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1. Introduction

The Brunn—Minkowski theory (or the theory of mixed volumes) of convex bodies, devel-
oped by Minkowski, Aleksandrov, Fenchel, et al., centers around the study of geometric
functionals of convex bodies as well as the differentials of these functionals. The theory
depends heavily on analytic tools such as the cosine transform on the unit sphere (a
variant of the Fourier transform) and Monge—Ampére type equations. The fundamental
geometric functionals in the Brunn—Minkowski theory are the quermassintegrals (which
include volume and surface area as special cases). The differentials of volume, surface
area and the other quermassintegrals are geometric measures called the area measures
and (Federer’s) curvature measures. These geometric measures are fundamental concepts
in the Brunn—Minkowski theory.

A Minkowski problem is a characterization problem for a geometric measure gen-
erated by convex bodies: It asks for necessary and sufficient conditions in order that
a given measure arises as the measure generated by a convex body. The solution of a
Minkowski problem, in general, amounts to solving a degenerate fully non-linear partial
differential equation. The study of Minkowski problems has a long history and strong
influence on both the Brunn—Minkowski theory and fully non-linear partial differential

equations, see [78] and [75]. Among the important Minkowski problems in the classical
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Brunn—Minkowski theory are the classical Minkowski problem itself, the Aleksandrov
problem, the Christoffel problem, and the Minkowski—Christoffel problem.

There are two extensions of the Brunn—Minkowski theory: the dual Brunn—Minkowski
theory, which emerged in the mid-1970s, and the L, Brunn-Minkowski theory actively
investigated since the 1990s but dating back to the 1950s. The important L, surface
area measure and its associated Minkowski problem in the L, Brunn-Minkowski the-
ory were introduced in [54]. The logarithmic Minkowski problem and the centro-affine
Minkowski problem are unsolved singular cases, see [14] and [20]. The book [75] of Schnei-
der presents a comprehensive account of the classical Brunn—Minkowski theory and its

recent developments, see Chapters 8 and 9 for Minkowski problems.

For the dual Brunn—Minkowski theory, the situation is quite different. While, over
the years, the “duals” of many concepts and problems of the classical Brunn—Minkowski
theory have been discovered and studied, the duals of Federer’s curvature measures and
their associated Minkowski problems within the dual Brunn—Minkowski theory have re-
mained elusive. Behind this lay our inability to calculate the differentials of the dual quer-
massintegrals. Since the revolutionary work of Aleksandrov in the 1930s, the non-linear
partial differential equations that arise within the classical Brunn—Minkowski theory and
within the L,, Brunn-Minkowski theory have done much to advance both theories. How-
ever, the intrinsic partial differential equations of the dual Brunn—Minkowski theory have
had to wait a full 40 years after the birth of the dual theory to emerge. It was the elusive
nature of the duals of Federer’s curvature measures that kept these partial differential
equations well hidden. As will be seen, the duals of Federer’s curvature measures contain
a number of surprises. Perhaps the biggest is that they connect known measures that

were never imagined to be related. All this will be unveiled in the current work.

In the following, we first recall the important geometric measures and their associ-
ated Minkowski problems in the classical Brunn-Minkowski theory and the L, Brunn—
Minkowski theory. Then we explain how the missing geometric measures in the dual
Brunn—Minkowski theory can be naturally discovered and how their associated Minkowski

problems will be investigated.

As will be shown, the notion of dual curvature measures arises naturally from
the fundamental geometric functionals (the dual quermassintegrals) in the dual Brunn—
Minkowski theory. Their associated Minkowski problem will be called the dual Minkowski
problem. Amazingly, both the logarithmic Minkowski problem as well as the Aleksan-
drov problem turn out to be special cases of the new dual Minkowski problem. Existence
conditions for the solution of the dual Minkowski problem in the symmetric case will be

given.
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1.1. Geometric measures and their associated Minkowski problems in the

Brunn—Minkowski theory

The fundamental geometric functional for convex bodies in Euclidean n-space, R™, is
volume (Lebesgue measure), denoted by V. The support function hx:S" 1 =R of a

compact convex set K CR", is defined, for v in the unit sphere S"~1, by
hi(v)=max{v-z:z € K},

where v-2 is the inner product of v and x in R”. For a continuous f:S"~!—R, some
small 0=k >0, and t€(—4, ), define the t-perturbation of K by f by

(K, f],={zeR":z-v<hg(v)+tf(v) for all ve S"1}
This convex body is called the Wulff shape of (K, f) with parameter ¢.

Surface area measure, area measures, and curvature measures. Aleksandrov

established the following variational formula,

d
SV 1)

) :/SH f(v) dS(K, v), (L1)

where S(K,-) is the Borel measure on S™~! known as the surface area measure of K.
This formula suggests that the surface area measure can be viewed as the differential of
the volume functional. The total measure S(K)=|S(K,-)| of the surface area measure
is the ordinary surface area of K. Aleksandrov’s proof of (1.1) makes critical use of the
Minkowski mixed-volume inequality—an inequality that is an extension of the classical
isoperimetric inequality, see Schneider [75, Lemma 7.5.3]. In this paper, we shall present
the first proof of (1.1) that makes no use of mixed-volume inequalities.
The surface area measure of a convex body can be defined directly, for each Borel
set nCS™ L by
S(K.m) =H™ (v (n)). (1.2)

where H"~ ! is the (n—1)-dimensional Hausdorff measure. Here the Gauss map

v 'K — §n1

is defined on the subset ' K of those points of K that have a unique outer unit normal
and is hence defined H" !-a.e. on K (see (2.11) for a precise definition). If one views

the reciprocal Gauss curvature of a smooth convex body as a function of the outer unit
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normals of the body, then surface area measure is the extension to arbitrary convex
bodies (that are not necessarily smooth) of the reciprocal Gauss curvature. In fact, if
0K is of class C? and has everywhere positive curvature, then the surface area measure

has a positive density,
dS(K,v)
dv

where (h;j); ; is the Hessian matrix of hx with respect to an orthonormal frame on S™~!,

zdet(hij(v)—i—hK(v)éij), (13)

di; is the Kronecker delta, the determinant is precisely the reciprocal Gauss curvature of
OK at the point of 0K whose outer unit normal is v, and where the Radon-Nikodym
derivative is with respect to spherical Lebesgue measure.

We recall that the quermassintegrals are the principal geometric functionals in the
Brunn-Minkowski theory. These are the elementary mixed volumes which include vol-
ume, surface area, and mean width. In differential geometry, the quermassintegrals are
the integrals of intermediate mean curvatures of closed smooth convex hypersurfaces. In
integral geometry, the quermassintegrals are the means of the projection areas of convex
bodies:

— wn

Wni(K)_/G( ‘)voli(K|§)d£, i1=1,..,n, (1.4)

Wi

where G(n,4) is the Grassmann manifold of i-dimensional subspaces in R", K|¢ is the
image of the orthogonal projection of K onto &, where vol; is just H® (or Lebesgue
measure in §), and w; is the i-dimensional volume of the i-dimensional unit ball. The
integration here is with respect to the rotation-invariant probability measure on G(n, ).

Since V=W, and with S(K,-)=5,_1(K,-), it would be desirable if Aleksandrov’s
variational formula (1.1) could be extended to quermassintegrals; i.e., if it were the case

that
d

%Wn—j—l([K’ f]t)

:/ F0)dS;(K,v), =0, 0n—1, (1.5)
t=0 JS"7!

for each continuous f:S"~!—R. In the special case where K is sufficiently smooth and
has positive curvature everywhere, formula (1.5) can be easily verified. Unfortunately,
in general (1.5) is only known for the very special case where f is a support function
and where the derivative is a right derivative. The measures defined by (1.5) (for the
case where f is a support function and the derivative is a right derivative) are called the
area measures and were introduced by Fenchel-Jessen and Aleksandrov (see Schneider
[75, p. 214]). The proof of the variational formula (1.5), for the case where f is a support
function and the derivative is a right derivative, depends on the Steiner formula for mixed
volumes. But the special cases in which (1.5) are known to hold are of little use in the
study of the “Minkowski problems” for area measures. The lack of knowledge concerning

the left derivative for the quermassintegrals in (1.5) is one of the obstacles to tackling
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the partial differential equations associated with the area measures. That (1.5) does not
hold for arbitrary convex bodies was already known by the middle of the last century;
see e.g [42] for recent work.

In addition to the area measures of Aleksandrov and Fenchel-Jessen, there exists
another set of measures Co(K,-),...,Cph_1(K,-) called curvature measures, which were
introduced by Federer [23] for sets of positive reach, and are also closely related to the
quermassintegrals. A direct treatment of curvature measures for convex bodies was given
by Schneider [73], [74]; see also [75, p. 214]. If K is a convex body in R™ that contains the
origin in its interior, then each ray emanating from the origin intersects a unique point
on 0K and a unique point on the unit sphere S"~!. This fact induces a bi-Lipschitz map
r: S"'—0K. The pull-back of the curvature measure C;(K,-) on 0K via rg is the
measure C;(K,-) on the unit sphere S"~!, which is called the j-th curvature measure of
K. The measure Co(K,-) was first defined by Aleksandrov, who called it the integral
curvature of K; see [3]. The total measures of both area measures and curvature measures

give the quermassintegrals:
Sj(K, Snil) = Cj(K, Snil) = an_j(K),

for j=0,1,...,n—1; see Schneider [75, p.213].

Minkowski problems in the Brunn—Minkowski theory. One of the main prob-
lems in the Brunn—Minkowski theory is characterizing the area and curvature measures.
The well-known classical Minkowski problem is: given a finite Borel measure p on S™~ 1,
what are the necessary and sufficient conditions on 1 so that p is the surface area mea-
sure S(K,-) of a convex body K in R™? The Minkowski problem was first studied by
Minkowski [63], [64], who demonstrated both existence and uniqueness of solutions for
the problem when the given measure is either discrete or has a continuous density. Alek-
sandrov [1], [2] and Fenchel-Jessen [24] independently solved the problem in 1938 for
arbitrary measures. Their methods are variational and (1.1) is crucial for transform-
ing the Minkowski problem into an optimization problem. Analytically, the Minkowski
problem is equivalent to solving a degenerate Monge—Ampere equation. Establishing the
regularity of the solution to the Minkowski problem is difficult and has led to a long
series of influential works (see, for example, Nirenberg [67], Cheng—Yau [19], Pogorelov
[71], Caffarelli [17]).

After solving the Minkowski problem, Aleksandrov went on to characterize his inte-
gral curvature Co(K,-), which is called the Aleksandrov problem. He was able to solve

it completely by using his mapping lemma; see [3]. Further work on the Aleksandrov
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problem from the partial differential equation and the mass transport viewpoints is due
to Guan-Li [34] and Oliker [68].

Finding necessary and sufficient conditions so that a given measure is the area mea-
sure S1(K,-) of a convex body K is the Christoffel problem. Firey [25] and Berg [11]
solved the problem independently. See Pogorelov [70] for a partial result in the smooth
case, Schneider [72] for a more explicit solution in the polytope case, Grinberg—Zhang
[30] for an abbreviated approach to Firey’s and Berg’s solution, Goodey—Yaskin—Yaskina
[29], and Schneider [75, §8.3.2], for a Fourier transform approach. In general, character-
izing the area measure S;(K,-) is called the Minkowski-Christoffel problem: given an
integer 1<j<n—1 and a finite Borel measure u on S™~', what are the necessary and
sufficient conditions so that p is the area measure S;(K,-) of a conver body K in R".
The case where j=1 is the Christoffel problem, and the case where j=n—1 is the classical
Minkowski problem. For 1<j<n—1, it has been a long-standing open problem. Impor-
tant progress was made recently by Guan—-Ma [36]. See Guan—Guan [32] for a variant of
this problem.

Extending Aleksandrov’s work on the integral curvature and characterizing other
curvature measures is also a major unsolved problem: given an integer 1<j<n—1 and a
finite Borel measure u on S™ 1, what are the necessary and sufficient conditions so that
p is the curvature measure C;(K,-) of a convex body K in R™. This is the Minkowski
problem for curvature measures which can also be called the general Aleksandrov problem.
See Guan-Lin-Ma [35] and the recent work of Guan-Li-Li [33] on this problem.

Cone-volume measure and logarithmic Minkowski problem. In addition to the
surface area measure of a convex body, another fundamental measure associated with a
convex body K in R™ that contains the origin in its interior is the cone-volume measure
Vi, also denoted by V (K, -), defined for Borel sets nC S"~! by

V= [ e ) =V (KNel), (16)

n
which is the volume of the cone K'N¢(n), where ¢(n) is the cone of rays eminating from
the origin such that 9K Nc(n)=vg'(n) for the Borel set nC .S~ L.

A very important property of the cone-volume measure is its SL(n) invariance, or
simply called affine invariance. The area and curvature measures are all SO(n) invariant.
The SL(n) invariance of the cone-volume measure makes the measure a useful notion
in the geometry of normed spaces; see [10], [60], [61], [65], [66], [69]. The Minkowski
problem for the cone-volume measure is called the logarithmic Minkowski problem. It

asks for necessary and sufficient conditions for a given measure on the unit sphere to
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be the cone-volume measure of a convex body. The existence part of the logarithmic
Minkowski problem has been solved recently for the case of even measures within the
class of origin-symmetric convex bodies, see [14]. A sufficient condition for discrete (not-
necessarily even) measures was given by Zhu [82]. It was shown in [13] that the solution
to both the existence and uniqueness questions for the logarithmic Minkowski problem
for even measures would lead to a stronger Brunn—Minkowski inequality. It was shown
in [15] that the necessary and sufficient conditions for the existence of a solution to the
logarithmic Minkowski problem for even measures are identical to the necessary and
sufficient conditions for the existence of an affine transformation that maps the given
measure into one that is isotropic. The problem has strong connections with curvature
flows; see Andrews [8], [9].

