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Regularity of the Schrodinger equation
for the harmonic oscillator

Bruno Bongioanni and Keith M. Rogers

Abstract. We consider the Schrodinger equation for the harmonic oscillator i9iu=Hu,
where H=—A+|z|?, with initial data in the Hermite-Sobolev space H—5/2L2(R™). We obtain
smoothing and maximal estimates and apply these to perturbations of the equation and almost
everywhere convergence problems.

1. Introduction

We consider the regularity of the Schrodinger equation
(1) i0yu= Hu
with initial data u(-,0)=f, where H is the Hermite operator defined by
(2) H=-A+|z]?, zeR"™

This is an important model in quantum mechanics (see for example [7]).

The trigonometric polynomials are the eigenfunctions of A, and this is what
makes the Fourier transform such an effective tool to attack the free equation,
10yu=—Awu. Similarly, this enables us to measure the smoothness of the initial data
with the fractional Sobolev spaces W*2(R")=(I—A)"*/2L2(R") defined via the
Fourier transform.

The Schrédinger equation (1) has been considered with respect to these spaces
(see for example [29]), however, the eigenfunctions of H are the Hermite func-
tions which are also dense in L?(R"™), and so it is often more efficient to de-
compose the initial data with these. Similarly, it seems in some sense more nat-
ural to measure the ‘smoothness’ of the initial data in the Hermite—Sobolev space
HE(R™)=H /2 L2(R").
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Although the spectrum of H is discrete, recalling the free equation with periodic
data (see for example [13]), our results will generally bear more resemblance to
those for the nonperiodic free equation. In particular, by applying the projection
estimates of Karadzhov [8] and Koch-Tataru [12], in Section 3 we obtain ‘smoothing’
estimates which are unavailable in the periodic case.

In Section 4, we combine these estimates with the Strichartz estimates [10] and
Wainger’s Sobolev embedding theorem [27] to obtain the following result.

Theorem 1.1. Let pe[2(n+2)/n, 0], and q€[2,00), n/p+2/q<n/2, and
1 1 2
s(p,q)=n(-—=)-=.
() (2 p) q

(3) le™™ fll e ®n, L3p0,27)) < Csll flrs@ny, 5> 5(p,q),

Then

and this is false when s<s(p,q).

In Section 4 we also deduce the following almost everywhere convergence prop-
erty. In one spatial dimension, this is a consequence of Theorem 1.1, and in higher
dimensions it follows from a second smoothing estimate that is proved in Section 3.

Corollary 1.2. Let feH*(R") with s>% if n=1, or s>% if n>2. Then

lime " f(x) = f(z) for a.e. x €R™.
t—0

Cowling [6] proved this convergence for data in H*(R"™) with s>1. In one
spatial dimension, this was improved by Torrea and the first author [2] (see [3] for
a Laguerre version) to include data in H*(R) with s>1.

By a theorem of Thangavelu [21], f€W#®2(R") with compact support also
belongs to H*(R™), thus we recover a weaker version of the almost everywhere
convergence result of Yajima [29] for data in W*2(R")NL'(R™) with s> 1.

Corollary 1.2 has subsequently been improved by Sjogren and Torrea [17] in one
spatial dimension. They have proven that the convergence holds for data in either
WY42(R) or H'/4(R), and this is sharp in the sense that for lower regularities the
convergence is not guaranteed in either space.

Finally, in Section 5, we consider a perturbation of (1) of the form

% — (At |24V (@) u,
u(+,0)=uge L*(R").
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We prove that global existence of a solution is guaranteed when n>2 and ||[V||;n/2
is sufficiently small. For n>3 this can also be obtained via Theorem 1.1 combined
with the arguments of Yajima [28].

Throughout, ¢ and C' will denote positive constants that may depend on the
dimension n. Their values may change from line to line.

