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Steady periodic capillary waves with vorticity

Erik Wahlén

Abstract. We prove the existence of steady periodic capillary water waves on flows with
arbitrary vorticity distributions. They are symmetric two-dimensional waves whose profiles are
monotone between crest and trough.

1. Introduction

Until recently, the mathematical studies of water waves were mainly restricted
to irrotational flows. While the irrotational setting is regarded as appropriate for
waves traveling into still water [14], [18], there are many situations in which it is
necessary to take vorticity into account. For example, nonuniform currents generate
water flows with vorticity [22], [21], [23] and the effect of a wind blowing in one
direction results at first in the creation of capillary waves.

In the last few years there has been an increasing amount of research in the area
of water waves with vorticity, see [3], [4] regarding the symmetry of rotational water
waves, [12], [15], [16], [24] for questions of uniqueness and [1], [2], [5], [6], [25], [26] for
existence results. However, in all of these recent investigations the surface tension is
neglected. It is therefore an interesting task to study the effects of surface tension
in the presence of vorticity. As an approximation, we shall in this paper focus
on pure capillary waves, that is, we neglect the force of gravity. Experimental
studies show that this approximation is valid for short wavelengths (L<1.7 cm,
cf. [19]).

It is interesting to note that there exist explicit capillary solutions in the irrota-
tional case. In water of infinite depth the explicit solutions are known as Crapper’s
waves [9], and in the case of finite depth as Kinnersley’s waves [17]. These are
symmetric regular waves (having one crest and one trough per period, and strictly
monotone between crest and trough), which show an interesting feature: as the sur-
face amplitude increases, the waves develop sharp troughs and begin to overhang,
until eventually a limiting profile is reached, where an air-bubble is trapped at the
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trough of the wave. For higher amplitudes the wave profile intersects itself and must
therefore be discarded on physical grounds.

On the other hand, there are no known explicit examples of rotational capillary
waves. In this paper we prove the existence of symmetric regular capillary waves
for arbitrary vorticity distributions, provided that the wavelength is small enough.
The proof is inspired by the local bifurcation method used for gravity waves in [5]
and [6], but there are several interesting differences. As in [5] and [6] the water
wave problem is first transformed into a problem in a fixed domain, cf. (2.6). In
the case of pure gravity waves this problem included a first order oblique boundary
condition. In the presence of surface tension, this boundary condition involves
a second order derivative and requires more consideration. Connected with this is
the fact that for pure capillary waves the eigenvalue problem (3.3) involved in the
bifurcation analysis has an eigenvalue-dependent boundary condition, and is thus
not a standard Sturm—Liouville problem.

2. Preliminaries

In this section we present the governing equations for capillary waves [14].
We consider two-dimensional waves propagating over water with a flat bed. In its
undisturbed state the equation for the flat surface is y=0 and the flat bottom is given
by y=—d for some d>0. The z-variable represents the direction of propagation and
the wavelength is L. The equations of motion are the equation of mass conservation

(2.1) Ugp+vy =0,

and Euler’s equation

(2.2) { Uy F Uty +VUy =— P,

VUV, F 00y =—Fy,

where P(t,z,y) denotes the pressure. The boundary conditions for capillary waves
are the dynamic boundary condition

Nzax
(23) P:PO—O'W on y:n(t,l'),

Py being the constant atmospheric pressure and o >0 being the coefficient of surface
tension, as well as the kinematic boundary conditions

(2.4) v=m+un, ony=n(tx),
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and
(2.5) v=0 ony=-—d.

We are looking for steady periodic waves traveling at speed ¢>0, that is, the
space-time dependence of the free surface, the pressure, and the velocity field is
of the form (x—ct). The map x—ct—x transforms (2.2)—(2.5) to the stationary
problem

U—C)Ug+VUy=—P,
{ (u=c)uy Y 7 on —d<y<n(x),

(u—c)vg+vvy=—"P,,
and
v=(u=c)y at y=n(z),

_ Nz _
P_PO_JW at y=n(x),

v=0 at y=—d,

The equation of mass conservation (2.1) allows us to introduce the (relative)
stream function 1), satisfying 1, =—wv and 1), =u—c. The kinematic boundary condi-
tion then shows that v is constant on the free surface, and we determine it uniquely
by requiring that the constant value is zero. Field evidence indicates that for waves
not near the spilling or breaking state, the propagation speed c¢ of the surface wave
is considerably larger then the horizontal velocity u of each individual water par-
ticle [19]. It follows that v is a strictly decreasing function of y for each fixed z.
Let

n(x)
po = / fu(z, y)—c] dy

—d

be the relative mass flux — it follows by differentiation, using (2.1) and (2.4), that
this expression is independent of x€R. Then by construction ¢p=—py on the flat
bottom. We can now pose problem (2.1)—(2.5) in terms of :

