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Absence of the absolutely continuous spectrum
of a first-order non-selfadjoint Dirac-like system
for slowly decaying perturbations

Marco Marletta and Roman Romanov

Abstract. We prove that the absolutely continuous subspace of the completely non-self-
adjoint part of a first-order dissipative Dirac-like system is trivial when the imaginary part of the
potential is non-integrable.

Introduction

In this article we analyze the structure of the essential spectrum of dissipative
operator realizations of the ordinary differential expression

(1) lg ::Jd(i—i—Q(x), z €0, 00),

o () ()

in which Q(z) is a bounded function such that Img;(z) and Imgs(z) are non-
negative a.e. We shall prove the following result.

Theorem 1. Let L be the operator in L?*(R,,C?) given by the expression
(1) and with domain determined by a selfadjoint boundary condition at 0. If the
absolutely continuous subspace of L is non-trivial, then Im q; and Im gy both lie in
L'(R,).
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This assertion is an analogue of the following theorem in the paper of Romanov
[12] for Schrédinger operators on the half-line: if a bounded potential ¢ on the
half-line #>0 such that Im q(z)>0, Img(z)—0 as z— 00, satisfies Img¢ L', then
the dissipative operator I, lu=—u"+qu, corresponding to a selfadjoint boundary
condition at zero has trivial absolutely continuous subspace.

Together with the latter theorem, the result of the present paper suggests
that the existence of an absolutely continuous spectrum for dissipative ordinary
differential operators is equivalent to having a scattering theory. Let us mention here
that the abstract local nuclear scattering theory developed in [6], [7] shows that for
any pair of operators B and By such that By is selfadjoint and B — By is of (relative)
trace class, the absolutely continuous parts of B and B are quasi-similar by means
of wave operators and their spectra coincide. In the situation under consideration
this implies that the absolutely continuous spectrum of L coincides with that of the
selfadjoint Dirac operator Re L when Im Q€ L'. This is to be compared with the
situation of the selfadjoint theory, where the existence of modified wave operators
for the Schrodinger operator in dimension 1 has only been established for specific
classes of slowly decaying potentials ¢ (see, e.g. [1]), while the absolutely continuous
spectrum is known to coincide with the positive real line for any real g€ L? [2].

The strategy of the proof of the main result follows that in the paper [12]
with one notable exception. We start with an abstract re-formulation of triviality
of the absolutely continuous subspace of a dissipative operator, given in Proposi-
tion 1.3, and then obtain in Corollary 3.2 a convenient sufficient condition in the
situation under consideration which is expressed in terms of the asymptotics of
solutions of the equation lg-y=Fky with real k. Specifically, it says that the ab-
solutely continuous subspace of the completely non-selfadjoint part of L is trivial
if [*(Imqi|y1|>+Imgo|y2|?) dz is infinite for a.e. real k. Here y=(y1,y2)7 is the
solution of the Cauchy problem for lg-y=Fky with the initial data y(0)=(1,0)" (or
any other k-independent non-zero initial data satisfying a selfadjoint boundary con-
dition). In the case of a Schrédinger operator [12], the next step in the argument
used spectral averaging [4] for the selfadjoint problem with the potential Re g. The
spectral averaging method, as developed by Last—Simon, seems to be only applic-
able to operators semi-bounded below, while a selfadjoint operator corresponding to
a differential expression of the form (1) is never semi-bounded. To circumvent this
difficulty, we first establish the result for potentials with “spread” Im @ (see Propo-
sition 3.4 and the comments after it), and then show that an arbitrary potential
can be represented as a sum of a potential with spread Im Q and an L'-potential.
An appropriate variant of the trace class method, which we develop in the abstract
part of the paper in Lemma 1.4, allows us to handle the L!-perturbation. This
argument is similar to that used in [12] for proving a discrete variant of the main
result.
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Throughout the paper S' stands for the trace class of operators. Given an
operator B we write B’ for the completely non-selfadjoint part of B. For any vector
v let vT stand for its transpose.