2. Preliminaries
In one dimension, the Hermite polynomials Hj, are defined by

k
2 d 2

Hiw) = (-D* e’ o (e7), weR,

and by normalization we obtain the Hermite functions,

6’12/2H;€(:c)

In higher dimensions, for each multi-index k={k;}7_, €Nj, the Hermite func-
tions hy are defined by

n

hk(z) = H hi;(x;), x=(z1,...,2,) ER™.

j=1
These are the eigenvectors of the Hermite operator defined in (2). In fact
Hhy = (2|k|+n) hy,

where |k|=>""_, k;.
We consider the space of finite linear combinations of Hermite functions §(R"™),

f=" ach,

keNg
[k|<N

where ay are the Fourier—Hermite coefficients

ax = f@)hk(z) dx.
RTL

These are dense in L?(R™), and so, by the orthonormality of the Hermite functions,

1/2
@) Iz = (3 lan?)

keN?
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and the Hermite—Sobolev norm is defined accordingly,

1/2
1 lle ey = ( ) <2k|+n>8ak|2) |

keNg

For initial data feF(R™), the solution to the Schrédinger equation (1) can be
written

(5) e—itHf: Z e_it(Q‘kH")akhk.
keNy

Note that the solution is periodic in time. Comparing (4) with (5) we see that
(6) le™" fllz2zm) = [ fllL2ny,  tER.

Finally, by the Mehler formula we also have the integral representation

(7 @)= [ Kilw) f@)dy, 145 for e

where

Ki(z,y)= exp(%|x—y|2 cot2t—ix-ytant).

[277 sin 2¢]™/2

3. Smoothing estimates

For the free equation in one spatial dimension, Kenig, Ponce and Vega [11]
proved the sharp estimate

sup [ F(@)l| ey < Ol 17222
xTE

where W*2(R) denotes the homogeneous Sobolev space (—A)~%/2L2(R). The esti-
mate is false when the homogeneous space is replaced by the inhomogeneous one.
For the harmonic oscillator, we prove something similar. Note that the spectrum
of H is bounded away from the origin, so there is no distinction between the homo-
geneous and inhomogeneous Hermite—Sobolev spaces.

In order to get a global bound in space with no decay, we lose some regularity
with respect to the free equation. The relationship between the decay and the
regularity is sharp however. To see this, consider f=hy, so that the inequalities in
the proof of the following theorem can be reversed.
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Theorem 3.1. Let %SSS%. Then

S‘ég (1+|$|)1/6_5||€_itHf(33)HLg[o,zw] <Ol fllr-+ w)-

Proof. As F(R)=H*/?>F(R) is dense in H~*(R), it will suffice to consider
fEF(R™) and we write f=); . axhi. Observe that by the orthogonality of the
trigonometric polynomials,

2m
||efthf(x)||if[0’2ﬂ_] :/ <Z ewt(zgﬂ)ajhj (x)) (Z ezt(2k+1)akhk(x)> dt
0 Njeno kENp
=21 Y |an*hi ().
keNy

We use the following property of the Hermite functions which can be found in
[20, p. 26, Lemma 1.5.1]: There exists a constant ¢ such that
(8) hi(x) <ck™Y* ze|-R,R]and k> R2.

Combining this with a second property which can be found in [19, p. 242,
Theorem 8.91.3] we obtain: Let Ogagé. Then there exist constants cg and ko
such that

9) cg k22 <qup(14-|z|) "R (@) < coh /22 k> k.
z€R

Thus, interchanging the sum and the supremum,

~ » (2k0+1)a+1/6 )
sup(L+|z]) 72l ™ f (@)l 210,0m < 27€] Y s o okl
i L?[0,27] Ok§0 (2k+1)a+1/6

Finally, by writing s=a+ %, and taking the square root,

1/2
sup (L+1a]) e ()l 020 < Cs (3 241) el
x keNy

as desired. [

For the free equation, Vega [16], [24] (see also [9], [14] and [30]) proved that
for n>2 and p>2(n+1)/(n—1),

, 1 1
itA
162 Fll o 22y < Collf pmganys =n(5—5) .
Note that s is negative in the range pe[2(n+1)/(n—1),2n/(n—2)).
In the following theorem we again lose some regularity with respect to the free
equation, however we will see that it is sharp.
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Theorem 3.2. Let n>2, p>2 and

1 1, 2§p£2(n+3),
p 2 n+1
)n(1 1 1 2(n+3) 2n
s(p) = 5(5‘;)‘57 w1 SPSoTy
n(l—l>—1 2—n<p<oo.
2 p Topn-2""7

Then
lle™ " Fll o e, 20,2y < Csllfllres mmys 52 5(p),

and this is false when s<s(p).

