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We investigate the (2 + 1)-dimensional Broer-Kaup-Kupershmidt equations. Some explicit
expressions of solutions for the equations are obtained by using the bifurcation method and
qualitative theory of dynamical systems. These solutions contain kink-shaped solutions, blow-
up solutions, periodic blow-up solutions, and solitary wave solutions. Some previous results are
extended.

1. Introduction

Consider the (2 + 1)-dimensional Broer-Kaup-Kupershmidt (BKK) equations [1-10]

Upy — Usxy + 2(uux)y + 20, =0,

1.1
Ut + Uy + 2(uv), = 0. (1)

These equations have been widely applied in many branches of physics like plasma physics,
fluid dynamics, nonlinear optics, and so forth. So a good understanding of more solutions of
the (2 + 1)-dimensional BKK equations (1.1) might be very helpful, especially for coastal and
civil engineers to apply the non-linear water models in a harbor and coastal design.
Recently, the (2 + 1)-dimensional BKK equations have been studied by many authors.
Yomba [1, 2] used the modified extended Fan subequation method to obtain soliton-like
solutions, triangular-like solutions, and single and combined nondegenerate Jacobi elliptic
wave function-like solutions of (1.1). Zhang and Xia [3] used the further improved extended
Fan sub-equation method to obtain soliton-like solutions, triangular-like solutions, single and
combined non-degenerate Jacobi elliptic wave function-like solutions, and Weierstrass elliptic
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doubly-like periodic solutions of (1.1). Abdou and Soliman [4] obtained some traveling
wave solutions of (1.1) by using the modified extended tanh-function method. Song et al.
[5] used the new extended Riccati equation rational expansion method to study multiple
exact solutions of (1.1). Zhang [6] used the Exp-function method to seek generalized exact
solutions with three arbitrary functions of (1.1). El-Wakil and Abdou [7] obtained exact
travelling wave solutions by using improved tanh-function method. Lu et al. [8] obtained
some exact traveling wave solutions of (1.1) by using the first integral method. Davodi et al.
[9] obtained some generalized solitary solutions of (1.1). Bai and Zhao [10] used the Repeated
General Algebraic Method to obtain exact solutions of (1.1).

In this paper, we employ the bifurcation method and qualitative theory of dynamical
systems [11-19] to investigate the (2 + 1)-dimensional BKK equations (1.1), and we
obtain some explicit expressions of solutions for (1.1). These solutions contain kink-shaped
solutions, blow-up solutions, periodic blow-up solutions, and solitary wave solutions, most
of which are new by comparing with the solutions of the references [1-10].

The remainder of this paper is organized as follows. In Section 2, we present our main
results. Section 3 gives the theoretical derivation for our main results. A short conclusion will
be given in Section 4.

2. Main Results

In this section, we state our main results. For ease of exposition, we have omitted the
expressions of v with v,(x,y,t) = ¢,(&) = 1/2(cp + ¢’ - (pz), n=1,2,...,10, in the entire
process.

Proposition 2.1. For given constants ¢ and go, which will be given later in (3.10), the (2 + 1)-
dimensional BKK equations have the following exact solutions.
(1) If g = 0, we get two kink solutions:

6¢(1 +tanh(c/2)(x +y —ct))

s It = 4
n(xyt) 6—1+(6+1)tanh(c/2)(x +y - cf) o
2.1
c(-1+tanh(c/2)(x+y —ct))
u(x,y,t) = ,
-1+ (n+1)tanh(c/2)(x +y - ct)
where & and 1 are constants, two blow-up solutions
Uz (x,y t):£<1:|:coth£(x+y—ct)> (2.2)
7 4 2 2 7 .
and four periodic blow-up solutions
U (x,y,t) = g <1 + ﬁcscgc(x +y- ct)>,
(2.3)

use(x,y,t) = §<1 + ﬁsecgc(x +y-— ct)>.
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(2) If 0 < g < go, we get a solitary wave solution

c<\/2(a —-1)p coshO(x +y - ct)) +(a-1)(1+p-cosh20(x +y —ct))
o (x,yt) = a(-1+a+p—(a—1)cosh 20(x +y —ct)) '

(2.4)

and two blow-up solutions

c(a(2+p) -2 -2(a—1)cosh0(x +y —ct) £ p? coth(6/2) (x + y — ct))

4 /t = 4
ura(%yot) 2a(-1+a+p - (a-1)coshO(x+y —ct))
2.5)
where p=6—6a +a’and 6 = c\/p/a.
(3) If g = go, we get three blow-up solutions as follows:
-12v/3 + <6+6ﬁ>c(x+y—ct) - <3+ \/§>c2(x+y—ct)2
ug(x,y,t) = > ,
6(2\@(x+y—ct)—c(x+y—ct) >
124/3 + <6+6ﬁ>c(x+y—ct) + <3+ \/§>c2(x+y—ct)2
uo(x,y,t) = > , (2.6)
6(2\/§(x+y—ct)+c(x+y—ct) >
—9c +9+/3c + <3+\/§>c3(x+y—ct)2
u(x,y,t) = .