{ %%»y _wzwyy:_va

on —d<y<n(z),
_d}yd}zz‘f'wzwxy:_Pyv

and
P=0 at y=n(z),
—p_ Naz _
P=PF AT at y=n(z),
Y=—po at y=—d,

where P, ¢ and 7 are L-periodic in the z-variable and 1, <0.
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The vorticity w is defined by w=v,—u,. The assumption u<c guarantees that
w is globally a function of v, that is, w=~(¢) (see [6]). Thus AYp=—w=—~().
Introduce the function

P
0
and let I'y,jn <0 be its minimum value. Using the equations of motion and the

properties of ¢ we can prove Bernoulli’s law, which states that

(c—u)?+v?
2

is constant throughout the fluid. On the free surface we have

E= +P—T(—¢)

(c—u)?+v? Naa
E=CWTY  p o e
2 e
so that letting Q=2(E— P,) we obtain
2, 2 Nza _

on the free surface. This condition is equivalent to the dynamic boundary condition.

We have now obtained the following formulation of the capillary wave problem

Arp=—(1)) on —d<y<n(z),
VoP =200 =Q aty=n(@),
=0 at y=n(z),
PY=—pg at y=—d.

The main difficulty in this formulation lies in the fact that # is not known a priori.
For this purpose, we make a change of variables due to Dubreil-Jacotin [11]. Since
1 is constant on the free surface and on the bottom and strictly decreasing as
a function of y, we choose the new variables ¢g=x and p=—¢(x,y). A domain
of one wavelength is then transformed to R={(¢,p)€R?*:0<q<L and po<p<0}.
Introducing the height function h(q, p)=y+d, we have

v 1
hq:—u—c and hpz—c_u.
Thus
hq 1 h 1
=_4 =c——, 9,=0,—-20 d 0,=-—0
v Iy’ u=c o T q hpp an Y hpp
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Note also that w=-(—p) and that n(z)="h(g,0)—d. We obtain the following formu-
lation of the capillary wave problem:
(1+h2)hpp —2hphghpg+h2heg=—~(—p)h3  in po<p<0,
207}112,}@1 =
(1+h2)3/2
h=0 on p=po,

(2.6) 1—|—h§—th2)— on p=0,

where h is L-periodic in the g-variable and hj,>0 throughout R.
So far we have derived (2.6) from (2.1)—(2.5). We shall now see that it is also
possible to derive (2.1)—(2.5) starting with (2.6). Denote the fluid domain

D, ={(z,y) eR*: —d <y <n(z)}.

For the Hélder-parameter a€ (0, 1), let CI*(D,) be the space of functions f: Dy, —
R with Holder-continuous derivatives of exponent o up to order m, and with period
L in the g-variable. Similarly, C7f*(R) denotes the space of L-periodic real-valued

functions on R of class C™**. A small modification of the argument in [6] proves
the following result.

Proposition 1. Problem (2.6) is equivalent to (2.1)—(2.5). Furthermore, if
heC2E(R) then (u,v,n)€CLE*(Dy) x CLEX(Dy) x C2E*(R) and if h is even in
the q-variable, then u and n are even in x while v is odd.

3. Main result

Our main result is the following.

Theorem 1. Let the wave speed ¢>0, the relative mass flur po<O and the
vorticity function y€C¥|0, |po|], 0<a<1, be given. Then for any wavelength L< Ly,
where Lg is given by

0P = [y, (p=p1)* (20 ()~ 2Dsn) /2 dp\?
(3.1) Lo=2m sup s ;
prEM fm (2T (p) — 2D min)3/2 dp

Jor M={p1€[po,0] :Up%>fl?l (p—p1)?(20'(p) —2Tmin) /2 dp}, there exists a C* curve
C of small amplitude traveling wave solutions (u,v,n) of (2.1)—(2.5) in the space
CLi(Dy) x CLE (Dy) x C2E*(R), with period L, speed ¢ and relative mass flux

Do, satisfying u<c throughout the fluid. The curve C contains precisely one trivial
flow (a parallel shear flow with a flat surface), while for each nontrivial solution
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(u,v,m)€C (i) the functions u and n are symmetric around the line x=0 while v
is antisymmetric, (ii) the function n has precisely one mazimum (crest) and one
minimum (trough) per period, (iii) the wave profile is strictly monotone between
crest and trough.