1. Preliminaries: Absolutely continuous subspace

Let H be a Hilbert space and L be a maximal dissipative operator in H of
the form L=A+iV where A=A* and V>0 is bounded. We shall assume that(!)
Oess(L) CR. Define Hy to be the maximal reducing subspace of L on which it induces
a selfadjoint operator, which will be denoted by Lg. Let L’ be the completely
non-selfadjoint part of L, L’=L|y, H=H&H, [6]. Define the Hardy classes of
vector functions H2 to be the collections of H-valued analytic functions f on CL=
{zeC| £Im 2>0}, which satisfy sup_. [g [|f(k=xie)||* dk<oo, respectively.

Definition 1.1. The absolutely continuous (a.c.) subspace, H,.(L'), of the com-
pletely non-selfadjoint operator L’ is defined as follows [6], [13]

(3)
Hao(L')=clos{u e H': (L—z)"'u is analytic in C, and V¥/?(L—z)"'uec H2}.

By the a.c. subspace of the operator L we mean the subspace
Hac(L) :HaC(L/)@HaC(LO)v

where H,.(Lg) is the a.c. subspace of the selfadjoint operator Lg defined in the
standard way.

The a.c. subspace of L is known [6] to be regular invariant, that is, (L—z) "1 H,
=H, for all zep(L).

Various motivations of this definition and its relation to scattering theory are
given in [6], [7], [8], [9] and [13]. We only mention here(?) the following “weak”
characterization of the subspace H,.(L).

Theorem 1.2. ([11])

L—2)"Yu is analytic in C
Hac(L):clos{ueH:( 2)" s analytic in C., }

(L—2)" u,v)|c. €HZ for allve H
(1) By 0ess(L) we mean the union of the set of all non-isolated points of o(L) and the set of

all isolated points of o(L) of infinite multiplicity.
(2) Theorem 1.2 is not used in this paper.
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This theorem shows, in particular, that (3) can be considered as a generalization
of the definition of the a.c. subspace in the selfadjoint theory.

The triviality of the subspace H,.(L’) in the example studied in this paper will
be established on the basis of the following criterion which is implicit in [9].

Proposition 1.3. H,.(L')={0} if and only if for a.e. kER we have (z=k+ie)
(4) D(z)=/e(L*—2)""VV =50,
as € \0.

Different elementary proofs of the “if” part of the criterion can be found in
[12] and [11]. The “only if” part is not used in this paper.

Remark. ([9]) The function D(z) satisfies | D(z)| < for all z€C..

The proof of this fact is by direct calculation. A similar calculation is contained
in (6) in Lemma 1.4 below.

As is well known, if two selfadjoint operators £; o satisfy £1—L2€S!, then
their a.c. spectra coincide. In the non-selfadjoint case, the question whether
Li—L,eS! for a pair of dissipative operators L; and Lo implies o(L1lf,(1,))=
0(L2|m,. (L,)) appears to be open if Im L; 5 are not of S! separately. We shall need
a result of this type in a special situation.

Lemma 1.4. Let L and L be two dissipative operators such that

(5) (L—2)"'=(L—2)"teS8', zep(@)np(L).

Write L—L=iT, mld assume that T'>0 and that there exists a bounded operator
I1>0 such that T=VII, V=Im L. If H,.(L')={0}, then Ha.(L")={0}.

This lemma is a variant of Lemma 2.3 from [12], where I' was assumed to be
trace class.

Proof. We shall actually prove that if D(k+ie)=+/e(L* —z)_l\/f/i)O ase—0
for a.e. keR, then D(k—i—is)im for a.e. keR as well. Taking into account the
assumed factorization of I' we find that

Vel =27V =0
for a.e. k€R. Let us show that \/5(L*—z)’1\/Fi>0 for a.e. k. We have,

Ve(L* —2) WG (z) = Ve(L* —2) VT,
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where
G(z)=I+iVT(L*—2)"'VT.

Let V=Im L. Then the following calculation shows that G(z) is a contraction for
all zeC,,

[-G*(2)G(2) = I— (I—iVT(L—2)"'VWT) (I+iVT(L* —2)"'VT)
—iVI(L—2) "' ((L*—2)— (L—2)+il)(L*—2)~'VT
(6) =VID(L—2)"'(2e+2V+D)(L*—2)"'VT.

