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1. Introduction

Let M be a smooth compact d-dimensional manifold. A diffeomorphism F' is called
Anosov if there exist a constant A>1 and a Riemannian metric along with a D F-invariant
splitting TM=FE*@®FE" of the tangent bundle of M, such that for any unit vectors v*®

and v* in E° and E", respectively, we have

IDF(") <A~
A< IDE(")].

All known examples of Anosov diffeomorphisms are supported on manifolds which are
homeomorphic to infranilmanifolds. The classification problem for Anosov diffeomor-
phisms is an outstanding open problem that goes back to Anosov and Smale. The great
success of the theory of Anosov diffeomorphisms (and flows) [A] motivated Hirsch-Pugh-
Shub [HPS1], [HPS2] and Brin—Pesin [BP] to relax the definition as follows.

A diffeomorphism F' is called partially hyperbolic if there exist a constant A>1 and a
Riemannian metric along with a D F'-invariant splitting TM =FE°*® E°@® E" of the tangent

bundle of M, such that for any unit vectors v*®, v® and v* in E®, E° and E*, respectively,
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we have

IDF() <A,
IDF()| < [DF(")]| < IDF @],
A< |DF(")].

In recent years the dynamics of partially hyperbolic diffeomorphisms has been a popular
subject, see e.g. [PS], [RRU]. The pool of examples of partially hyperbolic diffeomor-
phisms is larger than that of Anosov diffeomorphisms, in particular, due to the fact that
extensions (e.g. F'xidy) of partially hyperbolic diffeomorphisms are partially hyperbolic.
However, the collection of basic building blocks for partially hyperbolic diffeomorphisms
is still rather limited. Up to homotopy, all previously known examples of irreducible(!)
partially hyperbolic diffeomorphisms are either affine diffeomorphisms on homogeneous
spaces or time-1 maps of Anosov flows. The affine examples go back to Brin—Pesin [BP]
and Sacksteder [Sa].

THEOREM 1.1. (Main theorem) For any d>6 there exists a closed d-dimensional
simply connected manifold M that supports a volume-preserving partially hyperbolic dif-
feomorphism F: M — M. Moreover, F is ergodic with respect to the volume.

Remark 1.2. There are no previously known examples of partially hyperbolic dif-
feomorphisms on simply connected manifolds. It is easy to show that simply connected
compact Lie groups do not admit partially hyperbolic automorphisms (use e.g. [HM,
Theorems 6.61 and 6.63]). However, to the best of our knowledge, the possibility that

some simply connected manifolds support Anosov flows is open.

Burago and Ivanov proved that simply connected 3-manifolds (i.e. the sphere S3)
do not support partially hyperbolic diffeomorphisms [BI]. Simply connected 4-manifolds
have non-zero Fuler characteristic and hence do not admit line fields. Consequently

simply connected 4-manifolds do not support partially hyperbolic diffeomorphisms.

Question 1.3. Do simply connected 5-manifolds support partially hyperbolic diffeo-

morphisms?

Remark 1.4. Tt is easy to see, for topological reasons, that the 5-sphere S® does
not admit partially hyperbolic diffeomorphisms. Indeed, the splitting TS?=E*@E°®
E* is either a 3-1-1 or a 2-2-1 splitting. By an old result of Eckmann [E] (see also
Whitehead [W]), the sphere S® does not admit two linearly independent vector fields, and
therefore the splitting must be a 2-2-1 splitting. Because the structure group GL* (2, R)

(1) See §12.5 for our definition of irreducible.



PARTIALLY HYPERBOLIC DIFFEOMORPHISMS 365

retracts to O(2,R), the 2-plane bundles over S® are in one-to-one correspondence with
circle bundles, which are classified by homotopy classes of maps S*—Diff(S') by the
clutching construction. But Diff(S!) is homotopy equivalent to S*, and hence all 2-plane
bundles over S® are trivial. Therefore the existence of a 2-2-1 splitting of T'S® implies
that S® is parallelizable, which is a contradiction. It is an interesting open problem to

decide whether S7 supports partially hyperbolic diffeomorphisms.

In the next section we briefly (and very informally) outline our approach. Then we
proceed with a detailed discussion leading to the proof of the main theorem in §11. The

authors would like to thank the referee for his/her careful reading.