Remark. (i) Note that the set M appearing in Theorem 1 is non-empty since

0 2
/ w(Qr(p)_2rmin)l/2 dp_>0
pP1 151

as p1 —0 by the dominated convergence theorem. If the denominator in (3.1) is zero
(e.g. for y=0), we take (3.1) to mean Ly=o0. In Section 4 we shall see examples
of vorticity distributions for which bifurcation occurs for any wavelength, as well as
some for which a restriction of the size of L is needed.

(ii) It is obvious from the definition of Ly that for a fixed L and -, the theorem
holds true if o is large enough. Although o varies with temperature [10], we will
consider it as having a fixed value rather than as a parameter.

In the rest of this section we fix L=27. The condition L < Lg is then a condition
only on «. Before proving Theorem 1 we shall first prove a number of lemmas.

Lemma 1. The trivial solutions h(q,p)=H (p) are

H(p)

=H(p'Q)=/p7dS
’ o \/Q—i—ZF(s)’
where 0<—2I"in< Q.

Proof. A solution of the the form H(p) satisfies the ordinary differential equa-
tion

Hy,= _7(_p)H;§'
Integrating gives
Hy(p) = (A+20(p))~/?

for A>—2I"in. The surface boundary condition yields A=(). Integrating once more
and keeping in mind the bottom boundary condition gives the above formula. O

We wish to bifurcate from the curve of trivial solutions parameterized by Q.
For a linear operator £, let N'(£) be its null space and let R(L) be its range. Our
main tool will be the Crandall-Rabinowitz bifurcation theorem.
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Theorem 2. ([8]) Let X and Y be Banach spaces, I be an open interval in R
containing \*, and F: I x X =Y be a continuous map with the following properties:

(1) F(A\,0)=0 for all AT,

(ii) Fx, Fuw and Fay exist and are continuous;

(ili) M (Fuw(A*,0)) and Y/R(Fyu(X*,0)) are one-dimensional, with the null space
generated by w*;

(iv) Faw(A*, 0)w* ¢R(Fyp(A*,0)).

Then there ezists a continuous local bifurcation curve {(A(s), w(s)):|s|<e} with
e sufficiently small such that (A(0),w(0))=(A*,0) and

{Aw)eU:w#0 and F\, w) =0} ={(A(s),w(s)) eU:0<|s|<e}
for some neighborhood U of (A\*,0)€Ix X. Moreover, we have
w(s)=sw"+o(s) inX, |s|<e.
(v) If Fuw is also continuous, then the curve is of class C*.

Let R be the open rectangle (0,27) X (po,0), T=(0,27)x {0} be the top, and

B=(0,2m)x{po} be the bottom of its closure R, and define the spaces

X={heC?**(R):h=00n B} and Y =0C%(R)xC%(T),

per per per

where the subscript “per” means periodicity and symmetry in the variable q.
We define the nonlinear operator F: I x X —Y by

]:(Qa w) = (fl(Qa w)an(Qa w))
for we X and Q€I=(—2I"yin, 00), where
Fi(Q,w) = (1+wg)(pr+wpp)_Z(Hp"‘wp)wquq
+(Hp+wp)2wqq +’Y(_p)(Hp+wp)3
and

(Hp+wp)2wqq

fz(Qaw):1+w2_Q(Hp+U’p)2_20 (1+w2)3/2
q

We have F(Q,0)=0 by construction.
The derivative of F with respect to w at w=0 is the pair Fy,=(Fruw, Fow),
where
Frw = 02+ H29?+3~v(—p)H29, in R,
Fow = _2(Q1/28p+Q_1anq)|T7
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since H,(0)=Q~'/2, so that the linearization of the problem (2.6) at w=0 is F,w=
0, i.e.

Wpp+Hweq=—3v(—p)Hjw, in po<p<0,
(3.2) Q% 2wy + 0wy, =0 on p=0,
w=0 on p=po.
Introduce ag=(Q+2I'(p))"/2. We can then write (3.2) in the form
(a?c)gwp)p"‘(aqu)q:O in po<p<0,
a%wp—i-awqqzo on p=0,
w=0 on p=po.

To investigate the kernel of F,(Q,0), we first look for solutions of the form
w=W/(p) coskq. This leads to the equation (a%Wp)p:k%QW with the boundary
conditions a%Wp:kQUW at p=0 and W=0 at p=pg. Consider the eigenvalue
problem

—(a{yWy)p=paqW, in po<p<O0,
(33) a3 (0)W, (0)=uo W (0),
W(po)zo.

We are looking for a @ such that u(Q)=—k? is an eigenvalue('). We restrict our
attention to k=1.