Since the right-hand side is obviously non-negative, we conclude that G(z) is a con-
tractive analytic operator-function in C,. We shall now show that this function
admits a scalar multiple, that is, there exists a scalar contractive analytic func-
tion, g#0, such that G(2)Q2(z)=g(z)I for a certain bounded analytic function €.
Let {Xn}%_; be an arbitrary family of finite-dimensional subspaces in H such
that Xy_1C Xy and \/y Xny=H. We shall use the subscript N with operators to
denote their truncation to Xy, By:=PnB|x,, where Py is the orthogonal pro-
jection on Xy. Define gn(z)=det Gy(z). Our aim is to show that there exists
a subsequence of N such that gn(z) converges when N — oo along the subsequence
for all zeC, and g(z)=limgn(z) is the scalar multiple. Notice that the operator
G(z) is boundedly invertible for Im z large enough, for G(z)—1I in the operator
norm when Im z—+oo since L has a bounded imaginary part. Fix an arbitrary
20€C, such that [[I—G(z0)||<}, so that T=G(z) is boundedly invertible. Obvi-
ously, |det Tx| <1 since T is a contraction, and T is boundedly invertible for all N.
Fix arbitrarily a subsequence of N such that det Ty converges. To keep notation
to a minimum, we do not introduce the corresponding subscript and will always
assume that N—oo along this subsequence. Then, g(z)=limgy(z) is the scalar
multiple. Indeed, the limit exists for all ze C,: we have

gy =det Gy =det Ty -det (IN-i-T];l(GN—TN));
then,
G(z)=T=iVT((L"=2) "' =(L*—2) VT
= i(z—20)VI(L*—2) "' (L*—2) "'V e S

since v/ I‘(E* —2)~ ! is Hilbert-Schmidt, which is easily seen to be equivalent to the
assumption (5); hence, Gy —Tn—G—T in the S'-norm, and therefore

det (IN+Ty (Gn—Tn)) —det ([+T(G-T)).
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Since det Ty converges by construction, we obtain that the limit g(z) exists. Obvi-
ously, the limit is a bounded function of z in C; because |gn(2)|<1 for all N. An
application of the Montel theorem shows that g(z) is an analytic function.

Let us check that g#£0. If det (I+7~'(G(z)—T))=0, then ker G(z) is non-
trivial which is only possible for a discrete set of values of z€C, since G(z) is
a compact operator. It remains to show that limdet Ty#0. Indeed, consider
|det Ty |?=det (TxTn). It follows from (6) that I—T*T€S!, and a calculation
similar to (6) gives

In—T3Tn = PyVT(L—7) " (26 42V — VI PyVT) (L* —20) VT x -

This shows that the right-hand side (extended to X by zero) converges in the
trace norm to I —T*T. Therefore, limdet (TxTn)=det T*T#0 since ker T is trivial
by the choice of z.

Now, Q(2)=g(2)G~!(2) satisfies | Q(2)]| <1 since |gn(2)]||Gx' (2)]| <1 for each
N and all z such that gn(2)#0, and thus g(z) is a scalar multiple.

It follows from the existence of a scalar multiple and the Fatou theorem that
the strong boundary values, G~!(k)=s—lim.\ o G~ '(k+ie), of the function G~*
exist for a.e. keR. We infer that for a.e. k€R,

Ve(L*—2) W = e(L*—2) " 'WTG ' (2) =0, as £ \,0.
One can now verify the condition (4) for the operator L. We have,
(7) Ve(L*—2) "WV =e(L* —2) "WV —iye(L*—2)"'WVTQ(2),

where Q(z)=vT(L*—z)"'V/V is a bounded analytic function in C,. The latter
follows from a calculation similar to (6) giving that I —G(2)G*(2) equals the right-
hand side of (6) with (L—Zz)~! and (L*—z)~! swapped, and therefore Q(2)Q*(z)<
I-G(2)G*(z)<I. The first term on the right-hand side of (7) converges strongly
to zero by the assumption, and an application of the Fatou theorem to the function
Q(z) shows that the second term converges strongly to zero as well. [

In the next section we establish triviality of the absolutely continuous sub-
space for an operator L by verifying the condition (4) for an operator L obeying the
assumptions of this lemma. Since the proof of the lemma consists of demonstrating
that the condition (4) for the operator L is satisfied if it is satisfied for the opera-
tor L, the final result then does not depend on the “only if” part of the criterion of
Proposition 1.3.
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2. The operator corresponding to lg

Let O(-,z) and ®(-, z) be the solutions of the initial value problems
1
lg+©=20, ©(0,z2)= (0) ,

lo-®=2®, B(0,2)= (2)
We also let for heC,
Uy (z,2)=0(z, 2)+h®(z, 2).