2. Informal description of the construction

Our approach is to consider a smooth fiber bundle M — F L, X, whose base X is a closed
manifold and whose fiber M is a closed manifold which admits a partially hyperbolic
diffeomorphism. The idea now is to equip the total space E with a fiberwise partially
hyperbolic diffeomorphism F: E— FE, which fibers over a diffeomorphism f: X =X, i.e.

the following diagram commutes:

E-—L5E
”J lp
!
X—1-x

Then the diffeomorphism F' is partially hyperbolic provided that f is dominated by the
action (on extremal subbundles) of F along the fibers. However, for non-trivial fiber
bundles the bundle map p: E— X intertwines the dynamics in the fiber with dynamics
in the base, which makes it difficult to satisfy

(1) F is fiberwise partially hyperbolic and

(2) f is dominated by F
at the same time. In particular, if X is simply connected and f is homotopic to idx, then
such constructions seem to be out of reach (cf. [FG, Question 6.5]). Moreover, assuming
that f=idx, it was shown in [FG] that such construction is, in fact, impossible in certain
more restrictive setups. However, in this paper, we show that if f*: H*(X)— H*(X) is
allowed to be non-trivial then our method works in the setup of principal torus bundles

over simply connected 4-manifolds.
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3. Preliminaries on principal bundles

In this section we review some of the concepts and facts about principal fiber bundles

that will be needed later. For more details consult [Hu].

Standing assumption. In this and further sections we will always assume that all
topological spaces are connected countable CW complexes. Given a space X, we will
write H,(X;A) and H*(X; A) for its homology and cohomology groups with coefficients
in an abelian group A. If we abbreviate to H.(X) and H*(X) then we assume that the

coeflicient group is Z.

Let X be a space and G be a topological group. Recall that a (locally trivial)
principal G-bundle m: E— X is a (locally trivial) fiber bundle with fiber G and structure
group G, where (the group) G acts on (the fiber) G by left multiplication. Moreover,
let ¢o:UyxG—=171U,, for a€A, be a complete collection of trivializing charts of the
principal bundle E. Denote by U,g the intersection U,NUg, for a, B€A. Also define
@ap: Uas— G in the following way:

(65" 200) (2, 9) = (2. 60s(x)-9), ©E€Uap#2 and gEGC.

This collection of transition functions {¢ap}u.,-o satisfies the following cocycle condi-

tion:

P () Dpy (2)-Pral) =€, x€UsNUsNU,,

where e is the identity in G.

Conversely, let {¢as}vu.,20 be a cocycle of transition functions over a covering
{Ua}q; that is, assume that we have

(i) an open covering {U, }o of the space X;

(ii) a collection of maps ¢os: Uag—G, Uag#D, that satisfy the cocycle condition. (%)
Then we can construct a principal G-bundle E— X by gluing the spaces U, x G using the
transition functions {¢.gs}. The cocycle condition ensures that the gluings are consistent.

We will need the following facts:

(1) Every principal G-bundle E— X has a (right) action ExG— E. This action is
free and the orbits are exactly the fibers. This can be seen from the construction of F
using a cocycle of transition functions: define ¢ (z, g) . h=¢q(x, g.h). This is well defined
because right and left translations on G commute. (There are other equivalent ways of

defining principal bundles. In some of them the action is included in the definition.)

(?) In what follows we will for notational simplicity write {Us} and {#ap}, and let the range of «
and 3 be implied as above.
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(2) Two G-bundles m: E—X and n": E'—X are called equivalent, and we write
E=F’, if there exists a homeomorphism f: E— E’ which fits into the commutative dia-

gram

E%E’

Nz

and commutes with the G-action, i.e. f(y.g)=f(y).g.

(3) From (1) we get a canonical (up to right translation) way of identifying a fiber
of a principal G-bundle with G.

(4) For every G there is a principal G-bundle EG— BG such that for any space X
and any principal G-bundle £— X there is a unique, up to homotopy, map g: X — BG,
such that E=p* EG. We say that the map g classifies the bundle E— X. The space BG
is called the classifying space of G, and the G-bundle EG— BG is called the universal
principal G-bundle.

(5) The classifying space of the topological group S! is CP>*={,5,CP". The
universal principal S'-bundle is ES'=S>—CP>. Here $*=/J,,,S" This bundle is
the limit of S' —+82?"~! - CP", where S! CC acts on S?" ! CC"” by scalar multiplication.