Lemma 2. The eigenvalue problem (3.3) has precisely one negative eigenvalue,
1—(Q), and 0 is not an eigenvalue.

Proof. Let a=ag. We introduce the Pontryagin space H=L?|py, 0] x C, with
the indefinite form

1 -
[G1, Go] = (au1, ug) 2 — 351527

where @;=(u;,b;)€H, i=1,2. Tt is clear that H is a m-space, i.e. any maximal
negative definite (or negative semidefinite) subspace of H has dimension one. On
H there is also an associated Hilbert space inner product, given by (@, 0)p=[J 4, 7],

where
I 0
- (0 _1).

(1) For an arbitrary wavelength L the corresponding condition is pu(Q)=—4n2k2/L2.
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Define the linear operator K by
1, .
Ki= (- 4a) =0 (0)).

where we take as domain of definition
D(K) = {a=(u,b) :u € H?*[po, 0], u(po) =0 and b= ou(0)}.

The eigenvalues of (3.3) are precisely the eigenvalues of K. It is clear that D(K) is
dense in H and that K is closed. The identity

(3.4) [Ka, 1] = {a®u’,u') 2 >0, @#(0,0),

shows that K is symmetric, that K >0, and that zero is not an eigenvalue.
In fact, K is selfadjoint and has discrete spectrum. To see this, notice that

(K—ul)i=f=(f,b) is equivalent to the system of equations

—(a’v') —pau=af,
(3.5) B (u):=u(pg)=0,
Ba(u):=—a*(0)u'(0) — pou(0)=b.
Let u; and us be solutions of the equation —(a3u’)’ — pau=0 with initial data u; (0)=
0,4} (0)=1 and u2(0)=1, u5(0)=0, respectively. The characteristic determinant
Bl (ul) Bl (UQ)
BQ (ul) BQ (UQ)

is an entire function of p. If y is not a zero of A(u), equation (3.5) is solvable by
means of the formula

Alp) =\

0
u(p)zclul(p)+62u2(p)+/ G(p,r, ) f(r)dr,

Po

where G is Green’s function for (3.5) and ¢; and cp are chosen so that u satisfies
the boundary conditions. Clearly, (u,ou(0))€D(K). On the other hand any zero
of A(u) is an eigenvalue of K. We have already seen that ;=0 is not an eigenvalue
of K. Hence A(u)#0 and A(u) has only isolated zeros of finite multiplicity. Since
K is symmetric and closed, it is selfadjoint with discrete spectrum.

Since H is a m-space, K has exactly one negative semidefinite eigenvalue
(counting multiplicity) cf. [13], which is in fact negative definite due to (3.4). For
any eigenvector u corresponding to the eigenvalue u, we have

plii, @) = [Ka, @) > 0.

It follows therefore that <0 if and only if p is of negative definite type. [
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In the following three lemmas, we let K be the operator from Lemma 2 for
a fixed @, and let R=R(K —pu_I) and N=N (K —p_I). The next two lemmas will
be needed in the proof of Lemma 9, where the range of F,,(Q*,0) is identified.

Lemma 3. There exists a positive constant C' such that for u<pu_,

([ Ryul[ex <

)

l—p-|
where R, =(K —pl)~*.

Proof. Note that A is a maximal negative definite subspace and that it is invari-
ant under K. Letting N ={a:[@, N]=0}, we have that H=N[+] N (the sum is
[-,-]-orthogonal, direct and topological) and that AN'H is a positive definite space.
Since K is selfadjoint, N is invariant under K in the sense that K (D(K)NNTH)C
N Let || - ||+ be the norm induced by the decomposition H=N [+] N1, Then
Il - ||« is equivalent to || - ||z. Let a=1u1+uz€ D(K) and 0=(K — pl)u=0; + 02, where
1, €N and g, To N, By invariance, 0y = (K — pl )iy and 9= (K — pul )i, Us-
ing that K is positive with respect to [-,-] we obtain that [Gg, Ug] <[D2, G2]/|u],
which yields ||z« <||02]|«/|p| by Cauchy—Schwarz inequality. On the other hand,
the identity vy =(p_ —p)t1 shows that ||ty ||.=]|01|«/ (- —p). Combining these es-
timates on NV and N gives that there is a C'>0 such that ||@|. <C||||./|p—p_|
for p<p_, which proves the statement. [

Lemma 4. The range R of K—p_1I is closed and thus H=N [+]| R.
Proof. The relation [(K —p_I)a+p_1u,4]>0, gives

1

| |MK—MJML for @ e D(K)NNT,
H_

la]l. <
But R=N1. Tt follows that if 5€R and (K —pu_I)a, —o, where @, € D(K), then
Up—u€H. Since K —p_1 is closed, € D(K) and (K —p_Iu=v. O

The next lemma is a Rayleigh-principle, which will be needed in order to prove
the existence of a point @* with p_(Q*)=—1 (see Lemma 7).