It is standard results that the functions ©(x, z) and ®(z, z) are entire functions
of z for all x and are continuous in z uniformly in z€I for any compact interval I.

Lemma 2.1. For each z in the upper half-plane C,, there exists a unique
(up to scalar multiples) solution of the differential equation lg-¥ =2V which lies in
L?(R,,C?), and which can be chosen to be of the form

(8) U(z,z)=0(z, z)+m(z)®(x, 2).

Proof. Multiplying the equation lg-y=zy by J we obtain an equation of the
form y'= Ay in which A has zero diagonal. The fundamental matrix of this equation
therefore has a constant determinant; it follows that any two linearly independent
solutions, say

satisfy
Wlu, v] = uq(z)va(x) —ue(x)v1 () = const. # 0.

Integrating this identity in « and applying the Schwarz inequality shows that at most
one of the solutions lies in L?(R,, C?). This is a version of a standard argument:
see, e.g., Levitan and Sargsjan [5, Chapter 13, §7].

Let Lyin be the closure of the operator defined by the differential expres-
sion lg on C§°(R,, C?) in the space L?(R.,, C?). Integration by parts shows that
Ly is a dissipative operator. Since L, is obviously not maximal dissipative,
dimker(L¥ ;.
paragraph, dimension 2 is impossible. Thus there exists exactly one solution ¥ of
the equation lg-y=zy in L2

To show that ¥ can be chosen of the form (8) it remains to note that ®(-, z) ¢
L?(R,,C?) for all z€C,: if it were, for some z, then —z would be an eigenvalue
in the lower half-plane of a dissipative operator corresponding to the differential
expression —lg-. O

—2zI) is either 1 or 2 for all zeC,. By the argument of the previous
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Definition 2.2. Let h€iR be fixed. By L we denote the operator in the Hilbert
space H=L?(R, C?) given by the differential expression lg with domain

D(L)= {y = (z;) €H ’ Y€ ACe(R.,), loy€ H and y(0) = hyl(O)}.

Using Lemma 2.1 it is easy to see that L is a maximal dissipative operator,
and so o(L)CC,. As the following example shows, this operator is not completely
non-selfadjoint in general.

Ezample. We construct a potential ¢ with Im Q+#0, such that L has a real
eigenvalue. The boundary condition will be y;(0)=0, corresponding to h=00.
Let X >0 be fixed and let y be given on [0, X] by

y(x)z(?), 0<z<X.

Fix a real non-zero k and choose ¢go=k on [0, X]; let g1 satisfy Im¢; Z0 and be
otherwise arbitrary on [0, X]. Clearly y satisfies the differential equation lgoy==ky

on [0, X] together with the boundary condition.
For x> X, let ya(z)=1/cosh(z—X) and ¢1(2)=0. Define y; (z) for > X by

iys(r) _ isinh(z—X)
kcosh?(z—X)

Obviously, y1 and yo are continuous at z=X and decay exponentially for large x;
therefore y€ D(L). The equation iyy=(k—q1)y; is satisfied for all 2 by construction.
If we now choose ¢o for x> X so that the equation iy]=(k—gq2)y2 holds, then y will
be an eigenfunction of L. We thus let

QQ:k'—f—k'_lle/.
Y2

The function g2 is asymptotically a real constant at infinity and so @ satisfies all
our hypotheses.

The following assertion shows that the selfadjoint part of L is irrelevant in
proving Theorem 1.