Proof. By density, it will suffice to consider feF(R™) and we write f=
ZkeNg axhk. As before,

2w
He_itHfHQLf[o,zw] :/0 (Z e—it(2j|+n)ajhj> < Z eit(2k+n)akhk> dt

jeng keNp

= 27T( Z aj dkhj hk>

5 k2l fre2ljl 0
= 27T( E E E aj Ekhj hk> .
AEN j:2]jl+n=X k:2|k|+n=X

We recall the spectral projection operators Py defined by

Pfx)= > axh(x).

2|k|+n=X\

We see that

1 1/2
HefitHf”Lg[wﬂ] = (2m)/2 (Z P)\fp>\_f> = (2m)1/? <Z |PAf2> )

AeN AEN

/2

and by Minkowski’s inequality in L2/2,
_ 1/2
(10) le™"  £1l Lz @, £200,277) < (27)/2 <Z ”P)\fHQLp(R")) :
AeN

Now by combining the results of Karadzhov [8, p. 108, Theorem 3] and Koch—
Tataru [12, p. 376, Corollary 3.2], we have the sharp projection estimates

(11) 1A f 120y < CNP | Prfll72mn);
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where s(p) is as in the statement of the theorem. By orthogonality,

||P/\f||%2(u§n): Z |ak\2,

k:2|k|+n=X\

so that using (11) we see that

(12) S P To@ny < D A NP 72y = I 1340 (g -

AEN AEN

The argument is completed by substituting (12) into (10).

To see that these estimates are sharp we observe that |e =% Py f|=| Py f| so that
||e’“HP>\f||L§[0’2W]:(277)1/2|P>\f|. Thus, an improvement of the previous estimate
would yield improved estimates for the spectral projection operator, which is not
possible (see [12]). O

For the free equation, Vega [24], [25] (see also [11]) proved that for all a>1,

dedt \?
itA 2 < '
(/ /n f 1_|_| D > 7Ca||fHW71/2,2(Rn).

On the other hand, Sj6lin [18] and Constantin—Saut [5] independently proved a sim-
ilar estimate for data in the inhomogeneous Sobolev space. This was subsequently
refined by Ben-Artzi and Klainerman [1] and Kato and Yajima [9] for n>2, so that
for all a>2,

7 dIdt 1/2
(13) </ / 111 F(2) 21+| )> < Callfllw-1/22080,

and this is false when a<2 (see [27]). In an involved argument, Yajima [29] proved
that if one integrates over a compact interval of time, then (13) holds for a>1
with A replaced by a class of operators that includes both A and H. Considering
H~'/2(R") instead of W~1/2:2(R"™) enables the following simple proof more in the
spirit of [11].

Theorem 3.3. For all a>1,

o dedt \/?
—itH 2 <Ca o <
(/ /n Ut (1+| IE ) <Calfllx-s@ny, s<

and this is false if s>%.

