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Higher integrability for vector-valued parabolic
quasi-minimizers on metric measure spaces

Jens Habermann

Abstract. We establish local higher integrability estimates for upper gradients of vector-
valued parabolic quasi-minimizers in metric measure spaces, satisfying a doubling property and
supporting a weak Poincaré inequality.

1. Introduction

We are concerned with regularity issues for parabolic quasi-minimizers on
metric measure spaces. More precisely, we consider quasi-minimizers of integral
functionals which are related in the Euclidean setting to vector-valued functions
u: (0,T)xQ—RN, N>1, of the variational inequality

(1.1) fp//<u,3t<1>> dzdt+//|Du\pdxdt§Q//|Du+D¢>|pda:dt,

for all testing-functions, or in the case of real minimizers (Q=1), to solutions of the
parabolic p-Laplace system

(1.2) uy—div(|Du|P~2Du) =0, %:2<p<oo.
Here QCR™, n>2 is a bounded domain.

Replacing the Euclidean space R™ by a metric measure space (X,d, p) with
metric d and measure u, we can no longer speak of a gradient of a function u, but
we have to introduce the notion of upper gradients, which we denote by g,. The
manuscript at hand deals with parabolic quasi-minimizers on parabolic cylinders
Qr:=(0,T)xQ, with T>0, and QCX open, bounded, and where X denotes a metric
measure space with a doubling property of the measure and a suitable Poincaré
inequality. We refer to Chapter 2 for the exact setting and definitions of the relevant
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spaces. Our aim is to establish integrability properties for upper gradients g, of
quasi-minimizers, and therefore to generalize results, which have recently by proven
in the Euclidean setting in [16], to this framework.

In the past fifteen years, doubling metric measure spaces have been investigated
quite intensively, see for example [9], [13], [17], [18], [20], [22], [32], [42] and [43] and
in particular [2] for an overview and further references. First regularity results for
elliptic minimizers and quasi-minimizers in the metric space setting were obtained
in 2000, by Kinnunen and Shanmugalingam [29]. They studied scalar problems and
adapted DeGiorgi’s method to prove maximum principles for p-harmonic functions
and quasi-minimizers and also local Holder continuity. Later, Bjorn and Marola [3]
showed that also Moser’s iteration method is available in the metric setting. Further
contributions on regularity for elliptic problems were done in [34] and [43].

The investigation of parabolic problems on metric measure spaces started very
recently with a contribution of Kinnunen, Marola, Miranda and Paronetto [30]. The
authors study scalar parabolic quasi-minimizers in the sense of Definition 2.3 in the
case p=2 which corresponds to linear parabolic PDEs. Following the approaches
of DiBenedetto, Gianazza, Vespri [10], [11] and [12] and Wieser [44] they introduce
parabolic DeGiorgi classes of order 2 and prove a Harnack inequality for scalar
quasi-minimizers. Their contribution generalizes a previous result by Grigor’yan
[15] and Saloff-Coste [40] on Harnack inequalities for solutions to the heat equation
on Riemannian manifolds. The advantage of the approach in [30] is that it is a purely
variational technique which does not use any differential structure, such as Dirichlet
spaces or the Cheeger differential. In [37], Masson and Siljander generalized these
results to the super-quadratic case p>2 and a very recent contribution of Marola
and Masson [35] is dedicated to Harnack estimates for parabolic minimizers.

Higher integrability properties for solutions of parabolic problems in the non-
linear case were first proven by Kinnunen and Lewis [27], who studied the model
case of the parabolic p-Laplace equation for p#2. Later, Bogelein [6] and Bogelein
and Parviainen [8] generalized these results to higher-order parabolic systems, also
up to the parabolic boundary. In the metric measure space setting, there have also
been made some efforts very recently: Masson, Miranda, Paronetto and Parviainen
[38] and Masson and Parviainen [36] investigated parabolic quasi-minimizers with
quadratic growth p=2, and showed local and global higher integrability properties
for upper gradients.

Our aim is to prove local LPT¢-regularity for the spatial minimal weak upper
gradient g, for parabolic Q-minimizers with general polynomial p-growth, p##2.
Roughly speaking, we show that for a local parabolic quasi-minimizer of a functional

Flw, 0] = / F(gw) duad,
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which satisfies a polynomial growth condition of the type
V(P —L1 < f(¢) < L¢P+ Ly,

for all (€[0, o), with constants 0<rv<L<oo and L; >0, and with growth exponent
p>n2—j:2, where n denotes the ‘dimension’ related to the doubling constant of the
measure space, see (2.2) and (3.1), there holds the implication

we LY (0,T; NP2 (Q)) == u € L7 (0, T; N\JP T2 (),

loc loc loc loc

for some £>0, depending only on the structural data of the problem. In this context,
g denotes the minimal p-weak upper gradient of w and /\/‘éf(ﬂ) denotes the local
Newtonian space. We refer the reader to Chapter 2 for the exact definitions of
the appearing objects, and in particular find the exact statement in Theorem 2.4.
Higher integrability for upper gradients is an important first step towards regularity
and stability discussions in the metric measure space setting.

For general p-growth functionals, higher integrability statements are much
more difficult to obtain than for functionals with quadratic growth. This is essen-
tially due to the non-linear structure of the problem. To come up with homogeneous
estimates, which are essential for higher integrability issues, we need to deal with
the intrinsic geometry, introduced by DiBenedetto and Friedman in the setting of
the degenerate p-Laplace equation. It turns out that the techniques, applied in [7]
and [16] to prove higher integrability in the framework of non-linear parabolic equa-
tions or parabolic quasi-minimizers on Euclidean spaces, respectively, are flexible
enough to be applied also in the setting of metric measure spaces.

On the other hand, additional difficulties are caused by the non-linear be-
haviour of upper gradients. In contrast to a ‘real’ gradient, upper gradients are
merely sub-linear, which leads to a series of difficulties in the estimates. In partic-
ular, smoothing procedures become much more involved and cannot be treated by
standard arguments. Instead, a careful analysis of the approximation arguments
and limit procedures has to be made.

2. Setting and statements of results

Let (X,d,u) be a separable, connected metric measure space, which means
that (X,d) is a complete, separable and connected metric space and p denotes a
Borel measure on X'. The measure  is assumed to fulfill a doubling property: There
exists a constant ¢>1 such that

(2.1) 0 < pu(Baor(z)) < e pu(Bp(x)) < +o0,
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for all radii >0 and all z€X. Here B,(z):={y€X: d(y,z)<r} denotes the open
ball of radius r and center  with respect to the metric d. We define the doubling
constant

(2.2) cq:=inf{c€(1,00): (2.1) holds}.

We follow the concept of Cheeger [9], Heinonen and Koskela [22], calling a
Borel-function g: X—[0,00] an ‘upper gradient’ for an extended real-valued func-
tion u: X' —[—00, +o0], if for all rectifiable curves ~y: [0, £,]—X there holds

(2.3) [u(y(0)—u(y(£,))] < / gds.

Moreover, if g is nonnegative and measurable on X’ and (2.3) holds for p-almost
every path, which means that it fails only for a path family of zero p-modulus, then
g is a p-weak upper gradient of u.

We define for 1<p<oo and for a fixed open subset QCX the vector space

NP(Q) = {ue LP(Q): 3 p-integrable p-weak upper gradient of u}.
This space can be endowed with a norm
el .00 = lull Loy +inf llgll e @) = llull 2o @) +llgull L2 ()

where the infimum is taken over all p-integrable p-weak upper gradients of u, and g,
denotes the minimal p-weak upper gradient. Introducing the equivalence relation

(2.4) u~v == |lu—vl g =0
we define the Newtonian space N''P(§) as the quotient space
(2.5) NP(Q):=NP(Q) ) ~.

Obviously this definition depends on the metric d and the measure u so it would be
more clear to write N'1P(Q,d, i) instead of N1P(Q). However, since the measure p
and the metric d are fixed, we omit these two parameters in the notation. We refer
the reader to [2] for more details on Newtonian spaces.

