ}zﬂi + (aiﬁzrk>ﬁjﬂ13< (2.61)

({i.jk} € i)

whose right-hand side is quartic or lower. Hence w on the left-hand side is at most quadratic
and can be described similarly to (2.24)as

2
w = Z Wi + Z wip;Pr, (2.62)
i=0

{i,j,k}€ic
where W; and w; are constants. This leads to
wlgoo = Wit + Wi +wipipc ({i,j k) €ic). (2.63)

Substituting the above into (2.61) and comparing the coefficients arrives at the condition

éiW]' = Elﬁ;r]’], (264&)
C:Wi = difijy,, (2.64b)
Ciwi = &f] y +dinfy;  ({i, k) €ic), (2.64c)

which is required to reproduce the normal of (2.43). Advancing the suffixes of (2.64a) by one
gives CjWk = Ejﬁgyk, whose ratio to (2.64b) is

({i,j k) €i). (2.65)

OO
RSN

Unfortunately, the above equation cannot hold in general since the values of both sides are
predefined by (2.44) and (2.49). This fact makes it difficult to realize (2.59) based on the
hypothesis that y is quartic or lower. Hence, a simple quintic polynomial is considered for y
in the next section.
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2.2.4. Example of the Correction

Because of (2.58), a term in y needs to be linear with respect to the barycentric coordinate f; to
have nonzero cross-boundary derivatives on the edge E;. If the term is quadratic or higher in
pi and Py ({i,j,k} € i), it does not affect the cross-boundary derivatives on the other edges.
This observation motivates the choice of the quintic polynomial

Y = VBB By + 1,588 + BB ({ij K} €ic)
= PoPr1B2(YoP1P2 + Y1B2Po + 12Popr),

(2.66)

where 7, y,, and y, are constant unknown vectors. It is obvious that the above conforms
with (2.56b). Equation (2.58) provides the cross-boundary derivative of (2.66) as

silyl = -r:fiB¢ ({ij k) €ic). (2.67)

Note that the above result has the coefficient y; only. Hence the corresponding term can
exclusively adjust the normal on the edge E;. Substitution of (2.67) and (2.43) reduces the
condition (2.56a) to

~ -~ T
Cibir wlpoo = (E0ify + divpe) Y550 (i k) €io). (268)

Here the right-hand side consists of two scalar terms, and the unknown vector y; already has
three components. Therefore, the polynomial w on the left-hand side is arbitrary, provided
that its structure is consistent with the other side. If (2.62) is assumed again, (2.63) and (2.18b)
yield

wlgo = (Wi} + Wi} + i) (B + Br)

=W} + (W +w;) i + (Wi +w) i + WiBy  ({i,),k} € ic).

(2.69)

Substituting the above into (2.68) and comparing the coefficients lead to the following
conditions:

C:W; = CiWi =0, (2.70)
éI(W] + wi) = Eiﬁ}ri'
. . (2.71)
C,’(Wk + w,-) = dlﬁg‘rl ({l,],k} € ic).

The value of C; in (2.70) is predefined by (2.49) and hence has no degree of freedom.
Therefore, the following is generally required:

Wi=0 (i=0,1,2). (2.72a)
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Consequently, only the terms with the coefficient w; remain on the left-hand sides of (2.71).
The coefficient is in proportion to the magnitude of y; on the right-hand side, and hence can
have any nonzero value without loss of generality. The simplest choice is

w;=1 (i=0,1,2). (2.72b)
Substitution of (2.72a)-(2.72b) into (2.62) determines the denominator polynomial as
w = Pof1 + 12 + P2, (2.73)

and reduces (2.71) to the simple linear problem

) resr
{g} = [ging]yi ({i,j. k) €ic). (2.74)

k

Since the above equation is underdetermined (two conditions for three unknowns), it is
generally satisfied by an infinite number of candidates. Among them, there is always a unique
minimum-error minimum-norm solution

A.AT + A
r[dn] tel winen, @75)

In general, minimization criteria assigned to redundant degrees of freedom have positive
effects improving robustness and convergence; for example, (2.4) used to determine the
curvature parameter is the key to the robustness of the C° patch [1]. Hence the above solution
is adopted to complete the correction term g through (2.73), (2.66), and (2.50). Formula (8) in
[1] explicitly gives the generalized inverse on the right-hand side of (2.75) as

axp —a

1 (DO 20),

% |ein, din| [

& AT + T —aiz 4an
s =<[Eiﬁf"jiﬁk] ) =1 - [an;, da DO =0, DD %0
d; ﬁ£ DO [Cinj/ ink] ( =0, a )/
| [O] (otherwise),
(2.76a)
an=¢&, apn=d’, ap= Eigiﬁ}ﬁk ({i,j, k} €ic), (2.76b)
D(O) = aqaxp — ai, D(l) = a1 + ap. (276C)

