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The concept of linking was developed to produce Palais-Smale (PS) sequences G(ux) — a,
G (ux) — 0 for C'functionals G that separate linking sets. These sequences produce criti-
cal points if they have convergent subsequences (i.e., if G satisfies the PS condition). In the
past, we have shown that PS sequences can be obtained even when linking does not exist.
We now show that such situations produce more useful sequences. They not only produce
PS sequences, but also Cerami sequences satisfying G(ux) — a, (1 + | |uk!|)G (ux) — 0 as
well. A Cerami sequence can produce a critical point even when a PS sequence does not.
In this situation, it is no longer necessary to show that G satisfies the PS condition, but
only that it satisfies the easier Cerami condition (i.e., that Cerami sequences have conver-
gent subsequences). We provide examples and applications. We also give generalizations
to situations when the separating criterion is violated.
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1. Introduction
An important approach to critical point theory involves the concept of linking. Ideally,

one would like to know that if A, B are subsets of a Banach space E and G is a C!-
functional on E such that

ap:=supG < by :=inf G, (1.1)
A B

then G has a critical point, that is, a point u € E such that G’(u) = 0. Clearly, this cannot
be true for arbitrary subsets A, B. However, there are pairs of subsets such that (1.1)
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produces a Palais-Smale PS sequence, a sequence of the form
G(u) —a,  G'(u) —0, (1.2)

where a = by. Such a sequence may not produce a critical point, but if it has a convergent
subsequence, then it does. If every PS sequence for G has a convergent subsequence, then
we say that G satisfies the PS condition. If A, B are such that (1.1) always produces a Palais-
Smale sequence, we say that A links B. Consequently, if A links B and G is a C!-functional
on E which satisfies (1.1) and the PS condition, then G has a critical point.

Sufficient conditions for A to link B are found in the literature (cf., e.g., [1-10] and the
references quoted there in). The most comprehensive criteria are given in [7, 10].

There are situations in which a Palais-Smale sequence does not lead to a critical point,
but a sequence of the form

G(ux) — a, (1+]|ukl]) G (ux) — 0 (1.3)

does. Such a sequence was first introduced by Cerami [11]. In the first part of the present
paper, we show that (1.1) always produces a Cerami sequence whenever A links B in the
sense of [10]. Thus, it is not necessary to check if G satisfies the PS condition, but only
that it satisfies the Cerami condition, that is, that every sequence of the form (1.3) has a
convergent subsequence.

In the second part of the paper, we show that Cerami-type sequences can be produced
even when the sets do not link or (1.1) is violated. Finally, we present some applications
in which a Cerami sequence produces a critical point, while a PS sequence does not.

2. Linking

Let E be a Banach space, and let ® be the set of all continuous maps I' = T'(¢) from E X
[0,1] to E such that
(1) T'(0) = I, the identity map;
(2) for each t € [0,1), T'(¢) is a homeomorphism of E onto E and T'"!(¢) € C(E X
[0,1),E);
(3) T(1)E is a single point in E and T'(t)A converges uniformly to I'(1)E as t — 1 for
each bounded set A C E;
(4) for each ty € [0,1) and each bounded set A C E,

sup  {[[T(E)ul[+ ([T (Oull} < co. (2.1)
0<t<ty,ucA
We make the following.
Definition 2.1. For A,B C E, say that A links B if
(a) AnB=¢,

(b) for each T € @, thereisat € (0,1] such that
[(t)ANB # ¢. (2.2)

Roughly speaking, this says that A links B if it cannot be slipped away from B by one of
the mappings I' € @. The importance of this concept begins to appear in the following.
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Tueorem 2.2. Let G be a C'-functional on E, and let A, B be subsets of E such that A links
B and

ag:=supG < by :=inf G (2.3)
A B

Assume that

a:=inf sup G(I(s)u) (2.4)

Ied g<s<1,uca

is finite. Let y(t) be a positive, nonincreasing, locally Lipschitz continuous function on [0, o)
such that

[ wnar=o. (2.5)
0
Then there is a sequence {ux} C E such that
G’ (ux)
G(uy) — a, —— — 0. (2.6)
() y ()

CoROLLARY 2.3. Under the hypotheses of Theorem 2.2, there is a sequence {uy} C E such
that

G(ux) — a, (1+[[ux|[) G (ux) — 0. (2.7)

Proof. We merely take

1
y(r) = I+r (2.8)
in Theorem 2.2. O

Remark 2.4. A sequence satisfying (2.7) is said to be a Cerami sequence. If a functional
G has the property that every Cerami sequence for it has a convergent subsequence, it
is said to satisfy the Cerami condition. Thus, if a functional satisfies the hypotheses of
Theorem 2.2 and the Cerami condition, then it has a critical point satistying

G(u) = a, G (u)=0. (2.9)

It is easier to verify the Cerami condition than the PS condition.

Theorem 2.2 was proved in [12] for the case when the set A is bounded. Here, that
hypothesis is removed.
We now give some consequences of Theorem 2.2.

THEOREM 2.5. Let G be a C'-functional on E and let A be a subset of E such that the quantity
a given by (2.4) is finite. Assume that for each I € ©, the set

gri={v=T(s)u:s€ (0,1}, uc A, v A, G¥v) = ag} (2.10)

is not empty. Then there is a sequence satisfying (2.6).
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Proof. Let

B=Jgr (2.11)

Then A N B = ¢, and for each T € @, thereareav € B, ans € (0,1], and a u € A such that
v =T(s)u. Thus T(s)A N B # ¢. This means that A links B. Since ay < G(v) for all v € B,
we have gy < by. We can now apply Theorem 2.2 to conclude that a sequence satisfying
(2.6) exists. O

COROLLARY 2.6. Ifa < co and ay # a, then a sequence satisfying (2.6) exists.