According to [2], the Sobolev p-capacity of a set ECX with respect to the
space N'1P(X) is defined by

Cp(E) = irgf ||UH§)\/1,p7

where the infimum is taken over all functions u€ N'1'P(X) such that u|z>1. We say
that a property holds p-almost everywhere on X or quasi everywhere on X, if the
subset ECX on which the property fails to hold is of p-capacity zero.
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We follow the method of [26] (see also [29]) and define for an arbitrary subset
ECX the space NP(E) as the set of all functions u: E—[—00,+0c] for which
there exists a function NP (X) such that a=u p-almost everywhere in E and
=0 p-almost everywhere on X'\ E. Then, we define an equivalence relation on
N LP(E) by saying that u~wv if u=v p-almost everywhere on E and we set

NYP(B) =N P (E)/ ~,

equipped with the norm

[ellpzw iy = 0l grm xy-

Parabolic Newtonian spaces

Since we are dealing with time-dependent problems, we have to introduce the
parabolic Newtonian space L?(0,T; N'1P(Q)) or its local version, respectively. The
parabolic space

LP(0, T; NP ()

consists in all functions u: Qx(0,7)—R for which u(-,-): (0,T)—=N>P(Q) is
strongly measurable and the function (0,7)>tw ||u(:,t)[|a1.»(q) is contained in
L?((0,T)). Here, strongly measurable means that there exists a sequence of simple
functions ug: (0,7)—=N1P(Q) such that |Ju(-,t) —uk(-,t)||a100)—0 as k—oo for
a.e. t€(0,7).

To define the local version of these parabolic Newtonian spaces, we first intro-
duce, according to [2, Chapter 2.6], the space LI (X) as the set of all functions
u: XY—R, such that for every x€X there exists r, >0 such that ueLP(B, (z)).
Similarly we can define A;L7(X). If u€ NLP(X), then for every subset Q€X there

holds uEJ\/'l})f(Q) and moreover, since X is doubling, the equivalence

WENIP(Q) == uweNP(Q) forall €,

holds true, for every open subset QCX. Once having these local spaces at hand,
we can understand the local parabolic space L} (0, T} lif(Q)) as the space of all

functions u, such that u(-,t)€N;2P () for almost every t€(0,T) and

ocC

to
[ Iy <20

for all 0<ty <to<T.
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Vector-valued functions

We are studying vector-valued problems with u=(u(", ..., u)): QRN N>1
having components u(?, i=1, ..., N. To define upper gradients for such functions u,
we follow the approach in [24], saying that g: X —[0, oo] is a p-weak upper gradient
for u: X =R | if for p-almost all rectifiable paths v: [0,¢,]—X there holds

(2.6) Hu(*y(()))—u(’y(f,y))ug/gds.

v

We may define the Newtonian space N'7(€; RY) as the space of all equivalence
classes of LP-functions u: Q—RY such that there exists a p-weak upper gradient
in the sense of (2.6) which is in LP(€2). Moreover, it is not difficult to see that this
is equivalent to the fact that every component function u;: Q—R is in A1P(Q2). In
this way, we can also extend our definition of spaces with zero-boundary values and
the local Newtonian spaces to the vector-valued case, obtaining N}*(Q, RY) and

N (Q,RY).

ocC

Parabolic quasi-minimizers

Starting from a metric measure space (X, d, ), we consider the product space

X x(0,T), T>0, which we endow with the product measure v:=u® L', where £!

denotes the 1-dimensional Lebesgue measure. Following the approach in [30], let us
denote (2% (0,7)):={KCQx(0,T): K compact} and consider the functional

F:.L?

loc

Pl K= [ o) duat

(0, T; N.EP(Q RV)) X K(2%(0,T)) = R,

ocC

2.7)

where g, denotes the minimal p-weak upper gradient of w and the integrand
f:]0,00] =R satisfies the growth condition

(2.8) v(P—Ly < f(¢) < LCP+ Ly,

for all (€0, 00), with constants 0<v<L<oo and L; >0 and with growth exponent
p>n2—+nz, where n:=log, ¢4 and ¢4 denotes the doubling constant (2.2).

Remark 2.1. Since we are dealing with parabolic problems, the solution we are
handling with is a function u=u(z, t) depending on the variable x in the metric space
X and on the time variable ¢t in R. Therefore we have to understand the concept
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of weak upper gradients in the sense that for a function ueL{ (0,T ,/\/ﬁ)f (RN
the parabolic minimal p-weak upper gradient of u is defined as

(29) gu(xat) ::gu(~,t)(x)a
for v-almost every (z,t)€Qx(0,T).

Remark 2.2. (On the notation of upper gradients) In the course of this manu-
script, the symbol g, will always denote a minimal p-weak upper gradient of u. In

case we deal with p-weak upper gradients in general (not necessarily minimal ones),
we use the notation g,,.

Let us now give the notion of a parabolic quasi-minimizer on a metric space:

Definition 2.3. For an open set QC X the function ue L” (0, T; N;-P(Q; RY)),
N>1, is said to be a parabolic Q-minimizer, @>1, if

(2.10) - // tq)(u, 0, ®) dp dt+F [u,spt(®)] < Q-F [u—@,spt(®)],

for all Lipschitz functions ® with compact support in Qx (0,7T), ®€Lip, (2 x (0,¢);

RY). Here (-,-) denotes the standard scalar product on RY and 8t<I>E%—‘f.

Poincaré inequality

We demand that the metric measure space (X,d,u) supports a weak
(1, p)-Poincaré inequality in the sense that there exist constants ¢cp>0 and I'>1
such that for all open balls B,(x,)C Br,(x,) CX, for all p-integrable functions « on
X and all upper gradients g,, of u there holds

1
(2.11) ][ |u—ug7%|du§0pg[][ gt du} ,
BQ(ZEG) Br‘g(zn)

where the symbol

1
Ug,zo = ud ::4/ udp
‘ ]ég(wo) 8 1(Bo (o)) By,(zo)

denotes the mean value integral of the function u on the ball B,(z,) with respect
to the measure p. In the sequel we will refer to this inequality simply as ‘Poincaré
inequality’, omitting the word ‘weak’. Poincaré inequalities on metric measure
spaces have been studied quite extensively in the literature, see for example [1], [4],
[23], [25], [28], [31], [33], [40] and [41].
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The main result

Our aim is to show a local higher integrability result for a parabolic quasi-
minimizer. Our main result is therefore the following:

Theorem 2.4. Let (X,d, pn) be a complete metric space with a doubling mea-
sure u and doubling constant cq=:2", which supports a weak (1,p)-Poincaré in-
equality with parameter I'>1, and let, for an open set QCX and p>n2—_|‘:2, ue
Lfoc(O,T;M})’f(Q;RN)), N>1, be a vector-valued local parabolic Q-minimizer in

the sense of (2.10), where the functional F fulfills the growth condition (2.8).
Then there exists e,=¢,(n, N, L,v, L1,p, Q,T')>0 such that

we LPtee (0, T;./V'll’p+5" (Q; RN)).

loc oc
Moreover, there exists a constant c=c(n,N,L,v,Li,p, Q,T") such that for every

e€(0,g,] and for every parabolic cylinder Q, with 2Q,CQr, the minimal upper
gradient g, of u satisfies the estimate

cd
]§[ g5+8dudt§c[]§[Q (1+gu)pdudt] pﬁ[Q gh dudt,
2Q, 2Q,

o

where d denotes the parabolic deficit

g, if p>2,

2.12 d= ;

Remark 2.5. The result of Theorem 2.4 requires merely the p-growth condition
(2.8) on the integrand and can therefore be easily generalized to functionals of the
type

Flv, K] E/Kf(znv,gu)dm
with a Carathéodory integrand f: Q7 xRY xR>q—R and a growth condition
V(P =Ly < f(2,€,¢) < L¢P+ Ly,
for all zeQp, £€RY and (€R>p, and with constants 0<v<L<oo and L; >0 and

2n

with growth exponent p>=%.

3. Preliminaries

In this chapter we collect some basic properties of metric measure spaces sup-
porting a Poincaré inequality, and we provide the tools which we need to prove our
main theorem.
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3.1. Properties of metric measure spaces

As a direct consequence of the doubling property (2.1) we have for every ball
Bgr(z)CX, yeBgr(x) and 0<r<R<oo that

(3.1) #(Br(2)) <c<5>n,

r

where n=log, cq and C :cg. Moreover, since & is connected there exists a constant
¢ and an exponent o >0, such that

(B (z)) <5<%)”.

According to (3.1), the number n plays the role of a ‘dimension from below’, related
to the measure p; however we point out that n in general is not an integer.

Since X is a doubling space, it supports the Vitali covering theorem and there-
fore also the differentiation theorem of Lebesgue, i.e. for every nonnegative locally
p-integrable function on X we have that

lim fdu=f(z),
r—0 B, (z)

for p-almost all zeX.
An important fact, which we will use later to construct suitable test functions,
is the following

Remark 3.1. ([2, Proposition 1.14]) If f: X—R is a locally Lipschitz continu-
ous function, then the pointwise dilation

lip f(.%‘) = liggglf ES;IZ ) w
Yy r(x

is an upper gradient of f.

