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The three-dimensional linearized theory of elastodynamics mathematical formulation of
the forced vibration of a prestretched plate resting on a rigid half-plane is given. The vari-
ational formulation of corresponding boundary-value problem is constructed. The first
variational of the functional in the variational statement is equated to zero. In the frame-
work of the virtual work principle, it is proved that appropriate equations and boundary
conditions are derived. Using these conditions, finite element formulation of the pre-
stretched plate is done. The numerical results obtained coincide with the ones given by
Ufly and in 1963 for the static loading case.
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1. Introduction

Elastodynamics problems of prestretched media arise in many areas of applied mathe-
matics, engineering, and natural sciences. Classical linear theory of elastic waves is not
sufficient for solving elastodynamics problems involving initially stressed bodies. That is
why a general nonlinear theory of elastic waves has been developed since the second half
of the 20th century. An analysis of the studies up to 1986 was made in [1, 2]. Later re-
searches are given in [3]. Recent researches involving dynamic stress field in multilayered
media with initial stress are given in [4-7].

In the present paper, a boundary-value problem of elastodynamics involving initially
stressed bodies which has no analytical solution considered and finite element method is
utilized to solve the problem numerically. In a study by Akbarov [7], the layers of the slab
have infinite length in the radial direction. In a recent paper by Akbarov and Guler [8],
the stress field in a half-plane covered by the prestretched layer under the action of ar-
bitrarly linearly located time-harmonic forces is investigated. In 8], the layer considered
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FIGURE 2.1. The geometry of the strip plate resting on a rigid foundation.

is extending to infinity in the x;-axis direction. In this study, a prestretched strip plate
which has a finite domain both for the x;-axis and x;-axis is considered. So the method
of solution used in [7, 8] is not suitable for the problem at hand.

2. Formulation of the problem

The problem of forced vibration of a prestretched strip plate resting on a rigid foundation
is considered. Strip plate and rigid half-plane occupy the regions

B={(x1,x3):—a<x;<a,0<x, <h} (2.1)

and {(x1,x2) : —00 < x] < 00,—00 < x, < 0}, respectively, in Cartesian coordinate system
Ox1x; (see Figure 2.1).

We assume that strip plate is made of linearly elastic material, homogeneous and
isotropic. We also assume that, before contact, the plate is stressed from both sides by nor-
mal forces having amplitude g. A time-harmonic point-located normal load, Pyd(x;)e'",
is applied to the upper surface of the plate, where §(x;) stands for the Dirac delta func-
tion. Following on from the above, it can be assumed that the plane deformation state
prevails.

According to Guz [1], for the case considered, the equations of motion are

ao,»j n azu,‘ _ &
ox;  Toxt Pogn>

i=1,2,j=1,2 (2.2)

In (2.2), p, denotes the density of the material in the natural state, u;(x1,x,t) and
s (x1,%2,1) denote the displacement in the axis x; and x;, respectively. For an isotropic
compressible material, we can write the following mechanical relations:

0ij = A00ij +2ueij;, 0 =enten, (2.3)

where A and y are Lime constants and

_ 1 [ Ju; auj
Sij - 2 (an * ax,‘ ) (2.4)

Here

T
e = {e1,€0,612} (2.5)
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denotes the deformation tensor and
T
0=1{011,02,012} (2.6)

denotes the stress tensor. In (2.3), §;; denotes the Kronecker delta

0, i#j,

0ij = { . J (2.7)
1, i=j.

In the case considered the relations

Ev E
AT M 204w ©

(2.8)

are valid, where E denotes the elasticity moduli and v denotes the Possion ratio. We as-
sume that the following boundary conditions exist:

31 |x2=0 = O’ Uz |x2:0 = 0’
ou; ) ( ou, )
— + = 0, —+ = 0)
(q aX1 ou x|=*a qaxl o1 x1=*a (29)
021 |y = 0, 022 |,y = Pod (x1)e™".