Proof. 1f ay < a, then for each ' € @, there are a u € A, s € (0,1] such that G(I'(s)u) > ao.
Clearly v = I'(s)u ¢ A. Thus the set gr given by (2.10) is not empty. We can now apply
Theorem 2.5. O

THEOREM 2.7. There is a B C E such that A links B and ay < by if and only if the set gr
defined by (2.10) is not empty for each T € ®.

Proof. 1f the sets gr are not empty, then B given by (2.11) has the required properties, as
was shown in the proof of Theorem 2.5. On the other hand, if gr = ¢ for some I' € O,
then for every set B such that A N B = ¢ and gy < by, we must have I'(s)A N B = ¢ for all
s€ [0,1]. Thus A cannot link B. O

3. Weaker conditions

We now turn to the question as to what happens if some of the hypotheses of Theorem 2.2
do not hold. We are particularly interested in what happens when (2.3) is violated. In this
case, we let

B :={veB:Gv)<ap}. (3.1)
Note that
B = ¢) iffa() < b(). (32)

Let y(t) be a positive nonincreasing function on [0, o) satisfying the hypotheses of The-
orem 2.2 and such that

R+a

a—-bo< | wt)dt (3.3)

24

for some finite R < d’ := d(B’,A), where a = d(0,A). If B" = ¢, we take d’ = 0. We as-
sume that d’ > 0. We have the following.

THEOREM 3.1. Let G be a C'-functional on E and let A, B C E be such that A links B and
-0 < by, a< oo, (3.4)
Under the hypotheses given above, for each § >0, there is a u € E such that

bo—8<Gu)<a+d,  ||G W) <y(duA)). (3.5)
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We can also consider a slightly different version of Theorem 3.1. We consider the set
A" :={uecA:G(u) > by}, (3.6)

and we note that A” = ¢ if and only if ay < by. We assume that y satisfies the hypotheses
of Theorem 2.2 and

R+p
a0 — by < Jﬁ ()t (3.7)

holds for some finite R < d” := d(A”, B), where § = d(0,B). We have the following.
TaEOREM 3.2. If A links B and

—00 < by, a< o (3.8)
holds then for each § > 0, there is a u € E such that
by—86<G(u)<a+é, ||G'(u)|| < w(d(u,B)). (3.9)

4. Some consequences

We now discuss some methods which follow from Theorems 3.1 and 3.2. Let {Ax, B} be
a sequence of pairs of subsets of E such that A links By, for each k. For G € C!(E,R), let

aro = sup G, bro = Inf G,
Ag By

ap=inf sup G(T(s)u).

req)OSssl,uGAk

(4.1)

We assume that g < o for each k. We define

B, :={v € Bx: G(v) < ax},
Al i={u € Ax: G(u) > byo}, (4.2)
dy ;= d(Ax,By), dy :=d(A{,Bx).
We have the following.

THEOREM 4.1. Assume that
dy — o0 ask — oo, (4.3)

and for each k there is a positive nonincreasing function yi(t) on [0, 0) satisfting the hy-
potheses of Theorem 2.2 and such that

Ri+ay

(a0 — bro) < j v(t)dt, (4.4)

Xk
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where ay = d(0,Ax) and Ry < d,. Then there is a sequence {uy} C E such that

1 1
bko—(E> SG(Mk)Sak‘F(E), (45)
|G () || < i (d (ug, Ax)).

THEOREM 4.2. Assume that
d — o0 ask— o (4.6)

and that for each k there is a positive nonincreasing function yi(t) on [0, co) satisfying the
hypotheses of Theorem 2.2 and such that

Ri+px

(ako — bro) < Jﬁ v (t)dt, (4.7)

k

where B = d(0,Bx) and Ry < d}/. Then there is a sequence {uy} C E such that

1 1
bko—(E> SG(Mk)Sak‘F(E), (48)
|G (uie) | < i (d (i, Br)).

We combine the proofs of Theorems 4.1 and 4.2.

Proof. For each k, take Ry equal to d;. or d/, as the case may be. We may assume that by <
aro for each k. Otherwise, the conclusions of the theorems follow from Corollary 2.6. We
can now apply Theorems 3.1 and 3.2 for each k to conclude that there is a ux € E such
that

- (1) = 00 <ars (1), )
and either

|G (i) || < e (d (ur, Ax)) (4.10)
or

IG" (k)] < i (d (ux, Bi)) (4.11)
as the case may be. 0

COROLLARY 4.3. In Theorem 4.1, assume that
bro = mg > — oo, ako < mp < o (4.12)
in place of (4.4). Then there is a sequence {uy} C E such that

Glug) — ¢, mo<c<my, G (ux) <wi(d(ux Ax)). (4.13)
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Proof. If there is a k such that ax # ako, then we can apply Corollary 2.6 to find a sequence
{u;} C E such that

G(uj) — ax, G’ (uj) < yi(d(uk,Ax)). (4.14)

Since byo < ay, this provides the desired sequence. If no such k exists, then ax = axo for
each k. Then by Theorem 4.1, there is a sequence satisfying

o — (%) < Glug) <my + (%) G () < vi(d(unA),  (415)

from which we obtain (4.13). [l

COROLLARY 4.4. In Theorem 4.2, assume (4.12) in place of (4.4). Then there is a sequence
satisfying

Glu) — ¢, mo<c<my, G (u) <yi(d(urBr)). (4.16)

Proof. We apply the same reasoning as in the proof of Corollary 4.3. We obtain a sequence
satisfying

1 1 )
mo — (E) < G(u) SWM-F(E), G (u) Sl//k(d(uk,Bk)), (4.17)
and this produces a sequence satisfying (4.16). 0

5. Various geometries

We now apply the theorems of the preceding sections to various geometries in Banach
space. As before, we assume that G € C'(E,R) and that y satisfies the hypotheses of
Theorem 2.2.