(6) We have B(Gx H)=BG x BH, provided that both BG and BH are countable
CW complexes. Moreover, E(Gx H)=FEGx EH and the action and projections respect
the product structure. It follows that BT¥=CP> x...CP>, where TF=S!'x...xS! is
the k-torus and ETF =8> x...xS>. k k

k

4. A(E) construction

Let 71: B1— X1 and mo: Eo— X5 be principal G-bundles. A fiber-preserving map F: E; —
Es covering f: X1 =Xy (i.e. forp=myoF) is a principal G-bundle map if F' commutes
with the right action of G, that is, F(y.g)=F(y).g for all yeE; and g€G. Hence F
restricted to a fiber is a left translation.

More generally, let A: G—G be an automorphism of the topological group G and
let £ and FEs be as above. We say that a map F: E1— E5 covering f: X7 — X5 is an A-
bundle map (or simply an A-map) if F(y.g)=F(y).A(g) for all ye E; and geG. Hence

F restricted to a fiber is the automorphism A composed with a left translation.

Remark 4.1. Of course, an idg-map is just a principal G-bundle map. In particular,
an idg-map that covers the identity idx: X — X is a principal G-bundle equivalence.

Remark 4.2. Note that the composition of an A-map and a B-map is a BA-map.



368 A. GOGOLEV, P.OUTANEDA AND F. R. HERTZ

Now let m: E—X be a principal G-bundle and let {¢o3} be a cocycle of transition
functions for E. Note that {Ac¢.s} is also a cocycle of transition functions. This is

because

A(bap(@))- A(Psy(2)) AlPra () = A(Pap(7) - dpy (7) - dya () = Ale) =e.

Therefore the new cocycle of transition functions {Ac¢ag} defines a principal G-bundle
over X. We denote this bundle by A(E). Next we show that A(FE) is well defined.

PROPOSITION 4.3. The principal G-bundle A(E) does not depend on the choice of

the cocycle of transition functions {Pas}-

Proof. Let {¢as} and {tqs} be two cocycles of transition functions over the coverings
{U,} and {V,}, respectively, both defining equivalent principal G-bundles. Denote the
corresponding bundles by E and E’, respectively.

Special case. The cocycle {14} is a refinement of {¢,3}. That is, the covering
{V,} is a refinement of {U,} (i.e every V, is contained in some U,) and every 4 is the

restriction of some ¢qg.

Recall that in this case the principal bundle equivalence between E and E’ is simply
given by inclusions: the element (z,g9)€V,xG maps to (z,g)€U,xG, where U, is a
fixed (for each a) element of {U,} such that V,CU,.

It is straightforward to verify that the same rule defines an equivalence between
{Aepop} and {A-1p,s}. This proves the special case.

Because of the special case, we may now assume that both cocycles {¢.3} and
{tap} are defined over the same covering {U,}. Then the existence of a principal bundle
equivalence between E and E’ is equivalent to the existence of a collection of functions
{ra}; 7a:Usy—G, such that

Pap (@) Ta () =75(2) Yap(z) (4.1)

for z€U,p (see [Hu, Chapter 5, Theorem 2.7]). Applying A to equation (4.1), we obtain

(Aedap)(x)-(Aora)(x) = (Aorp)(2)- (Aetap) (2)-

Therefore, the collection {Aor,} defines a principal bundle equivalence between {Acgq 5}
and {Aotas}. 0

PRrROPOSITION 4.4. Let E—X be a principal G-bundle. Also let A and B be auto-
morphisms of G. Then

(AB)(E)=A(B(E)) and idg(E)=E.
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Proof. Direct from the definition of A(E). O

PROPOSITION 4.5. Let E—X be a principal G-bundle, let A be an automorphism
of G and let f: Z— X be a map. Then

Proof. Let {¢o5} be a cocycle of transition functions for E defined over a covering
{U,}. Then {Acpagof} is a cocycle of transition functions over {f~'U,} for both
[*(A(E)) and A(f*(E)). 0

PROPOSITION 4.6. Let E— X be a principal G-bundle and let A be an automorphism
of G. Then there is an A-map Fa: E— A(E) covering the identity idx: X —X.

Proof. Let {¢np} be a cocycle of transition functions for E over a covering {U,}.
Then {Ac¢,a} is a cocycle of transition functions for A(E) over {U,}. Define the map
F4 in each chart as follows:

UaxG >3 (2,9) — (z, Ag)) €Uax G,

where the latter copy of U, x G is a chart of A(E). The map F4 is well defined because

the following diagram commutes

Loys@
ap
G——

Q

A

Q+—
T

La(pop)
G——

Here Lj;, denotes left multiplication by h. O

COROLLARY 4.7. Let E—X be a principal G-bundle and let A be an automorphism
of G. Then there is an A-map Fy-1: A=Y (E)—E covering the identity idx: X —X.