Proposition 2.3. If ImQ#O0 then the a.c. subspace of the operator Lg, the
selfadjoint part of L, is trivial.
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Proof. Suppose that H,.(Lo)#{0}. By the abstract theory [6], Hy is a re-
ducing subspace of Re L, and Ly coincides with the restriction of Re L to it. Since
Re L has simple spectrum, it follows that there exists a compact set €, |Q|>0,
such that {0}#Ran PoC Hy, where Pq is the spectral projection of the a.c. part
of Re L for the set 2. Let us denote with the superscript r the m-function and
the Cauchy problem solution ¥j corresponding to the potential Re @. Without
loss of generality, one can assume that m”(k) is bounded on Q. It follows from
the spectral theorem for the operator Lo (see, e.g., [5, Chapter 11]) that any vec-
tor of the form [, ¥} (z, k)g(k)Rem” (k) dk with a bounded g is in Ran Py. Ar-
guing in the contrapositive form, assume that Im ¢ #0. Since Hyp L RanV, then
there exists an X €R such that for any feD(Lg) the first component f;(X)=0, in
particular, [, W}, (X, k)g(k)Rem, (k) dk=0 for any bounded g. Now, choosing g to
be a properly normalized indicator (characteristic) function of the interval (ko—e,
ko—+¢), sending e to 0 and taking into account the analyticity of ¥, we infer that
W}, 1 (X, ko)=0 for any Lebesgue point of the set QN {k:Rem”(k)#0}. Since the set
of such points has positive measure, this means that a selfadjoint operator generated
by the differential expression Ige ¢ on the interval (0, X') by the same boundary con-
dition at zero and the condition y; (X')=0 has uncountably many eigenvalues — a con-
tradiction implying that Im ¢; =0. In a similar way, we show that Im ¢, vanishes. [

We shall require an expression for the action of the resolvent (L* —z)~! on com-

pactly supported vectors. Notice that m(z)#h for any z€C,, for otherwise ¥(z, z)
would be an eigenfunction of L*, and z would be an eigenvalue. Let E=diag(1, —1).
Then a straightforward calculation taking into account that det (¥p, U)=m(z)—h
shows that for any compactly supported ue H

(L*—2)"tu=

9) U (z, 2) /OO UT(s,2)Bu(s) ds+9(z, 2) /Ox UF (s, 2)Eu(s) ds>.

m(zi)—h<

Lemma 2.4. The function m(z) defined in Lemma 2.1 is analytic in C, . For
all ze C, it satisfies Rem(z)<0. Moreover, for all z with e=Im z>0,

—Rem(z):e/ooo(|\111(x,z)|2+|\112(33,z)|2)d33

(10) n / " (tm gy ()]0 (2, 2) P Tin o () [ (2, 2) ) i

and therefore

limsupe||¥(-,k+ic)||F < —Rem(k)
e\0

whenever the limit m(k)=lim. o m(k+ie) exists.
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Proof. Tt follows from (9) that for any compactly supported u,veH,

Am(z)+B

F()= (L =) ) =

where A and B are complex constants depending on w and v. Then, B#—hA for
a suitable choice of u and v, since otherwise the fact that F'(z)—0 when Im z— 00
would imply that F'(z)=0 for any compactly supported u,v€ H, and therefore (L* —
2)71=0. We now infer that m(z) is analytic in C, from the analyticity of F(z).
Alternatively, the analyticity of m can be proved through the nesting circles analysis
in the same way as in the case of a dissipative second order Schrédinger operator [14].

We shall now establish (10). The differential equations satisfied by ¥4 (z, k+ie)
and Uy(z, k+ic) are

iWh+(Reqr(z)—ilm gy (z) —k—ie)¥; =0,
i)+ (Re ga(z) —ilm go(z) —k—ie) Wy = 0.

Multiply the first equation by ¥; and the complex conjugate of the second equation
by W,, subtract and obtain

—i(Im q1 +e)|\111|2—i(Imq2+€)|\I/2|2+(Re ql—k)|\I/1|2
—(Re g2 —k)|Wa|?+i(V; ¥y) =0.

Now on taking imaginary parts and integrating over [0, X],

X
Re (U1 (X)Ws(X)) :/0 (T g1 4€)| W5 [+ (Im go+)|Wo|?) da+Re m(k-+ie).