L, surface area measure and L, Minkowski problem. The L, Brunn-Minkowski
theory is an extension of the classical Brunn—Minkowski theory; see [41], [47], [51], [54],
[56], [57], [59], [62], [75]. The L, surface area measure, introduced in [54], is a fundamental
notion in the L,-theory. For fixed p€R, and a convex body K in R™ that contains the
origin in its interior, the L, surface area measure S (p)(K ,+) of K is a Borel measure on
S7=1 defined, for a Borel set nC.S™~ !, by

S® (K, n) = / (zvi(2) 7P dH" " (2). (1.7)
zevg'(n)

The surface area measure and the cone-volume measure are the special cases p=1 and
p=0, respectively, of L, surface area measure. The L, Minkowski problem, posed by
Lutwak (see, e.g., [54]), asks for necessary and sufficient conditions that would guarantee
that a given measure on the unit sphere would be the L,, surface area measure of a convex
body; see, e.g., [18], [20], [43], [44], [54], [55], and [84]. The case of p=1 is the classical
Minkowski problem, the case of p=0 is the logarithmic Minkowski problem (see [14]),
and the case of p=—n is the centro-affine Minkowski problem (see Chou-Wang [20], Lu—
Wang [46], and Zhu [83]). The solution to the L, Minkowski problem has been proven to
be a critical tool in establishing sharp affine Sobolev inequalities via affine isoperimetric
inequalities; see [21], [40], [56], [58], [79].

1.2. Geometric measures and their associated Minkowski problems in the

dual Brunn—Minkowski theory

A theory analogous to the theory of mixed volumes was introduced in 1970s in [52].

It demonstrates a remarkable duality in convex geometry, and thus is called the theory
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of dual mized volumes, or the dual Brunn—Minkowski theory. The duality, as a guiding
principle, is conceptual in a heuristic sense and has motivated much investigation. A good
explanation of this conceptual duality is given in Schneider [75, p. 507]. The aspect of the
duality between projections and cross-sections of convex bodies is thoroughly discussed

in Gardner [27]. The duality will be called the conceptual duality in convex geometry.

The main geometric functionals in the dual Brunn—Minkowski theory are the dual
quermassintegrals. The following integral geometric definition of the dual quermassinte-
grals, via the volume of the central sections of the body, shows their amazing dual nature

to the quermassintegrals defined in (1.4):

Wn_i(K):ﬁ/ vol,(KNE)dg, i=1,...,n. (1.8)
G(n,i)

Wi

The volume functional V' is both the quermassintegral W and the dual quermassintegral
W,. Earlier investigations in the dual Brunn—Minkowski theory centered around finding
isoperimetric inequalities involving dual mixed volumes that mirrored those for mixed
volumes, see Schueider [75, §9.3 and §9.4] and Gardner [27]. It was shown in [80] that
the fundamental kinematic formula for quermassintegrals in integral geometry has a dual

version for dual quermassintegrals.

Exciting developments in the dual Brunn—-Minkowski theory began in the late 1980s
because of the duality between projection bodies and intersection bodies exhibited in [53].
The study of central sections of convex bodies by way of intersection bodies and the
Busemann—Petty problem has attracted extensive attention in convex geometry; see, for
example, [16], [26], [28], [53], [81], and see [27], [45] for additional references. Some of
these works bring techniques from harmonic analysis, in particular, Radon transforms
and the Fourier transform, into the dual Brunn-Minkowski theory, see [27], [45]. This
is similar to the applications of cosine transform to the study of projection bodies and
the Shephard problem in the Brunn—-Minkowski theory (see [75, §10.11] and [27, §4.2]).
However, the Busemann—Petty problem is far more interesting and is a problem whose

isomorphic version is still a major open problem in asymptotic convex geometric analysis.

There were important areas where progress in the dual theory lagged behind that of
the classical theory. Extending Aleksandrov’s variational formula (1.1) from Wy to the
dual quermassintegrals ﬁfl is one of the main such challenges. This is critically needed
in order to discover the duals of Federer’s curvature measures of the classical theory.
One purpose of this work is to establish this extension and thus to add key elements to
the conceptual duality of the Brunn—Minkowski theory and the dual Brunn—Minkowski

theory. The main concepts that will be introduced are the dual curvature measures.
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Dual curvature measures. For each convex body K in R™ that contains the origin
in its interior, we construct explicitly a set of geometric measures 50(K )y e 5n(K ),

on S"~! associated with the dual quermassintegrals, with
Ci(K, 8" 1) =W, _;(K),

for j=0,...,n. These geometric measures can be viewed as the differentials of the dual
quermassintegrals.

Our construction will show how these geometric measures, via conceptual duality,
are the duals of the curvature measures, and thus warrant being called the dual curvature
measures of K. While the curvature measures of a convex body depend closely on the
body’s boundary, its dual curvature measures depend more on the body’s interior, but yet
have deep connections with their classical counterparts. When j=n, the dual curvature
measure 5’n(K ,+) turns out to be the cone-volume measure of K. When j=0, the dual
curvature measure 50(1( ,+) turns out to be Aleksandrov’s integral curvature of the polar
body of K (divided by n). When K is a polytope, 5j (K,-) is discrete and concentrated
on the outer unit normals of the facets of K with weights depending on the cones that are
the convex hulls of the facets and the origin. Dual area measures are also defined. The
new geometric measures we shall develop demonstrate yet again the amazing conceptual
duality between the dual Brunn-Minkowski theory and the Brunn-Minkowski theory.

We establish dual generalizations of Aleksandrov’s variational formula (1.1). Let K
be a convex body in R” that contains the origin in its interior, and let f:S" ' —R be

continuous. For a sufficiently small § >0, define a family of logarithmic Wulff shapes,
K, fl,={z €eR":z-v < hy(v) for all ve S" 71},
for each t€(—d,6), where hy(v), for v€S™ 1 is given by
log ht(v) =log h (v)+tf(v)+o(t,v),

and lim;_,q o(¢,v)/t=0 uniformly in v. The main formula to be presented is the following.

Variational formula for dual quermassintegrals. For 1<j<n, and each convex
body K that contains the origin in the interior, there exists a Borel measure CN'j (K,-) on
S7=1 such that

d ~
%anj([K7 f]t)

tzo_j/sn—1 f(v) dC;(K, ), (1.9)

for each continuous f: S" ! —R.
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Obviously (1.9) demonstrates that the dual curvature measures are differentials of
the dual quermassintegrals. Clearly (1.9) is the dual of the variational formula (1.5),
which is only known to hold in special cases. Aleksandrov’s variational formula (1.1) is
the special case j=n of (1.9). Thus, our formula is a direct extension of Aleksandrov’s
variational formula for volume to dual quermassintegrals. Our approach and method of
proof are very different from both Aleksandrov’s proof of (1.1) and the proof of (1.5) for
the case where the function involved is a support function.

The main problem to be solved is the following characterization problem for the dual

curvature measures.

Dual Minkowski problem for dual curvature measures. Let k be an integer,
1<k<n. If u is a finite Borel measure on S"1, find necessary and sufficient conditions
on p so that it is the k-th dual curvature measure 5k (K,-) of a convex body K in R™.

This will be called the dual Minkowski problem. For k=n, the dual Minkowski
problem is just the logarithmic Minkowski problem. As will be shown, when the measure
i has a density function ¢g: S"~!' =R, the partial differential equation that is the dual

Minkowski problem is a Monge—Ampere type equation on S™':

1 — _

Eh(v)|Vh(v)+h(v)v|k_" det(V2h(v)+h(v)I) = g(v), (1.10)
where h is the unknown function on S"~! to be found, Vh and V2h denote the gradient
vector and the Hessian matrix of h with respect to an orthonormal frame on S™~!, and
I is the identity matrix.

If the factor
1

Eh(v)|§h(v)+h(v)v|k_”
were omitted in (1.10), then (1.10) would become the partial differential equation of
the classical Minkowski problem. If only the factor |Vh(v)+h(v)v|*~" was omitted,
then equation (1.10) would become the partial differential equation associated with the
logarithmic Minkowski problem. The gradient component in (1.10) significantly increases
the difficulty of the problem when compared to the classical Minkowski problem or the
logarithmic Minkowski problem.

In this paper we treat the important symmetric case when the measure p is even
and the solution is within the class of origin-symmetric bodies. As will be shown, the
existence of solutions depends on how much of the measure’s mass can be concentrated

on great subspheres.
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Let p be a finite Borel measure on S7=1 and 1<k<n. We will say that the measure
1 satisfies the k-subspace mass inequality if
u(S™ing) k—1n—i

1_
) N

for each {;€G(n,7) and each i=1,...,n—1.

The main theorem of the paper is the following.

Existence for the dual Minkowski problem. Let u be a finite even Borel measure
on 8", and 1<k<n. If the measure p satisfies the k-subspace mass inequality, then

there exists an origin-symmetric convexr body K in R™ such that CN'k (K, )=p.

The case of k=n was proved in [14]. New ideas and more delicate estimates are
needed to prove the intermediate cases. We remark that existence for the dual Minkowski
problem is far easier to prove for the special case where the given measure p has a posi-
tive continuous density (in which case the subspace mass inequality is trivially satisfied).
The singular general case for measures is substantially more delicate. It involves mea-
sure concentration and requires far more powerful techniques to solve. The sufficient
1-subspace mass inequality is obviously necessary for the case of k=1. The sufficient
n-subspace mass inequality is also necessary for the case k=n, except that certain equal-
ity conditions must be satisfied as well (see [14] for details). Discovering the necessary

conditions for other cases would be of considerable interest.

2. Preliminaries

2.1. Basic concepts regarding convex bodies

Schneider’s book [75] is our standard reference for the basics regarding convex bodies.
The books [27] and [31] are also good references.

Let R™ denote n-dimensional Euclidean space. For z€R", let |z|=+/z-z be the
Euclidean norm of z. For z€R"\{0}, define z€S"~! by Z=xz/|z|. For a subset F in
R\ {0} we let E={z:x€E}. The origin-centered unit ball {z€R":|z|<1} is always
denoted by B, and its boundary by S"~!. Write w,, for the volume of B and recall that
its surface area is nw,.

For the set of continuous functions defined on the unit sphere S"~! write C(S"™1),
and for feC(S"1) write | f||=max,cgn-1|f(v)|. We shall view C(S"~!) as endowed
with the topology induced by this maz-norm. We write C*(S™~1) for the set of strictly



336 Y. HUANG, E. LUTWAK, D. YANG AND G. ZHANG

positive functions in C(S™~ 1), and C/(S"~1) for the set of functions in C*(S™~!) that
are even.

Let V be the gradient operator in R™ with respect to the Euclidean metric and V be
the gradient operator on S™~! with respect to the induced metric. Then for a function
h:R™—R which is differentiable at v€R", with |v|=1, we have

Vh(v) = Vh(v)+h(v)v.

If KCR™ is compact and convex, the support function hg, previously defined on
S7=1 can be extended to R™ naturally, hx: R"* =R, by setting hx (z)=max{z-y:yc K}
for z€R™. This extended support function is convex and homogeneous of degree 1. A
compact convex subset of R™ is uniquely determined by its support function.

Denote by K™ the space of compact convex sets in R endowed with the Hausdorff
metric; i.e., the distance between K,LeK" is ||hx —hr|. By a conver body in R™ we
will always mean a compact convex set with non-empty interior. Denote by K7 the class
of convex bodies in R™ that contain the origin in their interiors, and denote by K7 the
class of origin-symmetric convex bodies in R™.

Let KCR"™ be compact and star-shaped with respect to the origin. The radial
function or:R™\{0} =R is defined by

ok (x) =max{\: \x € K},

for £#£0. A compact star-shaped (about the origin) set is uniquely determined by its
radial function on S™~!. Denote by S™ the set of compact star-shaped sets. A star
body is a compact star-shaped set with respect to the origin whose radial function is

continuous and positive. If K is a star body, then obviously
OK ={or(u)u:uec S" 1}

Denote by &' the space of star bodies in R™ endowed with the radial metric; i.e., the
distance between K, L€S” is ||ox —or||. Note that KI'CS? and that on the space K
the Hausdorff metric and radial metric are equivalent, and thus K is a subspace of S'.

If Kel, then it is easily seen that the radial function and the support function of
K are related by

hi(v)= Irgaxl(u-v) ok (u) forve S (2.1)
uesS"™
L _ max — for ue S" L. (2.2)

ox(u) vesm =1 hg(v)
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For a convex body K €K7, the polar body K* of K is the convex body in R™ defined
by
K*={zeR":z-y<1forall ye K}.

From the definition of the polar body, we see that on R™\ {0},

1
and hK =

. 2.3
D 0K+ (2:3)

0K =
For K, LCR" that are compact and convex, and real a,b>0, the Minkowski combi-

nation, aK+bLCR", is the compact, convex set defined by
aK+bL={azx+by:x€ K and y€ L},
and its support function is given by
hok+br, =ahix+bhy. (2.4)

For real t>0, and a convex body K, let K;=K+tB denote the parallel body of K.
The volume of the parallel body K is a polynomial in ¢, called the Steiner polynomial,

n

V(E)=Y (’;) Wiy (K.

=0

The coefficient W,,_;(K) is called the (n—i)-th quermassintegral of K which is precisely
the geometric invariant defined in (1.4).

For K, LCR"™ that are compact and star-shaped (with respect to the origin), and
real a,b>0, the radial combination, a K+bLCR™, is the compact star-shaped set defined
by

aK+bL={az+by:x€ K, y€ L and x-y=|x||y|}.

Note that the condition z-y=|z||y| means that either y=ax or z=ay for some a>0.
The radial function of the radial combination of two star-shaped sets is the combination

of their radial functions; i.e.,

0,k pr, = V0K +boL.