Now we collect some calculus rules for upper gradients in a metric measure
space. The proofs of the following facts can be found in [2], where they are formu-
lated for real-valued function on metric measure spaces. However, they also hold
true if we replace the target space by an arbitrary Banach space F', in particular
F=RY with N>1.
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Lemma 3.2. (p-weak upper gradients) Let u€ NP (X;RY) and let g€ LP(X)
be a p-weak upper gradient of u. Then for p-almost every curve v: [0,4,]—X there
holds

(3.2) [ (wo) (€)|| < g(7(€)), for almost every & €0, £,].

Conversely, if g>0 is measurable, uc NVP(X;RYN) and (3.2) holds for p-almost
every curve v: [0,£,] =X, then g is a p-weak upper gradient of .

Lemma 3.3. (Leibniz rule [2, Theorem 2.15]) Let u,v€NP(Q;RY) and let
Gus go €LY, () be p-weak upper gradients of u and v, respectively. Then the func-
tions gu+9gy and |ulg,+|v|g. are p-weak upper gradients for u+v and wv, respec-
tively.

Remark 3.4. We note here that in [2, Theorem 2.15] the Leibniz-rule is for-
mulated for minimal p-weak upper gradients of v and v. However, a look at the
proof of the statement shows, that at no point the minimality of g, or g, is needed.
So the result applies also when we replace the minimal upper gradients g, and g,
by arbitrary p-weak upper gradients g, and g,. On the other hand, even in the
case where one takes the minimal weak upper gradients g, and g, in the above
statement, the function |u|g,+|v|g. is not necessarily minimal. Counter examples
can be found in the book [2].

Lemma 3.5. (Chain rule [2, Theorem 2.16]) Let u€ N*P(;RY) and p: R—R
be locally Lipschitz. Then the function |¢’oulg, is a minimal p-weak upper gradient

of pou.

A direct consequence of Lemmas 3.2 and 3.5 is the following rule which we will
use frequently when calculating upper gradients of test functions:

Lemma 3.6. ([2, Theorem 2.18]) Let u,veENTP(Q;RYN) and n be Lipschitz
on §, such that 0<n<1. Set w:=u+n(v—u)=(1—n)ut+nv. Then

9:=(1=n)gu+ngo+lv—ulg,
is a p-weak upper gradient of w.

Remark 3.7. Note that all these rules can be understood also for time-depen-
dent functions u€ LP(0, T; N'1P(Q;RY)), if we define the (minimal) p-weak upper
gradients of a time-dependent function u(x,t) as in (2.9).
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Lemma 3.8. (LP-convergence [2, Proposition 2.3]) Let f;e N'P(X) (j=1,
2,...) be a sequence of functions with p-weak upper gradients g; € LP(X), such that
fi—f and gj—g in LP(X). Moreover let fEN'P(X). Then g is a p-weak upper
gradient of f.

One very important property of minimal p-weak upper gradients is that they
are local in the sense that if two functions coincide on a set, then also their minimal
upper gradients coincide on this set. We will need this property at many stages of
our regularity proof, in particular when constructing suitable test functions. The
result is taken from [2, Chapter 2.4].

Lemma 3.9. Let u,v be functions on X with minimal upper gradients g,
and g,. Then is holds that

gu=gy almost everywhere on the set {x€X: u(z)=v(z)}.

Moreover, if c€ER is a constant, then ¢g,=0 almost everywhere on the set {z€
X:u(x)=c}.

3.2. Poincaré inequalities and Sobolev embedding

By Holder’s inequality it directly follows that if a metric space supports a
(1, p)-Poincaré inequality, then it supports a (1, ¢)-Poincaré inequality for all ¢>p.
On the other hand it was shown in [25] that if a complete metric space is endowed
with a doubling measure and supports a (1, p)-Poincaré inequality, then it supports
also a (1, p—e)-Poincaré inequality for some e=¢(cp, A, ¢q,p) >0, and therefore also
a (1, g)-Poincaré inequality for all g€ [p—e, p|]. Moreover, from [20] we know that if
we assume a weak (1, p)-Poincaré inequality, then the Sobolev embedding theorem
holds and hence a weak (g, p)-Poincaré inequality holds for all ¢<p*, with

(33) p* — l;z):lp7 p<n,
+o0, p>n.

On the other hand it was shown in [29)], see also [19], [20] and [22], that in this case for
every u€NP(Bar,y(w,)) with Bar,(z,)CX the following Sobolev-type inequality
holds:

7 v
(3.4) {][ |u—ug,%qdu] Sc*g[][ g du} , forall 1<q<p*.
Bo(zo) Barg(zo)

The constant ¢, in the above inequality depends only on ¢4 and on the constant cp
in the weak (1, p)-Poincaré inequality.
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Poincaré and Sobolev inequalities hold also on more general domains. More
precisely, the Poincaré inequality holds on bounded measurable subsets E of the
metric space X such that the p-capacity of the complement X'\ E does not vanish.

In detail we have
/ [ul? dp < CE/ gy dp,
E E

for every function u€ N} ?(E) and for every bounded measurable set ECX with
Cap,(X'\ E)>0. The constant Cr depends on cp, cq, p and E.

A consequence of the Poincaré and Sobolev inequality, respectively, is a
Gagliardo—Nirenberg type interpolation theorem on metric measure spaces. It is
not difficult to prove such a theorem, since it follows directly from the Sobolev
inequality by a standard LP-interpolation argument.

Lemma 3.10. Let X be a doubling metric measure space with doubling con-
stant cq=2", supporting a weak (1,p)-Poincaré inequality, with constant cp and
dilatation constant I'>1. Then for all exponents 1<r<o<7* with 1<7<n and

T := 2T denoting the Sobolev conjugate of T according to (3.3), and for 6€0,1]
such that

(3.5) —E<e<1—3>—<1—0>§,

o T

we have the interpolation estimate
(1-0)o

o 2o r —
o el ol f, =Tl
By (zo) Bare(zo) By (o)

which holds for every u€ NV (Bar,(,)). The constant ¢ depends on n, T, ¥, o
and cp.

U—Ug,z,
0

U—Ug,z,
0

Having in mind the discussion on upper gradients and arguing on component
functions, the Poincaré inequality can be extended to vector-valued functions in a
straight forward way and we obtain a Poincaré inequality for functions u: X =R

][ IIu—uglduSNfPQ[][ g”du} ;
By, (x) Br(x)

e

3 =

for every p-weak upper gradient g of w. From this point it is obvious that also the
Sobolev inequality (3.4) can be extended to vector-valued functions, if we replace
the Sobolev constant ¢, by a constant é,=é.(c., N, p).
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3.3. Smoothing procedures

Having a look at the previous definition of a parabolic Q-minimizer, we see that
we are faced with the same problem as in the Euclidean case: It is not possible to test
the inequality (2.10) by ®~u, since u is a priori not regular enough with respect to
time. However, since we deal with functions on the product space X' x (0,T"), where
(0,T) is endowed with the usual £!-measure, we can follow the standard strategy
by smoothing the test functions with respect to the time variable. In particular we
define for ®: Qx(0,7)—R the smoothed function

(3.7) B, (2,1) ::/Rcb(x,t—s)gog(s) ds,

with a standard smoothing kernel . with spt . C(—¢,¢). Using such a smoothed
function in the inequality (2.10), we obtain by a change of variable and Fubini’s
theorem the inequality

(3.8) - // (e, 0y ®c) dp dt+ Flu, spt D] < Q- Flu— D, spt D],
spt @,

where u. denotes the regularization of u with respect to time, according to (3.7).
The advantage of this concept is, that we can now proceed as in the Euclidean case,
testing (2.10) by ®~su,., then perform an integration by parts with respect to the
time variable in order to move the time derivative from ® onto the function u.. By
the growth conditions on F and the properties of the smoothing kernel, one may
conclude strong convergence of the appearing integrals as e—0. We will carry out
this argument later in the proofs.

One basic observation on smoothed functions with respect to time, which we
will need later at various points, is the following

Lemma 3.11. Let ueLi, (0,T; 11)’(::”(9;1&1\[)) and G, be a p-weak upper gra-
dient of u. Moreover let u. be the mollification of u(x,t) with respect to time in the
sense of (3.7) and let g,_ be a minimal p-weak upper gradient of u.. Then we have

G (@) < () (2, t) = / Gule t—7)pe(7) dr.