Here (2.76b) relies on the fact that (2.36) is a unit vector. Note that D©, DM of (2.76¢) are
dimensionless due to the fact that n;, ny in (2.76b) are unit vectors, and that the coefficients

Gi, d; are normalized by (2.44) and (2.42b), and should be treated as zeros when their absolute
values are below a small positive threshold ¢, for avoiding numerical instability.



18 Journal of Applied Mathematics

The proposed surface correction does not modify the boundary of the C° patch,
and hence its geometric representation capability is rather limited. Therefore, too large
magnitudes of the coefficient vectors y,, y;, ¥, imply failure in the aforementioned singularity
detection or insufficient resolution of the original data. Since the coefficients have the
dimension of length, such difficulties can be detected similarly to (2.6) by the condition

&2(dfdi) <vfr, (i=0,12), (2.77)

where 6y is a dimensionless constant. If the above holds, the next expression on the right-
hand side of (2.76a) is used for evaluating the generalized inverse.

It is important to verify the consistency of the solution (2.75) with (2.74) for tangent-
plane continuity. If the vectors ¢;n;, cf,-ﬁk are linearly independent, the condition is fulfilled
irrespective of the values on its left-hand side: this yields D #0 due to (2.76b), (2.76c) and
hence corresponds to the first case in (2.76a). The solution always gives y; by (2.75) satisfying
(2.74). The vectors ¢;n;, afiﬁk can be linearly dependent in the following two situations.

(A) nj|ng.

The tangent vector =Ty and the cross-boundary derivative Si; at the vertex A\ (see
(2.34a)-(2.34b)) become perpendicular also to the normal ny at the vertex Vi. The
same is true if the vertices V; and V are interchanged. Therefore,

0=n;T;j; = 0;S;; = 0, Tk = 0} Sk (2.78)

This reduces (2.75) to y; = 0, which satisfies the condition (2.74).
(B) n; }f ng and at least one of ¢;, d;is 0.

Assume that ¢; = 0. Then (2.49) yields C;= c?iﬁis,-]- and the first row of (2.74) gives
C; = 0. Since Jl is nonzero, (2.74) can hold only if ﬁ{Si]- = 0. Similarly, ﬁ]TSl-k =0is

required when 31 =0.

The above discussion concludes that tangent-plane continuity can be attained except for the
following two pathological cases (As mentioned at the end of Section 2.2.1, it is assumed that
the C° patch reproduces the normals at its vertices.):

¢G=0, 10;S;#0, (2.79a)

di=0, 0, S;; #0. (2.79b)

These do not occur in meshes discretized properly. Assume (2.79a), for instance. Then (2.43)
makes N; and fix parallel and hence the whole edge E; is on the tangent plane at the vertex V.
The plane, however, does not contain the cross-boundary derivative Si; at the other vertex Vi,
due to (2.79a). This implies that the original curve of the edge E; has displacement away from
the tangent plane near the vertex V; and cannot be approximated by the simple quadratic
function (2.29). Interchanging V; and V leads to the case of (2.79b). Hence the edge E; should
be subdivided if (2.79a) or (2.79b) is encountered.
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Due to (2.73), (2.17), and (2.15b), the denominator polynomial w is positive on the
patch excluding its vertices. Although it vanishes at the vertices (see (2.18a)), smoothness
of the correction term g can be maintained, as will be clarified in the following. Consider an

arbitrary path approaching the vertex V; of (2.21a) in the space of barycentric coordinates.
The position vector to a point on the path can be described as

p=1i+he, e={eyen e}, (2.80)

where h is the distance from the vertex V; (p = 1;) in the space. The unit vector e is variable
and arbitrary as long as the above p satisfies (2.15b); that is,

le| =1, ep+e+ey=0. (2.81)
Substituting (2.80) into (2.73) yields

w = (1 + he;) (he;) + (hej) (hex) + (hex)(1 + he;)
(2.82)
= (ej+ex)h+O(K?)  ({i,j,k) €ic),

which reveals that the denominator polynomial is first order with respect to h. Similarly by
(2.80),

