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On the Szego kernel of Cartan—Hartogs domains

Andrea Loi, Daria Uccheddu and Michela Zedda

Abstract. Inspired by the work of Z. Lu and G. Tian (Duke Math. J. 125:351-387, 2004)
in the compact setting, in this paper we address the problem of studying the Szego kernel of the
disk bundle over a noncompact Kéahler manifold. In particular we compute the Szego kernel of
the disk bundle over a Cartan—Hartogs domain based on a bounded symmetric domain. The main
ingredients in our analysis are the fact that every Cartan—Hartogs domain can be viewed as an
“iterated” disk bundle over its base and the ideas given in (Arezzo, Loi and Zuddas in Math. Z.
275:1207-1216, 2013) for the computation of the Szegd kernel of the disk bundle over an Hermitian
symmetric space of compact type.

1. Introduction

Let (L, h) be a Hermitian line bundle over a Kéhler manifold (M, w) of complex
dimension n such that Ric(h)=w, where Ric(h) is a two-form on M whose local
expression is given by:

(1) Ric(h):féaélog h(o(z),a(x)),

for a trivializing holomorphic section o:U— L\ {0}. In the (pre)quantum mechanics
terminology the pair (L, h) is a geometric quantization of (M,w) and L is called the
quantum line bundle. For all integers m >0 consider the line bundle (L®™, h,,) over
(M,w) with Ric(hy,)=mw. Let H,, be the complex Hilbert space consisting of the
L®™5 global holomorphic sections bounded with respect to the norm generated by
the L2-product:

wn

<s,t>m=/M o (5(2), t(2)) (@),

n!
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for s,t€H,,. Note that if M is compact, then H,,=H(L®™) is finite dimensional.
Given an orthonormal basis s™=(s(", ..., s} ) of Hy, (with Ny, +1=dimH,, <oo)
with respect to (-, ), one can define a smooth and positive real valued function
on M, called the Kempf’s distortion function:

N,
(2) To(x):= Z Rom (s}n(x), sy (z)).
j=0

As suggested by the notation, it is not difficult to verify that this function depends
only on the Kéhler form mw and not on the orthonormal basis chosen. When M
is compact, G. Tian [28] and W. Ruan [27] solved a conjecture posed by Yau by
proving that the metric g, associated to the form w, is the C*°-limit of Bergman
metrics. Zelditch [35] generalized Tian—Ruan’s theorem by proving the existence of
a complete asymptotic expansion in the C'*° category, namely

M8
2
B
3
7

(3) T () ~
§=0

where a;, j=0,1, ..., are smooth coefficients with ag(z)=1, and for any nonnegative

integers r, k the following estimate holds:

k

Tm(x)—z aj(z)m"7

=0

n—k—1
< Ck,?"m ’

cr

(4)

where C, is a constant depending on k, r and on the Kéhler form w, and ||-||c-
denotes the C” norm in local coordinates. Notice that similar asymptotic expansions
were obtained by D. Catlin [9] (see also [5]-[8], [25] and [26] for a deformation
quantization procedure on Kéhler manifolds based on these expansions).

Later on, Z. Lu [23], by means of Tian’s peak section method, proved that each
of the coefficients a;(x) in (3) is a polynomial of the curvature and its covariant
derivatives at x of the metric g. Such polynomials can be found by finitely many
algebraic operations. Furthermore, Z. Lu computes the first three coefficients a,
az and ag of this expansion (see also [18] and [19] for the computations of the
coefficients a;’s through Calabi’s diastasis function). The expansion (3) is called the
TYZ (Tian—Yau—Zelditch) expansion and it is a key ingredient in the investigations
of balanced metrics in Donaldson’s terminology [10] (see also [2]). The reader is also
referred to the recent paper [17] by C. Liu and Z. Lu for a more explicit exposition
on the algorithm of the computation of the general terms and the generalization of
the TYZ expansion. Notice that prescribing the values of the coefficients of the TYZ
expansion gives rise to interesting elliptic PDEs as shown by Z. Lu and G. Tian [24].
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The main result obtained in [24] is that if the log—term of the Szegé kernel of the unit
disk bundle over M wvanishes then a=0, for all k>n. Recall that the disk bundle
over M is the strongly pseudoconvex domain DC M defined by D={ve M|p(v) >0}
and we denote by X =0D its boundary. Given the separable Hilbert space H?(X)
consisting of all holomorphic functions on D which are continuous on X and satisfy:

/ \f|2du<oo7
X

where dv=aA(da)™ and a:—i8p|X:i5p‘X is the contact form on X associated to
the strongly pseudoconvex domain D (the 1-form « is defined on the smooth part
of X)), the Szego kernel of D is defined by:

+oo
S)= Z fi()fi(v), veD,
j=1

where {f;};=1,.. is an orthonormal basis of H?(X). A direct computation of the
Szegd kernel could be in general very complicated. Although, when DCM is a
strongly pseudoconvex domain with smooth boundary, the following celebrated for-
mula due to Fefferman (see [13] and also [4]) shows that there exist functions a and
b continuous on D and with a#0 on X, such that:

a(v)

(5) S(v) = +b(v) log p(v).
The function b(v) is called the logarithmic term (or log—term) of the Szegd kernel
and one says that the log—term of the Szeg6 kernel of D vanishes if b=0.

Z. Lu has conjectured (private communication) that the converse of the above
mentioned result is true:

Conjecture 1. (Lu) Let (L, h) be a positive line bundle over a compact com-
plex manifold (M,w) of dimension n such that Ric(h)=w. If the coefficients ay of
TYZ in (3) vanish for all k>n, then the log—term of the Szegé kernel of the unit
disk bundle over M wvanishes.

In [16] (see also [22]) the authors address the problem of the existence of a
TYZ expansion in the noncompact case and study its coeflicients.

In this paper we study the analogous of the previous conjecture for an im-
portant family of noncompact Kéhler manifolds called Cartan—Hartogs domains,
defined as follows. Let QCC? be a bounded symmetric domain of genus y=
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(r—1)a+b+2, where r is the rank of © and a and b are its numerical invariants (see
[1, p. 16]). Further denote by N=N(z) its generic norm, namely,

N(z) = (V(Q)K(z,2)) 7,

where V() is the total volume of Q with respect to the Euclidean measure of C?
and K (z, z) is its Bergman kernel (see e.g. [1] for more details). The Cartan—Hartogs
domain Mgo (i) based on © is the pseudoconvex domain of C?*90 defined by (>0
is a fixed constant):

(6) Mg (1) = {(2,w) €QxC%, Jw||> < N*(2)}.

It can be equipped with the natural Kahler form:
i
Wa, = —iaﬁlog(N“(z)—HwHQ).

The Kihler manifold (Mg (), wa,) has been studied by several authors from dif-
ferent analytic and geometric points of view (see for example [14], [15], [20], [21],
[29]-[32] and [34]). One can consider the trivial line bundle(') L=Mg (4)xC on
M (11) endowed with the Hermitian metric:

(7) hay (2,w;€) = (N*(2) ~[lw]|) €%, (z,w) € Mg’ (1), €€C,

which satisfies Ric(hq,)=wq, (cfr. (1)).

The main result about the TYZ expansion for Cartan-Hartogs domains is ex-
pressed by the following recent result in [15], which shows that in this case the ex-
pansion is indeed finite, namely it is a polynomial in m of degree d+dy=dim Mgo ()
with computable (non-constant) coefficients.

Theorem 1.1. Feng-Tu Let m>max{d+d, 77_1}, then the Kempf’s distor-

sion function associated to (M (11),wa,) can be written as:

1 <X DRX(d w2\ Tl — d ke

(Y) Due to the contractibility and pseudoconvexity of Mgo (1), any holomorphic line bundle
over Mgo (1) is holomorphically trivial.
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with

k)(—l)j 7 L((d=5) =7 +2=(+1)§+b+ra)
J L(p(d—j)—v+1+(1—-1)%)

D*X(d) :Ek: <

=0 =1

Formula (8) implies, in particular, that ay=0 for k>d+dy. Therefore it is natural
to see if Conjecture 1 holds true in this (noncompact) case.(?)
Notice that the disk bundle of a Cartan-Hartogs Mgdl0 (w) is the Cartan—Hartogs

domain Ma&%* (), whose the boundary of Ma**(u) is not smooth being:

OME(p) = 00U{ (2, w) € AxC||w|* = N*}.