Proof. We fix a set K x (t1,t3) such that K€Q and 0<ty<to<T. First we
note that we can argue on upper gradients instead of p-weak upper gradients. This
is for the following reason. We fix 6>0. Then by Lemma 1.46 in [2] we find
g% such that §°(-,t) is an upper gradient for w(-,t) for almost all ¢€(0,7") and
G0 =3\l 2o (55 (£1,12)) <O. Hence, we can replace g, by §J in our argument. (2.3)
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with the upper gradient G} holds true for all curves v: [0,¢,]—X. By (3.7) and
Fubini’s theorem we then get

’|us(7(0)7t)*UE(V(E’Y)J)H S/RSDE(T)HU(V(O%t*T)7“(7(£’y)’t77)”dT
Z'Y
S/gpa(r)/ gi(’y(s),t—T) dsdr

]Re’Y 0
- / e (7) ((s), t—7) dr ds = / (3) (1) ds.
0 R Y

So (§%). is an upper gradient of u.. The statement follows now with the
LP-convergence of (§%).—(ju)e, since g, is a minimal p-weak upper gradient. [

The following lemma is a key ingredient for the smoothing procedure with

respect to time. It ensures that the upper gradient g¢,_,. tends to zero, when
€l0, if u. denotes the time-regularized function with parameter £>0. The proof is
performed by Masson and Siljander in [37] and uses the Cheeger differential calculus
to deduce the strong LP-convergence of gy_,, .
Lemma 3.12. Let u€L? (0,T;N,SP(QRN)) and let gy—.. be a minimal
p-weak upper gradient of u—u., where u. denotes the mollification of u with re-
spect to the time variable. Then, as e—0 we have that g,—,. —0 in LY (Qr) and
also pointwise p®@ L' -almost everywhere on Q.

3.4. The parabolic geometry, cut-off functions and weighted means

We consider the product space X xR endowed with the product measure p® L
and denote the parabolic cylinder Qpr:=Qx(0,T). For a point z,=(z,,t,)EQr,
a radius >0 and a parameter A>0 we write

QWM (20) i= By(wo) x AWV (t,),  with AWM (£,) 1= (ta—A27P 0%, t, + A2 7P ?).

Here, B,(z,) is the open ball of radius ¢ and center z, with respect to the metric d.
We define the parabolic distance between two points z=(x,t) and Z=(%,?) in the

cylinder Q7 as
dpar (2, 2) :=max{d(z, &),/ [t—t| }.

Parabolic cylinders Q,(z,) Cp are the ‘balls’ with respect to the parabolic metric,
i.e.

Qo(20) = {7z €Qr: dpar(z, 20) < 0}
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Moreover, we use the notation

(1LY (QW) (20)) = (B, (w,)) - L1 (AP (1)).

For a function {€Lip(X), a ball B,(r,)CX with ||{||z1(B,(z,))7#0 we define the
weighted mean of u with respect to £ by

B 1
€111 (B, (o))

-/ RC o) h / €t dute)

Moreover, we consider cut-off functions 7 of the type

ug’mo (t):

/ £()u(a, ) du(z)
BQ(IU)

(3.9) n(,t) :==&(@)C(),

where £: X —R and (: R—R have the following properties: For a pair of parabolic
cylinders ( f,’\)(zo), (T’\)(zo)) with radii <o<7<p, center z,=(z,,t,) and
E,’\)(ZO)CQT we demand that

e &(z) is a cut-off function in space of the following form:

1 on B, (z,),
(3.10) &(x) ::min{ M, 1} = # on B (x,)\ By (o)
e + o on X\ B, (z,).

This function is clearly an element of N}?(B,(z,)) and it is Lipschitz. Moreover,
by Remark 3.1, and the local nature of minimal upper gradients, Lemma 3.9, we
deduce that on B,(z,) and on X\ B-(z,) the function g¢=0 is an upper gradient
for £, and on B, (z,)\Bs(x,), an upper gradient is given by the Lipschitz constant
1/(r—o0), so we have for the minimal p-weak upper gradient:

L on B,(x,)\Bs(1,)

3.11 < = 70
(8:11) e =TT XBAB. {O on B,(z,) and X\ B (z,).

On the other hand we easily calculate that

]{3,(%)5(@ dulw) = (B (z,)) {u(B(,( o))+/ dp(z)

BT(IO)\BU(IO) T—O

> MBo (o)) zch(i) > 29— ?,
T
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Here we first used that d(z,,x) <7 for x€ B, \ By, thereafter the doubling property
(3.1) together with £ <o <7<y and finally n=log, cq. Since on the other hand we
obviously have supp_(, )§=1, we deduce

(3.12) swp ¢<ef  g@)duto)
B, (z,) B, (zo)
with ¢*:=c3.
e ((t) is a smooth cut-off function in time with

(3.13) sptCCc AWM (), 0<¢<1, ¢=10on AD(t,).

We recall that A (to)=(to—A>"P7% t,+A27P72)C(0,T). Moreover we demand

2—p| A
(3.14) NI S s,

Defining
umxw=f u(a, 1) du(z),
B, (5E0)

we have for weight functions £, which satisfy (3.12), the following

Lemma 3.13. For B,(z,)CQ and u(-,t)eL] (Q), p>1, radii 0<7<p and a

weight function & of the form (3.10), there exists a constant c=c(p,c*)>1 such that

o fut S, OF i [ ), (0 da
B (o) B (o)

<of Jutt-u., 0 du
B, (zo)
for almost all t€(0,T).

Proof. The proof follows line by line the argument in the Euclidean setting,
see [39]. O

Moreover, we note that we have a quasi-minimizing property of the mean value
in the following sense:

Lemma 3.14. ([2, Lemma 4.17]) For 1<p<oco, ACX p-measurable and
u€LP(X) there holds

1/p 1/p
{][ |u—uA|pd,u] §2[][ |u—a|pdu} )
A A

for every aeR.
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3.5. Technical lemmas

We will use the following two standard lemmas:

Lemma 3.15. For Ry <Ry let ®:[Ry, R2]—[0,00) be a bounded function. We
assume that for all radii Ry <o<p<Rs there holds

B(0) < 9B(g) + B

= (oo (oo T

where ¥€(0,1) and A, B,C>0 are fized parameters, and moreover o, 3>0. Then
there exists a constant c=c(9, a, 8) such that

for all Ri<r<R<R5.

Lemma 3.16. (see [14, Lemma 8.3]) Let &, n€R™. Then for any s>—1 and
>0 there exist constants c1=cy,ca=cy,ca(s,r) such that

1
o1 (1+1€P+n?)" < / (=) (1+](1=t)&+tn|*) "2 dt < o (14 [¢[+|n]?) ™.

4. Proof of the higher integrability property

4.1. Caccioppoli inequality

In the first step, we prove a (Pre-) Caccioppoli type inequality for quasi-
minimizers.

Proposition 4.1. (Preliminary Caccioppoli type inequality) On the metric
measure space (X,d, 1) from Theorem 2.4, let u€ LY, (0, T; N.JP(Q; RN)) be a local
parabolic Q-minimizer with Q>1 in the sense of (2.10), under the growth assump-
tion (2.8). For fized A>0 we consider the parabolic cylinder Q%’\)CQ. Denoting
with g, the minimal upper gradient of u, there exists a constant c=c(n,p)>0 such
that for every pair of radii (o,7) with 0<o<T<R and every cut-off function n on

( fy’\)(zo)7 S-A)(zo)) of the form (3.9), n(xz,t)=£&(x)((t), with the properties (3.10)
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o (3.14) the following estimate holds true:

sup / !u(-,t)—UE,mo(t)fdﬂJrV// gt dudt
teAM (¢,) Y Bo (o) QM (20)

<cQL // g% dpdt+cLi(Q+1)|QW™M ()]
P (2N\QSY (20)

(4.1) cOL // o

Proof. We follow basically the proof in [16] in the Euclidean setting. However,
several difficulties have to be overcome due to the non-linear behaviour of upper gra-
dients. For a fixed time ¢, €A¢(,A)(to) let X{)L,t , be the piecewise affine approximation
of the characteristic function x[g,; with the following properties.