Lemma 5. The negative eigenvalue satisfies

J_ =max [I[;ﬂ;l?], we D(K), [a,a] <O.
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Proof. We have
[Kﬂ, ﬂ] = [bel, ﬂl]-i- [Kﬂg, ﬂQ] > [bel, ﬂl]
= K- [ﬂlv ﬂl] > - ([ﬁla 711] + [ﬂQ’ 712]) = M- [717 ﬂ]a
where @, €N and us € RND(K). This yields

(Ka,
[, u]

S,

with equality if and only if uy=0. O

The following lemma shows that the negative eigenvalue is a monotone function
of the parameter (). This will be needed in the proof of Lemma 7.

Lemma 6. u_(Q) is a strictly decreasing function.

Proof. Let By=D(K) considered with the H?x C-norm, and for a fixed Q=Qo
let R be the range of K —p_I and N '=span Wo its null space. Then B;=N+(RNB1)
by Lemma 4. Define the function G: (B1NR) x C X (—2T 1in, 00) — By, where Bo=H
endowed with the standard L2 x C-norm, given by G(@, s, Q)= (K (Q) — puI) (Wo+1i),
where we consider K as a bounded operator from B; to Bz. Then Ga(0, o, Qo)=
K(Qo)—pol, while G,(0, po, Qo)=—Woy, where po=p_(Qo). By Lemma 4, G5,
is an isomorphism, and the implicit function theorem guarantees that in a neighbor-
hood of (0, y19, Qo), @ and p are C* functions of @, where G(@(Q), u(Q), Q)=0. By
uniqueness we must have u(Q)=p_(Q). Furthermore, W(Q):W0+&(Q) is a (local)
C* curve of generators of the null space of K(Q)—pu_(Q)I.

The above considerations allow us to differentiate equation (3.3) with respect
to Q. Let Lu=—(a%u,),, where a=ag, and let W=W {p; Q) be defined as a local
C' curve of solutions to the problem

LW =p_aW, W(po)=0, W,(0)=-pn_Q **aW(0),

where p_=p_(Q) is the negative eigenvalue. Denoting differentiation with respect
to @ by °, we have a=1/2a. Furthermore,

.3 - - -
LW =3 (@W, ), = fi-aW + 5= Wp_aW,  W(po) =0,
and

Wy(0) = - Q%W (0)+ 31 QW (0)—p-Q~*/*cW (0).
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Multiplying the W equation by W and vice versa yields after integrating
(W, LW)=pu_(W,aW)

and

. 3 [° 3 0
<LW,W>+—/ aW? dp—=aW,W
2 Jpo 2

0 0
:/L/ aW? dp—l—/ K-y dp+p_(aW, W),
Po Po 2a
where (-, -) denotes the L?|pg, 0] inner product. On the other hand

(W, LW)—(LW, W) = /0[—W(G3Wp)p+(a3wp)pW] dp

= [ WW,+a*W,W]°.

Combining the last three equations we obtain

3 0 3 0 0 0 B i .
§/ aWﬁdp—EaW,,W :p,/ aWQ‘dp—i-/ g—aWde+a3[WpW—WWp]|0.
Po

Po Po

The boundary terms, evaluated at p=0, are
a* (W, W —WW,)+3aW, W
=Q*? [~ Q3 PeW+31_ Q7 2eW —pu_Q 3 2o W +u_Q 3/ *eW]W
—p-5Q " oW?
=—jp_oW?.
We thus have
0 0 0
LW, W)= W2dp—oW?2(0) | = Ly aps 3 [ an2dp>o0
i [W, W] = f aW=dp—o ()——u-p% p+§pa,,p>,
0 0

Po

so that u_ is strictly decreasing in view of [W, W] <0. O

The next lemma proves the existence of a unique @Q* such that the eigenvalue
problem (3.3) has the eigenvalue —1. Theorem 1 will then be proved by applying
Theorem 2 with A*=Q*.