PP = e elh* (2.83)

holds. If the ratio

ﬂrfﬂq el?eth+q—r—1
Lr__Jk (2.84a)
wh (ej +ex) +O(h)

has a positive exponent of h in the numerator, it vanishes as it approaches the vertex g = 1;
for h — Oirrespective of the path; that is (note that e; +ex never vanishes in the denominator
of (2.84a) due to (2.81)),

P By
[}in}_a])—hf =0 (1+r<p+q, {i,jk}€id). (2.84b)

The above with r = 0 as well as (2.66) and (2.50) gives the limit of the correction term

2 22 2 2 2 22
YiBil; By + Y P PiPy + 1P P Pr
limg = lim PEiPi * Vbbb * TP -0, (2.85)
ﬂﬁli ﬁ_’li w
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which does not depend on the path. Therefore, adopting it as the value of g at the vertex V;
to redefine (2.50) as

0 (Bo=1lorpi=1lorpf=1),
gB) =13 r(p . (2.86)
W (otherwise)

preserves the continuity. This function is also smooth: substitution of e = 1; into (2.52) yields
the partial derivative

S (ry-Llor 1w,
aﬂi w waﬂl w? aﬂ1

= (B + Bifi+ B (1B + 21 5% + 20, )
~ (B;+ B (YBBBE+ 1B BB + BB )) (- (2.66) and (273))
= Lo (BB + Bipe + Pubi— i (B + )
. (2.87)
+ 5 BiBiP (2Pif; + 2P i + 2B — Bi (B + )
+ 5 B8P (2B + 2B i+ 2Pp — Bi(By + )
= Lggt v Lapm o+ i) + pppeto s pip) (o @73)

= (BB + BB+ Bip) (Bery + Bime)) (1K) €10,

whose limit vanishes at every vertex because of (2.84a)-(2.84b) with r = 0 and the
boundedness of (2.81); that is,

lim i(%) -0 (i=0,1,2). (2.88)

This and (2.30) tell that every directional derivative also has the limit 0 at the vertices.
Furthermore, the limit coincides with the value obtained directly from the definition (2.30):

_ .. 8(1i+he)—g(l) . g(li+he)
Deg(li)—}leO 7 _%%T (- (2.86))
BiB2 B2+ v. 02632 232
_ ;llin})rlﬁ ﬁ]ﬂk +T]ﬂ;)ﬁ;iﬁk + 7P ﬂ]ﬁk (- (2.66) and (2.50)) (2.89)

=0 (.- (2.84b) withr=1),
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where e is an arbitrary vector. This clearly indicates that the correction g never changes the
normals at the vertices. Equation (2.89) concludes that the following extended definition of
the directional derivative becomes continuous at every vertex:

0 (Bp=lorpi=1lorp,=1),
Deg(p) = D{%

(2.90)
) (otherwise).

This assures the smoothness of the correction term g of (2.86). The directional derivative on
the right-hand side of (2.90) can be evaluated through substituting (2.87) into (2.30). The

partial derivatives with respect to the surface parameters 7, ¢ can also be obtained similarly
through (2.31).

2.2.5. Algorithm

Finally, the procedure for determining the G' patch is summarized below.

(A) Give the position and normal vectors at the three vertices of the patch.

(B) Apply the algorithm described in Section 2.1 to determine the coefficients of (2.13)
for the CY patch and obtain the vectors P;, Q; (i =0,1,2) through (2.25a)-(2.25c¢).

(C) Compute the constants Tij, Ti, Sij, Sik ({i,],k} € ic) of (2.35a)-(2.35b) and the
unit normals n; (i =0,1,2) of (2.36).

(D) After calculating c;, d; through (2.44), (2. 42b) and (2.41), evaluate (2.49) to get
Ci(i = 0,1,2). If one of ¢, d; is zero and C;#0, the tangent-plane continuity on
the edge E; is not achieved. Then the edge E; should be subdivided since the case
implies lack of mesh resolution (see the comment on (2.79a)-(2.79b)).

(E) Determine the unknown vectors y; (i = 0,1,2) through (2.75) and (2.76a)—(2.76c).
Note that D®) should be treated as zero if [D®| < ¢ or (2.77) holds for positive
dimensionless thresholds £ and 6.

(F) Equations (2.73), (2.66), and (2.50) then give the correction g. Adding it to the
function x of (2.24) for the C° patch yields the parametric representation x, of (2.45)
for the G! patch.