U— um;o(t)
T—0

2
u_u7—7$o (t)
T—0O

du dt.

o

h h
Xg"tl(t):zlfor h<t<t;—h, X&tl(t):()for tgm, resp. t>t1—E

and moreover
o
A , forte(L,
‘@Xo,tl (t)‘ = {Sh else. "

We use as test function in the formulation (3.8) of the parabolic Q-minimality
the function

h) and te(t—h,t;— 1),

O (2,1) = 0" (2, t; 20) r= (0, 1) (ue (2, 1) — (ub ) () Xk, (B),

where ., (uﬁ)%)g and Xh ' denote the mollifications of the functlons u, uf and
X87t1 with respect to time, accordlng to (3.7) with a parameter e< 2& 50. In partlcular
we have

i) 0= [ ||€||B — [][ - iy t=5)6(o) () () d

i o [t i) o =t 0

Furthermore, n(z,t)=¢£(z)((t) denotes the cut-off function defined in (3.9) on the
pair of cylinders ( (’\)( o) (’\)( 0)). We get on the left hand side of (3.8) the

expression
f// (uc,0,@") dpdt.
spt &
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In a first step we write

,cg:_// <u5—(u§7xo)5,8t<1>’;>dudt—// ((.0.) 00 dped.
spt & spt ®F

We consider the second term on the right-hand side of the preceding identity. Since

[y ) )

for almost all t€(0,¢1), an integration by parts gives

//tq)h«uﬁ%)s,at@@dudt
spt &1
ty
— [M(diats) [ e G,),) e =
0 Br (o)

and hence the second term on the right-hand side of the above identity vanishes.
It remains to consider the first term on the right-hand side. By an integration by
parts we deduce

1 e
- // (ue=(u%s,)., 0:02) dudi=—3 // = (uf 2,) [0 (07, ) dpe .
spt O spt &

Now we use that Xg:fl —X0.¢, uniformly as €0 and moreover (u—u , )e—u—us
strongly in LP (0, t1; N'VP(B,(z,); RY)) and by the Sobolev-embedding also strongly
in L?(B(z,)x(0,t1)) (note also that in order to see that u—u$, €L? one first
replaces uﬁ’mo by ur 5, with the help of Lemma 3.13 and may then use the Sobolev
embedding since u—u, ., EN}P(B;(z,)) for almost every t€(0,t1)). We conclude

that

w1 2
(4.2) ct E—>_§ //B (0% (01 )’“_uﬁ,wo(t)‘ 0: (X0 4, ) dpdt =: L".
(20) % (0,81

In a next step, we consider the right hand side of (2.10), in particular the expression
RZ = Q]-'[uf (@Z)E, spt(@?)a] —]-'[u, spt(@’;)g].

Our aim is to perform the limit procedures €/0 and h|0 and afterwards establish
an appropriate estimate for this expression. We first concentrate on the limit €/0
and therefore proceed as follows: In a first step we use the growth condition (2.8)
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to obtain
R?S—u// gh dpdt
spt(®L).
(4.3) +orL // oo, L@t (22),]
spt(Ph).

where g,_(gr). denotes a minimal p-weak upper gradient to u—(®").. Now we
focus on the second integral on the right-hand-side, which we abbreviate

I:= // 9P oy dudt.
spr(@n), L (®)e

Here we are faced with the problem, that upper gradients of differences of functions
cannot be estimated by the difference of the upper gradients. Therefore, we will
perform the limit procedure in a series of steps. First we split the domain of
integration as follows:

spt(@")_ =S/ ucs;®,
with
h,2e | h,2e __ h .
S;7 =By x(h+2e,t1—h—2¢) and CS;™ = spt(fbs)s\Sh’gg.

and hence write

IS//SME 95—(@)5 deH//csh’% gﬁ_(q)?)s dpdt =:I,+1Is,
tq e

with the obvious labeling of the expressions I; and I;. With the help of the subad-
ditivity of the upper gradient we then deduce for I;:

Il < C //Sh 2e ui 5 dﬂ dt+c /~/Sh 2e uf)f (éh) dﬂ, dt

Now we observe the following: On the time interval [h+s, t1 —h—e] we have Xg:fl =1
and therefore there holds u.—®"=(1-n)u.+n(ué, ). On the other hand, we
conclude that

(4.4) Gue—ar = (1=0)gu.+gylue— (u5,,) ]

is a p-weak upper gradient of us—@s,
son for this is the following: The function ((¢) is Lipschitz and therefore, since

not necessarily the minimal one. The rea-



Parabolic quasi-minimizers on metric spaces 105

n(z,t)=&(x)((t), by Remark 3.1, g, is a p-weak upper gradient to 1. Moreover, by
Lemma 3.9 we have g, y =0 since (u} , ). is a function only in the time variable.
Consequently, the assertion (4.4) follows by Lemma 3.6. Applying Lemma 3.11, we
therefore conclude that

//, Iue)— (@), d“dtS//h.zs(gus—éz)’? dpdt
Siy Sy
< //Sh _ 955—@ dpdt

t

o
<[] amnre ol ().
t1

To estimate I, we first remark that

h
CSthl’QE C B:x ({% —2¢, h+25} U {tl —h—2¢,t1— E+25}>

and use the fact that by Lemma 3.3 holds

Ju—(®h). < Gu +g(<1>2)5 .

In order to estimate the integral containing the minimal upper gradient ggr),, we
want to show that

4 5 ~ e n h,E h,E

(4.5) Jon -*gn|us* (ur,xn)8|Xo,t1 +N9u.Xo 1,

is a p-weak upper gradient of ®". For this aim, we use Lemma 3.2. Let Q' be
an open set such that Q' C€. First, we note that ggn >0 and moreover gég(-,t)e

LP(Q') for almost every t€(0,T), since u.(-,t)e Ll (Q), gu. €L} (), Xg:fl <1 and

loc
gn<2/(t—0). In order to conclude by Lemma 3.2 that gg» is a p-weak upper
gradient of ®” we have to show that for almost every ¢ and for p-almost every

curve 7: [0, £,] =€, there holds
(4.6) |(®@207) (5,)| < Gon (¥(5),2), for a.e. s€[0,4,].

We denote by g, (z,t) and g,,_(z,t) the minimal p-weak upper gradients of 7 and
ue, respectively. Then by Lemma 3.2 we know that for almost every t€(0,7") and
almost every curve v: [0, 4] =’ there holds

’(noy)’(s,tﬂ <gn(7(s),t) and |(qu'y)’(s,t)’ < gu. (¥(s),t), for a.e. s€[0,4,],
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and, since both u., n€N1P(Q'), the mappings u. oy and no~y are absolutely contin-
uous. Then, we calculate

(®107)"(5,1) = = (), 1) e (1(5), 0) = (0., ) ()]
=X (0 [707) (5. 0) e (1), £) — (5,0,) (1)
+1(7(s), 1) (ueon) (s,)].

As a consequence we get

[(@207) (s, )] < xo, (O [| (noy) (5, ) || (weom) (5, 8) — (us . ) (1))
+ (o) (s,8)][(ueov) (s,1)]]
5 ) (gnlue— (1S ,)) | +ngu.) 0v(s,1).

Hence, we conclude (4.6) and therefore (4.5) again by Lemma 3.2. Having this at
hand, we get by the properties of the mollification and with Lemma 3.11:

D
// 2o Ju— (o), Gt
csp?
<C//csh25 q>))d,“dt
gc// gﬁdudtch// G Ayt
csti Boxlfy—tedirie] -
+C// ggh d#‘ dt
By x[ti—h—4e,t;—{5+4e] °

Sc// gﬁdudt—l—c// ghn dpdt.
cspy% B x([{5—4e,h+4e]Ults —h—de,t1 — {5 +4e])  ©

Now we combine all the estimates from before and additionally note that
spt(®F) . C QWM (zo)N{h—2e <t <t;—h+2e} C QW (z0)N{t <11},

to conclude that

Lty // o dudt
QE’A)(Zo)ﬂ{hf25<t<t17h+25}

< L1 (1) QW (20)N{t < 11} +e(p) LQ// G dudt
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p
e [[ | - +opfu(us.,).J dude
S¢°

p)LQ / / gy dpdt
csh,2€

(4.7) LQ// g{;h du dt.
B x (|45 —4e,h+4e]Ut; —h—4de,t1 — f5+4¢e])  ©

The integral
P
// 2 Ju—(ua). Gt
Sy

tends to zero in the limit )0 since

0< Ju—(us)e < Gu—u. +gu5—(u5)5 S Gu—u.t (gu—ua )s —0,

in LP(B; x(0,t1)), and here we have used the subadditivity of the upper gradient,
then Lemma 3.11 and finally Lemma 3.12. Next, we consider the second integral
on the right-hand-side of (4.7). Since n=0 on QS—)\)(ZO)\Q,(;)\)(ZO), we obtain by the
properties of the mollification end subsequently enlarging the domain of integration:

(=gt dndr < [ o, dudt
/S?f PN o NQ (20))
< (9u)? dpdt
//Slfﬂ(QS*)(zo)\QW(zO)) :

< gy, dpdt,
//s,’,mcz“)(zo)\c?“% S

where we introduced the short-hand notation S} ESthl’O:BT(xO) X [h, t1 —h]. More-
over, by the strong convergence u.—u,u} . —ul in LP(Sy), we deduce

//S}LE {us T'Eo) |pdﬂdt*>/ g"]|u uT'Eo

as €/0 and hence, combining the last two observations, we get

limisoup// (I—n 9. 9y |u5 ( ima)s‘l’dudt
£

P dpdt,

g/ gﬁdud”// ghlu—us,, " dudt.
St QY (2\QEV (20)) St / -
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Finally we investigate the last term on the right-hand-side of (4.7). Therefore we
recall that

or =gy|ue—(u mo) !Xo t1+ngu5Xo b
The first term converges strongly in LP(B,(x,)x(0,t1)) to 9n|u*“§,mo‘xg,tla since