Proof. This follows from Propositions 4.6 and Remark 4.2. O

Let EG— BG be the universal principal G-bundle and let A be an automorphism
of G. Then A(EG) is a principal G-bundle, and hence (see (4) in §3) there is a map
04: BG— BG such that

A(EG) = o (EG). (4.2)

Moreover, this map is unique up to homotopy.
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5. Principal T*-bundles

We now take G=T*=S'x...xS! and recall that by §3(6) BT*¥=(CP>)*. Therefore
7o BTF is canonically identified with Z* (by identifying ith generator of Z* with the
canonical generator of the second homotopy group of the ith copy of CP>).

Let A€SL(Z, k). The matrix A induces automorphisms A: Z¥ —Z*F and A: Tk —T*k
for which we use the same notation.

The next proposition is a key result and its proof occupies the rest of this section

(except for a lemma at the end). Recall that g4 is characterized by equation (4.2).

PROPOSITION 5.1. Let g: BT*— BT* be a map such that ma(g)=A€SL(Z, k). Then
g s homotopic to 04, that is,

A(ETF) = g*(ET").

The proof will require some lemmas and claims.

We consider CP*=[J,, CP™ with the usual C'W-structure, i.e. one cell in each even
dimension. This structure induces a product CW-structure on BT*=(CP>)*. Then
the 2-skeleton of BT* is the wedge \/f:1 S? of k copies of the 2-sphere S?. Denote by
Y this 2-skeleton and by E—Y the restriction of ET*—BT* to Y. We first prove the
proposition for the principal T*-bundle E—Y .

LEMMA 5.2. Let gy: Y —Y be a map such that wa(gy)=A€SL(Z, k). Then
A(E) =gy (E).

Let p be the wedge point of Y. Then we have S;NSj={p} for i#j. We identify
p with the south pole of each S?. Denote by D; and D; the closed upper and lower
hemispheres of S?, respectively.

Let E;—S; be the restriction of E—Y to S;, i=1, ... k.

CLAIM 5.3. The principal T*-bundle E;—S; is obtained by identifying D; x T* with
Dj xT* along their boundaries using the gluing map w;: S*—=TF, w;(u)=(1,...,1,u,1,... 1),
that is, all coordinates of w;(u) are equal to 1€S!, except for the i-th coordinate, which

18 equal to u.

Proof. The claim follows from putting together the following two facts (see also (6)
in §3).

(1) The 2-skeleton of BS'=CP> is CP'=S? and the restriction of ES'=S* to S?
is the Hopf bundle S' —S3—S2. Moreover, S? is obtained by identifying two copies of
D2 xS! along the boundaries using the identity map idgi: S'—S! as gluing map.



PARTIALLY HYPERBOLIC DIFFEOMORPHISMS 371

(2) Let F1 — F1— X1 and Fy— E2— X5 be two fiber bundles. Consider the inclusion
X1 X1 x X5 given by x> (z, %), for some fixed x€ X5. Then the restriction (E7 X Fs)|x,
of the product bundle Fj x Fo— E1 X Eo— X1 X X5 to X1 C X x X5 is the bundle Fj x
Fo—FEi xFy— X;. O

Write A=(a;;)€SL(Z, k). Since A=ms(gy), after performing a homotopy, we can

assume that gy satisfies the following property.

PoOPERTY 5.4. For each j there are k disjoint closed 2-disks DijCDj, i=1,..., k,
such that

(1) gy:(Dij, 0Dij)—(D;, 0D );

(2) the degree of gy:(Dij;,0D;j)—(D;f,0D]) is a;j.

CLAIM 5.5. The bundle gg",E|S§ is obtained by gluing D} xT* with D;’x']Tk along

their boundaries using the gluing map

k

fi=w)®s:s' —T*,

i=1
that is, fj(u)=(u"9,...,u™).

Proof. It follows from Claim 5.3 and Property 5.4 that gi F |S? is obtained by identi-
tying Hle D;; xT* with (S3\J, int D;;) x T* along their boundaries (which is the union
of k copies of S!xT*) via the gluing maps w;”:9D;;=S'—T*, i=1,...,k. Here we are
identifying 0D;; with S! using the orientation on 0D;; induced by Dj;.