THEOREM 5.1. Assume that there is a § > 0 such that
G(0) <a<G(u), u€iBs, (5.1)
and that there is a ¢¢ € 0B such that
G(Rgo) <y, R>R,. (5.2)
Then there is a sequence {uy} C E such that

G (u)
vMul)

Proof. We take A = {0,R¢¢}, B = dBs. Then A" = {Rg,}. Note that a given by (2.4) is
finite for each R since

Glu) —e¢, a<c<y, (5.3)

ag < Oma)iG(rgoo). (5.4)
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We apply Theorem 4.2. We note that in each case,

ar <y, R>R,. (5.5)
In each case, the mapping
T(s)u = su (5.6)
(which is in @) satisfies
G(I(s)u) <y, 0<s<l,ucA. (5.7)

This implies (5.5). We replace y/(¢) with §/(£) = y(t + 8), which also satisfies the hypothe-
ses of Theorem 2.2. By Theorem 4.2, we can find a sequence satisfying

- (%) < G(ug) 3y+<%), %—»0 (5.8)
This implies (5.3) since
llull < d(u,B) + 0. (5.9)
O
THEOREM 5.2. Let M, N be closed subspaces of E such that
E=M@&N, M+E N+E (5.10)
with
dimM < oo or dimN < oo, (5.11)
Let G € CY(E,R) be such that
G(v) <y, v€OIBrRNN, R>R,,
Gw)=a, weM. (5.12)
Then there is a sequence {uy} C E such that
Glug) —¢, a<c<y, 1//(61(;(1/(:,}(]3/1))%0' (5.13)

Proof. This time, we take A and B as in [7, Section 2.6, Example 2]. Thus A links B. Again
ag given by (2.4) is finite for each R since

ag < max G(u). (5.14)

ueBrNN

Again we see that we can apply Theorem 4.2 to conclude that the desired sequence exists.
(]
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THEOREM 5.3. Let M, N be as in Theorem 5.2, and let G € C!(E,R) satisfy

Gv)<a, VvEN,
Gw)=a, wedBsNM, (5.15)
G(swo+v) <y, s=0,vEN, |[swo+v||=R>Ry,

for some wy € 0B1 N M, where 0 < § < Ry. Then there is a sequence {uy} C E such that (5.3)
holds.

Proof. Here we take A, B as in [7, Section 2.6, Example 3]. Thus A and B link each other.
Here

A" ={swy+v:s=>0,vEN, |[swo+v| =R} (5.16)

Again for each R, the quantity a given by (2.4) is finite since

ag < m(SLXG, (5.17)

where
Q={swo+v:s>0,veEN, ||swo+v|| <R} (5.18)
We now apply Theorem 4.2 to conclude that the desired sequence exists. O

THEOREM 5.4. Let M, N be as in Theorem 5.2, and let vo € 0B; N N. Take N = {vo} @ N'.
Let G € C'(E,R) be such that

G(v) <y, ve€OIBrNN,
Gw)za, weM,|w|=4, (5.19)

G(svt+w)=a, s=0,weM, |lsvo+w|| =3,

where 0 < § < R. Then there is a sequence satisfying (5.3).

Proof. We take A, B as in [7, Section 2.6, Example 5]. Thus A links B. As before, we note
that ag < oo for each R. Hence (5.3) holds for some sequence by Theorem 4.2. O

6. Some applications

Many elliptic semilinear problems can be described in the following way. Let Q be a do-
main in R”, and let A be a selfadjoint operator on L?()). We assume that A > Ay >0 and
that

Cy(Q) c D:=D(AY?) c H™(Q) (6.1)

for some m > 0, where Cg’(Q2) denotes the set of test functions in Q (i.e., infinitely differ-
entiable functions with compact supports in Q), and H™2(Q)) denotes the Sobolev space.
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If m is an integer, the norm in H™2?(Q) is given by

1/2
el m,2 —( > ||DHul| ) . (6.2)

lul<m

Here D represents the generic derivative of order |u| and the norm on the right-hand
side of (6.2) is that of L2(€}). We will not assume that m is an integer.
Let g be any number satisfying

2n

< , 2m<n,

2<q n—2m (6.3)
< 00, n<2m,

and let f(x,t) be a Carathéodory function on Q X R. This means that f(x,f) is contin-
uous in ¢ for a.e. x € O and measurable in x for every t € R. We make the following
assumptions.

(A) The function f(x,t) satisfies

| fxt)| < Vo(x)[t197 + Vo (x) Wo (x),
fx,t) _ (6.4)

Vo(x)d o([t|77") as || — oo,
0

where Vy(x) >0 is a function in L1(Q) such that
||V0u||q < Cllullp, u€D, (6.5)

and Wy is a function in L9 (Q)). Here

lull = (J lu x)|qu> " 6.6)

lullp := ||AY2ul], (6.7)

and q’ = q/(q —1).1f Q and V;(x) are bounded, then (6.5) will hold automatically by the
Sobolev inequality. However, there are functions Vj(x) which are unbounded and such
that (6.5) holds even on unbounded regions Q. With the norm (6.7), D becomes a Hilbert
space. Define

F(x,t):= Ltf(x,s)ds,
(6.8)

G(u) := |lull3 - ZL)F(x,u)dx

It follows that G is a continuously differentiable functional on the whole of D (cf., e.g.,

[7]).