For real ¢t>0, and star body K, let IN(t:KJFtB denote the dual parallel body of K.
The volume of the dual parallel body I~{t is a polynomial in ¢, called the dual Steiner
polynomial,

V(K,) = f: (’Z) Wi (K"

=0
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The coefficient W,,_;(K) is the (n—i)-th dual quermassintegral of K which is precisely
the geometric invariant defined in (1.8). For the (n—i)-th dual quermassintegral of K

we have the easily established integral representation

Wosk) = [ eicCu)du. (2.5)
n Jgn-1
where such integrals should always be interpreted as being with respect to spherical
Lebesgue measure.
In view of the integral representation (2.5), the dual quermassintegrals can be ex-
tended in an obvious manner: For ¢€R, and a star body K, the (n—q)-th dual quer-
massintegral ﬁfn_q(K ) is defined by

Wog) =3 [ olw)au. (2.6)

n

For real q#0, define the normalized dual quermassintegral W,,_,(K) by

W)= ([ g (27)
(s [ ekw)

NWy,

and, for ¢=0, by
— 1
Wn(K):exp(/ log ok (u) du). (2.8)
Snfl

nWy,

It will also be helpful to adopt the following notation:

VoK) = Wooy(K) and V() = Wy (K), (2.9)

called the g-th dual volume of K and the normalized q-th dual volume of K, respectively.
Note, in particular, the fact that

Vo (K)= <V(K) )1/71. (2.10)

2.2. The radial Gauss map of a convex body

Let K be a convex body in R™. For each v€5™ !, the hyperplane
Hx(w)={zeR":z-v=hg(v)}

is called the supporting hyperplane to K with unit normal v.
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For 0 COK, the spherical image of o is defined by
vi(o)={veS" 'z € Hg(v) for some x o} CS" L.
For nC 8™~ 1, the reverse spherical image of n is defined by
zi(n)={x€dK :x € Hi(v) for some ven} CIK.

Let o COK be the set consisting of all t€dK for which the set v ({z}), which we
frequently abbreviate as vk (), contains more than a single element. It is well known
that H"1(ox)=0 (see Schneider [75, p.84]). The function

vi: 0K \og — S" 71 (2.11)

defined by letting vk (z) be the unique element in v (x) for each x€IK\ ok, is called
the spherical image map of K and is known to be continuous (see Lemma 2.2.12 in
Schneider [75]). In the introduction, 0K \ ok was abbreviated as 0’ K, something we will
often do. Note that from definition (1.2) and the Riesz representation theorem, it follows

immediately that, for each continuous ¢: S*~! =R, one has

/ (v (@) dH™(z) = / g(v) dS(K, v). (2.12)
'K

Sn—1

Also, from definitions (1.2) and (1.6), it follows that, for the cone-volume measure
V(K,-), we have
1
dV(K,-):EthS(K,~). (2.13)

The set nx CS™~! consisting of all v€S™"~! for which the set zx(v) contains more
than a single element, is of H"~!-measure zero (see Theorem 2.2.11 in Schneider [75]).
The function

rg:S" N\ g — 0K, (2.14)

defined for each v€ S"~\nx by letting 2 (v) be the unique element in z (v), is called
the reverse spherical image map. The vectors in S"~\nx are called the regular normal
vectors of K. Thus, v€S™ ! is a regular normal vector of K if and only if the intersection
OKNHgk(v) consists of a single point. The function zx is well known to be continuous
(see Lemma 2.2.12 in Schneider [75]).

For KeK?, define the radial map of K,

r: S = 0K, by ri(u) = ok (u)u € OK for ue S™L.

Note that r;(l: OK —S™1 is just the restriction to K of the map z+ 7.
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For wC S™" 1, define the radial Gauss image of w by
ag(w)=vg(rg(w))cs™
Thus, for ©€S™ !, one has
ag(u)={ve S irg(u) € Hg(v)}. (2.15)
Define the radial Gauss map of the convex body K€K,
ag: 8" N\wrg — 8", by ax =vkork,

where wK:rl}l (0k). Since rl_(l is a bi-Lipschitz map between the spaces K and S™~1,
it follows that wg has spherical Lebesgue measure 0. Observe that if u€S" 1 \w, then
ak (u) contains only the element i (u). Note that since both vi and rk are continuous,
o 1S continuous.

For nC 8™~ !, define the reverse radial Gauss image of n by

ai(n)=rg (@xm) =zx®). (2.16)

Thus,
aj(n)={z:2 € 0K where x € Hg(v) for some v €n}.

Define the reverse radial Gauss map of the convex body K ekK7,
e S" N\ — S"TL by ale =rgtowk. (2.17)

Note that since both r}l and zx are continuous, o is continuous.
Note that, for a subset nCS™~ !,

aj(n)={ue gn—1 1 (u) € Hy (v) for some v €n}. (2.18)
For ue S™~ 1 and nCS™~1, it is easily seen that
u€aj(n) ifand only if ax(u)Nn#a. (2.19)

Thus, aj is monotone non-decreasing with respect to set inclusion.
If we abbreviate e ({v}) by e (v), then (2.19) yields

u€aj(v) if and only if veak(u). (2.20)
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If u¢wg, then ax(u)={ax(u)} and (2.19) becomes
u€ak(n) ifand only if ag(u)€n, (2.21)

and hence (2.21) holds for almost all u€ S™~! with respect to spherical Lebesgue measure.
It similarly follows that, if v¢nx and wCS™™!, then

vEag(w) ifand only if af (v)€w, (2.22)

and hence (2.22) holds for almost all v€ S™~! with respect to spherical Lebesgue measure.
The following lemma consists of a basic fact regarding the reverse radial Gauss map.
This fact is Lemma 2.2.14 in Schneider [75], an alternate proof of which is presented

below.

LEMMA 2.1. If nCS™ ! is a Borel set, then o’ (n)=zx(n)CS""! is spherical

Lebesgue measurable.

Proof. The continuity of ax assures that the inverse image a}l(n), of the Borel set
nin S"~1 is a Borel set in the space S"~!\wg with relative topology. Since each Borel
set in S”~!\wp is just the restriction of a Borel set in S™~1, it follows that az'(n) is the
restriction of a Borel set in S"~1 to S" !\wg, and is thus Lebesgue measurable in S"~!
(as wy has Lebesgue measure zero). Since i (1) and aj' (1) differ by a set of Lebesgue

measure zero, the set a’ (1) must be Lebesgue measurable in S"~1 as well. O

If g: S" ! =R is a Borel function, then goa is spherical Lebesgue measurable be-
cause it is just the composition of a Borel function g and a continuous function ay in
SN\ wk with wg having Lebesgue measure zero. Moreover, if g is a bounded Borel
function, then goak is spherical Lebesgue integrable. In particular, geay is spherical

Lebesgue integrable, for each continuous function g: "1 —R.

LEMMA 2.2. Let K;€K7 be such that lim;_,oo K;=Ko€K]. Let w:Uin wg, be the
set (of H" '-measure zero) off of which all of the ak, are defined. If u;€S™ 1\w are

such that lim; o u;=ug€S™ \w, then lim; o ag, (u;) =g, (ug)-

Proof. Since the sequence of radial maps rg, converges to rg,, uniformly, we have
that rx, (u;) =7k, (uo). Let x;=rk, (u;) and v;=vk, (rk, (u;))=axk, (u;).
Since x;€0K; and u;¢wk,, the vector v; is the unique outer unit normal to the

support hyperplane of K; at x;. Thus, we have

€TV = hK7 (’UZ)
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Suppose that a subsequence of the unit vectors v; (which we again call v;) converges to
v'€S" 1. Since hg, converges to h,, uniformly, hx, (v;)—h,(v'). This, together with
x;—xo and v;—v’ gives

2oV = hg, (V). (2.23)

But zo=rk,(uo) is a boundary point of Ky, and since uo¢wg,, we conclude from (2.23)
that v’ must be the unique outer unit normal of Ky at zo=rg,(up). And hence, v'=

Vi, (Tky (U0)) =0k, (ug). Thus, all convergent subsequences of v;=ag,(u;) converge to
e, (up).

Consider a subsequence of a,(u;). Since S"~! is compact, the subsequence has
a subsequence that converges, and by the above it converges to ag,(ug). Thus, every

subsequence of ag,(u;) has a subsequence that converges to a, (ug)- O
LEMMA 2.3. If {n;}32, is a sequence of subsets of Sn1 then
aie( Un ) =Uaicn),
j=1 j=1

Proof. If veU;’il 74, then ven;, for some ji, and, by the monotonicity of aj with

respect to set inclusion,
o0
ai(v) Cage(n;,) € | ak(n).
j=1
Thus, aj (U;2,1;) CUjZ, @ (n;). Moreover, if uelJ;Z, aj(n;), then for some jp we

have that ueaj (n;,) Caj (U;2, n;). Thus, e (U2, n;) 2U;Z, @k (n5)- O

LEMMA 2.4. If {n; 724 is a sequence of pairwise disjoinl sets in Sn=1 then

{ad (i) \wr }52,

s pairwise disjoint as well.

Proof. Suppose that there exists a u such that u€a’j; (n;, ) \wx and ueaj (n;,)\wk.
As u¢wi, we know that ax (u) is a singleton. But (2.19), in conjunction with u€a’, (n;,)
and ueai (n;,), vields ax(u)Nn;, #2 and ok (u)Nn;, #<, which contradicts the fact
that n;, Nn;, =@ since ax (u) is a singleton. O

The reverse radial Gauss image of a convex body and the radial Gauss image of its

polar body are related.
LEMMA 2.5. If K€K, then

ak(n)=arx-(n)

for each nC S™1.
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Proof. 1t suffices to show that
e (0) = auxe- (v)
for each v€S™~1. Fix veS" 1. From (2.15), we see that, for ue S"~1,
u€ag«(v) if and only if Hpg-(u) is a support hyperplane at gx«(v)v,

that is,
u€ag~(v) ifand only if hg«(u)=(u-v)ox-(v).

By (2.3), this is the case if and only if
hi(v) = (v-u) ok (u) =v-rK (u),
or equivalently, using (2.15), if and only if
vEag(u).

But, from (2.20) we know that veax (u) if and only if uca’i (v). O

For almost all v€S™~! we have aj(v)={a}(v)}, and for almost all veS" ™! we

have ey (v)={ax-(v)}. These two facts combine to give the following lemma.

LEMMA 2.6. If K€K}, then

O = Qg+

almost everywhere on S™~ ', with respect to spherical Lebesque measure.

2.3. Wulff shapes and convex hulls

Throughout, QC S~ ! will denote a closed set that is assumed not to be contained in any
closed hemisphere of S™~1. Let h: Q—(0,00) be continuous. The Wulff shape [h]€K?,
also known as the Aleksandrov body, determined by h is the convex body defined by

[W] ={zeR":z-v <h(v) for all veQ}.

Obviously, if KeK?,
[hk] =K.

For the radial function of the Wulff shape we have

oy ()~ =max(u-v)h(v) (2.24)
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which is easily verified by:
oy (u) = max{r > 0:ru € [A]} = max{r > 0:ru-v <h(v) for all ve Q}

B 1
=max{r>0:rmax,eq(u-v)h(v) ' <1} = maxyeq(u-v)h(v)

-1

for each ue S™—1.
Let 0:Q2—(0,00) be continuous. Since QCS"! is assumed to be closed and p is

continuous, {o(u)u:u€N} is a compact set in R™. Hence, the convex hull {p) generated

by o,
{0) = conv{p(u)u:u€ N},

is compact as well (see Schneider [75, Theorem 1.1.11]). Since 2 is not contained in any
closed hemisphere of S™~! and g is strictly positive, the compact convex set (o) contains

the origin in its interior. Obviously, if K€K},

(ox) =K. (2.25)

We shall make frequent use of the fact that

(g (v) =max(v-u)o(u) (2.26)

u€eN
for all veS™ 1.

LEMMA 2.7. Let Q be a closed subset of S™~! that is not contained in any closed
hemisphere of S™~1 and let 0: 21— (0,00) be continuous. If v is a regular normal vector

of (o), then ag, (v)Ca.

Proof. By (2.26) there exists a ug€$2 such that

by (v) = (ug-v)o(uo)-

This means that
o(up)ug € Higy(v) ={z €R" 12 v =h(y (v)}, (2.27)

and since clearly o(ug)ug€(0), it follows from (2.27) that o(ug)uo€d{e) and ug €ay, (v).
But v is a regular normal vector of {0), and hence

gy (V) ={agy (v)}-
We conclude that a?g) (v)=up€Q, which completes the proof. O

The Wulff shape of a function and the convex hull generated by its reciprocal are

related.
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LEMMA 2.8. Let QCS™ ! be a closed set that is not contained in any closed hemi-
sphere of S™71. Let h:Q—(0,00) be continuous. Then the Wulff shape [h] determined
by h and the convex hull {1/h) generated by the function 1/h are polar reciprocals of each
other; i.e.,

(1" =(1/h).
Proof. Let o=1/h. Then, by (2.24) and (2.26), we see that for ue "1,
oy ()™ = max(u-v)(v) " = max(u-0)o(v) = ey ().
This and (2.3) give the desired identity. O

We recall Aleksandrov’s convergence theorem for Wulff shapes (see Schneider [75,
p.412]): If a sequence of continuous functions h;: 2—(0,00) converges uniformly to
h:Q2—(0,00), then the sequence of Wulff shapes [h;] converges to the Wulff shape [h]
in 7.

We will use the following convergence of convex hulls: If a sequence of positive con-
tinuous functions g;: 21— (0, 00) converges uniformly to g: 2— (0, 00), then the sequence
of convex hulls (p;) converges to the convex hull (g) in K. Lemma 2.8, together with
Aleksandrov’s convergence theorem for Wulff shapes, provides a quick proof.

Let f:Q—R be continuous and §>0. Let hs: 2—(0,00) be a continuous function
defined for each t€(—d,d) and each veQ by

log hi(v) =log h(v)+tf(v)+o(t,v), (2.28)
where, for each t€(—4,d), the function o(¢,-): Q—R is continuous and lim;_,g o(t, - )/t=0
uniformly on Q. Denote by [h:] the Wulff shape determined by A,

[he] ={z €R™:z-v < hy(v) for all ve Q}.
We shall call [hy] a logarithmic family of Wulff shapes formed by (h, f). On occasion, we
shall write [h¢] as [h, f,t], and if h happens to be the support function of a convex body
K perhaps as [K, f,1], or as [K, f, 0, t], if required for clarity.
Let g: Q2—R be continuous and 6>0. Let g;: 2—(0,00) be a continuous function
defined for each t€(—d,d) and each ueQ by

log 0:(u) =log o(u)+tg(u)+o(t, u), (2.29)

where, for each t€(—94, ), the function o(t, - ):Q2—R is continuous and lim;_,g o(t, - ) /t=0
uniformly on Q. Denote by {o;) the convex hull generated by g,

(01) = conv{os(u)u:uecS" 1.