The claim now follows from the fact that the inclusion SlzaD;%D; is a path in

D;\UZ int D;; which winds positively around each D;; exactly once. O

CLAIM 5.6. The principal S*-bundle A(E)|S?—>S? is obtained by identifying D} x Tk
with D;T xT* along their boundaries using the gluing map fi St—Tk.

Proof. By applying Proposition 4.5 to the inclusion map S§<—>Y we obtain
A(B)|s = A(Elsz) = A(E).

This fact together with Claim 5.3 and the definition of A(E;) implies that A(E;) is
obtained by identifying Dy xTF with DJ* xT* along their boundaries using the gluing
map Aowj:Sl—Y]I‘k. But

Alw;(uw)=A(1, ..., 1,u,1, ..., 1) = (u*, .., u™) = f;(u). O

Lemma 5.2 now directly follows from Claims 5.5 and 5.6.

To finish the proof of Proposition 5.1 we need the following lemma.
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LEMMA 5.7. Let E1— BT* and Ey— BT be principal T*-bundles. Let Z be a space
and let h: Z— BT* be a map. Assume that h*: H*(BT¥;Z)— H?(Z;7) is injective. Then
h*E12=h* Ey implies that E1=Fs.

Proof. Recall that by §3 (6) BT*=(CP>)*. Hence BT is an Eilenberg-MacLane
space of type (ZF,2), i.e. 1y BT*=7* and m; BT*=0 for i#2. Therefore, we have that for
any space X the group [X, BT*] of homotopy classes of maps from X to (the Eilenberg-
MacLane space) BT* is isomorphic to H?(X;Z*) [Ha, Theorem 4.57]. This group splits

naturally as follows:
H*(X;ZM~2H*(X;2)®..0 H*(X;Z). (5.1)

Indeed, the splitting Z*¥=Z®Z®...®Z induces a natural splitting of the cochain com-
plex C*(X;Z*)~2C*(X,Z)®...©C*(X,Z) and (5.1) follows directly from the definition
of cohomology.

Let h;: BT*— BT* classify F;. Then h;joh: Z— BT classifies h*E;. But the map
h*:[BT*, BT*]|—[Z, BT*] given by ffoh is the map h*: H2(BT*;Z*)— H?(Z;7ZF).
This map is injective since h*: H?(BT*; Z)— H?(Z;Z) is injective and the splitting (5.1)
is natural. Therefore hioh>~hsoh implies that hq~hs. O

By the cellular approximation theorem [Ha, Theorem 4.8], we may assume that
g: BT¥ — BT¥ is a cellular map. Hence g restricts to the 2-skeleton Y.
Let ¢:Y — BT* be the inclusion map. Note that

A(E)=A(*ET") =" A(ET"),
where the last equivalence is by Proposition 4.5. Also note that
(9ly) E=1c"g"(ET").

By Lemma 5.2, A(E)=(g|ly)*E, and therefore t* A(ET*)=2*g*(ET¥). Now, because ¢*
is an isomorphism, Lemma 5.7 applies and we conclude that A(ET*)=g*(ET*). This
completes the proof of Proposition 5.1.

The following is a natural question: given a homomorphism A:Z* —=ZF, is there a
map f: BT¥ — BT¥ such that 75 (f)=A? It is well known that the answer to this question
is affirmative. Moreover, the map f is unique up to homotopy. The next lemma is a bit

more general, and will be needed later.

LEMMA 5.8. Let X be a simply connected space and let A: X —ZF=myBT* be a
homomorphism. Then there is a unique, up to homotopy, map f:X—BT* such that

ﬂ'g(f):A
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Proof. We can equip X with a CW complex structure so that X has no 1-cells [Ha,
Corollary 4.16]. By a simple argument we can define f on the 3-skeleton of X so that
ma(f)=A (see [Ha, Lemma 4.31]). And, since m; BT¥=0, i>2, obstruction arguments
show that f can be extended cell by cell to the whole of X. The proof of the uniqueness

up to homotopy is similar. O

6. Principal T*-bundles that admit A-maps

Let £— X be a principal T*-bundle and f: X —X. Also let A€SL(k,Z). In this section

we answer the following question.

Question 6.1. When does there exist an A-map E— E covering f7

A-map
_—

E E
L, |
X—X.

Recall that by §3(4) every principal T*-bundle over X is equivalent (as principal
bundle) to the pull-back h* ET* for some h: X — BT*. We will use the notation

oA oy

The next result answers Question 6.1. It gives a relationship between A, f and E=FE}
which is equivalent to the existence of an A-map F—E covering f. The map ¢4, char-

acterized by equation (4.2), appears in the next theorem.