3. Numerical Examples

Figure 3 shows a typical example of the proposed interpolation. Figure 3(a) is a triangular
mesh of an ellipsoid with semiaxes of lengths 1, 2, and 3. It has only six vertices and hence
is essentially an octahedron. Application of the C® patch to the mesh with the normals to the
original surface at the vertices gives Figure 3(b). It is closer to the ellipsoid, but its tangent
plane is not continuous. This problem is then solved by the G' patch algorithm of Section 2.2.5
yielding a completely smooth surface in Figure 3(c).

Next, a more general mesh of Figure 4(a) is tried. It is obtained through discretization
of a solid model and has the position and normal vectors of the original surface at its vertices.
The mesh, however, lacks all the other geometric information. The G' patch interpolates it
as Figure 4(b). Note that the sharp features as well as smoothness of the original model are
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(a) (b) (©

Figure 3: Application of the interpolation to a mesh of a smooth surface.

reproduced properly. This is due to the capability of the proposed approach inherited from
the CY patch which enables handling an arbitrary number of normals at a vertex.

As already mentioned in Section 1, the present methodology has been developed
mainly for computational science and engineering. Hence quantitative accuracy has the
primary significance rather than visual effect. It is assessed in the following steps. First,
meshes for a unit sphere, a right circular cone, and a cylinder with both unit base radius and
height, and a torus whose major and minor radii are 2 and 1, respectively, are generated with
diverse resolutions. They are processed by the proposed scheme, and geometric errors of the
interpolation are evaluated. The result is shown in Figure 5. Both axes are in logarithmic scale.
In the figure, the error Omax is the maximum distance of the interpolated surface from the
exact geometry, computed using a sufficient number of sample points (regardless of the mesh
resolution: more than 44 x 10* points for the cone; more than 88 x 10* points for the cylinder
and the sphere; more than 13 x 10* for the torus, uniformly distributed on the parameter
planes of the patches with all their boundaries involving the singular points, i.e., the apex of
the cone and the sharp edges of the discal bases). The mesh scale A is defined as the square
root of the average patch area. The solid and hollow symbols represent the results by the G!
and CY patches, respectively, both showing decrease in the error S,max with the mesh scale A,
that is, convergence to the exact surface. The order of convergence for the G! patch varies
between 2.2 and 4, depending on the types of the surfaces. Its decrease may be caused by the
existence of isolated singular points (apexes) or saddle points. It is notable that the proposed
algorithm maintains its stability even for extremely coarse meshes. This robustness may be
attributed to the minimization criteria introduced in (2.4) and (2.75).

For most of the cases in Figure 5, the G! and C° patches attain the same accuracy. This
implies that the maximum errors tend to occur on the patch boundaries shared by both. The
discrepancies between the two methods observed for the cone are considered to be due to the
existence of the apex. Since normals at singular points have arbitrariness, their definition can
change the convergence rate. The performance of the interpolator can naturally be affected
also by the mesh subdivision scheme to control the resolution.

Regular points on a surface can be classified into elliptic, parabolic, and hyperbolic
points. Since the four models used in the error analysis cover all these types as well as typical
singular features, the present technique is expected to have similar effectiveness for general
geometries.



Journal of Applied Mathematics 23

(a) (b)

Figure 4: Application of the interpolation to a mesh of a surface with sharp features.
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Figure 5: Interpolation error of the Nagata patches as a function of the mesh scale.

4. Concluding Remarks

The C° Nagata patch has been extended to establish tangent-plane continuity, retaining
its complete locality and other merits. The proposed interpolation is able to stably obtain
the same level of accuracy as that of the CcY patch, which is already sufficient even
for high-precision engineering, as illustrated in Section 1. Nevertheless, there still exist
problems demanding smoothness preserved in discretized models. The G! patch will find
applications in such areas. They include optical and contact analyses, where artificial normal
discontinuities may give rise to unwanted jumps in refraction angles and friction forces,
respectively.



24 Journal of Applied Mathematics

As can be imagined from the varying nonintegral order of convergence observed in
Figure 5, its theoretical estimation is difficult. Since the algorithm involves the generalized
inverse, whose definition changes according to the rank of the matrix, the discussion would
be fairly complex and hence deserves future study.

Similar to other interpolators, the performance of the present technique can be affected
by the mesh density distribution. In this context, further research efforts will be directed also
to adaptive mesh refinement with assured upper bound of the geometric errors due to the
approximation by the proposed algorithm.
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