—>u—uE , strongly in L?, and Xg’fl —xh +, uniformly. Moreover, since

UE (u§ To )

Xo ol ;<1 and n<1, we get for the second term, abbreviating for a short moment
B:=B.(x,) X ([h/10—4e, h+4e]U[t1 —h—4e, t; —h/10+4e]):

//ngui( 0t ) dudt<//gﬁsdudt
B

S// gy dpdt,
B (%) X ([{5 —5e,h+5e]U[t1 —h—5e,t1 — 15 +5¢])

so that

lim sup // gq)h dpdt
€0 B (w0) X ([{5 —4e,h+4e]U[t1 —h—4e,t1 — L5 +4e])

S// (g |u u | +g%) dudt.
B (z0) X ([&,h)U[t1 —h,t1—15])

Combining all these estimates and letting €] 0, we therefore conclude the following
estimate:

£h+u// gh dpdt
D) (zo)n{h<t<t:—h}
< CLQ// gP dpdt
SE QP 2o\ (20))

—|—CLQ// g£|u—u§|p dp dt
sk

—|—CLQ// ( —&—g,’;‘u u } )d,udt
B (o)X ([&5,h]U[t1—h,t1—15])
(4.8) +L1(Q+1)[QW (zo)N{t <t1}],

with ¢=c¢(p). Finally we perform the limit h]0. We first consider the term
1
Eh:——// ’u—uﬁwofamxgtl dpdt
2 ) B @) x(0.01) ’ ’

1
f_// fuu
2 JIB. (z0)x(0,t1)

dudt.
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For the first expression on the right-hand-side we get

1
L/
2 B, (z0)x(0,t1)

dpdt

1
=5 ] fu—uf . [*low| dudt.
2 JJB, (wo)x(0,t1) ’

For the second expression we have

1 2
—5// lu—us .| ndexG s, dpdt
B (20)Xx(0,t1)

Gy L e sseoava g T8 [ ot

Since sptnC Q(T’\)(zo), the first term is identically zero, if h is small enough. The
second term converges to

1 2
3 [ Jutt) = ) nc ) du
B (zo)

for almost all t; AL (to). Alltogether we have seen:

1
liminf £" > —= // ‘u—uf o
hl0 2 JJB. (z0)x(0,t1)

1 2
by [ ) a0 P ) di
B (zo)

It remains to consider the right-hand-side of (4.8). Here we argue by the continuous
dependence on the domain of integration, since the integrands do not depend on h
and therefore we finally obtain

/ ’U(',tl)—ui,xo(t1)|277(vt1)dM+V// R gh dudt
B, (z,) QP (zo)n{t<t1}
LQ// gP dpdt
Q@ (2o NQY (zo))N{t<t1}
LQ// ‘u u |pdudt
QM (20)
2
o [[ L i usi, P duds
Q™ (20)

—|—L1(Q+1)|Q9)(Zo)ﬁ{t < t1}|v
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for almost all ¢; EAE;A)(L‘O). Now we use the properties of the cut-off functions (3.11)

and (3.14) together with £, (<1 to conclude the estimate

2
/ Ju- t1) —uS ,, (t1)] n(-,tl)du+V// gh dp dt
BT(xo)

QW (z0)N{t<t1}

SC(p)LQ// g8 dpdt+L1(Q+1)|Q (z,)]
QM (2oN\QM (20))
¢

U—UT o P _92
+LQ// —=2| dudt+ch? //
QWM (zo)l T—O QW (z0)

which holds for almost every t; GA((T)‘)(tO), with a constant c=c(p). Since the right

hand side of the estimate does not depend on t;, we may pass on the left hand side
to the supremum over t; EA((T)‘). On the other hand we may replace the weighted
mean values u?(¢) by the standard mean values wu.(t) with respect to the space
variable by Lemma 3.13, and this is the point where the dependence of the constant
on ¢4 and therefore on n comes into play. Hence, the proof is complete. [

2
du dt,

_ €
U—uz .

T—0O

The Pre-Caccioppoli inequality implies a Caccioppoli inequality for weak upper
gradients. The proof of this consequence works exactly as in the Euclidean case and
we therefore refer the reader to [16].

Lemma 4.2. (Caccioppoli inequality) Under the assumptions of Proposi-
tion 4.1 there exist two constants cy=c1(n, L/v, Q) and ca=ca(n, L/v, L1 /v, Q) such
that for every concentric pair of scaled parabolic cylinders QE,)\)(ZO)CQ%\)(ZO)CQT
with scaling parameter A\>0 such that the following estimate for every p-weak min-
imal upper gradient g, of u holds:

P dudt
//Q o,
(4.9) <o //
QWM (z,)

Secondly, Proposition 4.1 implies a Poincaré type inequality on intrinsic para-
bolic cylinders. However for this estimate to hold, it is necessary that the metric
measure space itself supports a (1, p)-Poincaré inequality.

u—ug(t)

2
(Y]
R o dudt+cz|QR (z0)|

p
‘ + AP

LR@)‘
o

Lemma 4.3. (Poincaré inequality on intrinsic cylinders) Under the hypothesis
of Proposition 4.1 on the metric measure space which supports a (1,p)-Poincaré
inequality, for every fized x>1 there exists a constant c=c(n, N,v, L, L1,p, », Q, A)
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such that for every parabolic cylinder Qé)ll)QCQT with scaling parameter A>0, on
which

(4.10) ]§[ (14 gu)? dpdt < 3AP,
Q;A) (20)

is satisfied, the estimate

(4.11) sup ][
teAlM (t,) Y Be(®o)

holds true.

2

U(,t)*’ll,g(t) d‘u<0)\2

4

Proof. We basically follow the strategy in [16]. In the case p>2, we apply the
estimate of Proposition 4.1 with the choices 0:=p and 7:=2p to obtain

sup / |u u29z | dp

teA (t,)
< c// (14gu)? dudt
5 (20)

(4.12) +c//
éz)(zo)

Now we recall that the metric space supports a weak (1, p)-Poincaré inequality, and
by the Sobolev embedding theorem also a weak (1,q)-Poincaré inequality for all
exponents 1§q§p*—T In particular, we have

2

_ - (¢
U= U203, () dy dt.

4

’p+)\p—2 U—Uzp 4, (t)

][ |u—uzgq, |’ du < cpof gh dp,
Bay(zo) Bory (o)

on every time slice ¢. Hence, using also (4.10), we can estimate the integral on the
right hand side above in the following way:

// U_UQQ,Io(t) ‘pdﬂdt:/
Q% (20) A (¢

1%

U= 20, pdudt

H(B2g(ffo))][

B2y($o)

o

SCPM(BQQ(QTO))/ ][ 9L dudt
A(M(ta) Bory (o)

< epT 2o (p@LY) (@) (7)) AP
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On the other hand we have, using Holder’s inequality:

// (2)9\) (20)

U—Ugp .z, (t) ?
0

dpdt

2
ST
0

<o) @G | £,

< C(H®£1) (QZ/\)(ZO))FAL/}D%)\z

with ¢=c¢(N, p, cp). Combining this with (4.12) we arrive at

[ s O e ) 08 e

teAM (¢,
= caepi(Bag(20)) 0° N2,

with a constant ¢ which depends on N, cp, p, Q, L, L1 and I". Now, we use the
doubling property of the measure to get p(Ba,(x,)) <2 u(By(20)). Moreover we use
the quasi-minimizing property of the mean value u, ,,(t) in terms of Lemma 3.14 to
replace ug oz, (1) DY g, (t) on the left hand side of the preceding inequality, then
decide the resulting expression by u(B,(z,))e* to conclude the desired estimate in
the case p>2.

In the case p<2 the main additional ingredient for the proof is the Gagliardo—
Nirenberg inequality (3.10), which allows us to ‘reduce’ the L?-norm appearing on
the right hand side to the LP-norm. We proceed as in the Euclidean case and there-
fore sketch only the basic steps. In a first step, the application of Proposition 4.1
for radii 0< <o <7<2p and the quasi-minimizing property of the mean value u,(t)
on every time slice ¢ gives

sup / ‘u — Uz, (T |du<c// (14gu)? dpdt+cly,+cla,
B (5E0) Q

tEAgA)(to)
Iy:=XP71 //
QWM (z0)

for g=p and g=2. For g=p the expression I, is estimated with the help of the

zrg(zo

with

U—Ur g, (1) a
T—0O

dudt,

Poincaré inequality and (4.10) as follows:

P
I :7
P ’7'—0 1’ //Q()‘)(z
2 prP / ][
AN (t,) (z0)

u_u7—7$o (t) !
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27P7P (B (x,)) 1 \) p
scp (t—0)? u(Br-(x,)) (neLh)( 21‘7(30))][(” v dpdt

21‘7(20)

< 0p£2“cd2)\2*p(21"7)2z)\p

(T—o)?