Thus, it does not make sense to speak of the log-term of the Szegoé kernel, since
formula (5) applies only when the domain involved has smooth boundary. Neverthe-
less, in order to consider the case of Cartan-Hartogs domain, we give the following
definition (which in the smooth boundary case coincides with the standard one).

Definition 1.2. Let DCM be a strongly pseudoconvex domain in a complex
n-dimensional manifold M, let X=0D be its boundary with defining function p>0,
ie. D={veM|p(v)>0}. Assume that the points where X fails to be smooth are
of measure zero. We say that the log—term of the Szegd kernel of the disk bundle
vanishes if there exists a continuous function a on D with a#0 on X, such that
S(v)= 5l

The main result of this paper is the following:

Theorem 1.3. The log—term of the Szegé kernel of the disk bundle over a
Cartan—Hartogs domain vanishes.

In the next section we compute the Szegd kernel of (M (1), wq,) and prove
Theorem 1.3.

2. Szego kernel of Cartan—Hartogs domains

In the following lemma, needed in the proof of Theorem 1.3, we compute
the volume form aA(da)? on the boundary OME(u) of ME(u), namely a Cartan—
Hartogs domain with dg=1.

(2) Formula (8) is used by Feng and Tu to give a positive answer to a conjecture posed by
the third author of the present paper in [32], namely they prove that if coefficient a2 is constant,

then Mgo () is the complex hyperbolic space. This formula has been also used in [33] to study
the Berezin quantization of (MgO (1), wag)-
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Lemma 2.1. The volume form aA(da)? on the boundary OML (1) is given in
polar coordinates (p,0) by:

d

21
d—(Z0) nwuld+b—y
a(da) ( S ) A0y A0 d' ,

d
where “;—‘!’ is the standard volume form of C% and 0,=0g41.

Proof. By definition av=—i0p|pps (), Where p=NH—|w|?>>0 is the defining

function of M} (u). Thus, we get:

d
a=—1 (Z OjN'dz;—w dw).

Jj=1

n)>

Furthermore, by da=(0+0)a=—i00p, we get:

d d
do = —z’( > NtdzAdz—dwn dw> :i<dw/\ dw— ) Nldzn dzk>,

J.k=1 j,k=1

(da)® = <det L) dé+ Z 1)**det (~N') d(sq>,
s,qg=1

where we write NJ'=0N"/0z;, N;'=0N"/0z and N]’,LE:E?QN”/azjaik, we denote

by dé=dz1 AdZi A...Adzg A dZq and by d(g (resp. d(sz) the form d§ where the term

dz, (resp. the terms dz,, dZ;) is replaced by dw (resp. dzs with dw and dzz

with dw). Further, we write (fNJ’,LE)Sq for the matrix (fNj‘.LE) where the s-th row

and the g-th column have been deleted. Thus, the volume form a A (da)? is given by:

d
A(da)? = —idtt ( Z (—1)5taNH det(—Nj’.‘E)Sq dzs NdCsq
s,q=1
(9) —wdet (—N,) ded§>.

Observe first that:
dzs Nd(sqg = —dwAd(g = dwNdwAdEg,

where dz is the form d§ where the term dz, was deleted. Further, evaluating at
the boundary, turning to polar coordinates (p, §) and denoting pg11 by p., and 8441
by 6., from p2 =N* one has 2pwdpwzz;l:1 Nfe’mi (dpj—ipjdb;) and we get:

(10) @ AwAAE = pu (dpuw+ipw dOu) AdE =iN" d,, AdE,
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and
d
dw A\ AW = —2ipy dpy Ny =—i ) NE dz;ndb,,
j=1
which yields
(11) dzs NdCoqg = —iNY dzZ,NdOy, NdEg = —iNE db,, NdE.