We will call {g;) a logarithmic family of convez hulls generated by (o, g). On occasion, we
shall write {o;) as (g, g,t), and if ¢ happens to be the radial function of a convex body
K as (K, g,t), or as (K, g,0,1), if required for clarity.
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2.4. Two integral identities

LEMMA 2.9. Let KeK? and geR. Then for each bounded Lebesque integrable func-
tion f:S" 1SR,

/ f(U)QK(U)qd“:/ w-vie(z) f(Z)|2|T" dH" " (). (2.30)
sn—1 oK

Proof. We only need to establish
/ f(u)or (u)™ du:/ rvi(x) f(Z) dH" (), (2.31)
sn—1 K

because replacing f with fo% ™ in (2.31) gives (2.30).

We begin by establishing equality (2.31) for C*-functions f. To that end, define
F:R"\{0} =R by letting F(x)=f(z) for z#0. Thus F(z) is a C! homogeneous function
of degree 0 in R™\{0}. The homogeneity of F' implies that x-VF(z)=0, and thus we
have that div(F (z)x)=nF(z) for all 2#0.

Let BsC K be the ball of radius 6 >0 centered at the origin. Apply the divergence
theorem for sets of finite perimeter (see [22, §5.8, Theorem 5.16]) to K\ Bs, and get

_ )T Vg(T n—1 ) — ) 2 . 1 .
n/K\B{SF(I)d:E/E)IKF() x(x) dH" " (x) / F(x)x-vg,(x)dH" 1 (2)
— | F@)ev@dn @ -5 [ Pde
'K

and hence

/M F(z)z-vi(x) dH”*l(x):n/ F(z) da.

Switching to polar coordinates gives

ok (u) 1
F(z)dx= F(ru)r" ™ dr du= — F(u)oy (u) du,
K
K\{0} sn-1.Jo nJgn-1

which establishes (2.31) for C*-functions.
Since every continuous function on S"~! can be uniformly approximated by C*
functions, (2.31) holds whenever f is continuous.

Define the measure S, on ™! by

Suw)=2 / o (u) du

n

for each Lebesgue measurable set wC.S™ !, and define the measure Vax on &'K by

Vo (o) = / zvg(x) dH™ ()
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for each H™ !-measurable c C&' K.

It is easily seen that there exist constants mg, mq, ms>0 such that
H" Hrg(w)) <KmoH" H(w), Vak(o)<miH" (o) and §n(w) <meH" Hw) (2.32)

for every spherical Lebesgue measurable set w and H"~!-measurable o.

Let f:S"1—R be a bounded integrable function; say |f(u)|<m, for all ueS"1L.
Lusin’s theorem followed by the Tietze’s extension theorem, guarantees the existence of
an open subset w; CS"~! and a continuous function f;: S"7' =R so that H" ! (w;) < %,
while f=f; on S" !\w;, with |f;j(u)|<m for all ue S"~*.

Observe that

| G-k tdu<| [ (Fw)- )k @) dul+2m03, ()
Sn—1 Sr=N\w;
where the integral on the right is zero, and that
(f (@)~ f;(@))x-vi(z) dH" " (@)
'K
<|f ($(@)— F5(@)-vic () dH (@) |+ 2m Vo (rac(wy)),
O'K\rg (wj)

where the integral on the right is zero.
In light of (2.32), the above allows us to establish (2.31) for bounded integrable

functions f, given that we had established (2.31) for the continuous functions f;. O

LEMMA 2.10. Let K€K be strictly conver, and let f: S" 1 =R and F:0K—R be

continuous. Then

L FO P )i 0) dS (K. 0) = [ i) o 0)Plo) a1 @), (239

'K
where the integral on the left is with respect to the surface area measure of K.

Proof. First observe that from the definition of the support function hx and the
definition of vk, it follows immediately that, for each x€9d' K,

hix(vk(z)) =2-vK(x). (2.34)

The assumption that K is strictly convex implies that Vhyi always exists. But a
convex function that is differentiable must be continuously differentiable and hence Vhg

is continuous on S ~!. We shall use the fact that the composition

Vhigovkg: 'K — 'K is the identity map (2.35)
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(see, e.g., Schneider [75, p.47]).
Now, from (2.34), (2.35), and (2.12), we have

/ vovie(2) f(vic (2)) F () dH" ()
O'K

/a,K hi (vic () f(vi (2))F (Vhi (vi (z)) dH" " (z)

/Sn_l f()F(Vhg (v))hg(v)dS(K,v). .

3. Dual curvature measures

To display the conceptual duality between the Brunn—Minkowski theory and the dual
Brunn—Minkowski theory, we first, following Schneider [75, Chapter 4], briefly develop
the classical area and curvature measures for convex bodies in the Brunn—Minkowski
theory. Then we introduce two new families of geometric measures: the dual curvature
and dual area measures, in the dual Brunn—Minkowski theory. While curvature and area
measures can be viewed as differentials of the quermassintegrals, dual curvature and dual

area measures are viewed as differentials of the dual quermassintegrals.

3.1. Curvature and area measures

Let K be a convex body in K. For z¢ K, denote by d(K,z) the distance from z to K.
Define the metric projection map pr: R"\ K —0K so that px (2) €K is the unique point
satisfying

d(K,x) =z —px (z)|
Denote by vg: R™"\ K—S"~! the outer unit normal vector of 0K at px(x), defined by
d(K,x)vk(z) =2 —pk(z),

for xeR"\ K.
For ¢>0, and Borel sets wCS"~! and nCS" !, let

Ay (K,w)={zeR":0<d(K,z) <t and pk(x) Erx(w)},
Bi(K,n)={xeR":0<d(K,z) <t and vk (x) €n},
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which are the so-called local parallel bodies of K. There are the following Steiner-type

formulas:
1 n—1 n ]
V(A K,w))= - Z (i)t”_lci(K, w),
i=0
1% )
v =23 ()i
i=0

where C;(K,-) is a Borel measure on S"~ !, called the i-th curvature measure of K, and
S;(K,-) is a Borel measure on S"~ !, called the i-th area measure of K. For all this, see
Schneider [75, §4.2].

Note that the classical curvature measures are defined on the boundary 0K, and
are the image measures of the C;(K,-) under the radial map rx:S" 1 —=0dK. Since,
for K€K}, the radial map rx is bi-Lipschitz, one can define the curvature measures
equivalently on either the space 9K or the space S"~1.

The (n—1)-th area measure S,_1(K,-) is the usual surface area measure S(K,-)
which can be defined, for each Borel nCS™ 1, directly by

Sn—1(K,n) =H""zx (1)) (3.1)

The (n—1)-th curvature measure C,_1(K,-) on S"~! can be defined, for each Borel
wc S by

Cro1(K,w) =H""rgw)). (3.2)
From (3.1), (3.2), and the fact that aj =7 oz x, we see that the (n—1)-th curvature
measure C,,_1(K,-) on S"~! and the (n—1)-th area measure S, _1(K,-) on S"~! are
related by

Crn1 (K, @k (1)) = Sn—1 (K, n), (3:3)

for each Borel nCS™~!. See Schneider [75, Theorem 4.2.3].
The zeroth area measure Sy(K,-) is just spherical Lebesgue measure on S"~1; i.e.,

So(K,n) =H"""(n),

for Borel nCS™~!. The zeroth curvature measure Cy(K,-) on S"~! can be defined, for
Borel wC S™ !, by
Co(K,w) =H"" akg(w)); (3.4)

that is, Co(K,w) is the spherical Lebesgue measure of ax(w). The zeroth curvature
measure is also called the integral curvature of K. It was first defined by Aleksandrov.

Obviously, (3.4) can be written as

Co(K,w) :SQ(K,C!K(U})) (35)
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(see Schneider [75, Theorem 4.2.3]). If K €K7 happens to be strictly convex, then (3.5)
can be extended to

Ci(K,w)=8;(K,akg(w)), i=0,1,..,n—-1 (3.6)

(see Schneider [75, Theorem 4.2.5]).

3.2. Definition of dual curvature and dual area measures

We first define the dual notions of the metric projection map px and the distance function
d(K,-). Suppose K €K?. Define the radial projection map py:R"\ K—0IK by

Pr () = ok (v)r =K (T),
for e R™\ K. For €R", the radial distance d(K,z) of x to K, is defined by

(K, 2) :{ |lz—pK(z)], ifz¢K,
' 0, ifreK.
Let
1~)K(.T)=.f
For ¢>0, a Lebesgue measurable set wCS™ 1, and a Borel set nC.S" 1, define
A(K,n)={zcR":0
By(K,w)={zeR":0

d(K,z) <t and pr(z) €z ()}, (37)
d(K,z) <t and g (z) € w}, (3.8)

NN

to be the local dual parallel bodies. These local dual parallel bodies also have Steiner-type

formulas as shown in the following theorem.

THEOREM 3.1. Let K€K". For t>0, a Lebesgue measurable set wCS™ 1, and a
Borel set nCS™1,

n

v =3 (1) G, (3.9)

=0

~ n n .~

V(B,(K,w)) = "G (K, w), 3.10

Bt =3 (7)eS ) (3.10)
where C;(K,-) and S;(K,-) are Borel measures on S™' given by

~ 1 ,

C%(Kln)=—fj/ O (u) du, (3.11)

" Jeie(m)

Si(K,w) = 1 / ok (u) du. (3.12)

n
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Proof. Write (3.8) as
By(K,w)={zeR":0< |z| < ok (Z)+1t with Z € w}. (3.13)

Writing x=pu, with ¢>0 and ueS™!, we find that

_ oK (u)+t
V(B(K.w) = | ( [ e dg) du
UEwW 0

This gives (3.10) and (3.12).
In (3.7), the condition that px (x) €x i (), or equivalently rx (Z) €z (n), is by (2.16)
the same as Z€r" (2 (n))=a’ (n). Thus, (3.7) can be written as

Ay(K,n)={zeR":0< |z| < ox (Z)+t with Z€a’ (1) }. (3.14)

Since nCS™~! is a Borel set, aj(n) is a Lebesgue measurable subset of S"~1 by

Lemma 2.1. Therefore, a glance at (3.13) and (3.14) immediately gives
Ay(K, 1) = By(K, e (1))

Now (3.10) yields

and by defining

Ci(K,n) = Si(K, ek (n)) (3.15)
we get both (3.9) and (3.11).

Obviously, §i(K ,-) is a Borel measure. Note that since the integration in the integral
representation of §i(K, -) is with respect to spherical Lebesgue measure, the measure
§i(K ,+) will assume the same value on sets that differ by a set of spherical Lebesgue
measure Zero.

We now show that GZ(K ,+) is a Borel measure as well. For the empty set &,
Ci(K,2)=Si(K,a(2)) = 5;(K,2)=0.

Let {n;}52; be a sequence of pairwise disjoint Borel sets in S"~*. From Lemmas 2.1

and 2.4, together with the fact that wx has spherical Lebesgue measure 0, we know that
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{ak(nj)\wk}32; is a sequence of pairwise disjoint Lebesgue measurable sets. Using
(3.15), Lemma 2.3, the fact that wx has measure 0, the fact that the sets aj (n;)\wk

are pairwise disjoint, again the fact that wx has measure 0, and (3.15), we have

(K U] 177]) 1(K aK( j= 1771))
( 1aK (1))
1( ( =1 Ok (7)) \wxk)
Sl(K U] (@ ( WJ)\WK))
= 3052 K, aje (1) \wre)
Y521 SiK, ae(ny))
?0:161'(K777j)-

I
w

[

Il
wm

This shows that éz(K ,+) is a Borel measure. O

We call the measure E(K,) the i-th dual area measure of K and the measure
Ci(K,-) the i-th dual curvature measure of K. From (2.5), (3.11) and (3.12), we see
that the total measures of the ith dual area measure and the ith dual curvature measure
are the (n—i)-th dual quermassintegral W,,_;(K); i.e.,

Wn—i(K):gi(K’Snil)zéi(KaSnil)' (316)

The integral representations (3.11) and (3.12) show that the dual curvature and dual
area measures can be extended.

Definition 3.2. Let K €K7 and geR. Define the g-th dual area measure §q (K,-) by

gq(K,w) = l/ 0% (u) du

n

for each Lebesgue measurable wCS™~!, and the ¢-th dual curvature measure éq (K,-) by

- 1 1
(K m) = - / ol (u) du=+ / Lo () () () d (3.17)
aje(n) n Jsn-s

n
for each Borel nCS™~1,

The verification that each aq(K ,-) is a Borel measure is the same as for the cases
where g=1,...,n as can be seen by examining the proof of this fact in Theorem 3.1.
Obviously, the total measures of the ¢g-th dual curvature measure and the gth dual

area measure are the (n—g)-th dual quermassintegral; i.e.,

Wy g(K) =8,(K,S" 1) = C,(K,S"1). (3.18)
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It follows immediately from their definitions that the gth dual curvature measure of

K is the “image measure” of the qth dual area measure of K under ay; i.e.,
CQ(Kan):Sq(Kaa;((n))7 (319)

for each Borel nC S™ 1.

3.3. Dual curvature measures for special classes of convex bodies

LEMMA 3.3. Let K€K? and geR. For each function g: S"~1—R that is bounded

and Borel,
1

/ 9(v) dCy(K, v) = = / gl () o (u) ds (3.20)
Sn—1 n Sn—1

In the integral on the right in (3.20), the integration is with respect to spherical

Lebesgue measure (recall that ay is defined a.e. with respect to spherical Lebesgue
measure).

Proof. Let ¢ be a simple function on S”~! given by

-3,
i=1
with ¢; ER and Borel ; CS"~1. By using (3.17) and (2.21), we get

[ etwdCywa= [ et () (K.

:Z 5 (K 77i)

1 m

= / Z cilar (n,)(w) 0% (u) du
z:l

1 m

- L gl (5 (1)) e ()

1

f/ » u)) 0% (u) du.

Now that we have established (3.20) for simple functions, for a bounded Borel g, we choose
a sequence of simple functions ¢ that converge uniformly to g. Then ¢oa converges
to gea a.e. with respect to spherical Lebesgue measure. Since g is a Borel function on
S™~1 and the radial Gauss map ay is continuous on S"1\wg, the composite function
geay is a Borel function on S !\wg. Thus, g and goak are Lebesgue integrable on

S™~1 because g is bounded and wy has Lebesgue measure zero. Taking the limit k— o0

establishes (3.20). O
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LEMMA 3.4. Let KEK? and q€R. For each bounded Borel function g: S"~!—R,

| sk = [ gl an o). (3.21)
Sn-1 'K

n

Let f=gcag. Then, as shown in the proof of Lemma 3.3, f is bounded and Lebesgue
integrable on S"~!. Thus, the desired (3.21) follows immediately from (2.30) and (3.20).