Lemma 7. If Ly>2m, where Ly is given by (3.1), then there is a unique Q*>
—2T 1in such that p_(Q*)=—1.
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Proof. Let
Oa pOSPSPl;
u(p) =
p—p1, p1<p<0,
and 4= (u,ou(0)). Then
0
0.1 = [ aq(o)p-1)? dp—orf <0
p1

for p1 € M and @ sufficiently close to —2I' ;. Furthermore, as A——2T"in,

- o~ 0 3 0 3
ag(p) dp a®,r  (p)dp
[K(Q)u,u] _ Jp, @ (P) N o @2or, (P) _—

~ 5 0 0
[@al 2 agp)p—p1)?dp—op? [} aor,.(p)(p—p1)* dp—op?

for some p; € M. It follows that limg_,_op, ... #—(Q)>—1 by Lemma 5 (the fact that
u¢ D(K) can be taken care of by an approximation argument).

On the other hand, let @>0—2I;,. Then ag(p)=+/Q+2I'(p)>+/o. This
yields

0 0 0
/ (aQwQ—l—a‘Z’?wZ) dp > \/5/ (w2+aw§) dp > 20/ ww,, dp = ow?(0)
Po Po Po

for we D(K). It follows that if [w, w] <0, then [Kw, w]/[w,w]<—1. Hence pu_(Q)<
—1 by Lemma 5. By continuity there is a Q* such that u_(Q*)=—1 and Q* is
unique by Lemma 6. [

The next lemma identifies the null space of F,,(Q*,0) and is needed in order
to prove property (iii) in Theorem 2.

Lemma 8. The null space of F,,(Q*,0) is one-dimensional.

Proof. Expanding an arbitrary function weX in a cosine series w(q,p)=
Y reo Wi(p) cos kg, we obtain that weN (F,(Q*,0)) if and only if W, solves (3.3)
with p=—k2. Since the only nonpositive eigenvalue of (3.3) for Q=Q* is —1, it
follows that the null space is one-dimensional. [

In the following lemma the range of F,,(Q*,0) is identified. This is also needed
in order to prove property (iii) in Theorem 2.
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Lemma 9. Let ¢ generate the kernel of F.,(Q*,0). The range of F.,(Q*,0)
consists of (A, B)€Y such that

1
// Aa3<pdqdp+—/3a2<pdq20.
R 2J)r

Proof. The vector (A, B) belongs to the range if and only if A=a"3(a®v,),+
a"%v4, in R and B=—2(av,+0a"2vy,) on T, where a=ag+-. We have

/ /R Ad®p dq dp = / / ((a30p)p+agq)p dg dp

// LP;D ptapgq)vdg dp+/ (UPQP_”LP;D) dq
—/ (”p%o vpp) dg,
T

where the integral over R vanishes because of the equation satisfied by .
On the top we have

2(vpp—vpp) = 2vpg0+2v(aa_3<pqq) = —a_lBga—l—Zaa_B(wpqq —VgqP)-
Thus the last integral equals
1 2
-3 a*Bpdg+o | (vpgq—v4qp) dg,
T T

where, integrating by parts, the last term disappears. This proves the necessity.
To prove the sufficiency, we expand in cosine series:

p)=>_ Ar(p)coskq, B(g)=)_ Bjcoskg,
k=0 k=

where Y77 [ Ak[|2.<oco and Y ;o Bi<oco. Letting K be the operator from
Lemma 2, we obtain the following sequence of problems

2
(K+k2)ﬂk: (—aQA © )Bk> =0, k>0.

For k#1, there is a unique solution @ =R_;2(v;)€ D(K). For k=1, we have to use
the orthogonality condition. Let ¢(q, p)=W (p) cosq. Then it is easy to see that the
orthogonality condition means precisely that

/O a3 AW dp+2 ()BW()

Po
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But by Lemma 4, R(K +1I)=(N(K+1))] so that #, € R(K +1). Hence the equa-
tion for k=1 is also solvable.

We now let uzzgozo ug(p) cos kq. By Lemma 3, we have for k>2 the estimate

27.4

e
(B =1)*[| 0k
for some C;>0. From the relation [Kig, ix]=—k>[tik, ]+ [0k, @] and (3.4) we
obtain

Cr(l| AxllZ2+1Bx]*)

1501 <

k2 (0 g, uy) L2 = K2 (K, ] < K2kl [f+ 5 (100 B+ 1620 1),

where we have used that |[@, 0)|=|(J &, 0)u| <||@||a||?||&, since J is unitary. It fol-
lows that for some C5 >0,

Ikuil72 < Co(lAklZz +IBrl?)-

Using the equation satisfied by uy we obtain also that [Ju}/||%. <Cs(||Ax||22+|Bk|?)
for some C3>0. Combining all the estimates yields that the sum defining u con-
verges in H3. (R) and in H2, (T). The limit function w is a strong solution of the
problem

(@®wp)p+(a wq)g=a’A  in po<p<0,
(3.6) aPwy+owgg=—2a’B  on p=0,
w=0 on p=po.