We assume further that

H(x,t) =2F(x,t) —tf(x,t) = = W;(x) e L'(Q), x€Q, tER, (6.9)
H(x,t) — o0 a.e. as |t| — oo, (6.10)
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Moreover, we assume that there are functions V(x), W (x) € L*(Q) such that multiplica-
tion by V (x) is a compact operator from D to L*(Q) and

F(x,t) < C(V(x)*[t]> + V(x) W (x)[¢]). (6.11)
We wish to obtain a solution of
Au= f(x,u), ueD. (6.12)
By a solution of (6.12), we will mean a function u € D such that
(u,v)p = (f(-,u),v), veED. (6.13)

If f(x,u) is in L?(Q)), then a solution of (6.13) is in D(A) and solves (6.12) in the classical
sense. Otherwise, we call it a weak (or semistrong) solution. We have the following.

THEOREM 6.1. Let A be a selfadjoint operator in L*(Q) such that A > Ay > 0 and (6.1) holds
for some m > 0. Assume that Ay is an eigenvalue of A with eigenfunction ¢o. Assume also
that

2F(x,t) < Aot?,  |t] < & for some § >0, (6.14)
2F(x,t) = Aot — Wo(x), t>0,x€Q, (6.15)

where Wy € L'(Q). Assume that f(x,t) is a Carathéodory function on Q X R satisfying
(6.4). Then (6.12) has a solution u # 0.

Proof. Under the hypotheses of the theorem, it was shown in [7, Theorem 3.2.1] that the
following alternative holds.
Either
(a) there are an infinite number of y(x) € D(A) \ {0} such that

Ay =f(xy) =Ly, (6.16)

or
(b) for each p > 0 sufficiently small, there is an € > 0 such that

G(u) = ¢, lullp = p. (6.17)

We may assume that option (b) holds, for otherwise we are done. By (6.15), we have

G(Rpo) < R (lgoll}, — Aollgoll”) + L) Wo(x)dx = JQ Wo(x)dx. (6.18)

Thus (5.2) holds. By Theorem 5.1, there is a sequence satisfying (5.3). Taking y(r) =
1/(r + 1), we conclude that there is a sequence {u;} C D such that

G(ur) —c¢, mo<c=m, (1+]||ullp)G (ux) — 0. (6.19)
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In particular, we have

IIukllé—ZIQF(x,uk)dx—» 6 (6.20)
el = (f (->206) 1) — 0. (6.21)
Consequently,
JQH(x, ug)dx — —c. (6.22)
These imply
L)H(x, ug)dx < K. (6.23)

If pr = llukllp — oo, let U = ur/pk. Then ||2igllp = 1. Consequently there is a renamed
subsequence such that 2y — © weakly in D, strongly in L2(Q)), and a.e. in Q. We have by
(6.11) that

1< m;:(s +2CJQ {V(x)zﬁi+ V(X)W (x) | i |P1:1}dx- (6.24)

k

Consequently,
1< ZCJ V(x)* 12 dx. (6.25)
Q
This shows that 7 # 0. Let Qg be the subset of Q on which # # 0. Then

|ur(x)| = p | tik(x)| — o0, x € Q. (6.26)

IfQ; = Q\ Qy, then we have
J H(x,ux)dx = J +J > | H(x,ux)dx— J Wi (x)dx — . (6.27)
Q Qo Ql Qo Ql

This contradicts (6.23), and we see that px = |luxllp is bounded. Once we know that the
Pk are bounded, we can apply [7, Theorem 3.4.1] to obtain the desired conclusion. O

Remark 6.2. It should be noted that the crucial element in the proof of Theorem 6.1 was
(6.21). If we had been dealing with an ordinary Palais-Smale sequence, we could only
conclude that

eaellp = (F o)) = o(pr), (6.28)

which would imply only that

JQH(x, ug)dx = o(py)- (6.29)

This would not contradict (6.27), and the argument would not go through.
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THEOREM 6.3. Assume that the spectrum of A consists of isolated eigenvalues of finite mul-
tiplicity

0<Adp<Ai < <A <on, (6.30)

and let € be a nonnegative integer. Take N to be the subspace of D spanned by the eigenspaces
of A corresponding to the eigenvalues Ay, A1,...,Ap. Take M = N+ N D. Assume that there are
numbers a1, a, such that ap < a; < a and

ar () +ye(a) (1) = Wi (x) < 2F(x,1)

5 . (6.31)
<ay(t7) +Te(ay) (t")" + Wa(x), x€Q, teR,
where
ap ;= max{(Av,v):vEN, v=0, |lv|| = 1}, (6.32)
the W are in LY(Q), and the functions ye(a), T¢(a) are defined by
ye(a):= max {(Av,v) —allv" | :v e N, |v*]| = 1}, (6.33)
Te(a) := inf {(Aw,w) —a|lw™ || :w e M, ||w*]| = 1}, (6.34)

where u* = max{+u,0}. Assume that (6.9) and (6.10) hold. Then (6.12) has at least one
solution.

Proof. First, we note that
supG < By, infG > —B,, Bj = J W;(x)dx. (6.35)
N M Q

To see this, note that by (6.33), we have

I3 < arllv | +ye(@) [v*]°, veN. (6.36)
By (6.34) we have
as|[w™ [P+ Te(an) W[ < Iwld, we M, (6.37)
Hence
G(v)<B;, vEN,
Gw)=-B,, weM (6.38)
by (6.31).