DN =
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Proof. By density, it will suffice to consider feF(R™) and we write f=
ZkeNg axhk. Observe that by the orthogonality of the trigonometric polynomi-
als,

|| —'LtHfHL2 0.27] / (Z e—zt 2|JH—n)a R ) ( Z eit(2|k|+n)akhk) dt

jeN keNy

= 27r< > a; Gach;, hi, s hk),

3.k =k1+k|—j|

where j=(j2, ..., jn) and k=(ks, ..., k,). By Fubini’s theorem,

2
/ / =it f(2)|2 da dt
0 J[-R,R]xRnr—1

zzw( > a; T /j; hj, (1) h, (21) day /Rnilhj(f)hﬁ(f) df),

J.keji=ki+k|—|]|

so that, by the orthonormality of the Hermite functions in n—1 variables,

27 R
/ / e f ()2 dadt =27S |ak|2/ B2 (a1) do.
0 J[=R,R]xRr-1 - -R

Of course, we can repeat the argument for each variable, and so for i=1,...,n,

27 R
(14) / / le "5 f(2)|? dx dt§27r2|ak\2/ h%i (z;) dz;.
o J[-R,R" - _r

Now by property (8),

R ) R
/_Rh () da <O

Note that the inequality follows from the orthonormality of the Hermite functions
when kjl-/2§R. Substituting into (14), we see that

27
(15) / / e~ f () 2w dt < CR'S (2k;+1) /2 a2
0 R,R]" m
Now we can decompose our function f :Z?ZI fi, where f;=Y", aj hx and

i - {ak, k; >k for all 1], and k;#k; for all 1<,

0, otherwise.
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By (15), we see that for j=1,...,n,

27
// e~ £y () 2 dt < CRS 2k +1)~Y/2|al 2
o JI-rR" -

< Cn'PRY_(2lk|+n) "2 g,
k

where we have used the fact that nk; >|k| when a{(;éO. By Minkowski’s inequality
followed by the Cauchy—Schwarz inequality,

o 1/2 1/2
(/ / |e-“Hf<x>|2dxdt) <0n3/4R1/2(Z<2|k|+n>-l/2|ak|2) |
0o JI-R,R"

k

and the result follows by summing dyadic pieces.
To see that the estimate is sharp with respect to the regularity, we consider
gn defined by

gN<.’E) = h4N($1>ho(l‘2)...h0<xn).
Note that

1 1 1
. 2 2
le™" g 12 10, 2) 0,117y = 277/0 hiN(ﬂfl)dﬂfl/o e "2 dxo /0 e rdry

1
= C/ hZN(xl)dxl.
0

Now by the following Lemma, 3.4, hyj, takes values ~<k~1/4

one of ~k'/? subintervals of [0, 1] of length k~'/2. Thus

when x belongs to

1
/ R, (x) dx > ck™1/2,
0

so that

le™ " gnll L2 (o1 0,277 = CN 14,
Now as ||gN||Hfs(Rn):(8N+n)7s/2, letting N tend to infinity, we see that sg% is
a necessary condition. [l

It would be interesting to know if the previous theorem is sharp with respect
to a, however we do not know. To see that it was sharp with respect to the
regularity, we used the following lemma which we now prove.



226 Bruno Bongioanni and Keith M. Rogers

Lemma 3.4. Let I,,C[0,1] denote the interval of length 1/\k, centered at
xm:ﬂwm/\/%. Then there exist positive constants cqy, ko and p such that

co_lkz_l/4 < hgp(x) < cok /4

for all k>ky when z€l,, and m= L\/E/MJ,..., L\/ﬂ/uJ

Proof. For an even integer k, there is an explicit formula for the Hermite func-
tions given by

_ 2 k/22k/2 z2/2
(16) hk(ﬂﬁ)—m(—l) N ;

(see [19, p. 107]). Note that by the formula for the Gamma function and a change

of variables,
i i 1_/(k+1
/ e*SQSk cos 2xs dsg/ 67528k ds:—F(i)
0 0 2 2

We will see later that this bound will suffice to provide the upper bound, so we
concentrate on the lower bound.
Consider an interval I,,, of length 1/v/k with center z,,=v/2mm/vk, where

m=|VE/p, .. [ VoS,

s® k

2
e ® s"cos2xsds

with p to be chosen later. We split the integral
VE/2(1-1/8m) VE/2
S
/0 k/2(1-1/8m)

Vk/2(141/8m) 0
S
k)2 %/2(1+1/8m)

=L+ +13+14.