This shows that the left-hand side has a limit, finite or infinite, when X —o0o0. This
limit must be zero, because ¥ e L?, and therefore, U1 Wye L. The result follows. O

In order to use Proposition 1.3 we shall need an asymptotic of (L*—z)"tu
when £\,0 for compactly supported u, given by the following lemma.

Lemma 2.5. For any u€ L*(R,,C?) having compact support and z=k+ic,
e>0,

(L* —2) " u=B.[u]V¥(x, 2)+r(z, 2),
(11) .

sli= L, [ e ds

m(z)—h Jo

where r(z, z) satisfies imsup, o ||7( -, 2)||z <oo for all k such that the finite bound-
ary value m(k)=lim o m(k+ic) exists and m(k)#h.
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Proof. Let X <oo be such that w is supported on [0, X], and consider the
expression (9) for (L*—z)"!u. Notice that the first term in the brackets van-
ishes for > X, and therefore r=(L*—2)"'u—[3,¥ is supported on [0, X] for any
z€C,. Then, the standard perturbation theory for initial value problems implies
that Up(x, z) and ¥(x, z) converge to ¥y (x, k) and ¥(x, k) when ¢ \,0 uniformly in
x<X for all k such that the finite boundary value m(k) exists. Combining these
facts, we obtain that r(z, z) converges when £\,0 uniformly in <X, provided that
the common factor in the right-hand side of (9) converges to a finite limit. The
result follows. [

3. Proof of the main result

Define the non-negative functions r; and ro by
ri(z)?:=Imq(z) and ro(x)?:=Img(z).

Then the operator (Im L)l/ 2 is given by multiplication by the matrix

(12) R(x):<”é”3) 0 )

r2()

Lemma 3.1. Let k€R be such that m(k) exists finitely and is not equal to h.
If RU, (-, k)¢ L2(R,,C?), then D(k+ic)—0 as £\,0.

Proof. Observe that the linear set

D= {u e L*(R,,C?)

u is compactly supported and }
1S UL (s, k)ER(s)u(s) ds=0

is dense in L?(R,,C?) if R(-)¥p(-,k)¢L*(R,,C?). Since the function D(z) is
bounded in C, by the remark after Proposition 1.3, it suffices to prove

(13) lim D(k+ic)u=0
e—0
for ueD. From Lemma 2.5, we have for any u €D, with z=k+ie,
D(k+ie)u=e"28,[Rul¥(-,2)+o(1), ase\,0,

where the o-symbol refers to the L2-norm. Now, Lemma 2.4 shows that
e!/2|| W (k+ic)| g is bounded above when e\,0. Since m(k)#h, one can pass to
the limit e\,0 in the expression (11) for 3, to find that S converges to a multi-
ple of [ U] (s,k)ER(s)u(s)ds which is zero because u€D. Combining these, we
obtain (13). O
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Note that the complement of the set of all k€R for which m(k) exists and
is not equal to h is a set of (Lebesgue) measure 0, by the uniqueness theorem for
Nevanlinna functions. Taking into account the criterion of Proposition 1.3, we arrive
at the following result.

Corollary 3.2. If RV, (-,k)¢L*(R,,C?) for Lebesgue almost all kER,
then(®) Hae(L')={0}.

Thus, our main result will be established if we prove that
R()U(-, k)¢ L*(R,,C?) for a.a. kER

if Im Q¢ L'. Before doing this, we would like to indicate a simple argument showing
that H,. is trivial when Im Q¢ L' for a class of potentials ). Notice first that
if m(k) exists finitely, then the solution ¥(z, k)=lim.\ o ¥(z, k+ic) to lg-V=kT
exists. As is shown in the asymptotic theory of linear differential systems [3], if
the potential () decays at infinity in a sufficiently regular way the asymptotics of
the solutions of the equation lg«WV=FkW can be calculated explicitly. In particular,
an application of the general theory in the situation under consideration gives the
following.