Moreover, (6.10) implies that

G(v) — - as|lv| — o, veEN. (6.39)
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To see this, we fix x € O, K € R and take T so large that

H(x,t) > K, |t|=T.

Since
o(t2F(x,t)) 5
———— =—t H sb)s
5 t (x,1)
we have for T < t; < t, that
K(*—1?
t;2F (x,t;) — t;2F(x,1)) < %
Consequently,
t;2[2F (x,t) — K] < t;2[2F (x,t,) — K].
Thus,
[2F(x,t) — K]
12

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

is a monotone nonincreasing function in ¢ for t > T. By (6.31), it is bounded below by

[Wi(x)+K]

2 — Ve(al)-

Ve (al) -
Thus,

[2F(x,t) — K]
t2

— h(x) > yp(a1) ae ast— oo.
This implies that
K <2F(x,t) — ye(a1)t>.
Since K was arbitrary, we have
2F(x,t) — ye(a1)t? — o0 a.e.ast — oo.

On the other hand, if t; < t, < =T, then

K(t*-17)

t;°F(x,ty) — t;*F(x,t1) = 5

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

Consequently, function (6.44) is monotone nonincreasing in ¢ for t < —7T. In view of

(6.31), this implies that

2F(x,t) —a;t? — o a.e.ast — —oo.

(6.50)
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Combining (6.48) and (6.50), we have
2F(x,t) —ay (1) - ye(ar) (1) — oo ae. as |t| — . (6.51)
Now
G) = 1~ anllv I = ye(a) I = | Lxivid, (6.52)
where L(x, ) is the left-hand side of (6.51). In view of (6.33), we have
G) <~ | Lwndx, ven. (6.53)

Let {vx} C N be such that px = ||vkllp — co. Take V¢ = vi/px. Then ||V |lp = 1, and conse-
quently there is a renamed subsequence such that vy — ¥ strongly in N. Thus ||V||p =1
showing that ¥ # 0. Let Q; be the set on which ¥ # 0 and let Q; = Q\ Q;. Then

G(w) < —J L(x,vi)dx— | Wi(x)dx — —o0 (6.54)
(o)} Q
since
—Wi(x) < L(x,t) — oo a.e.as |t]| — oo, (6.55)

and |vk(x)| = px|Vk(x)| — o for x € Q. Since this is true for any such sequence, (6.39)
follows.
Take R so large that

G(v) < —B,, ve€NNOJIBg. (6.56)

Since N N 0By links M, we have by Corollary 2.3 that there are a constant c € R and a
sequence {ux} C E such that

G(uk) — ¢, —By<c<Bj, (1+]|lul||)G (ux) — o. (6.57)

We can now follow the proof of Theorem 6.1 to conclude that (6.20)—(6.27) hold to com-
plete the proof. O

We also have the following.

TaeOREM 6.4. The conclusion of Theorem 6.3 holds if in place of (6.9), (6.10), one assumes
that

H(x,t) < Wi(x) € LY(Q), x€Q, teR, (6.58)
H(x,t) — —o a.e. as |t] — oo. (6.59)

Proof. We use (6.58) and (6.59) to replace (6.39) with
G(w) — o as||w| — oo, we M. (6.60)

We then proceed as before. O
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Remark 6.5. We could have assumed

. . 2F(x,t .
a; < htmilnf% <limsu

t——o00

2F(x,t
p% < ap,

2F(x,t) 2F(x,t)

limsu

t—o00

ye(ar) <liminf

t—o0

in place of (6.31).

Remark 6.6. The above theorems apply to the equation

Au=-Au+alx)u= f(x,u), xeR"

2= T¢(az)

(6.61)

(6.62)

where a(x) = ¢y > 0 and A has compact resolvent. We do not need to restrict the sizes of
a(x) or V(x). The limits (6.10) or (6.59) need only hold on a subset of Q with positive

measure.

7. Ordinary differential equations

In proving Theorem 2.2, we will make use of various extensions of Picard’s theorem in a

Banach space. Some are well known (cf., e.g., [13]).
THEOREM 7.1. Let X be a Banach space, and let
By ={x € X :||x — x0|| < Ro},
I={teR:|t—t| < To}.
Assume that g(t,x) is a continuous map of Iy X By into X such that
llg(t,x) —g(t, || < Kollx—yll, x,y €By, t €Iy,
llg(t,x)|] < My, x € By, t €.

Let Ty be such that

T1 < min <TQ,%>, K()T1 < 1.
0

Then there is a unique solution x(t) of

It g(tx(t), |t—to| =T, x(to) = xo.

(7.1)

(7.2)

(7.3)

(7.4)

LemMA 7.2. Let y(t) and p(t) be continuous functions on [0, «), with y(t) nonnegative and

p(t) positive. Assume that

J:: pa(l; > L,T y(s)ds,

(7.5)
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where ty < T and ug are given positive numbers. Then there is a unique solution of

w'(t) =ypu®), tet,T), ulto) = uo, (7.6)
which is positive in [ty, T') and depends continuously on uy.
Proof. One can separate variables to obtain
v dr Jt
W) =| ——= s)ds. 7.7
(u) w P(D) toy() (7.7)

The function W(u) is differentiable and increasing in R, positive in [u, ), depends
continuously on uy, and satisfies

© dT T
W(u) — L= —>| y(s)ds, asu— co. (7.8)
o P(T) to
Thus, for each t € [y, T), there is a unique u € [ug, ) such that
t
"= W*I( y(s)ds) (7.9)
to
is the unique solution of (7.6), and it depends continuously on . O

LEmMA 7.3. Let y(t) and p(t) be continuous functions on [0, o), with y(t) nonnegative and
p(t) positive. Assume that