Let €C®(R) be a nonnegative even function satisfying fRz/J(s) ds=1, and let
Ye(s)= (5/5)/5 By mollifying u in the g-direction, we obtain a family {u(e)}0<5§1,
u(®) (g, p)= [ ulg—s,p)ve(s) ds, satisfying
(agu,(,))p—l—(auq )Jg=ve*(a®A) in po<p<O0,
) toulf) = —Lies(@B)  on p=0,

ul®)=0 on p=po,
where convolution with . is in the g-variable. A priori u(E)Gngr(R). However,
u®(-,0)€C,(T), so that in fact ul®) €C2E(R) (note that 1 *(a’A), e #(a’B) €

Ccs (_)) Furthermore, since 1. *(a®A) and 9. x (a2B) are bounded in C%, (R), and

per N per
u(®) w4 uniformly in R, the Schauder estimates in [20] show that u(%) is bounded

in Cg,jro‘ (R). Tt follows that there is some subsequence, {u(*")}2% |  converging in

C2..(R) to a solution of (3.6). Since u(®n) converges uniformly to w, it follows that
ueCZ (R). From the boundary condition on T' it follows that u|T€C§;§O‘ (T') and

hence u€C25%(R). O

per
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Before proving Theorem 1 we need to verify property (iv) of Theorem 2. The
proof uses the characterization of the range of F,,(Q*,0) given in Lemma 9.
Lemma 10. F,q(Q*,0)p¢R(F,(Q*,0)), where ¢ generates N'(F,(Q*,0)).

Proof. Throughout the proof we let a=ag-. Let us first calculate F,,o. We
have
Fuq(Q*,0) = (—a™ 97 =3va"*0,,2(a” 00, —3a™"9,)| ,)-

q

By Lemma 9 we must check that Z50, where

://R a?’ga(—a*‘igoqq—?)'y(—p)a*‘lgap) dqdp+/Ta2go(a*4agoqq—(2a)*1g0p) dq.

// a"tp?dgdp
R

due to the cosine. The second term equals

3 3 _ 3
(3.7) —5// agaf,dqdp—g// Yo dgdp+= /agogopdq.
R

Indeed, using a,=7(—p)a~" (by definition) and (ap,),=ap throughout R, we have
that

// —p)a~ "y, dgdp = // apppp dg dp

—// (wﬁawpp)dqdw/ appp dq—/ appp dq
R T B

—// asﬂf,dqdp—// a” " dqdp
R
+3// —p)a” <P<deqdp+/ appyp dq

since =0 on B. We now obtain

1 1
// —p)a” o, dgdp= = // ¢2dqdp+§// asaf)dqdp—§/a<p<ppdq,
R T

proving (3.7). The total contribution of the third and fourth terms is

3
—3 / appp dg,
T

due to the boundary condition satisfied by ¢ on T.

The first term equals
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Adding up all terms we find that

1
I:——// a*1g02dqdp—§// agof,dp<0. (]
2JJr 2JJr

Proof of Theorem 1. We verify the conditions of Theorem 2 for A*=Q*. Con-
dition (i) follows by construction, while the regularity conditions (ii) and (v) are
obviously satisfied. Condition (iii) follows from Lemma 8 and Lemma 9, while
(iv) is a consequence of Lemma 10. By Theorem 2, we deduce the existence of
a local bifurcation curve of class C' for the problem F(Q,w)=0. Since h=H+w
and H,>0 throughout R it follows that h,>0 in R sufficiently close to (Q*,0) in
I'x X. Furthermore, we have that h,(g,0)=—sW(0)sing+o(s) in C}5*(T), while

er

hqq(q,0)=—sW(0) cosg+o(s) in C5,(T). Choosing go€(0,7/2), wepcan find an ¢
such that for 0<s<e, hq(g,0)<0 for g€(qo, m—qo), hqeq(q,0)<0 for g€[0, o), while
hqq(q,0)>0 for ge(m—qo, ). Since h(g,0) is even and 2w-periodic, it follows that
hg(0,0)=h4(m,0)=0 and thus by construction hy<0 in (0,7) for 0<s<e. Due to
the antisymmetry of hy with respect to g=m, it follows that hy>0 in (7,27). By
restricting the bifurcation curve, we may assume that h,>0 holds throughout R
and that h|p is strictly decreasing in (0,7) and strictly increasing in (7, 27). For
small s<0, we have instead that h|r is strictly increasing in (0, 7) and strictly de-
creasing in (m,27). Proposition 1 allows us to pass from solutions of the problem
F(Q,w)=0 to solutions of the water wave problem (2.1)—(2.5). Since h=H+w
with HeC?***(R), and u=c—1/h,, we obtain the desired regularity of the solu-
tion (u,wv,n) of (2.1)—(2.5), and that u<c throughout the fluid region. The nodal
property follows from n=nh|.