THEOREM 6.2. Let AeSL(k,Z), X be a space and f: X—X be a map. Also let
h: X —BT¥. Then there exists an A-map Ej— E), covering f,

A-map

E, —— FE,

|, |

X—X

if and only if hof~opach. That is, the following diagram homotopy commutes:

X—X
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Proof. First suppose that there exists an A-map FEj,— FEj, covering f. We have the

following diagram

A(Eh) Eh - Eh
X idx X f X,

where the first square comes from Corollary 4.7 (by taking A~! instead of A). By
composing the consecutive horizontal arrows and using Remark 4.1 we obtain a principal
T*-bundle map A(E)— Ej, covering f. Therefore

A(Ep) = f*E), (6.1)
and, using Proposition 4.5, we obtain the following equivalences:
(04°h)* ET* = h* (04 (ET")) = h* A(ET") = A(Ep) = f*(Ey) = (he f)*ET,

where the second and fourth equivalences follow from (4.2) and (6.1), respectively, and
the third from Proposition 4.5. It follows that gqch~h-of.
Conversely, suppose that
oach=>~hef (6.2)

Then,
A(Ep) = A(h*ET*) = h* A(ET*) 2 h* (0% (ET*)) = (9aoh)* ET® 2 (ho f)* ET* = f* E},,

where the second equivalence follows from Proposition 4.5, the third from (4.2) and the
fifth from (6.2). Therefore there is a principal bundle equivalence between A(E}) and
f*Ep, that is, there is an idpe-map A(Ep)— f*Ej covering idx. This gives the second

square in the diagram

—ma idmg -ma; idqg -ma;
By — 2 Ay — T ey S
P X dx X ! X.

The first square comes from Proposition 4.6 and the third one from the definition of the
pull-back bundle. By composing the consecutive horizontal arrows and using Remark 4.2

we obtain an A-map Ej— Ej, covering f. This completes the proof of the theorem. [

Our next result says that to verify the condition p4oh~hof in the theorem above

it is enough to verify it algebraically at the H? level.
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PROPOSITION 6.3. The following conditions are equivalent:
(1) each=hef;
(2) H?*(h)oH?(0a)=H?(f)oH?(h).
Also, if X is simply connected and Ho(X) is free, then (1) and (2) are equivalent to
(3) H2(0a)oHz(h)=Ha(h)eHa(f);
(4) m2(oa)oma(h)=mz(h)ema(f).

This proposition follows from the following lemma.

LEMMA 6.4. Let X be a space and let ¢,1: X —BT* be maps. Then the following
are equivalent

(1) p~=v;

(2) H*(¢)=H*(¥).
Also, if X is simply connected and Ho(X) is free, then (1) and (2) are equivalent to

(3) Ha(¢)=Ha (1),

(4) ma(g)=ma(¥).

Proof. Clearly (1) implies (2). Recall the splitting (5.1) from Lemma 5.7. Assume
that H?(¢)=H?(1)), then, by naturality of the splitting (5.1), the induced maps on the

cohomology with Z* coefficients also coincide. Now recall that the map
H?(¢;Z%): H*(BT"; ZF) — H?(X; ZF)

coincides with the map ¢*:[BT¥, BT*]—[X, BT*] given by [\~ [Ae¢]. Similarly for
H?(;Z%). Thus Aog~\oyp for every A. Taking A=idgr+, we obtain ¢=~1). This proves
that (2) implies (1).

If X is simply connected and Ho(X) is free then H?(X)= Hy(X)=mo(X). The first
isomorphism is by the universal coefficients theorem [Ha, Theorem 3.2] and the second

one is by the Hurewicz theorem [Ha, Theorem 4.37]. Therefore,

H?(¢) = Ha(¢)" =m2(9)",

where the superscript 7 denotes the transpose. O

To prove the proposition apply the above lemma to ¢=ps°h and p=hof.

7. Simply connected principal T*-bundles

Let E— X be a principal T*-bundle. Recall that E=Ej, =h* ET*, where the map h: X —

BT¥ is unique up to homotopy. In this section we deal with the following question.
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Question 7.1. When is the total space E}, simply connected?

Note that the fundamental group of the total space E} surjects onto the funda-
mental group of X. Therefore X has to be simply connected. The next result answers

Question 7.1 when X is simply connected.