Since the applied point-located load is time-harmonic, all the dependent variables are
also harmonic and can be represented as

{ui,0ij,€i} = {1,064, } ", (2.10)

where the superposed caret denotes the amplitude of the corresponding quantity. Here-
after the carets will be omitted. Using (2.3) and (2.4) in (2.2), we have the linearized
equations of motion in terms of displacement as follows:

2 2
au1 8u1

(/\+2,u+q)a—x% +ya—x% + (A+‘“)ax18x2 = —p, w* ui,
us ’u, ’u ) (210
(,u+q)a—x% + (A+2y)a—x§ +(A+p) Sxiaw, ~ Po@
3. Finite element formulation
We have the dimensionless coordinate system by the following transformation:
R = % %= % (3.1)
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By multiplying both sides of the equations with h? after substituting (3.1) in (2.2), we
have

80’11 80’12 82u1 _ 212
ha}?1 +h89?2 +qa£% = —p,w" h* uy,
(3.2)
80'21 80'22 8 U
h 89?1 +h axz q 8x1 B po h Ha:

Under the coordinate transformations (3.1), boundary conditions (2.9) will be as follows:

u |£2=0 = O) us |5C\2=0 = 0)
ou, ) < ou, )
— + =0, 24 =0,
(q oz, ! Ri=+a/h 1oz, 770 Ri=+a/h (3:3)
0-21|3A62:1 =0, 0'22|;(2:1 =Po(§(]’l5€1)€iwt.

We first multiply (3.2) by the test functions v; = v;(X},%,) and v, = v,(X1,X;), respectively,
and then add the resultant equations side by side. After integrating the equation over the
domain

B={(ZL%):—a/h<% <a/h 0<% <1}, (3.4)
we get
a/h ao'“ 0071 901, 902> 82 32
J J a/h[ axl th ox, vath 0%, vi+h %, vat+q Pre Lvi+g o w]dxl dx, )

a/h
—J J poa)zhz(ulvl +u2V2)d5C\1d5C\2.
0 J—a/h

Applying integration by parts to (3.5) we get
J ~ I:hO’“V] CcosS (ﬁ,&\] ) +ho;1v, cos (ﬁ,.;(\l ) +ho,v1 cos (ﬁ,)ACz) +hoy,v, cos (ﬁ,JACz)
oB
0 - 0 - a
+qa—ziiv1 cos (n,x1)+qa—;fvz cos (n,xl)]ds

alh aVZ 8v1 aV2 aul avl auz al/z A g~
J .[ alh [ho'n +h0218 thonge 0X> 5%, o 8x2+ 0x] 0X; ox 1 8x1 axl]dxldxz
1
fJ’J’ pow*h* (u1vi +uzvy) dxy ds,
0 J-a/h
(3.6)

where 9B denotes the boundary of the domain B. If we collect the domain integrals in
(3.6) together and define

ou
Tij = 0y +am

aA‘, o), =q,0) =0 forin #11, (3.7)
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FIGURE 3.1. The form of the boundary oB.

we get

/h
JO J_a/h [hT,j % - pow*h*u; v,]dxldxz

J [hollvl cos (11,X1) + hoa1vacos (1,%1) +hoavy cos (1,X3) (3.8)
B

A ou . a du N
+hoayvscos (1,%;) +qa—£1v1 cos (1,%1) +qa—;vzcos(n,x1)]ds.
1 1

The integral over the boundary 9B in (3.8) can be calculated as follows: let the boundary
0B be in the form given in Figure 3.1.

According to Figure 3.1 boundary 0B can be written as B; U B, U B3 U B. The right-
hand side of (3.8) can be written as follows:

J R {COS (ﬁ,k\l) |:h0'111/1 +hoy v, +q%v1 + qaLVZ:l + cos (ﬁ,k\z) [h0'121/1 +h0’221/2]}d5.
0B 1

ox
(3.9)
We have the integrals

! ou ou ~
J() 1- |:h0111/1 + h0'21V2 + qai),eivl + qai),erZ]dXZ,

a/h
J " 1- [h012v1 + hO’szz]djc\l,

B (3.10)

1
J ( )[h011V1+h021V2+qa V1+qa :|dX2,
0 ox 0X)

a/h
J: /h(—l)[hcrlzvl + thsz]dk\],
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for the boundaries
B = {(21,22) %) =

A A A~ —a A A A a N a -
B3:{(X1,x2)1x1=7,0S3€2S1}, B4={(XI,XZ)Z7S zﬁﬁ,xZZO},

respectively. Using the conditions (2.9) in (3.10) we get the integral term

a/h
J hh0'22|£2=11/2|§2=1d21. (3.12)

—a/

Consequently, (3.8) can be written as

a/h a/h
J J a/h[ ij 8 - pow*h?u; vl]dxldxz J o hoo |42 |5, _1d% (3.13)
or
L ralh 8 8 ov V1 sz 8u1 avl auz aVZ
J Iﬁa/h[h()'ua +ho 218 +h 12874-]’1 2287-1— aixlaixl-l-qai)?laijel
i (3.14)
—p0w2h2(u1v1+u2vz)]dfc1d5c\2=J hoyn | v |, dx.
—a/h x2=1 xX=1