Although we assumed that L=2m, a similar method as in Lemma 7 shows that
p_(Q)——o0 as Q— 00, so that one can find a Q* with p_(Q*)=—4r2/L? as long
as L<Lgy. A careful examination shows that nothing is essentially changed in the
rest of the proofs. [J

Remark. We proved bifurcation for the lowest wave number k=1. Since
limg_eo pt— (Q)=—00, there are always waves of any sufficiently large wave num-
ber. From the uniqueness assertion of the Crandall-Rabinowitz theorem, it follows
that close to the trivial curve, the waves of mode k are identical to those of mode
1 and wavelength L/k.

4. Examples

In this section we look at a few particular examples of vorticity distributions.
We no longer assume that L=2m.
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Ezample 1. In the case of irrotational flow (7=0), the eigenvalue problem (3.3)
for p=—4m2/L? is simply

472
pr:LQQW p0<p<05
4720
Q%2 W, (0) = 7W(0)7
W (po)=0.

The solution is in this case W (p)=sinh(2w(p—po)/L/Q*), where Q* is determined
uniquely by Q@*=(2n0)/L tanh(27|po|/L+/Q*). The uniform flow corresponding to
the bifurcation point has the velocity components (c—u*, v*)=(y/Q*,0) since

_P—po

/Q*
From the definition of pg, we infer that dv/Q*=|po|. Hence, we have (c—u*)%=
(2wo /L) tanh(27wd/ L), so that we obtain the dispersion relation [14], [19],

c—u*= 27r—Utanh @
— —

H(p)

Note that the intrinsic wave speed c—u* decreases with L.

Ezxample 2. In the case of constant vorticity 770, the substitution
2w ( Q+27p>
V@+27p gl

transforms (3.3) with p=—472/L? into W{/ =472Wy/L?. Since Wy(po)=0, we ob-
tain that

W(p)=

W(p)=

1 Sinh<27r(v69+2vp— \/Q+2’YP0)>
VQ+2yp Loy
The boundary condition Q3/2W’(0)=47w20W (0)/L? then determines Q* as the
unique solution of the equation

anh<27f(\/@—x/62+27po)> _27Q 1
Ly L 4720 /L24++4/Q

The trivial flow corresponding to @Q* has the velocity components (c—u*,v*)=
(VQ*+~y, 0) because u,=~. Moreover,

_ V@ 42— V@ +2po
g

(4.1) ¢

H*(p)




Steady periodic capillary waves with vorticity 385

From the definition of pg we infer that \/Q*d— %'yd2:|p0|, and thus
de VR =@ +29po
v

Thus Q* is the solution of tanh(2rd/L)=(2rQ*/L)/ (4720 /L?+~+/Q7). Solving for
Q*=c—uy, ujy being the velocity of the trivial flow at the surface, we obtain the
dispersion relation

N 2rd\ 1 [L24? of2wd\ 8rmo 2rd
C—U,O:Etanh(T)—l—i\/ 47‘(‘2 tanh T +T tanh T .

Let

f(Q)ztanh(L 47 |po] >_27TQ 1

(vVQ+vQ+27po) L 4r%0/L24+4/Q

Then equation (4.1) has a solution Q*>—2T ;i if and only if f has a zero in the
same interval. For y<0, this function is well-defined on [0, (4720 /|y|L?)?). Note

that
F0)=tanh [ 22, /22 ) 50, while lim f(Q)=—oc
LV ’ Q- (4n?0 /|| L?)2 '

Hence bifurcation always occurs for negative constant vorticity, regardless of the
size of L.

For >0, the function f is well-defined and decreasing on [2|pg|y, 00). Noting
that limg_,c f(Q)=—00, we find that bifurcation occurs if and only if

tonn [ 27, [2lpol ) _ 27 2|poly
L y L 4n25 /L2 4+~+/2|poly

Since tanh never takes values larger than 1, bifurcation does not occur if
47|po|y>L(4n%0 /L2 +~+/2|poly). Fixing v and L, this inequality holds for |po|
sufficiently large. By Lemma 6, for this v and |pg| bifurcation does not occur for
any larger L.

Remark. The fact that bifurcation always occurs for constant negative vorticity
can be generalized to an arbitrary nonpositive vorticity distribution by a similar
argument as in [26].

Acknowledgement. The author is grateful to the referee for several helpful sug-
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