o0 2
/ e s* cos2xsds =
0

The function e~* s* attains its unique local maximum when s=+/k/2, and so is

positive and increasing in (0, \/k/2(1—1/8m)). By the second mean value theorem
for integrals, there exists a point ¢ such that

cos2xsds

e Vk/2(1—1/8m)
[ <e™s |s:\/k/2(171/8m)/

k/2 k

s (KN 1YL
<e 1 .
2 8m ) x
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Squaring out and using the fact that m< L\/Qk/ ,uj and 1/x<p, for sufficiently

large k,
k k/2
11| < e 1256 /s (4 LY k2 (BN
- 8m 2

On the other hand, cos 2xs is positive on the interval (1/k/2(1—1/8m), /k/2)
for z€1,,, and strictly greater than cos 2 on (1/k/2(1—1/16m), \/k/2), so that

k]2 ,
1220/ e~ ¥ ds.
VEk/2(1-1/16m)

Now, we are integrating over an interval of length >cu, so considering the smallest
value of the integrand,

V2 1V
I, > —(k/2)(1—-1/16m)* [ ™ 1—— .
2= e 2 16m

Squaring out as before and using the fact that m> L\/E/ ,uJ, we have
k k/2
2 1 k
I, > cpe—t /512 k/16m (1 _ —k/2( F .
2=che ¢ 16m ) € 2
Now, ¥ (1—x)* is a decreasing function on [0, 1], so we can also write
k k/2
Iy > cpe—12/512gh/8m 1= LY k2 LAN
- 8m 2

Comparing with the upper bound for |I;], and choosing p sufficiently large, this

yields
1V 5 \/2
I+ I > cek/8m (1——) e k2 (—)
- 8m 2 ’

and by a completely analogous argument we also have

k k/2
Is+1, > ce F/8m 1+L IR
- 8m 2

1V 1V
ek/8m > (14— and e R8> (1-— ),
- 8m - 8m
we see that

k k/2 [eS)
1 —k)2 k / I 1 k+1
R — — < S < = — .
c(l 64m2)e (2 ; e ® s¥cos2xsds 2F 5

Now as
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Finally, as m?~k and

k+1 k!
1o o(F) =iy

(see [19, p. 14]), by (16) we have that
ok/2 . k k/2 ok/2 k!
e 2) <h(@)<et—
Co ﬁkle (2> <he(z) < ol 20 (k/2)!

for k/2 even, and the proof is completed by Stirling’s formula. O

4. Pointwise convergence

We are able to obtain the convergence result of Corollary 1.2, for the case n>2,
as a consequence of Theorem 3.3.

Proof of Corollary 1.2, case n>2. By the Cauchy—Schwarz inequality, func-
tions F': [0, 27] —C that satisfy

§ /‘ |)\‘aﬁ(/\) efit)\
AEZL
A£0

1
< 00, O[>§,

L2[0,27]

are in fact continuous, where F denotes the Fourier transform of F. Writing
(18) e Mfa)=) ( > akhk<x)) =Y Paflx)e™,
AEN “k:2|k|+n=A AEN

by Theorem 3.3, we have

Thus, when f€H*(R") with s>1, we see that e~""# f(z) is a continuous function

of t for almost every x€ Br. Writing

R" = | J By \Bas-1,
JEZ

Z NPy f e

AEN

= |le” ™ H" f|| 12 ((0,20) x Br)
L2(Br)

L2[0,27]

S CRHf”Hza—l/Q(Rn).

we see that the set of divergence is null, which proves Corollary 1.2 for n>2. [
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For the one-dimensional improvement, we appeal to the Strichartz estimates
that will also enable us to complete the proof of Theorem 1.1. The integral repre-
sentation (7) can be combined with the machinery of Keel and Tao [10] so that

(19) le™™ £l s (0,2m),2 ®n)) < Cp I 1l L2

when ¢>2 and n/p+2/g=n/2, excluding the case (p,q,n)#(00,2,2). Koch and
Tataru [12] proved (19) for a more general class of operators that includes H,
and also noted that there can be no such estimates for p outside of [2,2n/(n—2)].
Applying Holder’s inequality in the temporal integral yields (19) in the range
p€2,2n/(n—2)] when n/p+2/q>n/2, excluding the case (p,q,n)#(c0,2,2). We
will see later that, modulo the exceptional case, the estimate is completely sharp in
the sense that (19) cannot hold when n/p+2/q<n/2.