LEMMA 3.5. Let K€K? and q€R. For each Borel set nCS™ 1,

~ 1
Gt =1 [ ()l av o) (322)
zevg(n)

n
Taking g=1,, in (3.21) immediately yields (3.22).

We conclude with three observations regarding the dual curvature measures.

(i) Let PEK? be a polytope with outer unit normals vy, ..., v,. Let A; be the cone
that consists of all of the rays emanating from the origin and passing through the facet of
P whose outer unit normal is v;. Then, recalling that we abbreviate a®({v;}) by ap(v;),

we have

o (v)=5""TNA,. (3.23)

If nc.S™~! is a Borel set such that {v1, ..., v, }N\n=0, then @} (n) has spherical Lebesgue
measure zero. Therefore, the dual curvature measure 6,1 (P,-) is discrete and concentrated
on {v1, ..., Uy, }. From the definition of dual curvature measures (3.17), and (3.23), we see
that

6;(I(P)7 ) :Zciéﬂiv (324)
i=1

where §,, denotes the delta measure concentrated at the point v; on S"~! and

ci= 7/ op(u)! du. (3.25)
N Jsn—1nA,

(i) Suppose that K€K is strictly convex. If g: "1 —R is continuous, then (3.21)
and (2.33) give

[ s aby o= [ s gtwicla)lapane o
st oK

n

— [ TR () dS (K o)
Sn—l

n

This shows that )
dCy(K,-)= ~hi|Vhie| " dS (K. ). (3.26)
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(iii) Suppose that K€K” has a C? boundary with everywhere positive curvature.
Since in this case S(K, -) is absolutely continuous with respect to spherical Lebesgue mea-
sure, it follows that éq(K ,+) is absolutely continuous with respect to spherical Lebesgue

measure, and from (3.26) and (1.3) we have

dC,(K,v)

dv = %hK(UNVhK(U”q*n det(hu(v)—&—h;((v)du), (327)

where (h;;) denotes the Hessian matrix of hyx with respect to an orthonormal frame

on S™ 1.

3.4. Properties of dual curvature measures

The weak convergence of the gth dual curvature measure is critical and is contained in
the following lemma.

LEMMA 3.6. Let geR. If K;eK" with K;—KoeK?, then Cy(K;,-)—Cy(Ko,-),
weakly.

Proof. Let g: S"~! =R be continuous. From (3.20) we know that

/ 9(v) dCy(K:,v) = = / glaere, (u) o () du,
S'n,fl Sn71

n

for all ¢. Since K;— Ky, with respect to the Hausdorff metric, we know that gx, =0k,

uniformly, and using Lemma 2.2 that ax, —a almost everywhere on S"~1. Thus,

l /S"ﬂ 9lox, (u))@[}(l (u) du— l

. o . ot )k, )

from which it follows that C, (K, -)—Cy (Ko, -), weakly. O

LEMMA 3.7. If KeK! and q€R, then the dual curvature measure éq(K,~) is ab-

solutely continuous with respect to the surface area measure S(K,-).

Proof. Let nCS™ ! be such that S(K,n)=0, or equivalently, H"~*(vx"(n))=0. In
this case, using (3.22), we conclude that
~ 1
Cokm=> [ el (o) dr @) =0,
" Jaevit ()

since we are integrating over a set of measure zero. O

The following lemma tells us that the nth dual curvature measure of a convex body
is the cone-volume measure of the body, while the zeroth dual curvature measure of the

convex body is essentially Aleksandrov’s integral curvature of the polar of the body.
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LEMMA 3.8. If KeK?, then

Co(K, ) =Vk, (3.28)

Co(K, ) = %CO(K’H ). (3.29)

Proof. Let nCS™~! be a Borel set. From (3.22), with ¢=n, and (1.6), we have

~ 1

Catii = [ ) 00 @) = Vi),
rEVE (N

which establishes (3.28).
From the definition of the zeroth dual curvature measure (3.11), with ¢=0, and
Lemma 2.5, followed by (3.4), we have

1 n— * 1 n— 1 *
ColIK.m) = H" e (n) = " ac- () = + Co(K", ),
which gives (3.29). O

From equations (2.13), (3.28), and (3.21), we see that, for each bounded Borel

function ¢g: S"~!—R, one has
/ g(vi(z)) dH" (z) = / g(v) dS(K,v). (3.30)
oK Ssn—1

The theory of valuations has witnessed explosive growth during the past two decades
(see, e.g., [4]-[7], [12], [37]-[39], [47]-[51], and [76]-[77]). Let M(S™1) denote the set of
Borel measures on S™~!. That the dual area measures are valuations whose codomain
is M(S™71) is easily seen. But it turns out that the dual curvature measures are valu-
ations (whose codomain is M(S™71)) as well. We now show that, for fixed index ¢, the
functional that associates the body K ek with Cy(K, )€ M(S"1) is a valuation.

LEMMA 3.9. For each real q, the dual curvature measure CN'q:ICg—>M(S"_1) 5 a
valuation; i.e., if K,LeK} are such that KULeK, then
Co(I,)+Cy(L,-)=Cy(KNL,)+Cy(KUL,").

Proof. Since for Q€K the function rg:S"~!—AdQ is a bijection, we have the fol-
lowing disjoint partition of S?"~1=Q,UQUQ K, where
Qo=rx (OKNOL)=7r; (OKNOL) ={uec S" ' : o (u) = or.(u)},
Q= r;(l((?KﬂintL) =7, (R"\K)NOL) ={ue S" *: ox(u) < or(u)},
Qr =r (OKN(R™\L))=7r; ' (int KNOL) = {u € S" " : o (u) > o1, (u)}.
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Since KUL is a convex body, for H" !-almost all u€€y we have

ok (u) = or(u) = oxnr(u) = orxur(u),

ag(u)=ar(u) =agnr(v) =agur(u);

For H™ !-almost all u€{; we have

ok (u)=ornr(w), or(u)=oxur(u),

OéKuL(U)é

Q

S

£
|

ak(u)=agnr(u),
For H™ !-almost all u€Qx we have

QK(U) = QKUL(U)7 oL (u) = QKﬁL(U)u

OéKmL(’U,).

e

h

£
|

ak(u)=agur(uw),

From this it follows that if g: S» ! =R is continuous, then

/ glaure (u) o (u) du = / gl () 0%y, (1) dus,
Qo

Qo

/ gl ()l () du = / glernn (4) %y () dus,
Qr

Qr

| staxtydwdn= [ gaxon)eo ) du,

19759
and

/ (e ()08 (u) duu = / glur (W) oy (u) du,
Qo Qo
/ g(aus (u)) g () du= / glaxcon (W) (u) du,
Qp Qr,
/ oo (u)) () du= / gl (1)) g (u) du.
QK Qx

Summing up both sides of the integrals above gives

/ gl () o (1) dut / g(aur (u) gl (u) du
Sﬂ,—l Sﬂ,—l

— [ slaxnn@)dnpw) dut [ glamun(w)eko, (o) du
S’n.—l Sn—l

357

Since this holds for each continuous g, we may appeal to (3.20) to obtain the desired

valuation property.

O
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4. Variational formulas for the dual quermassintegrals

When using the variational method to solve the Minkowski problem, one of the cru-
cial steps is to establish the variational formula for volume which gives an integral of a
continuous function on the unit sphere integrated with respect to the surface area mea-
sure. The variational formula is the key to transforming the Minkowski problem into
the Lagrange equation of an optimization problem. Since the variational method needs
to deal with convex bodies that are not necessarily smooth, finding variational formulas
of geometric invariants of convex bodies is difficult. In fact, for either quermassintegrals
or dual quermassintegrals, a variational formula was known for only one—namely, the
volume. This variational formula was established by Aleksandrov.

Let KeK" and let f: S"~!—R be continuous. For some >0, let h;: S"~t— (0, 00)
be defined, for v€S"~! and each te (-6, 4), by

hi(v) = b (v)+f(v)+o(t, v),

where o(t,-): S""! =R is continuous and o(t, -)/t—0, as t—0, uniformly on S™~1.
Let [h¢] be the Wulff shape determined by h;. Aleksandrov’s variational formula

states that
V() V()
t—0 t

_ / F(0) dS(K, v).
STL*I

The proof makes critical use of the Minkowski mixed-volume inequality. Such a varia-
tional formula is not known for the surface area or the other quermassintegrals.

In this section we shall take a completely different approach. Instead of considering
Wulff shapes, we consider convex hulls. We establish variational formulas for all dual
quermassintegrals. In particular, Aleksandrov’s variational principle will be established
without using the Minkowski mixed-volume inequality.

Let QCS™ ! be a closed set that is not contained in any closed hemisphere of
Sn=1. Let go: 2—(0,00) and g: 2—R be continuous. For some §>0, let g;: 22— (0, 00)
be defined, for ue€) and each te(—4,d), by

log o+ (u) =log 0o (u)+tg(u)+o(t, u), (4.1)

where o(t, - ): 2—R is continuous on Q and o(t, -)/t—0, as t—0, uniformly on . Recall
that the logarithmic family of convex hulls {o;) of (g9, 9), indexed by t€(—d,4d), is just
the family of convex bodies conv{g:(u)u:ue€Q}, indexed by t€(—4, ).

Since g — 0p uniformly on €, for the associated bodies we have

(01} —{00), ast—0, (4.2)
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in K. But (2.26) tells us that, for each veS™ ™1,
o,y (v) = max(u-v) oy (u) (4.3)

for each t€(—4, ).
The following lemma shows that the support functions of a logarithmic family of

convex hulls are differentiable with respect to the variational variable.

LEMMA 4.1. Let QCS™ ! be a closed set that is not contained in any closed hemi-
sphere of S"~ 1. Let po: 2—(0,00) and g: Q—R be continuous. If {o:) is a logarithmic
family of convex hulls of (00,9), then

10g R,y (0) =108 gy (V)

lin . = (a0 (1)), (1.4)

for all veS"’l\n(QO); i.e., for all reqgular normals v of (o). Hence (4.4) holds a.e. with

respect to spherical Lebesgue measure. Moreover, there exist do>0 and M >0 so that
[log h(gt)(v)—log h(go)(v)| < Mlt, (4.5)

for all veS™t and all te(—5o,do)-

Proof. Recall that g, is the set of measure zero off of which af@o) is single valued,
and by (2.17) the function aj, y:S" 7 \1y —S" " is defined by a?go):r(gi)ox(go) or

a?ao) (v)= {azgo) (v)}-
Let v€S™ '\ 1,y be fixed throughout the proof. From (4.3) we know that there
exist u; €€ such that

gy (0) = (ur-v)oi(ur),  while hpy (v) > (u-v)oi(u), (4.6)

for all ue€). Note that u;-v>0, for all ¢.
From (4.6) we have h,.y(v)=(ug-v) 0o(uo), and hence we know that

00(uo)uo € Heppy (v) ={z €R" 120 =Ry, (v)}-
But g0(ug)uo€{00), s0 00(uo)uo€d{0o), and hence ug €a,y(v)={ag,y(v)}. Thus
Up = o0y (). (4.7

We first show that

15% ug = ug, (4.8)
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where the u; come from (4.6); i.e., are such that h,,y(v)=(u¢-v)ot(us). To see this, we
consider any sequence t;—0 and show that the bounded sequence u, in the compact
set € converges to ug. It is sufficient to show that any convergent subsequence of u;,
converges to ug. Pick a convergent subsequence of u;, , which we also denote by u;, , such
that

U, — u' €.

Since g, — 0o uniformly on €,
higey (V) = (g, -v) 01, (ug, ) = (u"-v) 0o (u). (4.9)

The fact that g, — ¢ uniformly on Q implies that {g;,}— (0o} in £?, and hence that
Mo,y (V) = Tigey (v), Which with (4.9) shows that hy,.y (v)=(u"-v) eo(u’). It follows that

00(u')u' € Hipoy (v) ={z €R™ :z-v =Ny (v)}.

But go(u')u’€(00), so oo(u')u’' €d{0o), and hence v'eay, (v)={aj,,(v)}. But from
(4.7) we know that o0y (v)=wug, and thus «'=ug. This establishes (4.8).
From (2.1) we see that, for all ¢,

ooy (V) = (1t-0) 0¢g0) (ue)- (4.10)
Since {go)=conv{gp(u)u:ueQ}, we have

000y (1) = 00(us). (4.11)

From (4.6), (4.10), (4.11), and (4.1), we have

—~

log hy,,y (V) —log hy oy (v) = log o (ug) +log(us-v) —log hy,ny (v)
< log o

)
utilog o0y (ur) (4.12)

—~ o~

us) —log 0o ()

+o(t, uy).

<log o4

~

=tg(uy

Since (o) =conv{gs(u)u:ueQ}, it follows that o,y (u)>0:(u) for all ueQ. Using
the case t=0 in (4.6), followed by the fact that h,,y(v)>(uo-v)et(uo), and then again
(4.6) and (4.1), we get

log A,y (V) =1og b4y (v) =l0g hy .y (v) —log 00 (uo) —log(ug-v)
> log o+ (ug) —log 0o (uo) (4.13)
=tg(ug)+o(t,up).
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Let My=max,cq |g(u)|. Since o(t,-)/t—0, as t—0, uniformly on €2, we may choose
00>0 so that for all t€(—dp, ) we have |o(t,-)|<|t| on Q. From (4.12), (4.13), and the

definition of My, we immediately see that
[log hp,y (v) —log Iy (v)] < (Mo +1)[t]. (4.14)
Combining (4.12) and (4.13), we have
0 < loghaqg,y (v) —log hygyy (v) —tg(uo) —o(t, uo) <t(g(ur) —g(uo))+o(t, ur) —o(t, uo).