9—p+3+n,p+2 - o2 )
SCPW,M(BT(ZL‘O))%F A SC(T_U)p,u(BQ(xO))%F A%,

with ¢=c(n,p,cp, N). Here we have also used twice the doubling property of the
measure.

For ¢g=2, we apply the Gagliardo—Nirenberg estimate in the version of Lem-
ma 3.10 with the exponents (o,7,7,0)=(2,p,2,p/2) and arrive at

T2\P—2 Ll o) o, (t
L= (n® (2 ][ ][ u—tira, ()|’ dp dt
(r—0) AN (to) B () T
72)\P—2 Ll
. (n® )(2 (20))
(t—0)
2 1-2
— Wr.x t ?
X][ |:][ 95 du:| |:][ L’O() d/_{| dt
Afr)‘)(t,,) Bor-(z,) Br(zo) T
2)\p—2 W AQ _ B[ o
<ol (L@ L )(2 7 (20)) | 2F;’||: su ][ U—Ura, (1) du} 2P
(t—0) |Ar | Liea® (t,) 7 B- (o) 4
2 (B p/2 1-5
<c? ue T(x;)) FQ[ sup \ufuT,za(t)fdﬂ] 2
(t—0) teA™ (to)
1 2+4/p
<!l ap / lu—tty (2 | du+cg—4/prl4/29’u(BT)}f2/P)\2’
2 teA) (to) Y Br (o) (r=o)

with a constant ¢c=c(n, N,p,cp). Here we have used several times the doubling
property of the measure and ¢o<7<2p. Combining now the estimates for I, and I
and defining

2
O(s):= sup / |u(~,t)fus,zo(t)| du,
Bs(zo)

teADM (t,)
we get
1 M(Bg($0))92+p 2 N(BQ($0))Q2+4/p 2 242
< — .
(o) < 5 ®(7)+c T M te o) N tcp(By(wo)) 02N

The Iteration Lemma 3.15 and a subsequent division of the resulting inequality by
0?1(B,) then provides the desired Poincaré inequality also in the case p<2. O
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2. Reverse Holder inequality

We consider for parameters A>1 and s>1 concentric parabolic cylinders
E,’\)(zO)CQ4FQ(zO)CQT:Qx (0,T), such that

(4.13) x P < ]9[ o (14gu)P dpdt,
(20)
and
(4.14) . (14gy)P dpdt < 2P,
4rg(zo)

On cylinders on which this kind of intrinsic coupling holds true, we have the fol-
lowing reverse Holder inequality:

Lemma 4.4. On the metric measure space (X,d,pu) from Theorem 2.4, let
p>2%5 and ueLf, (0, T; NP RY)) be a parabolic Q-minimizer in the sense of

loc

(2.10) under the growth condition (2.8). Let QE, (zo)CQ4FQ(zO)CQT be concentric
parabolic cylinders for which the intrinsic coupling in terms of (4.13) and (4.14)
holds. Then there exists a constant ¢ depending onn, N, L, v, Ly, p, Q, » and I,
such that for all 0<¥<d1:=min{2,p “*2 the reverse Holder estimate

]6[ ghdpdt<c ]§[ gz/ﬂdudt—i-l
Q) (20) QWY (20)

[

holds true.

Proof. We start with Lemma 4.2 applied with radii (o, R)=(g, 20), which pro-
vides after dividing the inequality by w(By(z,)) and using u(Bay(z,))<
2" (B, (x,)), the following estimate:

P <
# ()\>(ZO) gu dudt >~ C[# ()\)(zo)

o

(4.15) =:c(lp,+1>+1).

I :=XP71 ]9[
QY (20)

Now, we apply the Gagliardo—Nirenberg estimate with the choices (o, 7,7,0)=
(¢,p/9,2,p/(q9)) (which is possible by the restriction on ;) and subsequently

U—Uz0.z,(t) U—Uzp ., () °

p
o
1%

dp dt+ 1]

Here we define

dp dt.

u—usgy(t) ‘p
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the Poincaré inequality in terms of Lemma 4.3 on the pair of cylinders (Qéz)(zo),
Q4FQ(ZO)) to obtain

IqécAp‘q][A [][ gﬁ/ﬂduH][
A (to) LY Barg(20) Bay(o)

)|A4FQ( )| gp/ﬂ d/,[,dt
IASY (t0)] Q) 20)

SCAPO*%)# p/ﬁ du dt,
Qi?g(zo)

for a constant c=c(n, N, L, L1,p, Q, »,T"). Inserting the estimate for I, and I into
(4.15) and then applying Young’s inequality we arrive at

1
H 1 P < P H P/ 1
é*)(za)( +9gu)? dp dt 2%)\ —l—c[ o )gu du dt+

aro\%o

u_U'Qvao (t) 2
4

d,u] dt

< e\P—a)4(1—-

9

Using once again (4.13) and absorbing the term %)\p into the left hand side, the
proof of Lemma 4.4 is complete. [

4.3. Proof of the gradient estimate

Let us fix a cylinder Q,=Q2,(2) CQr with radius >0 and center Z and con-
sider concentric parabolic cylinders of the type

S22 =Q(2) € Qn () C @ (2) € Q@ (2) = Qul2)

with radii r<r; <re<2r. Furthermore, we define the quantity A\, by

— ]6[ (149.)? du dt,
ZT(E)

and note that A\,>1. Here we recall the definition of d from (2.12). In the sequel
we will often omit the center of the cylinders at points where this is clear from the
context. Let z,€Q.,,(Z) be an arbitrary point and we consider now for a scaling
parameter A>1 parabolic cylinders Q(SA)(ZO):BS (z0) xAgA)(to) with radii

Qals

(4.16) A

(4.17) sgmin{l,/\p%?}(rg—rl).

With this restriction, we have QgA)(zo)ng (2), which we can check easily as fol-
lows: For any point zngA)(zo) we have with the notation z=(x,t) that

d(m,xo)<min{1,/\¥}(r2—rl) and \t—to\%<x\277pmin{1,)\%}(r2—r1).
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In the case p>2 we have that min{1, 2\ }=1and \2P <1, because A>1, whereas
—2 —2

in the case p<2 it holds min{1, \*z" }=\"3"

case p>1 that

and )\ <1. In turn we get in any

dpar(2, 20) < max{d(:c,xo), v/ \t7t0|} <r9—r1,

and thus
dpar(za 2) S dpar(za Zo)+dpar(zov Z) <rg—ri+ry=rs.

So, z€Q,,(2).

We next have to find parabolic cylinders of the above type on which the intrinsic
coupling (4.13), (4.14) is satisfied. Since the measure p is doubling, the Lebesgue
differentiation theorem holds on X xR and as g, €L} () we have for p-almost
every point z,€Qy, (Z) with g,(z,)>A that

41 li 1+g.)? > i P = PSP,
(4.18) im ng(%)( +9u) du dt 2 lim Qy)(%)gududt Gu(z0)" > A

To see the equality in (4.18), we have to use once again the doubling property of the
measure as follows: For 7'::rn:au<{)\2_Tp7 1} we have that ng)(zo)CQTs(zo). Since
Q-s(2,) is a usual parabolic cylinder, the Lebesgue theorem holds on it and gives

lim 95 dp dt:gu<zo)p'
540 Qrs(20)

Moreover we have

lim P dudt
10 Tl o o
p 3 p__ p
< gu(zo) +151ﬁ)1 ng)(%)|gu Gu(2o) |dﬂdt
. QLY (Qrs(z
< (e +limg LEENGeLE [ g da
SO (L) Q5 (20)) M Qrolz0)

. (1s)? 5 TS n
<uop1 : - p—uopddt
< gu(z0)+lim 50| #Qm(%)!gu 9u(z0)"| dp
=gu(20)P.

Now we define

I n+2
(4.19) Br/d .= 22“<80—r) >1.