Substituting (10) and (11) into (9) we get:
Wi
/\(doz)d:idAdﬁw/\d£:2dAd9w/\d—0,

where we used that 22 20 —(£)4 d¢ and we set:
d

A=NH det N“ Z J+kN;-LN£ det([_Nﬁé])jfc'
J,k=1

It remains to show that:

d
(12) A= <ﬁ> N+ =
v

In order to prove (12) consider the metric g of the domain €2 associated to

wq defined by (g90),x %{gi\iy) A direct computation gives:

NN —NEN*
N2u

det(gn) = det |

1 L
~ N2du det([Nng_N;‘j}Nl )

HoNTR
= Wdt({N“”’“N )
N2d k NJ’.*

)

N2dp

d
1 1 .
= Ndn det([-N¥])— D (FLIFENEN det([-Npg)) 5
k=

A
= Na@
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Conclusion follows by:

deton = (1) atom = (£) 5

where 9B="790 is the Bergman metric on Q (whose determinant can be obtained
easily by considering that it is Kédhler—Einstein with Einstein constant —2). O

Proof of Theorem 1.3. Observe first that by an inflation principle (see e.g.
Section 2.3 in [30]) we can assume without loss of generality do=1. In this case the
defining function p(z, w)=NH(z)—|w|? and

OMY(p) = 00U { (2, w) € AxC | |w|> = N*"}.

Observe that although dM () is smooth only when € is of rank 1 (i.e. when  is
the complex hyperbolic space), the points where it fails to be smooth are of measure
zero. The volume form dv=aA (da)? reads:

wf

2 d
(13) dv=an(da)? = (#) NHEFD=Y g, A o

where W(T[}: is the standard Lebesgue measure on C? (wpg is the flat Kihler form
on C%). In order to compute the Szegd kernel Snp(py of M} (p) one needs to find
an orthonormal basis of the separable Hilbert space H2(OM{ (1)) (Hardy space)
consisting of all holomorphic functions § on Mg (1), continuous on OME(u) and

such that
/ |3|% dv < co.
OME (1)

Consider the Hilbert space:

d
H2,(Q) = {3 € Hol(92) ] / N”m|s(z)|2o;—? < oo},
Q .
(where wo= ~wp is the Kahler form in £ given by wo=—1%001log N*) and the map:
(14) A:HZ (Q) — HP(OMG(1)) 1 s+ 5
defined by

_ p(d+1)

é(v)zZ_%N(z,z) w™s(z), v=(z,w)€IM(u).



On the Szego kernel of Cartan-Hartogs domains 481

Notice that the Hardy space H?(OM4(n)) admits a Fourier decomposition into
irreducible factors with respect to the natural S!-action, i.e.

—+o0

72 (M) = €D 12, (9M3 1),

m=0

where H2,(OM(1)):={3€H2(OM(11))|3(A\v)=A"5(v)} and Av:=(z, \w), for v=

(z,w). Since
d
wh _ (1) -l
d! y d' ’

it is not hard to see that the map A defines an isometry between HZ (Q) and
H2,(0ML(1)). Thus, if we consider the orthogonal projection of the Szegd kernel
on each H2 (OM, (1)), we get:

400 400 400 o0

(15) SMgz Z Z )=2" d pr—p(d+1) Z Z |w|2m‘5

m=0 j=0 m=0 j=0

where 57, j=0,1,... is an orthonormal basis of H? (Q) and 87*=A(s}") is the cor-
responding orthonormal basis for H2, (OM(p)).