When ¢>0, this gives

olt, u log hyp,y (v) —log hyyey (V) o(t,u
(t0) BNy 08 ) _0) < ) - (o) + 251,
From (4.8) and the continuity of g, we can conclude that
log hyp,y (v) —log b,y (V)
li . 0 — . 4.15
Jim ; 9(uo) (4.15)
On the other hand, when ¢t<0, we have
o(t, u log hy,,y (v) —log hy,ey (V) o(t,u
(o) o, 28 Man ()08 M) 1) g —g o)+ 21
from which we can also conclude that
log h v)—logh v
lim 08 Men () 7l08 oy (0) _ (4.16)

t—0— t

Together with (4.7), we now obtain the desired result:

lim log h(Pt) (U) —log h(go) (U)
t—0 t

= 9(uo) = g(ayy (v))-

Now (4.14) holds for all v€S™ '\ 1,y i.e. almost everywhere on S"~! with respect
to spherical Lebesgue measure. Since the support functions in (4.14) are continuous on
Sn=1. it follows that (4.14) holds for all v€S™~!, which gives (4.5). O

LEMMA 4.2. Let QCS™ ! be a closed set that is not contained in any closed hemi-
sphere of S™" 1. Let 09:2—(0,00) and g: Q—R be continuous. If {o;) is a logarithmic
family of convex hulls of (0o,g), then, for geR,

h % (v)=h 4 (v
lim (Qt)( ) (Qo)( )
t—0 t

= —qhy 1y (0)9(07 ) (V) (4.17)
for all veS”‘l\r](gO). Moreover, there exist 6o>0 and M >0 such that
1P gry (V) =Ty (W) < ME], (4.18)

for all veS™t and all te(—5o,do)-
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Proof. Obviously,

—q 1 -q
i e O e ) 108 R (0) 108 gy ()
t—0 t {eo0) t—0 t

provided the limit on the right exists. Thus, Lemma 4.1 gives (4.17).
Since {go) is a convex body in K2 and (o) —(00) as t—0, there exist mg, m1 € (0, 00)
and ;>0 such that
0 <mg <hgp,y<mip on sn—t

for each t€(—d1,d1). From this it follows that there exists M;>1 so that

h*q

0< e - on st
h q
{eo)

It is easily seen that s—1>logs whenever s€(0,1), whereas s—1<M;jlogs whenever
s€[1, M;]. Thus,
|s—1| < Millogs| when se (0, M).

It follows that

Bl
(o)
—q

{00}

h_q
“_‘-’” 1‘ <My [log 22|,
h q

{00)

that is,

h _h*fJ)| < h(’g‘i)Mﬂlog hioy —log hgyy| <

M,
{o+) {20 fll} |10g h(Qt) _log h(@o) ‘

min{md, m
on S"~1 whenever t€(—d1,61). This and (4.5) give (4.18). O
The derivative of radial functions of Wulff shapes is contained in the following lemma.

LEMMA 4.3. Let QCS™ 1 be a closed set not contained in any closed hemisphere of
Sn=1. Let ho:Q2—(0,00) and f:Q—R be continuous. If [hs] is a logarithmic family of
Wulff shapes associated with (hg, f), where

log i (v) = log ho(v)+£f (1) +o(t, v)
for veQ, then for almost all u€S™ !, with respect to spherical Lebesque measure,

iy 08 Qlh] (u) —log opp) (u)
1m
t—0 t

= flagpe) (u))-



GEOMETRIC MEASURES AND MINKOWSKI PROBLEMS 363
Proof. Let g;=1/h;. Then
log 0¢(v) =log go(v) —tf (v) —o(t,v),

and from Lemma 4.1 we know that

lim log h(Qt) (1}) —log h(go) (U)
t—0 t

= — [(ayy () (4.19)

for almost all v€S™ 1, with respect to spherical Lebesgue measure. From Lemma 2.8 we

have
[hd] = (o) (4.20)

From (4.20) and (2.3) we have

log 0[] —108 0[ne) = —(l0g Ao,y —10g Ny )- (4.21)

But (4.20), when combined with Lemma 2.6, gives

oy = Uy = i) (4.22)

almost everywhere on S™ !, with respect to spherical Lebesgue measure.
When (4.19) is combined with (4.21) and (4.22), we obtain the desired result. [

The following theorem gives a variational formula for a dual quermassintegral in

terms of its associated dual curvature measure and polar convex hull.

THEOREM 4.4. Let QCS™ ! be a closed set not contained in any closed hemisphere
of 8"t and 0o: Q—(0,00) and g: Q—R be continuous. If {o:) is a logarithmic family
of convex hulls of (0o, 9), then, for q#0,

o Tal00)) = Vallen)") _
t—0 t

iy 108 Vo({2r)) —log Vo({20)") _
t—0 t

q /Q 9(u) dCy({e0) " ),

_win /Q g(u) déo((é’o)*a u),

or equivalently, for each q € R,

- /Q g(u) dCy(({e0) ", ).

d — X
—lo + =
g Vy({or) )t:O ATS

dt
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Proof. Abbreviate 1,y by 0. Recall that 7o is the set of spherical Lebesgue measure
zero that consists of the complement, in S 1, of the regular normal vectors of the convex

body {0o)=conv{gg(u)u:ueQ}. Recall also that the continuous function
X0 S\ pg — St

is well defined by ag, | (v)éaao) (v):{a?go) (v)} for all ve S™~1\n;.

Let v€ 5" \1o. To see that ag, \(v) CL, let

(o) (v) = max oo (w)u-v = 0o(uo)uo-v

for some ug€€). But this means that

00(uo)uo € Hyppy(v),

and hence 0o (ug)ug€d(0o) because in addition to gg(ug)ug obviously belonging to {oo),
it also belongs to Hy,(v). But v is a regular normal vector of (go), and therefore
azgo)(v):uoeﬁ. Thus, 1

A0y (5" \1o) C A (4.23)

But (4.23) and Lemma 2.5 now yield the fact that
a(go)*(S"_l\nO) c Q. (4.24)

As Q is closed, we can, by using the Tietze extension theorem, extend the continuous
function g: Q—R to a continuous function §: S"~!—R. Therefore, using (4.24) we see
that

90y (V) = (91a) (@(gpy* (V) (4.25)
for veS™ 1\ no.

Using (2.6), (2.9), (2.3), the fact that 79 has measure zero, (4.18), the dominated
convergence theorem, (4.17), Lemma 2.6, (2.3), (4.25), (3.20), and again (4.25), we have

nd nd q q
") — : 00,y (V)= 0( 4+ (V)
i Va2 ) =Vel{eo)) _ . 1 (01) EORS
t—0 t t=01 Jgn-1 t
gy (V) =h (V)
i £ ) e\ o
t=0n Jgn-1 t
—q —q
:l/ lim h((_’t)(v)ih(go) (U) dv
N Jgn—1y\p, t0 t
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~Tn /S"_l\no (g0 ()0 - (v) dv
T /S,H (910) (@(g0)* (1)) Q{yyy - (v) dv
:*Q/Wl(élg)(u) dC,({0o)",u)

=~ [ 90, ).

From (2.8), (2.9), (2.3), the fact that 9 has measure zero together with Lemma 4.1,
Lemma 2.6, (4.25), (3.20), and again (4.25), we have

o log VolGe ) ~log Vo({eo)) . 1 / log 0 (¢v) 108 04y (v) -
t—0 t t—0 Nwy, gn—1 t
T / 0g hpiy (v) —log hegyy (v)
t—=0 Nwy, Jgn-1 t
1 *
- Nwn, /Snl\n g a(QO) (U)) dv

- ni}n /5"—1 (910) (o go)~ (v)) dv
:Tln Sn,1<@19)<u>déo<<go>*au>
:_wi Qg(u)d&((go}*vu) =

The following theorem gives a variational formula for a dual quermassintegral in

terms of its associated dual curvature measure and Wulff shapes.

THEOREM 4.5. Let QCS™ ! be a closed set not contained in any closed hemisphere
of S"7. If ho:Q—(0,00) and f:Q—R are continuous, and [hs] is a logarithmic family
of Wulff shapes associated with (hg, f), then, for q#£0,

lim Va([l)) = Vq [hol) :q/ﬂf(v) déq([ho],v)a

t—0 t

and

i 108 Vo([he]) —log Vo ([ha]) _
t—0 t

1 ~
7/ f(v) dCO([h()],’U),
Whn, Q
or equivalently, for all geR,

- /Qf(v) dCy([hol, v).

d _
— lo ht ==
g Va([h]) o T

dt
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Proof. The logarithmic family of Wulff shapes [hy] is defined as the Wulff shape of
hi, where h; is given by
log hy =log ho+tf+o(t,-).
Let 9¢=1/hs. Then
log o: =log go—tf—ol(t,-).
Let {o;) be the logarithmic family of convex hulls associated with (gg, —f). But from
Lemma 2.8 we know that

[ht] = (Qt)*7
and the desired conclusions now follow from Theorem 4.4. O

The variational formulas above imply variational formulas for dual quermassintegrals
of convex hull perturbations of a convex body in terms of dual curvature measures.

Let KeK? and f:S" '—R be continuous. We shall write [K, f,?] for the Wulff
shape [h¢] where hy: S""1 =R is given by

log hy =log hi +tf+o(t,-).

If KeK? and g: S"' =R is continuous, we shall write (K, g,t) for the convex hull (o),
where g;: S ! =R is given by

log 0: =log o +tg+o(t,-).
COROLLARY 4.6. Let K€K? and g: S""1 =R be continuous. Then, for q#0,

t—0 t

=—q /Sni1 g(v) dCy (K, v)

and _ _
1 K* =1 K 1 ~
lim 0g VO(( 7gvt) ) Og%( ) __ g(v) dCo(K, ’U),

t—0 t Wnp Jgn—-1

or equivalently, for all ¢€R,

1 -
b /SH 9(v) dC, (K, v).

d = x
! t=0  Vg(K)

dt

Proof. In Theorem 4.4, let g9=1/hx=px~. Then {(0;)" =(K*, g,t)", and in particu-
lar, from (2.25) we have {go) =(ox~) =K**=K. O

The variational formulas for convex hulls above imply variational formulas for Wulff

shapes.
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COROLLARY 4.7. Let K€K? and f:S" '—R be continuous. Then, for q7#0,

o VallE £, 8]) V3 ()
t—0 t

~a [ FCy(K.0)

and

1o Tog Vo[, f. ) —log Vo (K) _ 1. / F(v) dCo (K, v),
§n-1

t—0 t Wn,

or equivalently, for all ¢€R,

1 ~
im0 Vo(K) /s F(©) dCy(K,v).

L 108 V(1K £,1)

Proof. The logarithmic family of Wulff shapes [K, f,0,t] is defined by the Wulff
shape [h¢], where
log hy =log hi +tf+o(t,-).

This, and the fact that 1/hx=0k~, allows us to define
log Q: = log OK* —tf—O(t, ')a

and g will generate a logarithmic family of convex hulls (K*, —f, —o,t). Since g =1/hs,
Lemma 2.8 gives
[K7 f70at] :<K*7 _fa _07t)*'

The lemma now follows directly from Corollary 4.6. O

The following gives variational formulas for dual quermassintegrals of Minkowski

combinations.

COROLLARY 4.8. Let KeK? and L be a compact convex set in R™. Then, for q#0,

. Vi (K+tL)—V,(K) / hr(v) ~
1 d g = dC,(K
0 t ¢ gn—1 hx(v) Co(H, ),
and _ _
i logVO(K—ﬁ—tL)—logVO(K):i/ hr(v) déo(K,v),
t—0+ t wn Jgn-1 hr(v)

or equivalently, for all g€R,

d._
T log V(K +1L)

- 1 hL(U) =~ v
ot Vy(K) /s ) ACq (K, v).



368 Y. HUANG, E. LUTWAK, D. YANG AND G. ZHANG

Proof. From (2.4), we have
hK+tL =hg+thy. (426)

From (4.26), it follows immediately that, for sufficiently small ¢>0,
hr
log hgyir =log hx thhf +o(t, ).
K

Since K and L are convex, the Wulff shape [hxi:r]=K-+tL. The desired result now
follows directly from Corollary 4.7. O

The following variational formula of Aleksandrov for the volume of a convex body is
a critical ingredient in the solution of the classical Minkowski problem. The proof given
by Aleksandrov depends on the Minkowski mixed-volume inequality, see Schneider [75,
Lemma 7.5.3]. The proof presented below is different and does not depend on inequalities

for mixed volumes.

COROLLARY 4.9. Let QCS™ ! be a closed set not contained in any closed hemisphere
of S"71. Let hy:Q—(0,00) and f:Q—R be continuous, and let 6o>0. If for each
te(—dp,00) the function hy:Q2—(0,00) is defined by

hy = ho+tf+olt,-), (4.27)

where o(t,-) is continuous in Q and lim;—o o(t,-)/t=0 uniformly in Q, and [h] is the
Wulff shape of hy, then
Q

t—0 t
Proof. From (4.27), it follows immediately that, for sufficiently small ¢,

log hi(v) =log ho(v) +tm +o(t,v).

Since IN/n:V, the case g=n in Theorem 4.5 gives

o VU=V () [ S(0)

50 ¢ ) () ACn Il 0)-

But from (3.28) we know that, on S"71,
~ 1 1
dC([hol. -) = dVing) = —hing) dS([hol, ) = —ho dS([ha]. -)-

The last of these equalities follows from the well-known fact that the set of points on
where Ay, #ho has S([ho], - )-measure zero (see statement (7.100) in Schneider [75]). [
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5. Minkowski problems associated with quermassintegrals

and dual quermassintegrals

Roughly speaking, Minkowski problems are characterization problems of the differentials
of geometric functionals of convex bodies. Two families of fundamental geometric func-
tionals of convex bodies are quermassintegrals and dual quermassintegrals. Minkowski
problems associated with quermassintegrals have a long history and have attracted much
attention from convex geometry, differential geometry, and partial differential equations.
We first mention these Minkowski problems, and then pose a Minkowski problem for
dual quermassintegrals, that we call the dual Minkowski problem.

Area measures come from variations of quermassintegrals and can be viewed as differ-
entials of quermassintegrals. The Minkowski problem associated with quermassintegrals

is the following.

The Minkowski problem for area measures. Given a finite Borel measure p on the
unit sphere S"~1 and an integer 1<i<n—1, what are necessary and sufficient conditions

for the existence of a convex body K in R™ satisfying

The case of i=n—1 is the classical Minkowski problem. The case of i=1 is the

classical Christoffel problem.