Theorem 3.2 and (19) are the key ingredients in the proof of Theorem 1.1. For
the best known results in this direction for the free equation see [9], [11], [14], [15],
or [16].

Proof of Theorem 1.1. For 1<r<g<oo, we recall the following fractional Sobo-
lev inequality due to Wainger [26, p. 87]:

—a —1 1 1
Z|/\\ F(M\)e A <C|F|Lro,27) 04:;—5-
\EE L£4[0,27]

In particular, by (18) we see that

(20) ||€_itHf($)HL;?[0,27r] <C

SR f(w) e

AeN

L7[0,27]

=C

7

L7[0,27]

S (20| ) i) 4K
KeNg

where f :ZkeNg axhy is initially a member of F(R™).
In the range p€[2n/(n—2), o], with n>2, by taking r=2 in (20) and applying
Theorem 3.2, we see that

1/2
HeiltHf”Lg(R"; Lg[O,Zﬂ']) § O< Z (2|k+n)8(2k|+n)12/Q|ak2>
keNg

< Ol llgrr-2any

where s=n(% -1/ p) —1. This yields the desired inequality.
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For the range p€[2(n+2)/n,2n/(n—2)) (p€[6,00] when n=1), we apply
Minkowski’s integral inequality to (19), so that

(21) ||€7itHf||Lg(R"7LfO [0,27]) S Cp||fHL2(R")7
where n/p+2/qo=n/2. Now combining (21) with (20), with r=go, we see that
4 1/2
||€_ltHf||L£’(R", Li027]) = C( Z (2|k+n)2/<10—2/q|ak|2)
keNg
< C ||f||H2/40*2/q(Rn),

and as 2/qo—2/q=n(3—1/p)—2/q, we are done.
To see that this is sharp with respect to the regularity we consider gy defined

gN = E ha.
k:N<k; <2N

When [t|<1/100nN and |k|<2nN, we have

by

|Re(e—it(8|k‘+ﬂ)_1)| e ‘cost(S‘k|+n)—1| < %7

so that
le ™ gnl =] D> ha|—| D [cost(8]k|+n)—1]hue
k:N<k;<2N k:N<k;<2N
1
Z Z h4k _5 Z ‘h4k‘.
k:N<k;<2N k:N<k;<2N

Thus, by the following Lemma 4.1, if \a:j|<cl/2N1/2 for all j=1,...,n, then

Z B () > N4,
k:N<k;<2N

N =

le”" gy ()| >

Calculating, we see that

HeiitHgNHLﬁ(R", L3[0,27]) > cN3n/A—n/2p—1/q

On the other hand, [|gi[[3¢: () <CN*/2T"/2 50 that letting N tend to infinity,
for (3) to hold, it is necessary that

1 1 2
sZn(———)——. ([l
2 p) q
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We note that by the same calculation,

le™ " g |l L2 (0,2n, £ (RRy) = N/ A7n/20=1/a,

so that, taking s=0, we see that the Strichartz estimates (19) are also sharp.
Now we complete the proof of Corollary 1.2.