Proposition 3.3. ([14, Theorem 1.8.3]) Let Re Q=0, and suppose that Q—0,
Q' €L and QEL?. Then for any kER. there exist two solutions, V., of the equa-

tion lg-U=kV with the asymptotics of the form (the Wentzel-Kramers—Brillouin
(WKB) asymptotic)

1 oo [sifer] [u0@)] (1), weos

Assume that the asymptotics (14) holds for a.e. k€R, and that ImQ¢&L".
Then, obviously, the solution ¥_ is growing, |¥_|~exp (é fx tr(Im Q) d§), while
U, decays. Notice that if the asymptotics holds for a given k, and a solution v to
lo-¥=kV satisfies Rve L2, then v must be a multiple of ¥, for

[ i paos [t es (¢ [ uma)d) ds
— exp (c/oo tr(ImQ(x))dm) ~ .

It follows that if (14) holds for a k€ R such that m(k) exists and R, (-, k)€ L?, then
the solutions ¥y (-, k) and ¥( -, k) must coincide. This is, however, only possible on

(®) Recall that L’ denotes the completely non-selfadjoint part of the operator L.
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the set of k such that m(k)=Ah, which has zero measure. Therefore R, (-, k)¢L?
for a.e. k. Applying Corollary 3.2, we thus obtain the main result for potentials
@ such that the asymptotics (14) holds for a.e. k€R. Notice that although the
conditions of Proposition 3.3 can be sharpened, the WKB asymptotics cannot be
justified for generic potentials, and the argument above has nothing to do with the
actual proof of Theorem 1. Moreover, even in the case of Schrodinger operators it
is well known [10] that the WKB asymptotic may fail for a.e. positive value of the
spectral parameter.

We shall establish Theorem 1 by successively reducing it to a partial case which
we now proceed to prove.

Proposition 3.4. If rira¢ LY (R,) then RY,(-,k)¢L? for a.e. keR.

Proof. We prove the result in the contrapositive form. Assume that RV (-, k)€
L? for a certain real k such that m(k)#h. Multiply the Wronskian identity
det (Up(x, k), ¥(z, k))=m(k)—h##0 by r172 and integrate in = to obtain

N N N
const./ rl(:c)rg(x)dacg/ |7"1\Ilh,1||r2\112|d:c+/ [roWp o |11 W1 da.

Now r ¥, 1 €L3(Ry) and oWy, o€ L2(R,) by the choice of k, while r1¥; € L2(R ;)
and roWa€ L2(R,) by Lemma 2.4. By the Schwarz inequality it follows that r17ro€
L'R,). O

In particular, this proposition shows that if riro@ L'(R., ), then H,.(L')={0}
in view of Corollary 3.2.

We would now like to reduce the problem under consideration to a problem
where only one of the entries of Im () is non-zero. We start with a Gronwall-type
lemma comparing the solutions ¥ and ¥}, corresponding to different Im () at large x.

Lemma 3.5. Let keR be such that m(k) exists finitely, and m(k)#h. Let the

function
Qo= (dlém) qz?@)

satisfy 0<Im Q(z)<Im Q(z) and ReQ(z)=ReQ(z) for a.e. x. If R(:)¥,(- k)€
L?(R,,C?), then the equation lg=y=Fky has solutions UM and U@ such that

\/I)(l)(x,k) = Up(x,k)+o(|Up(z, k)| +|T(z, k)]), asz—o0,

(15) U@ (2, k) = U(z, k)+o(|Uh(z, k)| +|¥(z, k)]), as z—o0.
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Proof. Let the function B(z)>0 be defined by B?=Im (Q—@), and Y denote
the 2x 2-matrix (Vy, ¥). Write (¢, ¥(2))=YZ Elementary manipulations show
that the matrix Z must satisfy the differential equation

(16) JYZ' = —iB*YZ.

As the argument from the beginning of the proof of Lemma 2.1 shows(%),
the determinant of the matrix Y is constant in x, detY=m(k)—h##0. Now, let
Jo= ( Lo ) A straightforward calculation shows that

YT JoY = (det Y).Jy
Thus, (JY ) '=J;'YTJyJ~/detY and hence from (16), together with the fact
that JoJflziE:idiag(l, -1),

(17) 7' = Jy YT Sy J'B*YZ=—

T
e tY Jo(BY )T E(BY)Z.

detY
It follows from Lemma 2.4 that
limsup/ |R(z)¥(z, 2)||? d
e\0 0

is finite when m (k) exists finitely. Hence, by the Fatou lemma RV -, k)€ L*(R, C?).
Together with the hypothesis of the current lemma this implies that RY € L2, and,
moreover, BY € L2, since B(x)<R(x) a.e. Thus, (BY )T E(BY) is summable, and
by the Levinson theorem (see, e.g., [3, Theorem 1.3]) it follows that (17) possesses
a solution Z satisfying

(18) Z(x)=1I+o0(1), asz— o0,
and (15) is proved. O

Let R=(Im Q)l/ 2. The asymptotic (15) shows, in particular, that in the situ-
ation of the lemma, RUEeL? for any solution T to lwy ky. Applying Corollary 3.2,
we now obtain the following assertion.