As is established in previous sections, dual curvature measures come from varia-
tions of dual quermassintegrals and can be viewed as differentials of dual quermassinte-
grals. Thus, the Minkowski problem associated with dual quermassintegrals is dual to
the Minkowski problem for area measures which is associated with quermassintegrals.

Therefore, it is natural to pose the following dual Minkowski problem.

The Minkowski problem for dual curvature measures. Given a finite Borel mea-
sure p on the unit sphere S"~' and a real number q, what are necessary and sufficient

conditions for the existence of a convex body K€K satisfying

Now, (3.28) reminds us that the nth dual curvature measure C,(K,-) is the cone-
volume measure V. So, the case g=n of the dual Minkowski problem is the logarithmic

Minkowski problem for cone-volume measure. Also (3.29) reminds us that the zeroth
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dual curvature measure CN'O(K ,-) is Aleksandrov’s integral curvature of K* (with the
constant factor 1/n). Thus, the case ¢g=0 of the dual Minkowski problem is the Aleksan-
drov problem. The logarithmic Minkowski problem and the Aleksandrov problem were
thought to be two entirely different problems. It is amazing that they are now seen to
be special cases of the dual Minkowski problem.

We will use the variational method to obtain a solution to the dual Minkowski prob-
lem for the symmetric case. The first crucial step is to associate the dual Minkowski
problem with a maximization problem. By using the variational formulas for dual quer-
massintegrals, we can transform the existence problem for the Minkowski problem for
dual curvature measures into a maximization problem.

Let u be a finite Borel measure on S"~! and let K €K”. Define

B,,(K) = log e (v) da(v) +log Vy (K). (5.1)

il Jgn—
Recall that V,(K) is the normalized (n—q)-th dual quermassintegral of K. Since V is
homogeneous of degree 1, it follows that ®, is homogeneous of degree 0; i.e., for Q€K7

and A>0,
2, (AQ) = 2u(Q). (5.2)

The following lemma shows that a solution to the dual Minkowski problem for the

measure p is also a solution to a maximization problem for the functional ®,,.
LEMMA 5.1. Let g€R and p be a finite even Borel measure on S™~% with |u|>0.
When q=0, we further require that |p|=wy. If K€K with XZI(K):M is such that

sup{®,(Q) : Vy(Q) = |u| and Q € KI'} =@, (K),

then

Cq(K> ) = H.
Proof. On CF(S8™71), the class of strictly positive continuous even functions on

Sn=1 ] define the functional ®: C;/(S"~1)—R by letting, for each feC(S"1),

o(f) log f du+log V,({f)"). (5.3)

1
ul Jgn—

Note that since f is even, it follows that ( f)=conv{f(u)u:ueS"~1}€K. We first observe
that ® is homogeneous of degree 0, in that for all A\>0 and all feCS (S 1),

D(Af) =2(f)
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To see this, first recall the fact that, from its definition, V is obviously homogeneous of
degree 1, while clearly (Af)=A(f) and thus (Af)"=A"1(f)".

To see that ®:C(S""1)—R is continuous, recall that if fo, f1,...€CS(S"~1) are
such that limg oo fx=fo, uniformly on S"~! then (f)—{fo), and thus {fr)" —{fo)"
Since V,: K — (0, 00) is continuous, the continuity of ® follows.

Consider the maximization problem

sup{®(f): f € CL(S" 1)} (5-4)

For the convex hull {f)=conv{f(u)u:ueS" 1}, of feCH(S" 1), we clearly have
o(py=f and also (o(py)=(f), from (2.25), and thus {(o(sy)" =(f)". Thus, directly from
(5.3), we see that

D(f) < Pogpy)-

This tells us that in searching for the supremum in (5.4) we can restrict our attention to

the radial functions of bodies in K7; i.e.,

sup{®(f): f€ CZ(S"71)} =sup{®(eq): Q €KY}

Therefore, a convex body KoeK? satisfies

P, (Ko) =sup{®,(Q): Qe KT}

if and only if
®(ory) =sup{®(f): fe CI(S" 1)}

From (5.2) we see that we can always restrict our search to bodies Q€K? for which
IN/q(Q):M, when ¢#0. When ¢=0, note that \70(@):|u| requires that |u|=w,, since

IN/O(Q):wn for all bodies ). Thus, we can restrict our attention to bodies such that

Vo(Q)=]pl.

Suppose that Ko €KY is a maximizer for ®,, or equivalently that o is a maximizer
for @; i.e.,

P, (Ko) =sup{®,(Q) : Vo(Q) = |u| and Q € KT}
Fix an arbitrary continuous even function g: S"~! —R. For §>0 and t€(—4,d), define g,
by
0t = QKS etg’
or equivalently by
log 0; =log ox; +tg. (5.5)
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Let (o)=(K{,g,t) be the logarithmic family of convex hulls associated with (K, g).
Since {00) ={0ok;) =K, Corollary 4.6 gives

_ 1 /SM g(v) dCy(Ko, v). (5.6)

d = *
o =0 Vg(Ko)

dt

From the fact that go=px; is a maximizer for ® and definition (5.3), we have

d d (1 = .
0=—®(p :(/ log 0¢(v) du(v)+log V,({ K, g, t )
dt ( t) —0 dt |‘LL| gn-1 t( ) ( ) q(( 0 ) ) —o
This, together with (5.5) and (5.6), shows that
1 1 ~
— g(v)du(v)—= / g(v)dCy(Kop,v)=0. 5.7
il fo @ 80— [ 00 dC o) (57)

Since %(KO):|M|, and since (5.7) must hold for all continuous even g: S" ! —R, we
conclude that uzéq(Ko, 2. O

Since this paper aims at a solution to the dual Minkowski problem for origin-
symmetric convex bodies, Lemma 5.1 is stated and proved only for even measures and
origin-symmetric convex bodies. However, a similar result holds for general measures and
convex bodies that contain the origin in their interiors. The above proof works, mutatis
mutandis. However, note that the maximization problem in Lemma 5.1 may not have
a solution for a general measure and convex bodies that are not origin-symmetric. For
example, this can occur when the measure is discrete and the origin approaches one of

the vertices of the polytope, since the supremum then becomes arbitrarily large.

6. Solving the maximization problem

associated with the dual Minkowski problem

In the previous section, by using a variational argument, we showed that the existence
of a solution to a certain maximization problem would imply the existence of a solution
to the dual Minkowski problem. In this section we show that the maximization problem
does indeed have a solution. The key is to prove compactness and non-degeneracy,
that is, the convergence of a maximizing sequence of convex bodies to a convex body
(a compact convex set with non-empty interior). This requires delicate estimates of
dual quermassintegrals of polytopes and entropy-type integrals with respect to the given
measure in the dual Minkowski problem.

Throughout this section, for real p>0, we shall use p’ to denote the Holder conjugate
of p. Also, the expression ¢;=c(n, k, N) will be used to mean that ¢; is a “constant”

depending on only the values of n, k, and N.
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6.1. Dual quermassintegrals of cross polytopes

Let eq, ..., e, be orthogonal unit vectors and as, ..., a, €(0,00). The convex body
P={zeR":|x-¢;| <a; for all i}

is a rectangular parallelotope centered at the origin. The parallelotope P is the Minkowski
sum of the line segments whose support functions are x+a;|z-e;|, and hence the support

function of P is given by
n
hp(z) = Z ailz-€il,
i=1

for zeR™. The polar body P* is a cross polytope. From (2.3) we know that the radial
function of P* is given by

for x€R™\{0}. From (2.6) we know that for the (n—q)-th dual quermassintegral of the

cross polytope P* we have

~ 1 n —q
Wy g(P*) = - /S (Z ai|u-ei|) du. (6.1)
n—1 =1

From (2.6) we see that, when g=n, (6.1) becomes the (well-known) volume of a

cross-polytope:
27’7,

n!

/S (iaw-eily du= (ni)! (ay...an)" " (6.3)

When some of the a; are small, the dual quermassintegral VNVn_q(P*) becomes large.

V(P*) (ay...an)™?, (6.2)

and thus

The following lemma gives a critical estimate for the size of the dual quermassintegral.

LEMMA 6.1. Let g€(0,n] and let k be an integer such that 1<k<n. Let ey, ..., e, be
an orthonormal basis in R™, and let £9>0. If aq, ..., a, €(0,00) with ags1, .., an €(€g, 00),
then

1 " 4 1
glog/sni1 (Zai|u'ei|> dugfﬁlog(al . ag)+co, (6.4)

i=1

where
n, when q=n,
N=¢ oo, when0<qg<1,
0, when 1< qg<n,
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where 6 can be chosen to be any real number such that

q—1 1
<s< =
(n—1)q n
and co>0 is
c(k,n,e0), when g=n,
co=14 c(q,k,n,e0), when 0 < g <1,

C(q?kana€07N)7 when 1<q<n

Proof. When g=n, inequality (6.4) follows directly from (6.3).
Now consider the case where 0<g<n. Write R"=R¥ xR"~* with {ej,...,ex} CR"

and {ex11,...,e, } CR"*. Consider the general spherical coordinates
u=(ug cos @, uj sin ),

with up € S¥"1CR*, u; € S"*~1CR"*, and ngg%w.

For spherical Lebesgue measures on S™"~! and its subspheres we have (see [30])
du = (cos p)* 1 (sin )" * 1 dy duy du, . (6.5)

Let .
h1<ul): Z ai\ul-ei| and hQ(UQ):Zai|U2'€i|
i=k+1 i=1

be the support functions of the corresponding rectangular parallelotopes in R”* and R¥.
Throughout N will be chosen so that N>n. Let p=N/k>1. From (6.5) and Young’s
inequality, we have

n —q —q
/ (Za”u.ei) du:/ (hg(ﬂg) cos<p+h1(u1)sin<p> du
Sn—l S’n—l

i=1

/2 ,
</(/ / (9 (ur) sin ) =97 (phsy(uz) cos ) /7
O S'n,—k,—l Sk—l

)"k (cos )1 dip duy dug

X (sin ¢
=C2 / hl (U1)7q/pl du1 / hg (’Ug)iq/p dUQ, (66)
Sn—k—1 Sk—1

where

, w/2 ,
a= (7)1 [ sing) R fcos )1
0

1 /1/17/ 1/p\—q 1 q 1 q
=- Bl{z(n—-k—=),=k—=] ).
2(p P 2 " p )72 p
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The integral above lies in (0, 00) provided that both
k=450 and n—kj—g,>07 (6.7)
p p
which, since N=pk, can be written as

1 1 1 1 n 1
—<- —>—(1-=)+=. .
N<q and N>k( )+q (6.8)

From 1<k<n and 0<g<n, we know that

1>1 d 1(1 n)+1< 1 (1 n>+1 1
->— and —|l-——|+-<—|1—|+—"="—"F—.
q n k q) q n-—1 q) q (n=1)¢

Thus, the inequalities in (6.8), and hence the inequalities in (6.7), will be satisfied when-

ever N can be chosen so that ) ) )

— < =< 6.9
(n=1)¢ N n (6.9)
Since we are dealing with the case where 0<g<n, such a choice of N is always possible.
Note that all of this continues to hold in the cases where N=oo=p and where p=1,
mutatis mutandis.

Consider first the subcase where 1<g<n. Jensen’s inequality, together with the left

inequality in (6.7), and (6.3) in R¥, gives

1 / p/q 1 i l/k 1/k
— h P < — h —d = ceag) E
(k(.dk /Sk—l Z(UZ) UQ> (kOJk /Sk—l 2(“2) UQ> C3(a1 ak) (6 10)

Jensen’s inequality, together with the right inequality in (6.7), and (6.3) in R*~*, when
combined with the fact that ax41, ..., a,>¢€g, gives

PR ) 1/(n—F)
h —q/p d < h —nd
(/Sn_k_l () ”1> “ (/Sn_k_l () “1> (6.11)

1/(k—
= c5(apgr ... an)/ T Lo,

where cs, ..., cg are ¢(q, k,n, N, eg) constants.
Since p>1, we know that p’ is positive. Using (6.6), (6.11), and (6.10), we get

n —q
log/ <Zailu.ei|) duglogcﬁ—z% log c6+1% log C3+1og(kwk)—pik log(ax ... a).
A

Since N =pk, this gives (6.4) for the case where 1<g<n.
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Finally, we treat the subcase where 0<g<1. In this case, the Holder conjugate ¢’ <0,
and to satisfy (6.9) we may take N to be arbitrary large. Taking the limit p—oo (and
hence p’—1) turns (6.6) into

n —q
/ (Zai|u~ei|> duécé/ hi(uq)™? dul/ dus, (6.12)
Sn—1 i—1 Sn—k—1 Sk—1

1 n—k—q k
/
:7B —
Ca 2 ( 2 72>a

which is positive and depends only on ¢, k, and n. In this subcase, inequalities (6.11)

1/q . 1/(n—Fk)
h 14 < h d
</Snk‘1 1(U1) UI> C4 </Snkl 1(U1) U1) (6.13)

E_
= cl(apyr .. an) M < .

where

become

Thus, using (6.12) and (6.13), gives

n

1 4 1 1
~lo / < aiu~ei) du < = log ¢, +log cf, + = log(kwy,),
ngM;I | - log ch+log ci+— log(kuwy)

which gives (6.4) in the subcase where 0<g<1. O

6.2. An elementary entropy-type inequality

As a technical tool, the following elementary entropy-type inequality is needed.

LEMMA 6.2. Let N€(0,00) and aq,...,a,€(0,00) be such that
i—1 )
ait...ta, < I_T forall i>1, and oai+...4a,=1. (6.14)

Then there exists a small t>0 such that

n
1+¢ 1+¢
;ailogaig;log(al...an)—i—(l—n(; )) log a,,

for all aq,...,a,€(0,00) with a1<a2<...<ay,.

Note that t=t(aq, ..., @y, N) is independent of all of the aq, ..., a, €(0, 00).
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Proof. Let t>0 be sufficiently small such that, for all 1<i<n,

1
ai+...+an<1—ZT(1+t):1—(i—1))\, (6.15)

where A=(1+t¢)/N. Let
Gi=a;—\, fori<n, and G,=a,+(n—-1)A-1

Let also
Si=0i+...4+0n, fori=1,...)n, and s,41=0.