The mechanical relations (2.3) and (2.4) under the transformation (3.1) can be written
explicity as follows:

10 10
o1 =ARA+2 )haui haTZZ’
_ylou 10w,
o2 =Ap o2 +(A+2u )hafcz’ (3.15)
8u1 auz)
“Hn <8x2 "%,
After using boundary condition
022 |,_1 = Pod (hzy)e™" (3.16)
and the property
1
8(ax) = 7r50(), (3.17)

the right-hand side of the (3.13) can be written as

L RIS (3.18)
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After substituting relations (3.15) in (3.13) and using (3.18) as right-hand side we get

a/h
J J [{(/14—2 " )8u1+)tau2}8721+{ 8u1+(‘u+q)8u2}avz+#{8u1+8u2}8v1

a/h 8x1 8x2 8x1 8x2 8x1 8x1 sz 8x1 aXZ

{A?HA 2 )auz}%_% zhz(ulvl+u21/2):|dx1dx2

a/h
= J P06(X1)V2|£2=1dx1.

—a/h
(3.19)
By dividing both sides of (3.19) to Lame constant y, we get
a/h ou; Aoduy) on ou; q ouy ) ovy ou; duy ) ov;
J J a/h H( U )87?1-'-# 0%, }Bxl * {873?2+(ﬁ+1> 0X) }axl * { 0% +ax1 }afcz
Aou; (A %}%_powzhz ] SR
+{/4 axl +<ﬂ+2) 856\2 a&:\z (M1V1+u21/2) dx,dx;,
a/h P R .
= J_a/h f@(xl)vz |;€2:1dx1.
(3.20)

By (3.20), we get bilinear form a(u,v) and linear form I(v). Introducing the distortion

wave velocity
0= & (321)
Po

Q= w—h, (3.22)
(%)

and the dimensionless frequency

we obtain J(u) = (1/2)a(u,u) — I(u), the total energy functional, where u = u(u;,uz) as
follows:

J(u1,uz)
afh ou, o\ ou, Oup A Ou; Ouy
J Ja/h[ [(a) *(a) ]*‘{axﬁaxl} TR R

A %)2 <au2>2]_2 ) Z]M_J“/h& .
+(y+2>[(83?1 + %, QO (ut+ud) |dx,dx, —a/h,ué‘( D | 5, d%.

(3.23)

As known from calculus of variation [9], by equating the first variational of the total
energy functional, J(u) given in (3.23), to zero one must derive (2.11) and boundary
conditions (3.3). In order to achieve this result we use

8](1«11,”2) =0. (3.24)
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In (3.24) we equate the integrands involving §u; and du, to zero. Consequently, we obtain

, g du A duy +(A+2>fu1 u;  uy

—UIpywT = ﬁ'aixf"";axlaxz ; ax% ax% 8X1ax2’ ( )
3.25
2 2 5 ) ,
— Z_Q.au2 aul auz &aul (& )M
A yooxt " 0x10x; * ox; + 1 9x10x2 + P 2 PR
our ) - )
(q 0x1 tou Gtah 0, 0121%-1 =0,
(3.26)
<%+“ ) =0,  onlyoy =Pd(%)
qaxl . fesah 2l%=1= Foolx1),

as boundary conditions. It is worthy of noting that we get (3.25) by using functional
(3.23) which is obtained by (3.20). Therefore, if we get the total energy functional using
(3.19), we obtain (2.2) the linearized equations of motion.

The total energy functional, J(u), will be minimized using Rayleigh-Ritz method.
Firstly, we divide the domain B into finitely many B; subdomains. We utilize displace-
ment-based finite element method, so the functions to be sought in each finite element
will be displacements. Thus, in the eth finite element, we get

M
ul? = > aeNi(r,s),

=~
—

(3.27)

us) = > bENi(r,9).