Corollary 3.6. Let L;, j=1,2, denote the operators defined by the same
boundary conditions as L but given by

Liyy=lq,v,

(*) This is the first time that we in an essential way use the fact that we deal with diagonal

Im Q.



146 Marco Marletta and Roman Romanov

where

W= (" regy) =5 o)

Let Rj=(ImQ;)"/? and ¥y, j(z,k) be the solutions to lg:y=Fky with the Cauchy
data y(0)=(1,h)T. If at least one of the operators L; satisfies the condition

RV, (-, k)¢ L? for a.e. KER

") is trivial), then Hac(L') is trivial.

(and so the corresponding subspace Hac (L

Proof of Theorem 1. In view of Corollary 3.6 it is sufficient to show that
RV, (-,k)¢L? for a.e. kER for the operator L corresponding to a potential @ such
that Im ¢; =0 and Im go ¢ L. Since Im go¢ L' we have r2¢ L? and so by the uniform
boundedness principle there exists a function d€ L? such that rod¢ L. Obviously
we can choose d to be non-negative. Let L4 denote the operator with the potential

Reqi+id> 0
Qd = 0 )
q2()
and let Rq=(ImQg)'/2, and W(z, k) be the solution of the differential equation
ZQ:I\I/h:z\Ilh with the initial condition

Td(0,2)= (;)

Since rod¢ L', we have RqW{ (-, k)¢ L? for a.e. kER by Proposition 3.4, and there-
fore Hac(L))={0}. We now wish to apply Lemma 1.4 with L=Lg so that T is given
by multiplication by diag(d?,0). We only have to check that (L—z)"t—(Lq—z)" '€
S', since all the other assumptions of the lemma are satisfied trivially. Let Ay be
the operator corresponding to the potential Q=0. The fact that d€L? and the
assumption that Re @ is bounded imply that, in the notation of Lemma 1.4, the op-
erator T'(Ag—2z)~" is Hilbert-Schmidt for any non-real z since the integral matrix
kernel K (z, s) of this operator satisfies

1K (2, 5)INat, (o) < Cd(@) exp(—¢lz—s|), e=[Imz|>0,

for all x and s, where C' is a constant depending on z only. Applying the resolvent
identity repeatedly, we now have (for any non-real z€p(Lq)Np(L))

(L—2)"'=(La—2)" ' =E1(2)(Ag—2) " "VI-VI(Ag—2) 'Ea(2),

where =; o(z) are bounded operators. This formula shows that its left-hand side is
of the trace class. The result follows. [
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Apparently, Theorem 1 cannot be obtained in this way without a condition on
the behavior of Re @ at infinity, which guarantees that (Re L—z)~!—(A4¢9—2)~ ! is
a bounded operator and makes it possible to apply the resolvent identity to show
that the difference of the resolvents of L and L is trace class.

Concluding remarks

Notice that the general matrix differential operator L corresponding to the
differential expression

d
g TV (@)

with the same boundary conditions as above and arbitrary bounded matrix potential

V11 v
V= ( 11 12)
V21 V22

is unitarily equivalent to an operator with a diagonal potential @ if vi3=v9; and

lv::J

is real. The equivalence is given by a unitary gauge transformation U (see [5, pp.

48-49)) defined by
Uy =exp (z / v12(t) dt) Y.
0

Then U*LU=Lg, where Lg is the operator corresponding to the differential ex-

pression lg with
. ’Ull(I) 0
= ( 0 022(96)>'

Since the operator U transforms the absolutely continuous subspaces of Lg into
that of L, we have Hac(L)=U Hac(Lg).
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