U T
Jm ’% > | s (7.10)

where ty < T and m < ug are given positive numbers. Then there is a unique solution of
u'(t) = —y(pu®t), tet,T), ulty) =uo, (7.11)

which is = m in [ty, T) and depends continuously on uy.
Proof. One can separate variables to obtain
ugy t
W(u) = J L. J y(s)ds. (7.12)
w p(7) g

The function W(u) is differentiable and decreasing in R, positive in [m,u], depends
continuously on 1o, and satisfies

dr T

W(u) — L= J:) /ﬁ > . y(s)ds, asu— m. (7.13)

Thus, for each t € [y, T), there is a unique u € [m, uy] such that

u= Wfl( ; y(s)ds) (7.14)

is the unique solution of (7.11), and it depends continuously on . O
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THEOREM 7.4. Assume, in addition to the hypotheses of Theorem 7.1, that

gt < y(®)p(lixll), x € Bo, t € I, (7.15)

where y(t) and p(t) satisfy the hypotheses of Lemma 7.2 with T = ty+ T). Let u(t) be the
positive solution of

u' () =y(p(u(t)), te(to,T), ul(ty) =uo=||xol, (7.16)
provided by Lemma 7.2. Then the unique solution of (7.4) satisfies
[lx(O]| < u(t), te[ty,T). (7.17)
Proof. Assume that there is a t; € £, T) such that
u(tr) <t (7.18)
For & > 0, let u.(t) be the solution of
u'(t) = [y(t) +elp(u(®), te[t,T), ulty) = uo. (7.19)

By Lemma 7.2, a solution exists for ¢ > 0 sufficiently small. Moreover, u,(t) — u(t) uni-
formly on any compact subset of [ty,T'). Let

w(t) = [|x(0)]] = ue(t). (7.20)
Then, we may take ¢ sufficiently small so that
w(ty) <0, w(ty) >0. (7.21)
Let t; be the largest number in [fy, 1) such that w(t;) = 0 and
w(t) >0, te (tt]. (7.22)
For h > 0 sufficiently small, we have

wlt+h) —wlt) (7.23)

Consequently,
D*w(t) = 0. (7.24)
But
D*w(t2) = D*[|x(t2)|| - u; (82) < [lx' () [ - uc(2)
e]

= |lg (tr, x(02))[| = [y(t2) +e]lp(ue(t2)) (7.25)
<y(t)p(llx(@)|]) = [y(t2) +elp(ue(t2)) = —ep(ue(t2)) <O0.

This contradiction proves the theorem. O
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THEOREM 7.5. Let g(t,x) be a continuous map from R x H to H, where H is a Banach
space. Assume that for each point (ty,xo) € R X H, there are constants K,b > 0 such that

llg(t,x) =gt M| <Kllx=yll, |t—to] <b, ||[x—x0|| < b, ||y —x0l| <. (7.26)
Assume also that
llg(t.x)|| <y®p(lixll), x€H,te[to,Tm), (7.27)

where Ty < oo, and y(t), p(t) satisfy the hypotheses of Lemma 7.2 with p nondecreasing.
Then for each xo € H and ty > 0, there is a unique solution x(t) of the equation

dx(t)
dt

:g(t)x(t))) te [tO)TM)> x(t()) = Xo- (728)
Moreover, x(t) depends continuously on xy and satisfies
l|x(t)|] < u(t), te€[to,Tn), (7.29)

where u(t) is the solution of (7.6) in that interval satisfying u(ty) = uo = llxoll.
Before proving Theorem 7.5, we note that the following is an immediate consequence.

CoROLLARY 7.6. Let V(y) be a locally Lipschitz continuous map from H to itself satisfying
IVl <C+liyl), yeH. (7.30)

Then for each y, € H, there is a unique solution of
y'(6)=V(y(®), teR’, y(0)= . (7.31)

We now give the proof of Theorem 7.5.

Proof. By Theorems 7.1 and 7.4, there is an interval [fo, fo +m], m > 0, in which a unique
solution of

d’;(tt> =g(tx(1), te€[to,to+m], x(t) =xo, (7.32)

exists and satisfies
x| = u(t), t€ [to,to+m], (7.33)
where u(t) is the unique solution of
u'(t) =y(p(u(t)), telto,Tu), ults) =uo = ||xo|- (7.34)

Let T < Ty be the supremum of all numbers £y + m for which this holds. If t; < t, < T,
then the solution in [#y,t;] coincides with that in [¢y,# ], since such solutions are unique.
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Thus a unique solution of (7.32) satisfying (7.33) exists for each ty < t < T. Moreover, we
have

t
x(t) —x(t;) = t g(t,x(1))dt. (7.35)

Consequently,

() ~x(e) = [ lgtexo)llde = [ yop(ieolya
! i (7.36)

t
= yOp(u(t))dt = u(t2) —u(h).
Assume that T < Ty. Let #; be a sequence such that fy < tx < T and tx — T. Then
[[x(tk) —x(¢;)]] < u(tc) —u(t;) — 0. (7.37)

Thus {x(#)} is a Cauchy sequence in H. Since H is complete, x(tx) converges to an ele-
ment x; € H. Since ||x(f) || < u(tx), we see that ||x;|| < u(T). Moreover, we note that

x(t) —x, ast— T. (7.38)
To see this, let ¢ > 0 be given. Then there is a k such that
[lx(t) —x1]| <&, u(T) —u(ty) <e. (7.39)
Thenfortpy <t< T,

() = x| < [Je(t) = (B[] + [ (86) — x|

<u(t) —u(ty) +|Jx(tx) — x| < 2e. (7.40)

We define x(T) = x;. Then, we have a solution of (7.32) satisfying (7.33) in [0,T]. By
Theorem 7.1, there is a unique solution of

% =g(t,y(), »(T)=x, (7.41)

satistying || y(¢)|| < u(¢) in some interval |t — T'| < §. By uniqueness, the solution of (7.41)
coincides with the solution of (7.32) in the interval (T — §, T']. Define
z(t) =x(t), ty<t<T,
zZ(T) = x, (7.42)
zZ(t)=y(t), T<t<T+§.