~18+6c2(x +y - ct)’

3. The Derivations of Main Results

In this section, we will give the derivations for our main results.
For given constant wave speed ¢, substituting u = ¢(&), v = ¢(&) with ¢ = x +y —ct
into the (2 + 1)-dimensional BKK equations (1.1), it follows that

{_C‘P” —¢" +2(py') +2¢" =0,

3.1
o+ ¢ +2(pp) = 0. o

Integrating the first equation of (3.1) twice and letting integral constants be zero, we have
1 / 2
== - 32
¢=5 (co+9' - ¢?). (32)
Integrating the second equation of (3.1) once, we have

—cp+ @ +2pp = %g, (3.3)

where (1/2)g is integral constant.



Substituting (3.2) into (3.3), we get
1 Ui 1 2 3 2 3 _ 1
2(P 26 ¥ + ZC(P ¢ = Zg

Letting ¢ = ¢, we get the following planar system:

de

@

dg 5 2, 2
d_§_2(p —3C(P +C(p+g.
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(3.4)

(3.5)

Obviously, the above system (3.5) is a Hamiltonian system with Hamiltonian function

1o 1y s _L1oo
H(p,¢) = 5" = 59" +c¢’ = 569" ~ go.
Now, we consider the phase portraits of system (3.5). Set

fo(p) = 2¢° = 3cy® + o,
fp) =2¢> = 3cp® + Py +g.

fo(p) has three fixed points ¢y, @1, ¢, and their expressions are given as follows:

c
o =0, P1=75 2 =c.
It is easy to obtain the two extreme points of f(¢) as follows:

. 3c++3c
o= ¢

Let
* c3
g = |fo(pl)] = P4

then it is easily seen that g is the extreme values of fo(¢p).

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

Let (¢;,0) be one of the singular points of system (3.5). Then the characteristic values

of the linearized system of system (3.5) at the singular points (¢p;, 0) are

Ay =\ f'(9i).-

(3.11)
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From the qualitative theory of dynamical systems, we therefore know that,

(1) if f'(¢i) > 0, (¢;,0) is a saddle point;
(ii) if f'(¢i) <0, (¢;,0) is a center point;
(iii) if f'(¢;) =0, (¢;,0) is a degenerate saddle point.
Therefore, we obtain the phase portraits of system (3.5) in Figure 1.
Now, we will obtain the explicit expressions of solutions for the (2 + 1)-dimensional
BKK equations (1.1).
(1) If g = 0, we will consider two kinds of orbits.
(i) First, we see that there are two heteroclinic orbits I'; and I'; connected at saddle

points (o, 0) and (¢,0). In (¢, ¢r)-plane, the expressions of the heteroclinic orbits are given
as

¥ ==xp(p-c). (3.12)

Substituting (3.12) into d¢/d¢ = ¢ and integrating them along the heteroclinic orbits
I'y and I', it follows that

14 ;ds = fg ds,

¥ s(c—5s)
P (3.13)
¢ s(s—c) ¢
where ¢* € (0, c) is constant and
+00 1 é
:EJ‘IP mds = J‘O ds. (314)
From (3.13), we have
@) = 6¢(1 + tanh(c/2)¢)
P = 51+ 6+ 1) tanh(c/2)¢’
3.15
@) = c(=1 + tanh(c/2)¢) (3.15)
Ple) = n -1+ (n+1) tanh(c/2)¢
where 6 = ¢*/(¢* —¢c),n = (¢" —c) /"
From (3.14), we have
0(é) = %(1 + coth %g) (3.16)

Noting that u = ¢(¢) and ¢ = x + y — ct, we get two kink-shaped solutions u; (x, y, t), ua(x, y, t)
and two blow-up solutions uz- (x, y, t) as (2.1), and (2.2). (ii) From the phase portrait, we note
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Figure 1: The phase portraits of system (3.5).