PROPOSITION 7.2. Let X be a simply connected space and let h: X — BT* be a map.
Then the following are equivalent:

(1) the total space Ey, is simply connected,;

(2) the homomorphism ma(h): o X —ma BT* is onto;

(3) the homomorphism Hay(h): Hy X — Hy BT* is onto.

Proof. From the homotopy exact sequence of the T*-bundle T*— E;, — X and the
fact that m X =0 we obtain the exact sequence

P
— X 5 mTF — 1 E) — 0.

Therefore my Ej =0 if and only if 0 is onto. On the other hand, from the homotopy
exact sequence of the T*-bundle T* — ET* — BT* and the fact that ET* is contractible,
we obtain that

k9 k
o BT — m T

is an isomorphism. Then the equivalence (1) < (2) follows from the following claim.

CLAIM 7.3. The following diagram commutes:

o X -2 miT*

o\

7T2BTI€.

The claim follows from the naturality of the homotopy exact sequence of a pair and
the definition of the boundary map.
The equivalence (2) < (3) follows from the naturality of the Hurewicz map and

Hurewicz theorem. This proves the proposition. O

8. The construction

We restrict ourselves to the case where X is a simply connected 4-manifold and f: X — X
is a diffeomorphism. We make the following collection of assumptions (k).

(1) The second homotopy group m2(X) is a free abelian group with m generators.
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(2) The group mo(X) splits as a direct sum ZFSZ™ " in such a way that the first
summand is 7o (f)-invariant, i.e. mo(f)|z» is an automorphism of Z*F C o (X).
(3) Let AeSL(k,Z) be the matrix that represents ma(f)|z+. Then A also represents

an automorphism R*¥—RF. Assume that there exists an A-invariant splitting

RF=ES®ESOEY

and a Riemannian metric || - || on X such that the numbers
Ao = JQE% |Av|| and p, = 1?61%}% |Av||, o=s,c,u,
[lvll=1 lvll=1

satisfy the following inequalities
As S s <Ae Spe <Au<piu,  ps <m(f) and A, > | Df],

where m(f) is minimum of the conorm m(Df,) and | Df|| is the maximum of the norm
IDfel, ie.
m(f)= min [Df(v)]| and [Df]|= max |Df(v)].

veTX
llvll=1 [lvll=1

Remark 8.1. We allow E9 to be trivial.

THEOREM 8.2. Let X be a simply connected closed 4-manifold, let f:X—X be
a diffeomorphism that satisfies (*) and let m,: En—X be a principal TF-bundle. As-
sume that Eyn admits an A-map F:Ey,—E,. Then F: E,— Ey is a partially hyperbolic

diffeomorphism.

Clearly the splitting of §8(3) descends to a T*-invariant splitting of the tangent
bundle TTF=FE% ®ES®EY. Then the action of T¥ on Ej, induces a T* invariant splitting
of TTF=E*®E°® E"; here, abusing notation, TT* is the subbundle of T'E}, that consists
of vectors tangent to the torus fibers. Since F: Ep— Ej is an A-map, this splitting is

D F-invariant.

ADDENDUM 8.3. (to Theorem 8.2) The subbundles E° and E* defined above are the
stable and the unstable subbundles for F', respectively. The center subbundle for F has
the form E¢@®H', where H' is a certain subbundle complementary to TTF.

Proof. We equip T Fj, with a Riemannian metric in the following way. The flat metric
on the torus induces a metric on TT*. Also recall that, by §8 (3), we have equipped X
with a Riemannian metric || - ||. Choose a continuous horizontal subbundle H CT E}, such
that TE,=TT*®H. Then,

(D7p)e: H(x) = Ty () X

n(z



378 A. GOGOLEV, P.OUTANEDA AND F. R. HERTZ

is an isomorphism for every x€ E},. Set
[0l = |1 D7a (v)

for v€ H. Then extend the Riemannian metric || - || to the rest of T'E}, by declaring TT*
and H perpendicular.

Consider the commutative diagram

0 E* TE, ECQE'®H — 0 (8.1)
DF|E{ DF\L DFO]{
0 E* TE), E‘QE“©H —0.

The horizontal rows are short exact sequences of Riemannian vector bundles and all
vertical automorphisms fiber over f: X —X. The last vertical arrow is defined as the
composition of DF and the orthogonal projection p on E°@E*®H. Note that the
diagram

Dfo
BeoBeod 2L peaBraH

DTK‘hJ/ DTK‘hJ/
Df

TX ————TX

commutes, and hence, by our choice of the Riemannian metric,

IDE(p(0))[| = min(Ac, m(f))]|v]].