It is well-known (for a proof, see e.g. [11, p. 77] or [12, Chapter XIIL.1]) that
E;io NE™ s (2) |2 is a polynomial in m of degree d=dim 2, hence it can be written
as:

S d

l
S vtz En(7)
§=0 1=0

where b; depends on the metric go associated to wg. Thus, this formula together
with (15) yields:

oo d
Sago(0) =2 INTHED 3T S (mj )

01=0
_ d p(d+1) d - m+l 2ar—p\™m
—27IN~ Z Z lw>N=H)
=0 m=

1
|w|2N—H)HL

— 9~ dN ,ud+1)zbl
=0
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That is
bgN* by N#(d+1)
(N#e—|w|?) =7 (N#—|w]?)d+

b N~HA(N —[w]|2) ... 4+bg_t N=#(NH —[w]2)2+by
(N#—|w|?)d+1 :

Sty (v) = 27 ANTHEED

—9d

Observe that in the above expression, all terms except bg=d!m? vanish once eval-
uated at the boundary M} (p). The vanishing of the log—term of Sy (as in
Definition 1.2) follows then by setting:

a(v) =274 (o N~ (N* = |w[?) +...4bg_1 N #(N* = |w|?)*+bg). O

Remark 2.2. It is worth pointing out that in [14] it is shown that the log—term
of the Szegd kernel of M (;1)CC%% vanishes (in the sense of our Definition 1.2)
when the Szegd kernel is obtained using the standard volume form of C%t% re-
stricted to 8Mg° (1) instead of the volume form dv=aA(da)? used in this paper.
The reader is referred also to [30] for the proof of the vanishing of the log—term of
the Bergman kernel.

References

1. Arazy, J., A survey of invariant Hilbert spaces of analytic functions on bounded
symmetric domains, Contemp. Math. 185 (1995), 7-65.

2. ARrREgzzo, C. and Lo1, A., Moment maps, scalar curvature and quantization of Kéhler
manifolds, Comm. Math. Phys. 246 (2004), 543-549.

3. ARrEzz0, C., Lol, A. and ZUDDAS, Z., Szego kernel, regular quantizations and spherical
CR-structures, Math. Z. 275 (2013), 1207-1216.

4. BEALs, M., FEFFERMAN, C. and GROSSMAN, R.; Strictly pseudoconvex domains in C",
Bull. Amer. Math. Soc. (N.S.) 8 (1983), 125-322.

5. CAHEN, M., GuTT, S. and RAWNSLEY, J. H., Quantization of Kahler manifolds I:
geometric interpretation of Berezin’s quantization, J. Geom. Phys. 7 (1990),
45-62.

6. CAHEN, M., GuTT, S. and RAWNSLEY, J. H., Quantization of Ké&hler manifolds II,
Trans. Amer. Math. Soc. 337 (1993), 73-98.

7. CAHEN, M., GuTT, S. and RAWNSLEY, J. H., Quantization of Kdhler manifolds III,
Lett. Math. Phys. 30 (1994), 291-305.

8. CAHEN, M., GurT, S. and RAWNSLEY, J. H., Quantization of Kéhler manifolds IV,
Lett. Math. Phys. 34 (1995), 159-168.

9. CATLIN, D., The Bergman kernel and a theorem of Tian, in Analysis and Geometry in
Several Complex Variables, Trends Math., Katata, 1997, pp. 1-23, Birkh&user
Boston, Boston, 1999.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

27.

28.

29.

30.

31.

32.

33.

On the Szego kernel of Cartan-Hartogs domains 483

DONALDSON, S., Scalar curvature and projective embeddings, I, J. Differential Geom.
59 (2001), 479-522.

FARAUT, J. and KORANYI, A., Function spaces and reproducing kernels on bounded
symmetric domains, J. Funct. Anal. 88 (1990), 64-89.

FARAUT, J. and KORANYI, A., Analysis on Symmetric Cones, Clarendon, Oxford,
1994.

FEFFERMAN, C., The Bergman kernel and biholomorphic mappings of pseudoconvex
domains, Invent. Math. 26 (1974), 1-65.

FENG, Z., Hilbert spaces of holomorphic functions on generalized Cartan—Hartogs do-
mains, Complex Var. Elliptic Equ. 58 (2013), 431-450.

FENG, Z. and Tu, Z., On canonical metrics on Cartan—Hartogs domains, Math. Z. 278
(2014), 301-320.

GrRAMCHEV, T. and Loi, A., TYZ expansion for the Kepler manifold, Comm. Math.
Phys. 289 (2009), 825-840.