Mz

k=1

In (3.27), M denotes the nodes in eth finite element. The shape functions Ni(r,s), defined
on the unit square [—1,1] X [—1,1], are

Ni(r,s) = i(rz—r)(sz—s) No(r,s) = i(r2+r)(52—s) Ns(r,s) = i(r2+r)(52+s),

Nu(r,s) = i(rz—r) (s>+s)  Ns(r,s) = —%(rz—l) (s>=s)  Ns(r,s) = —%(r2+r) (s-1),

Ny (r,s) :—%(rz—l)(sz+s) Ng(r,s) = —%(rz—r) (s>=1) No(r,s) = (r*=1)(s*~1)
(3.28)

(see Figure 3.2). Substituting (3.27) in (3.23) we get the linear algebraic system
Au=f, (3.29)

according to Rayleigh-Ritz method. In (3.29), matrix A denotes the stiffness matrix of the

system and is given by
(e) (e)
A A
o [[ O u]} .
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1 I5 2

FiGUrE 3.2. The order of the nodes of a finite element defined on [—1,1] X [—1,1].

on the eth finite element. In (3.30) we have

1 ra/h 9N, ON;:
[A(lel)] = Jo I " g, % + (& +2) Y % — QzNiijl]dk\ldk\z,
—-a

L 0x; 0x3 Y ox;  oOx
1 ca/h rON:; ON, 1 ON;;i oN,
(7 _ ij ONk A OWNij ONKL | 4n o
[42] = Jo J—a/h L dx1 dxp i g oxy 0x ]dxldxz,
(3.31)
1 ra/h 9N, ON, 1 ON;;i oN,
() _ ij ONk A OWNij ONkl| oo s
[Az] = Jo La/h ERr U 0xy 0x ]dxldxz’

L ra/h rON;; oN; A oN;; oN,
(e) . 1]_ kil 7 1]_ kl_ 2NT.. A~ g~
[A2] = L Lﬂh R <V +2) w0 Nl]Nkl]dX1dx2.

In (3.31), the subscripts i, j,k, and [ should take the values 3, j, k, I = 1,...,M. In (3.29)
the vector u is as follows:

u={[a][be]}" (3.32)

and the components of the vector u gives values of the displacements at the nodes in the
directions x; and x,. The vector f in (3.29) is given by

f= {PONU

T
p 21:0} : (3.33)

X2:1

By using the displacements obtained from solving (3.29) in

o0 = DBu, (3.34)
we obtain the stresses. In (3.34), matrix D is given by

I—»v v 0

1-» 0 , (3.35)
0 0 1-2»

=
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s x/h
2 4
—+— 20 elements --m-- 40 elements
~x- 30 elements --a— 80 elements
Figure 4.1
and matrix B is given by
" ON; dNy 7]
=, =P 0 e 0
or or
oN; ONo
B=| o . o = ... == . 3.36
0s os ( )
L 0s Os or or Jd3x1s

4. Numerical results

In order to see the validity of the algorithm and programmes, the case where Q2 = 0 and
q = 0is selected and the number of finite elements in the direction of x; -axis is increased.
The results obtained in the case considered approach the corresponding ones in the static
loading case which are given in Uflyand [10]. Let # denote the dimensionless parameter
characterizing the initial stress in the strip plate and is given by # = g/u. Consider the
distribution of stresses and displacements in the interface plane (where x,/h = 0) when
n = 0. It is seen that the problem is an axisymmetric problem with respect to x; = 0
plane. The numerical results in Figures 4.1, 4.2, and 4.3 are obtained under the following
assumptions: Q =0, g =0, v=0.33, and h/2a = 0.2.

In Figures 4.1 and 4.2, the distribution of the displacements u; and u; in the direction
of x;-axis is given. Increasing the number of finite elements in the direction of x;-axis, it
is seen that the displacements are approaching to each other asymptotically.

In Figure 4.3 the stress distribution in the direction of x;-axis is given. The results
obtained here coincide with the ones given in [10]. It is seen that the values of 0, decrease
towards the sides of the strip plate where x; = +a.

In Figure 4.4 the stress distribution in the direction of x;-axis for various Q values is
given. It is seen that increasing the dimensonless frequency Q) increases the stress o2,.
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L xl/h

—+— 20 elements --m-- 40 elements
~x- 30 elements --a— 80 elements
Figure 4.2
022 h/ P()
2
—+— 20 elements --m-- 40 elements
< 30 elements --a-- 80 elements

Figure 4.3

However, there are such points on the interface plane along the x;-axis at which the di-
mensonless frequency Q does not affect the values of the stress 0,.

5. Conclusions

In this paper, mathematical formulation of forced vibration of a prestretched strip plate
resting on a rigid foundation is given in the framework of the three-dimensional lin-
earized theory of elastodynamics. A numerical algorithm is developed for both the static
and dynamic loading cases. The numerical results are presented for the distribution of
displacements and stresses. These numerical results indicate the validity of the formula-
tion. It is seen that there are some points on the interface plane at which the dimensionless
frequency does not affect the stress 0.
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