that there are two special orbits I'; and I'y, which have the same Hamiltonian with that of the
center point (¢1,0). In (¢, ¢r)-plane, the expressions of these two orbits are given as

‘F=i(<P—<P1)\/(<P—‘P3)(<P—‘P4)r (3.17)
where
o = 1 _zﬁc,
- +2\f2c. (3.18)

Substituting (3.17) into dg/d¢ = ¢ and integrating them along the two orbits I's and I}, it

follows that

+00 1 ¢

:i:I ds = f ds. (3.19)
2 (s=p1)\(s—93)(s—¢s) 0

From (3.19), we have
p(¢) = <1 + fcsc£c§> (3.20)

At the same time, we note that if u = ¢(¢) is a solution of system (3.5), then u = ¢(¢+y)
is also a solution of system (3.5). Specially, when we take y = or /2, we get other two solutions

() = <1i\f seC£C§> (3.21)
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Noting that u = ¢(¢) and { = x + y — ct, we get four periodic blow-up solutions
ug(x,y,t) and us- (x,y, t) as (2.3).

(2) If 0 < g < go, we set the largest solution of f(¢) = 0as ¢5 = (c/a)(1 < a <2), then
we can get another two solutions of f(v) = 0 as follows:

c<—2+3a—\/m)

P = ’
4
. (3.22)
c<—2 +3a+v/—12+ 12a + a2>
$7 = 4 ’

We see that there is a homoclinic orbit I's, which passes the saddle point (¢s,0). In (¢, ¢)-
plane, the expressions of the homoclinic orbit are given as

g =+(p- 91/ (0 - 95) (0~ 9), (3.23)

where

0 c(a—1)—c\/2(a-1)
g =

a

’ (3.24)

_ cla=1)+c\/2(a-1)

P9 2 :

Substituting (3.23) into d¢/d¢é = ¢ and integrating them along the homoclinic orbit, it

follows that
¢ ¢
:l:f ! ds = f ds,
9 (s—¢s5)\/(s—¢s) (s — o) 0

é (3.25)
:l:f ! ds = J‘ ds.
v (s=9s5)\/(s =) (s~ ) 0
From (3.25), we have
c(V2(@=T)pcosh8¢) + (a—1)(1 + p - cosh 260¢)
9§ = ,
a(-1+a+p - (a—1)cosh26¢) (3.26)

c(a(2+p) —2-2(a—-1)cosh 0¢ £ f>2 coth(6/2)¢)
2a(-1+a+ p— (a—1)cosh6¢)

7

p(&) =

where = 6 — 6a + a® and 0 = (c\/B) /.
Noting that u = ¢(¢) and ¢ = x + y — ct, we get a solitary wave solution u4(x, y, t) and
two blow-up solutions uy.(x, y,t) as (2.4) and (2.5).
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(3) If g = go, from the phase portrait, we see that there are two orbits I'; and I's, which
have the same Hamiltonian with the degenerate saddle point (¢7,0). In (¢, ¢r)-plane, the ex-
pressions of these two orbits are given as

g =x(p- o)\ (- 90) (- pr2), (3.27)
where

P12 = %(c - \f30>. (3.28)

Substituting (3.27) into dg/d¢ = ¢ and integrating them along these two orbits I'; and
Iy, it follows that

+oo 1 B & .
L (s—tpi)\/(s—%)(s—%z)ds_Iod,

é (3.29)
o 1
ds=1 d
I O (e T J,
From (3.29), we have
) -12v/3 + (6 + 6\f3> ct — <3 + \f3> c2&?
" 6(2v3¢ - c?) ’
”- 12\/§+<6+6\/§>c§+<3+\/§>c2§2’ (3.30)
6(2\/§§ + ch)
—9c +9+/3¢ + (3 + ﬁ) 382
$= 18+ 60282

Noting that u = ¢(¢) and ¢ = x + y — ct, we get three blow-up solutions ug(x, y,t)), us(x, y, t),
and uj9(x, y,t) as (2.6). Thus, we obtain the results given in Proposition 2.1.

Remark 3.1. One may find that we only consider the case when g > 0 in Proposition 2.1. In
fact, we may get exactly the same solutions in the opposite case.

4. Conclusion

In this paper, we have obtained many new solutions for the (2+1)-dimensional BKK equations
(1.1) by employing the bifurcation method and qualitative theory of dynamical systems. The
explicit expressions of the solutions have been given in Proposition 2.1. The method can be
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applied to many other nonlinear evolution equations, and we believe that many new results
wait for further discovery by this method.
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