This gives a solution of (7.32) satisfying (7.33) in the interval [#y, T + &), contradicting
the definition of T. Hence, T = T,. O
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LEMMA 7.7. Let p, y satisfy the hypotheses of Lemma 7.3, with p locally Lipschitz continuous.
Let u(t) be the solution of (7.11), and let h(t) be a continuous function satisfying

h(t) = h(s) — fy(r)p(h(r))dr, to<s<t<T, h(ty) = uy. (7.43)
Then
u(t) <h(t), te[t,T). (7.44)
Proof. Assume that there is a point #; in the interval such that
h(t) <u(ty). (7.45)
Let
y(t) = u(t) —h(t), te[t,T). (7.46)
Then, y(t)) < 0and y(;) > 0. Let 7 be the largest point < t; such that y(7) = 0. Then
y(t) >0, te(r,t]. (7.47)

Moreover, by (7.11) and (7.43), we have

y(0) = = | y©)lp(u(s) = p () lds < | y(5)ds, (7.48)

where L is the Lipschitz constant for p at u(7) times the maximum of y in the interval.
Let

w(t) = Lt y(s)ds. (7.49)
Then
[eMw(t)] = e H[y(t) - Lw()] <0, te[rn]. (7.50)
Consequently,
elwt)y<e™w(r)=0, te(r,t]. (7.51)
Hence,
y(t) <Lw(t) <0, te[r,t], (7.52)

contradicting (7.47). This completes the proof. O
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8. Cerami sequences
We are now ready for the proof of Theorem 2.2.

Proof. First we note that if the theorem were false, there would be a § > and a v satisfying
(2.5) such that

G W = w(llull) (8.1)
when
ueQ={u€cE:|Gu)—al <36}. (8.2)

Assume first that by < a, and reduce 8 so that 38 < a — by. Since G € C'(E,R), there is a
locally Lipschitz continuous mapping Y (#) of E = {u € E: G'(u) # 0} into E such that

Y@l <1, 66wl < (G'w),Yw), uek (8.3)
holds for some 0 >0 (cf., e.g., [7]). Let
Qo={u€cE:|Gu)—al <26},
Qi ={u€cE:|Gu)—al <6},
Q= E\ Qo (8.4)

_ d(u,Qz)
100 = [awa) +d(m, Q)]

It is easily checked that #(u) is locally Lipschitz continuous on E and satisfies

nw =1, ueqQ,
nu) =0, uecQ, (8.5)
n(u) € (0,1) otherwise.

Let p(t) = 1/y(¢). Then p is a positive, nondecreasing, locally Lipschitz continuous func-
tion on [0, o) such that

® dr

. m = 00 (8.6)
by (2.5). Let
W(u) = —n(u)Y (u)p(llull). (8.7)
Then
W)l <p(llull), uekE. (8.8)

By Theorem 7.5, for each u € E there is a unique solution of

o' ()= W(a(t), teR*, o0)=u (8.9)
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We have
dG t 4
A — (o000 (G (oY o@plotul)
—0n(0)[|G'(0)llp(llall) < —0y(0).
By the definition (2.4) of a, there is a I' € ® such that
G(I(s)u) <a+d, se][0,1], u€cA. (8.11)

Let v =T(s)u, wheres € [0,1] and u € A. If thereisa t; < T such that o(t;)v € Qq, then
G(a(T)v) <a-4, (8.12)
since
G(o(T)v) < G(a(t1)v) (8.13)

and the right-hand side cannot be greater than a+ § by (8.11). On the other hand, if
o(t)v € Q for all t € [0, T], then we have by (8.10) that

T
G(o(T)v) sa+8—6J dt<a—3o (8.14)
0
if we take T = 36/6. Hence
G(o(T)I'(s)u) <a—38, se[0,1], u€A. (8.15)
Let
1
o(2sT), 0< =
Ti(s) = 1 =2 (8.16)
o(T)I'(2s—1), E <1

ThenT; € ®. Since
G(o(t)u) <ag, t=0, (8.17)
we see by (8.15) that
G(T(s)u) <a—08, se€]0,1], ucA. (8.18)
But this contradicts the definition (2.4) of a. Hence (8.1) cannot hold for u satisfying
(8.2).

If by = a, we proceed as before, but we cannot use (8.17) to imply (8.18). However, we
note that (8.10) implies that

Glo(t)u) < by — Gth(a(T)u)dT (8.19)
0
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for u € A. This shows that
o() AnB=¢, t=0. (8.20)
To see this, note that the only way we can have o(t)u € B is if
n(o(r)u) =0, 0<t<t (8.21)
But this implies that o(7)u € Q,, and consequently that
G(o(t)u)<a—90, 0=<t<t, (8.22)
which cannot happen if o(7)u € B. Thus (8.20) holds. Similarly, (8.15) shows that
o(DI'(t) AnB=¢, 0=<t=<l. (8.23)
Combining (8.20) and (8.23), we see that
I(s)AnB=¢, 0<s<]1, (8.24)
contradicting the fact that A links B. This completes the proof of the theorem. O
9. The remaining proofs

We can now prove Theorem 3.1.