T2—T1
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Then for pairs (), s) with A>B\, and

(4.20) mln{/\ " A (ra—r) <s< min{A#,l}(Tz—Tl)

1 1
40T 2
we estimate, using also the doubling property of the measure:

]§[ (1+gu)P dudt < H(BQT(%))'%;(%)' (14+g,)P dudt
Q™M (z0) w(B (wo))lA (o) /@5 (z0)

<92 <2T) AP‘Q)\§ < AP
S

Here we have used in the very last step the definition of A\, as follows: In the case
p>2 we have that d=p/2, therefore p/d=2 and min{\*=2,1}=1. Thus, we get by
the definition of B and with the conditions on s and A:

n+2
2211 (QT) )‘p_Q)‘g/d < 22n(27,,)n+2)\p—2)\3 < 40I°

S ro—"1

n+2
> <BENPTENZ < )P,

In the case p<2, there holds p/d= M —n and min{)\%7 1}:/\% and we there-
fore get

2r\ "2 — i3 _ P22
22n (g) )\p—Q)\g/d < Bp/d)\sz(n-l—Q))\p—Q)\oQ (n+2) < )\n—+2)\" 24p—2 < )\P.
Combining this estimate with the estimate (4.18) above and having in mind that
the integral depends continuously on the radius of the cylinder, there must be at

least one radius 0<g., < 105 min{ A"z b ,1}(ro—r1) such that

(4.21) ]§[ (1+g,)P dpdt =N°
O\) (Zo)

holds. In case that there are several such radii we let p,, be the maximal one, which
means that for all radii p>p,, there holds ‘<’ instead of ‘=" in (4.21). Hence,
the parabolic cylinder QE,)Z‘Z(ZO) with A>BJ, is one on which the intrinsic cou-
pling (4.13), (4.14) holds with =1 and consequently the reverse Holder inequality
Lemma 4.4 holds on the pair ( E;)Z‘Z (20), Qfﬁl)gza (25)) of parabolic cylinders:

[

(4.22) ]6[ dudtgc[ﬁ[ (14gu)7 dpdt| |
QL) <zo> (M., (20)

4Fg

for all ¥<d¢, with 91 =min{2, p n—"f and for a constant c=c(n, N, L,v, L1,p, Q,T).
Introducing for s>0 and A>0 the levelset

A i={2€Qs(2): gulz) > A},
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we have up to now shown that in the case A>B\, for almost all z,€&™ (\) there

exists a parabolic cylinder QE,)Z‘()) (2,) on which the intrinsic couplings (4.13) and
(4.14) as well as the estimate (4.22) hold true. Moreover, by (4.20) and (4.17) we

A _
have that Q;O%QZO (20) CQry (2).
In a next step we want to estimate the LP-norm of g, on the cylinder

Qéﬁ%gz (#20). For this aim, let n€(0,1) be a parameter which we fix later. We
abbreviate for a moment QEQE,Z\()) (20) and aQEQg;))ZO (20). Then, with (4.22) and

assuming that nA>1, we obtain

91
]§[ (1+gu)p d/ldt<c|:]§[ (1+gu)p/191 dudt:|
Q 4TQ

ol —L1 p/v g d)ﬂl Ap}
= {<(M®£1)(4FQ) //41“@0@2(77,\)% pt ) WA

with e=e¢(n, N, L,v, L1, p, Q,T). By the help of (4.21), choosing n=n(n, N, L,v, L1,
p, Q,T) in such a way that cn”ﬁ%, we may absorb the expression (nA)P into the
left hand side of the inequality and therefore obtain

91
C
791 1+gupdudt§[// gﬁ/ﬂldudt] ,
Q( ) (@ LY)(ATQ) J)irgner2(mr)

This estimate holds for )\>)\1::%:(26)’1/1’, where ¢ denotes the constant ap-
pearing above in the choice of 7. Splitting the bracket on the right hand side
[.]%r=[.][...]"*~! and using Hélder’s inequality to get

P1—1
700 Megronon @ 4] < |f.
_ g7 dpdt < gy dpdt
{(u@ﬁl) (4rQ) J)ironer: (nX) are

< C)\P(l—l/ﬁl)’

}1—1/191

we arrive at

c
1+g. pdﬂdtﬁ—// >\p(1—1/191)gg/191 dp dt.
]§[Q( ) (LRLY)(ATQ) JJargrer= ()

Finally, using the fact that we have ‘<’ in (4.21) for the cylinder Qéé%“gz (20)=20TQ
and therefore getting

]9[ (1+gu)pd,udt§>\p§]§[ (14g,)P du dt,
20IQ Q

we conclude that

(4.23) / / gPdpdt<c / / APA=1/02) oo/ O gy
20IQ 4TQNG"2 ()



Parabolic quasi-minimizers on metric spaces 119

for a constant c=c(n, N, L,v, L1,p, Q,T). Here, we have also used the doubling
property of the measure to have (p®L£!)(200'Q)<22"5" 2 (u® L1)(41'Q).

Until now, we have proved the following: For scaling parameters A>max{BX\,,
A1} the levelset 6™ () is covered by a family F :{QEL?)QZO (20)} of parabolic cylin-
ders with centers z,€6" (), on which (4.23) holds. A standard covering theorem
provides then a countable subfamily {Qfﬁ%q (2:)}52, CF of pairwise disjoint cylin-

ders such that the 5-times enlarged cylinders Q%% o. (i) still cover & (A), and

. A . . _
moreover all cylinders Qéoiﬂ 0. (zi) are contained in @, (). As a consequence we
%4

have
P dpdt < // P dudt
//Gnmgu p Z o
<CZ// o APU=L/00) go/ 93 gy, gy

4Fg N&"2(nA)

Sc// )\p(lfl/ﬁl)gﬁ/ﬁl dy dt.
&72(nA)

Now, since the previous estimate holds trivially on the set & (nA\)\&™(\), we
conclude that it holds also if we replace on the left hand side the integral over the
set ™ (\) by an integral over G"(nA). In a next step, we replace the values nA by
A and we end up with the estimate

// ggdﬂdtSC// )\p(l_l/ﬁl)gg/ﬁl d/j,dt,
Sr1(X) &r2(N)

which holds for every A>max{BnA,, n\; }=max{BnX,, 1}=:As.

Now, the result would follow by multiplying both sides of the preceding inequal-
ity by A® and subsequently integrating the levelsets. However, as in the Euclidean
case, we are faced with the technical difficulty that the obtained expressions could
possibly not be finite. It is then a standard method to introduce truncations |Du|,
to the level k of the gradient—and therefore here truncations [g,]r of the upper
gradient. For the convenience of the reader, we will shortly sketch the final steps
of the proof, but we refer to [16] where the argument is carried out in detail in the
Euclidean case. The proof in the metric case does not differ from the Euclidean
one, since all higher integrability information is already contained in the previous
estimate and the remaining arguments are purely measure theoretic ones, such as
integral and convergence theorems. All these theorems hold also for integrals with
respect to general Borel regular measures.
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We introduce for k>, the truncated upper gradient and the corresponding
levelset

[gulk :==min{g,,k} and G;(A):={z€Q,: [gu]s > A}.
With the notation q:=p/¥; <p, the previous estimate on the levelset implies

/ / lgul} gl dpdt<c / / AP=9g9 dyy dt.
&1 (N &2 ()

Now we multiply both sides of the inequality with A*~! for €(0, 1) to be determined
later. Integration of the resulting estimate with respect to A over the interval (Az, 00)
then provides

/ et // lgult 992 dudtgc/ Aot // AP~9g3 dyy dt.
A2 &I (N) A2 &72(N)

The integral on the left hand side can be calculated with the help of Fubini’s theorem
and we obtain

> 1
/ Ao 1 // [gu]z—qu dudt = _// , ngm—qﬂgg_)\g[gu]g—qu} dy dt.
A2 ICHPY) € JJer (n)

Again with Fubini’s theorem we get for the right hand side the estimate

/ AH// P4 qdudt<—// [gu)} ™" g2 dudt,
Az G2V ~T2(>\2)

and we therefore conclude

// [gull """ gl du dt
St(A2)
<. ssladitgtduas—= [l g
&1 (A2) T2(>\2)

Since on Q,, (2)\ &} (A2) we have [g,)2 4" g2

/ / 9]0 7" g2 dpudt
@, (2)

9 <N51gu)h ?1gul?, we eventually arrive

// SOt duder s [ (g g duat
2r(5)

for a constant ¢ which depends only onn, N, L, v, p, L1, I' and Q. At this

point we choose egsozzi(q—p):p(g;—ﬂ_ll)7 where ¢ denotes the constant in the

above estimate. Since 91 =19 (n,p), we have that ¢, depends only on the structural
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parameters n, N, L, v, L1, p, I' and @. On the other hand we recall that \5=
max{BnA,,1}. Since B>1, n<1, e<1 and A\,>1, we have in any case that \§<
14+ (BnX,)e <2BXe. Recalling now the definition of B in (4.19), we may apply the
standard iteration Lemma 3.15 to conclude

/ /Q . l9u]7 " gl dpdt <cX; / / o 9] 9% dudt.

Finally we note that [g,]x <g., and g, € LP(Q2,(Z)), so the result follows by applying
Fatou’s lemma on the left hand side, the dominant convergence theorem on the right
hand side and subsequently recalling the definition of A, in (4.16).
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