Proof of Corollary 1.2, case n=1. We again appeal to [26, p. 87]. There it was
proven that functions
F(t)=Y F(\)e ™
AEN

which satisfy

1
<oo, a>-—,
La[0,27]

Z |)\|a}’ﬁ(}\) efit)\

AEN

are also continuous. By Theorem 1.1 we see that for certain g< oo,

» 1 1 1\ 2
> NP @) e <Cliflhew, a=5(s-(5-5)+2)
LE(R L$[0,27]) p q

AEN
1

3
continuous for almost every x€R. [

In particular, taking p=6 and s>31, we see that a>1/q so that trse " f(x) is

Almost everywhere convergence results can also be obtained from maximal
inequalities. By an appropriate dyadic decomposition, Theorem 1.1 implies that
2(n+2)

11
LZ(R")SCS”]CHHS(R")» S>n<§_l_7) andeT,

[[sup [e="* £]]
teR

Curiously, and unlike the free case, this is not trivial even when p=oc. Indeed, for
a dyadic piece fN:Zqu‘QN axhy, we can write

1/2 1/2
swp i@l sw (X m@r) (X )
1250 n] vER" AN<|k|<2N N<|k|<2N

however, the property (9) only provides the estimate
1/2
sup < > hk(x)|2> < CNA/2En/6)
TR AN <|k|<an
On the other hand, using the local property (8),

1/2
Sup< 3 hk(x)|2> < N2/,

*€Br \ Ny <jk|<an
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and so we recover a local version of our estimate. Theorem 1.1 tells us that
global estimates are indeed possible even though this is not immediately apparent.
Thangavelu [22, pp. 260-262] noted a similar phenomenon for the Bochner—Riesz
problem for Hermite expansions.

As we saw in the previous section, necessary conditions for the harmonic os-
cillator are harder to see than for the free equation. To see that Theorem 1.1 was
sharp with respect to the regularity, we used the following lemma, which we now
prove.

Lemma 4.1. There exist positive constants cg and ci such that
hag(x) > cok ™4
for all kEN when |x|<c k™12

Proof. For k an even integer, |z|<1/4Vk and 0<s<Vk, we have cos2zs>1,
so that

VE
Z/ %5 costsds‘/ e=%" % cos 2as ds
0

vk
1
—/ e sk ds— / e~ s ds
2 Jo vk

1 oo oo
(22) == / e sk dsf§ / e sk ds.

Now, by the formula for the Gamma function and a change of variable,

1 [ 52 k + 1
2 = s ds=3ir :
On the other hand, making the change of variable r=s/v/2,

/00 6_523k ds Se_k/Z /Oo 6_52/28k dSSG_k/Q/ e~ 2/2 kds
vk vk 0

R HRCORNCY

for all k>ko=21log(16)/log(e/2) (since hy(0)>0 when k/2 is even, it is sufficient to
prove the assertion for k>ko).

o0 2
/ e 5" cos 2xs ds
0

Y
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Substituting (23) and (24) into (22), we obtain

>1F k+1 ’
-8 2

o0 2
/ e s* cos 2xs ds
0

so that from (16), we see that

1 282 (k41
hk(l’)28ﬂ_3/4 mF( 5 )

for all k>ko when |z|<1/4vVk and k/2 is even.
Now, from (17), we have

1 VE!
hk(fE) Z k )
A i/3 9672 (1 /2)]

and the result follows by Stirling’s formula as in the proof of Lemma 3.4.

5. The forced harmonic oscillator

We consider the Cauchy problem for the Schrodinger equation of the form

du
— + Au=|z|Pu+V
(FHO) zdt—|— u=|z|*u+V(x,t)u,

u(+,0)=uge L*(R").
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We note in passing that the cubic equation, i du/dt+Au=|z|?u+|u|? u, has been
extensively considered in connection with Bose-Einstein condensation (see for ex-

ample [4] or [23]).

In the following theorem, when n>3 the hypothesis ||[V'||La(mn, ro0,00)) being
sufficiently small can be changed to ||V 1o ((0,00), 2% (r")) Deing sufficiently small, by

using estimate (19) instead of Theorem 3.2.