Then, not only is s,41=0, but also
s1=P1+...+0h=a1+..4a,—(n—D)A+(n—1)A—-1=0,
while, for 1<i<n,
s$i=Fi+...+ln=ait..+an—(n—i+ 1) +nrA—-1=a;+...+a,+(i—-1)A—-1<0,

by (6.15). Now,

n

Z Biloga; = Z(Si —siy1) loga;
=1

i=1
n n
= Z s; loga; —Z Si+1loga;
i=1 i=1
n—1 n—1

= Z sit1logaiy1+s1logar — Z Sit11og a;—sp41 logan
i=1 i=1
n—1

= Z siy1(loga;11—logay)

i=1

<0,

since the a; are monotone non-decreasing. Therefore,

n

Z a;loga; = Z(ﬁi+)\) log a;+(1—n))loga,
i=1

i=1
= Z Biloga;+Alog(a; ... an)+(1—nA)loga,
i=1

1+¢ n(l4+t
<Nlog(a1...an)+<l— (N ))logan. O
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6.3. Estimation of an entropy-type integral with respect to a measure

We first define a partition of the unit sphere. Then we use the partition to estimate an
entropy-type integral by the entropy-type finite sum treated in §6.2.

Let eq,...,e, be a fixed orthonormal basis for R™. Relative to this basis, for each
i=1,...,n, define S"~=S""1Nspan{e;, ..., e, }. For convenience, define S~1=2.

For small 6€(0,1//n ), define a partition of S"~!, with respect to the orthonormal

basis e, ..., e,, by letting
Qis={ueS" ' :i|u-e] >4, and |u-ej| <0 for j<i}, i=1,2,..,n. (6.16)
Explicitly,

D s={ueS" :|u-e| =6},
Qos={ueS" :luer]| <4, |u-es] >0},

Q3 s5={ue gL, |u-er| <6, |u-ea| <0, |u-es| =0},

Qus={ucS " ilu-er| <6, ..., |[u-en_1| <6, |u-en| =6}

These sets are non-empty since e;€€; 5. They are obviously disjoint. For §€(0,1/v/n)
and each u€S™~ !, there is an e; such that |u-e;|>§ and for the smallest such i, say i,
we will have u€;, 5. Thus, the union of Q; 5 covers S"~1.

If we let

i ={ueS" :|u-e;| =6, and |u-e;| =0 for j <i},
Zé ={ueS" ! :|u-e;| >0, and |u-ej| < for j <i},
then
Q;’é CQZ"(; CQZ& (617)

As § decreases to 0, the set Q] ; increases (with respect to set inclusion) to §*~*\§"~*~1,

while Q5 decreases to §"*\ S~
Suppose now that y is a finite Borel measure on S”~!. From the definitions of Q; s

and €2} 5, we conclude that

lim (9 5) = p(S"~\S" )

6—0t

and also

lim pu(Q5) = p(S™~\S" ).

§—0t
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This, together with (6.17), gives

lim ju(Q:5) = p(S™\ "), (6.18)

6—0+
It follows that, for each integer 1<k<n,
: . — 1 . _ n—i n—i—1y _ n—Fk
ggﬂLym)gﬂzymm S uEAT T =, (619)
where S"F=S""INspan{ey, ..., e, }.
LEMMA 6.3. Let p be a finite Borel measure on S™~!. Let ay, ..., an; be n sequences

in (0,00) indexed by 1=1,2,.... Similarly, let eyy,...,en be a sequence of orthonormal

bases in R™, which converges to the orthonormal basis ey, ...,e,. For each i=1,...,n, and

small §€(0,1/y/n), let
Qis={ueS" " :i|u-e)| =9, and |u-ej| <3 for j<i}.

Then, for each small >0, there exists an integer L such that, for all I>L,

1 / S Juceq) 5 = ()
— log dp(u) >log - — ~~ log a;.
il Jgn-a ; @il 2 ; 1

Proof. Since ey, ..., ey converge to ey, ..., e,, for the given §>0, there exists an L
such that, for all [>L,
|eil—ei\ < %5,
for all . Then, for [>L and u€$); s,

lu-ei| = u-e;|—|u-(eq—e;)| = |u-e;|—|eq—e;| = %(5 (6.20)

for all i. Therefore, for I>L, by using the partition S"~'=J , Q; s, together with
(6.20), we have

" |u-ej - — Ju-eji
/ mZL%MMszl%ZLQWW
sh=r o =1 =
>3 [ ot )
=175

a;l
:Z/ 10g|U'€il|dM*Zﬂ(Qi,6)10gau
i=17%.s i=1
5 n
2/1(5”71)10%§—ZM(Qi,5)IOgau~ O

=1



380 Y. HUANG, E. LUTWAK, D. YANG AND G. ZHANG

6.4. The subspace mass inequality and non-degeneracy

Let 4 be a non-zero finite Borel measure on S"~!. Fix an ordered orthonormal basis
B={e1,...,en} in R™. Let &,_;+1=span(e;,...,e,) be the subspace spanned by e;, ..., e,.
Let ge[l,n]. We will say that u satisfies the g-th subspace mass inequality with
respect to the basis 3 if
M <1— _ (6.21)
|l (n—1)¢'
for all positive i<n. We will say that u satisfies the g-th subspace mass inequality if it
does so with respect to every orthonormal basis.
For ¢g€(0, 1), we will say that u satisfies the g-th subspace mass inequality with respect
to the basis 3 if
p(S" ' NEn—1)
|l
and if this is the case for every orthonormal basis, we shall say that u satisfies the g-th

<1, (6.22)

subspace mass inequality.
When g=1, obviously ¢'=00, and thus the measure y satisfies the gth subspace mass
inequality (6.21) if
SN —i)
|l
for all positive i<n and each basis 5. Here, obviously the case for =1 implies all the

<1

cases for i<n. Observe that this is equivalent to the definition for g€ (0, 1).
When g=n, the subspace mass inequality (6.21) is also called the strict subspace

concentration condition, see [14],

u(S"1NE) _ dim(6)
| n

for each subspace &.

The following lemma will be used to show that the limit of a maximizing sequence,
for the maximization problem associated with the dual Minkowski problem, will not be
a degenerate compact convex set provided that the given measure satisfies the subspace

mass inequality.

LEMMA 6.4. Let u be a non-zero finite Borel measure on S™~ 1 and q€(0,n]. Let

aiy, ..., an be n sequences in (0,00) for which there exist £9>0 and My such that
ay<ay < ... <a <My for all I,
and, for some integer 1<k<n,

aig, ..., —0 asl—o00, and apyig,...,an1>€o for alll.
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Let eqy, ..., en be a sequence of orthonormal bases in R™ that converges to an orthonor-
mal basis ey, ...,en. If p satisfies the q-th subspace mass inequality, with respect to the

orthonormal basis ey, ..., e,, then

| ezl| - !
Iul/sm Z log ;amu.em du——oco,  (6.23)

i=1
as |—oo.

Proof. First consider the case ¢€[1,n].

When ¢g€[1,n), we use the fact that p satisfies the gth subspace mass inequality, with
respect to the orthonormal basis ey, ..., e,, to deduce the existence of an N & (n, (n—1)q¢’)
such that, for all i>1,

n-l n—i i—1 —1
:LL(S mg +1)<177’ gl* L -,
[l N (n—1)q
where &,_;+1=span{e;, ..., e, }. When g=n, take N=n and note that (6.24) still holds.
For a small 6>0, and each i=1, ..., n, let ©; s be the partition defined in (6.16), with

respect to the orthonormal basis e, ..., e,, and let

H(Qi,é)
|l

(6.24)

oy = O (5) =
for each 4. From (6.19), we see that, as §—07,

p(S" ' NEnit1)

o+ oy, —
|l

for each 4. This and (6.24) tell us that we can choose >0 sufficiently small so that

+ota, <1 i1
o+ ... +an -
N

for each i>1. Note that the a; satisfy the conditions of (6.14) in Lemma 6.2.
The fact that a;=p(€;,5)/|u|, combined with Lemma 6.3, followed by the fact that
Q41,1 ---, Gnl >€0, together with Lemma 6.1, the given monotonicity ai;<ag<...<an,

and lastly Lemma 6.2, yields the existence of a ¢t>0 such that

|u ezl\ 1 - 4 i
| | g og ) E air|u-eq| u
1% Sn—1 im1

Sn 1

< Y a; log a;; —log é— —log(aq; ... arr)+co (6.25)
o 2 N
1+¢ 1+t 6 1

< % log(ayy ... an;)+ (1— n(]\;i— )> log a,,; —log 3TN log(ay; ... agr)+co.
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Since the ag41,, ..., @n, are bounded, for all [, from below by £y and from above by My,
the last expression in (6.25) is bounded from above by (t/N)log(ay; ... ax:) plus a quantity
independent of [. But, since by hypothesis ay;,...,ax;—0 as [— o0, obviously as [—o0
the last quantity in (6.25) tends to —oo. This establishes the desired result for the case
where g€[1,n].

Now suppose g€ (0,1). For small >0, and each i=1,...,n, let Q; 5 be the partition

defined in (6.16), with respect to the orthonormal basis e, ..., e, and let

(L 5)
|1l

for each 4, but choose 6>0 so that a3 =a1(4)>0. Since ay3+...+a, =1, we have

a;=a;(6) =

)

a1 >0 and ag+...t+a, <l

From Lemmas 6.3 and 6.1 we have, for sufficiently large [,
1 " |u-eq) 1 / < " )q
log dp(u)+ - log aqr|u-e; du
; » fi(u) Rl ; tlu-eill

| Jgn—
- )
< Zl «; log a;;—log §+co,
1=

where ¢q is a constant independent of the sequences ayy, ..., an;.
Since a7 is positive and ay;— 0% as [— o0, we have o loga;;——oo. This and the

assumption that ayj, ..., a,; are bounded from above, allows us to conclude that, as {— oo,

n
Z a;loga;; — —o0.
i=1

This establishes the desired result for the case where g€ (0,1). O

6.5. Existence of a solution to the maximization problem

The following lemma establishes the existence of solutions to the maximization problem

associated with the dual Minkowski problem.
LEMMA 6.5. Let q€(0,n], and let u be a non-zero finite Borel measure on S™~ 1.
Suppose that the functional ®: K7 —R is defined for Qe by
1
|kl Jgn

If p satisfies the q-th subspace mass inequality, then there exists a K€K so that

Q) log 0q() du(u)+ ~1og [ hou) 7.

n—1

sup (Q) =B (K).
QeKn?
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Proof. Let ); be a maximizing sequence of origin-symmetric convex bodies; i.e.
Q€K such that

lim &(Q)) = sup Q).
l—o0 Qekn

Since ®(AQ)=®(Q) for A>0, we may assume that the diameter of each @; is 1. By
the Blaschke selection theorem, @; has a convergent subsequence, denoted again by @y,
whose limit we call K. Note that K must be an origin-symmetric compact convex set.
We will prove that K is not degenerate; i.e., K has non-empty interior.

Let E; €K be the John ellipsoid associated with @, that is, the ellipsoid of maximal

volume contained in @;. Then, as is well known (see Schueider [75, p. 588]),
E, CQ,C+/nkE;.
Observe that for each ellipsoid Ej, there is a right parallelotope P; so that
P, CE,C+/nP,.

This is easily seen when Ej is a ball. The general case is established as follows: transform
FE; into a ball using an affine transformation whose eigenvectors are along the principal
axes of F; and whose eigenvalues are chosen so that Ej is transformed into a ball.
Therefore,
P CcQ Cnh. (6.26)

But this means that
QQ[ < Q’RP[ :ntQPl a‘nd hPl < th N (6'27)

The support function of the right parallelotope P; can be written, for ue S"~!, as

n
hp(u) =) aalu-eql, (6.28)
i=1
where the orthonormal basis ey, ....e,; is ordered so that 0<ay;<...<an;. The radial

function of P, for u€S™"~1, is given by

op,(u) = min i
! 1<i<n |u-ey]

Thus,
1 - |u-eil\ -1
or(w)< (=Y —=] . (6.29)

n a;
=1 U
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Therefore, from the definition of ®, (6.27), (6.29), and (6.28), we have

(Qi) < O(P)+logn (6.30)

1 g u.eil|)_1 1 B e
<— 10g< —_— d,u(u)—kflog/ aj|u-eq du+2logn.
ul Jgn—1 Z @; 4 sn-1 zz:; |

i—1 il

Since the diameter of each @Q; is 1, the parallelotopes P, are bounded. Using the
Blaschke selection theorem, we conclude that sequence P, has a convergent subsequence,
denoted again by P, whose limit we call P.

As Q;— K and P,— P, while P,CQ;CnP,;, we must have PC K CnP. First note that
P cannot be a point since the diameter of each P, is at least 1/n. Suppose that K has
empty interior in R™. Hence, P is a degenerate right parallelotope, and hence there exists
a k such that 1<k<n and a €9>0 so that aiy, ..., ap—0"%, while agi1,4, ..., an1 =€0>0,
for all [. Moreover, as [—o00, taking subsequences as necessary, the orthonormal basis
€1y, ---, €n; converges to an orthonormal basis ey, ..., e, derived from P.

From (6.30) and Lemma 6.4, ®(Q;)——o0 as [—oo. Since @) is a maximizing se-

quence, we have that

1
llim o(Q))=>?(B)= p log(nwy,).

Thus we have the contradiction, which shows that K must have non-empty interior. O

6.6. Existence of a solution to the dual Minkowski problem

The main existence theorem for the dual Minkowski problem stated in the introduction

is implied by the following theorem.

THEOREM 6.6. Let u be a non-zero finite even Borel measure on S™ ' and let
q€(0,n]. If the measure p satisfies the q-th subspace mass inequality, then there exists

an origin-symmetric convexr body K in R™ such that éq(K, =p.

The proof follows directly from Lemmas 5.1 and 6.5.

The theorem above shows that the subspace mass inequality is a sufficient condition
for the existence of a solution to the dual Minkowski problem. When 0<g<1, the
subspace mass inequality means that the given even measure is not concentrated on
any great hypersphere. This condition is obviously necessary. When g=n, if the given
even measure is not concentrated in two complementary subspaces, it was proved in [14]
that the subspace mass inequality is also necessary. Progress regarding the intermediate

cases 1<g<n would be most welcome.
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