Proof. We may assume that a = ay. Otherwise by Corollary 2.6, a Cerami sequence (2.6)
exists with y replaced by ¥/(¢) = y(f + «). Since ¥ satisfies the hypotheses of Theorem 2.2
and

d(u,A) < llull +a, (9.1)
for each § > 0 we can find a u € E such that
a-8=Gw=<atd, |IGWI <F(lul) = y(dwA), (92)

which certainly implies (3.5). If the conclusion of the theorem was not true, there would
be a § > 0 such that

y(d(u,A)) <||G'(u)| (9.3)
would hold for all u in the set
Q={u€E:by—-38 <G(u) <a+38}. (9.4)

By reducing § if necessary, we can find 6 < 1, T > 0 such that

R+a

ay—bg+06<0T, T< y(s)ds. (9.5)

5+
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Thus, by Lemma 7.3, if u(t) is the solution of (7.11) with p(¢) = 1/y(t),y = 1, t, = 0, and
uo = R, then

u(t)y=46, tel0,T]. (9.6)
Let
Qo ={u€eQ:by—26 <G(u) <a+268}
Qi ={ueQ:by-06=<G(u) <a+d},

_ d(u’Q2)
100 = [awa) + d(m )]

As before, we note that # satisfies (8.5). There is a locally Lipschitz continuous map Y (u)
of E={uckE: G'(u) # 0} into itself such that

(9.7)

Q2 = E\ Qo

Yl <1, 0llG' W) = (G'w),Yw), uck (9.8)
(cf., e.g., [7]). Let o(¢) be the flow generated by
W(u) = n(w)Y (up(d(u,A)), (9.9)

where p(7) = 1/y(7). Since |W(u)ll < p(d(u,A)) < p(llull) = 1/¥(llull) and is locally
Lipschitz continuous, o (t) exists for all t € R* in view of Theorem 7.5. Since

oty —v = LtW(a(T)v)dT, (9.10)
we have
llo(t)v —a(s)v|| < J:P(d(a(r)v,A))dr- (9.11)
Ifu € A, we have
) = (o, 4) = ool —ul] = oy~ ull + [ pla(atrimandr.  ©.12)

This implies that

h(s) < h(t) + Jtp(h(r))dr. (9.13)

We also have

dG(o(t)v)

F T (G'(0),0") =n(0)(G'(0),Y(0))p(d(0c,A))

> 61(0)||G'(0)||p(d(0,4)) = Bn(0)y (d(0,A))p(d(0,4)) = (o)
(9.14)
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in view of (9.3) and (9.8). Now suppose v € B is such that there is a t; € [0, T] for which
o(t)v ¢ Qp. Then

G(o(t1)v) >a+94, (9.15)
since we cannot have G(o(t;)v) < by — 6 for v € B by (9.14). But this implies that
G(o(T)v) >a+é. (9.16)

On the other hand, if o(t)v € Q; for all t € [0, T], then
T
G(o(T)v) 2G(v)+9j dt > by+0T >a+0 (9.17)
0

by (9.5). Thus, (9.16) holds for v € B. the author claims that A links B; = ¢(T)B. Assume
this for the moment. By the definition (2.4) of a, there is a I' € ® such that

G(I'(s)u) <a+ g, 0<s<1l,u€A (9.18)

But if A links By, then there is a #; € [0,1] such that I'(#;)A N B; # ¢. This means that
there is a u; € A such that I'(f;)u; € B;. In view of (9.16), this would imply that

G(F(tl)ul) >a+5, (919)

contradicting (9.18). Thus it remains only to show that A links B;. To this end, we note
that o(t)v ¢ A for v e B and t € [0, T]. For v € B, this follows from (9.13) and the fact
that

h(t) =d(a(t)v,A) = u(t) =5, te][0,T], (9.20)

in view of Lemma 7.7. If v € B\ B’, we have by (9.14) that
t
G(o(t)v) za+9J n(o(r)v)dr >a, t>0, (9.21)
0

unless #7(v) = 0. But this would mean that v € Q, in view of (8.5). But then we would
have G(v) = a+ 2§ since we cannot have G(v) < by — 28 for v € B. Thus,

G(o(t)v) >a, t>0,veB\B. (9.22)
Hence
Ano(t) B=¢, 0=<t=<T. (9.23)

Let T be any map in @. Define

1
2 (9.24)
1
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Clearly, I'; € @. Since A links B, thereisa t; € [0,1] such that I (H)ANB # ¢. If0 <, <
1/2, this would mean that

o(24T) 'AnNB 4 ¢ (9.25)
or, equivalently, that
Anc(2t,T)B 4 ¢, (9.26)

contradicting (9.23). Thus we must have 1/2 < t; < 1. This says that

o(T)"'T(2ti —1)ANB # ¢ (9.27)
or, equivalently,

I'(2t, —1)ANo(T)B + ¢. (9.28)
Hence A links By, and the proof is complete. O

We also give the proof of Theorem 3.2.

Proof. Again, we may assume that a = ag. We interchange A and B and consider the func-
tional G(u) = —G(u). Then

~ ~ (9.29)
bo=infG=—supG=—ay>—
A A
Moreover,
~ R+
50 —by=ap—by< W(t)dt, (930)
B
where
R<d’ =d(A"”,B). (9.31)
Since
A" ={ue A:Gu) <y}, (9.32)

we can apply Theorem 3.1 to conclude that for each § > 0, there is a u € E such that
bo—08<Gu) <& +6, |G W) <w(duB)). (9.33)

This implies (3.9). O
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