Theorem 5.1. Letn>2 and 2/p+1/q=1, and suppose that ||V|| L1 (mn, £3[0,00))
is sufficiently small, where q€[n/2,00]. Then there exists a unique global solution

of (FHO) belonging to C([0,00), L2(R™))NLE(R™ L2 [0,00)).

loc

Proof. We use the standard contraction mapping argument. By Duhamel’s

formula

t
u(z,t) =e g —i/ e DY (P 7) () dr
0
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For 2<p<2n/(n—2), by Theorem 3.2, there exists a constant Cy>1 such that

(25) le™™ £l o e, £200,20)) < Coll fllL2 @),

and, by duality, this yields

t
/ GTHG(- 1) dr <o lcll
0

L3 (R™)

17 @n,nzomy FE10:27):

@) |

Here we have chosen G(z,7) to vanish when 7>t, as we may. Now, by various
applications of Fubini’s theorem,

27 pt
/ / / e CDHY P ) (2) dr G, t) de di
nJo Jo
2w ot )
z/ // e CDHY B ) (@) Gw, t) da dr dt
O 0 n
2w ot ) )
:/ // AV E(- 1) (x) e G (2, t) do dr dt
0 0 n

t 2m
= / / ™YV E(- 1) (x)dr / e " G(x,t) dt dr,
nJo 0

where the second equality follows using the orthogonality of the Hermite functions.
Thus, by the Cauchy—Schwarz inequality followed by two applications of (26) and
duality,

(27) <C3IVF],y

LE(R™,L?[0,27]) (R™,L[0,2])"

/ t e UIHY (L NE(- ) (x) dr

0

We define the Banach space X=C([0,2x], L2(R™))NLE(R™, L?[0, 27]) via the
norm

ullx="sup |lu(-,t)llrz®n)+ullLe@n £2(0,27)
te[0,27]

and the nonlinear map £: X —X by
LF=e tHyy—g / e DHY (L NF(- 7 () dr
0

By (25) and the conservation of the L2-norm (6) we see that

—itH

e P uollx < (Co+1)[luoll L2 (®n),
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and combining (26) and (27), we also have

i/ot e DRy (L) (-, T) () dT

< (CO+Cg)||V||L2(Rn,Lf°[0,oo))HFHX;
X

here we have used the fact that

2 1

IVE < HV”LZL?”F”LgLfa 54‘5 =1

L2 12
Thus we see that £ maps {F:[|F||x <2(Co+1)[luol/z2mn)} into itself provided
(CO+C'§)||V||L3(R7L7L?O [0,00)) <1. This also guarantees that

(28) ILF—LG||x < 5| F-Cllx,

so that by the contraction mapping principle, there exists a solution. Now although
the L?-norm may have increased in size, we know that it is at least finite, so by
iterating the process, replacing ug with u( -, 2k7), k€N, we obtain a global solution.

To see that the solution is unique in L2(R™ L2 [0,00)), suppose that u; and

ug are solutions. Then by (27) as before, we see that
lur —uzl 2 @n, L2jokm 204 1)m)) < 5llur —u2ll 2 @n, L2jokm 20k41)7))
for all k>0, so they are in fact the same. [

We remark that the iteration in the previous argument could be avoided by
considering the estimate

€7 flugan, 310y < CoVT L2y

however, in doing so, our hypothesis would worsen. We would then require that
T”V”LZ (R™, Lfc[O,T)) be Suﬂiciently small.

6. Final remarks

We combine the Strichartz estimates with the orthogonality of the trigonomet-
ric polynomials to obtain some mysterious inequalities for the Hermite functions.
Observe that for f=3)", . p axhk, where ECN,

27
||eiZtHf||i%[0727r] _ /O (Z ezt(23|+2)ajhj> (Z ezt(2k|+2)akhk)

JEE keE

= 27T< Z aiajakalhihjhkm).

ij.kleE
[i]+[k[=[3|+1

2
dt
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In two spatial dimensions, by (19),

Hlle_itHfHLf[O,%r] HL‘;(]RZ) < CllfH?v

so that setting ax=1, we have

hjhkhlthONQ, #FE=N.

jklmece ‘R
[J[-+11]=k|+|m]

In one spatial dimension, by the same procedure we obtain

[ Botidibbabsss, oo SCNY, #E=N,
gk lmreE /R

We see that there is cancellation. A better understanding of this cancellation

would presumably yield improved results.
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