Liu, C. and Lu, Z., Abstract Bergman kernel expansion and its applications, Trans.
Amer. Math. Soc., in press, doi:10.1090/tran/6621.

Lo1, A., The Tian—Yau-Zelditch asymptotic expansion for real analytic Kahler metrics,
Int. J. Geom. Methods Mod. Phys. 1 (2004), 253-263.

Loi, A., A Laplace integral, the T-Y-Z expansion and Berezin’s transform on a Kaehler
manifold, Int. J. Geom. Methods Mod. Phys. 2 (2005), 359-371.

Loi, A. and ZEDDA, M., Kéhler-Einstein submanifolds of the infinite dimensional
projective space, Math. Ann. 350 (2011), 145-154.

Loi1, A. and ZEDDA, M., Balanced metrics on Cartan and Cartan-Hartogs domains,
Math. Z. 270 (2012), 1077-1087.

Loi, A., ZEDDA, M. and ZUDDAS, F., Same remarks on the Kéahler geometry of the
Taub-NUT metrics, Ann. Global Anal. Geom. 41 (2012), 515-533.

Lu, Z., On the lower terms of the asymptotic expansion of Tia—Yau—Zelditch, Amer.
J. Math. 122 (2000), 235-273.

Lu, Z. and TI1AN, G., The log term of Szego kernel, Duke Math. J. 125 (2004), 351-387.

MORENO, C., Star-products on some Kéahler manifolds, Lett. Math. Phys. 11 (1986),
361-372.

MOoRENO, C. and ORTEGA-NAVARRO, P., *-Products on D*(C), S and related spec-
tral analysis, Lett. Math. Phys. 7 (1983), 181-193.

RuaN, W.-D., Canonical coordinates and Bergmann metrics, Comm. Anal. Geom. 6
(1998), 589-631.

TIAN, G., On a set of polarized K&hler metrics on algebraic manifolds, J. Differential
Geom. 32 (1990), 99-130.

YIN, W., The Bergman kernel on super-Cartan domain of the first type, Sci. China
29 (1999), 607-615.

Yin, W., Lu, K. and Roos, G., New classes of domains with explicit Bergman kernel,
Sci. China 47 (2004), 352-371.

YING, W., The Bergman kernel on four type of super-Cartan domains, Chin. Sci. Bull.
44 (1999), 1391-1395.

ZEDDA, M., Canonical metrics on Cartan—Hartogs domains, Int. J. Geom. Methods
Mod. Phys. 9 (2012). 13 pp.

ZEDDA, M., Berezin—Englis’ quantization of Cartan-Hartogs domains, Preprint, 2014.
arXiv:1404.1749 [math.DG].


http://dx.doi.org/10.1090/tran/6621
http://arxiv.org/abs/arXiv:1404.1749

484 Andrea Loi, Daria Uccheddu and Michela Zedda:
On the Szegd kernel of Cartan—Hartogs domains

34. ZEDDA, M., A note on the coefficients of Rawnsley’s epsilon function of Cartan—Hartogs
domains, Abh. Math. Semin. Univ. Hambg. 85 (2015), 73-77.
35. ZELDITCH, S., Szegd kernels and a theorem of Tian, Int. Math. Res. Not. IMRN 6

(1998), 317-331.

Andrea Loi

Dipartimento di Matematica e Informatica
Universita di Cagliari

Cagliari

Ttaly

loi@unica.it

Daria Uccheddu

Dipartimento di Matematica e Informatica
Universita di Cagliari

Cagliari

Italy

daria.uccheddu@tiscali.it

Received October 8, 201}
in revised form February 12, 2015
published online October 23, 2015

Michela Zedda

Dipartimento di Matematica “G. Peano”
Universita di Torino

Torino

Italy

michela.zedda@gmail.com


mailto:loi@unica.it
mailto:daria.uccheddu@tiscali.it
mailto:michela.zedda@gmail.com

	On the Szegö kernel of Cartan-Hartogs domains
	Abstract
	Introduction
	Szegö kernel of Cartan-Hartogs domains
	References