Combining this with §8 (3), we obtain the following bound on the minimum of the conorm:

m(Dfop) > ps. (8.2)
LEMMA 8.4. ([HPS2], Lemma 2.18) Let

i J

0 Fy FEs FEs 0
T
0 By ——E,—1 5 By 0

be a commutative diagram of short exact sequences of Riemannian vector bundles, all
over a compact metric space X, where T;: E;— E; are bundle automorphisms over the
base homeomorphism f: X—X, i=1,2,3. If

m(T3|gy(2)) > 1 T1| By ()l

for all ze X, then i(E1) has a unique Ta-invariant complement in Es.
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By (8.2), we can apply Lemma 8.4 to (8.1) and obtain a DF-invariant splitting
TEh:ESEBES. Exchange the roles of E° and E“ and apply the same argument to
obtain a D F-invariant splitting TEh:E“GBE“. It is easy to see that E‘@FE*CE® and
ES®ECCE". Let

E°=E°NE".
Then, clearly, we have a D F-invariant splitting TEh:ESGBECEBE“.

To see that F' is partially hyperbolic with respect to this splitting pick a continuous
decomposition E¢=E°@GH’, and define a new Riemannian metric [|-]|" on TE}) in the
same way || - || was defined, but using H' instead of H; i.e. we declare

@) lloll'=llv]l if veTT*,

2) lvl'=IDmn(v)l if veH’,

(3) H' is orthogonal to TT*.

Now the partial hyperbolicity (with respect to ||-||") is immediate from the inequalities
of §8 (3). O

9. The base space—the Kummer surface

A K3 surface is a simply connected complex surface whose canonical bundle is trivial.

All K3 surfaces are pairwise diffeomorphic and have the same intersection form

2(—E8)693<(1) (1))

In this section we recall Kummer’s construction of the K3 surface and describe a holo-
morphic atlas on it.

Consider the complex torus
T? =C?/(ZDiZ)*.

Also consider the involution t: T2 —T% given by ¢(21,22)=(—21, —22). It has 16 fixed
points which we call the exceptional set and which we denote by &(T%). Note that TZ /¢
is not a topological manifold because the neighborhoods of the points in the exceptional
set are cones over RP3-s. Replace the neighborhoods of the points from the exceptional
set with copies of CP” to obtain the blown up torus T%#16@2 (here CP” stands
for the 2(complex)-dimensional projective space with reversed orientation); see e.g. [Sc,
p. 286] for details on complex blow up. The involution ¢ naturally induces a holomorphic
involution ¢ of T%#IG@Z. The involution ¢/ fixes 16 copies of CP'. One can check that
the quotient

X € T2416CP% )
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is a 4-dimensional manifold. This manifold is called the Kummer surface. Note that it
comes with a map
o: T2\ E(TZ) — X, (9.1)

which is a double cover of its image X\ €(X), where £(X) is the exceptional set in X, i.e.
the union of 16 copies of CP!. One can also check that X is simply connected. (See [Sc,
§3.3] for more details.)

In fact, X is a complex surface and we proceed to describe the complex structure
on X . For any connected open set V which is disjoint from the exceptional set £(X) and
whose preimage under ¢ has two connected components, a holomorphic chart on ']I‘(QC for
one of the connected components of 0~1(V) induces a chart on V by composing with o.
Hence we are left to describe the charts on a neighborhood of £(X).

Let p€&(T%). We identify a neighborhood of p in TZ with a neighborhood U of
(0,0) in C2. Then we blow up p, which amounts to replacing ¢/ with

U ={(21,22,0(z1,22)) : (21, 22) €U, (21, 22) € £(21, 22) }

Here £(z1,22) is a complex line through (0,0) and (z1, 22). Hence, if (21, 22)#(0,0) then

£(z1, 2z2)=][21:22] in homogeneous coordinates. Finally, note that

U ={(z1, 22,0(21, 22)) €EU'} (21, 20, £(21, 22)) ~ (=21, — 22, (21, 22)) (9.2)

is identified with a neighborhood of CP'C&(X) in X. We will cover U” by two charts.
Note that the inclusion /< C? induces the inclusion U’ C—>(C2#(CiP2, which in turn
induces the inclusion L{”C—>(C2#(CiP2/L”, where ¢ is induced by (21, z2)— (—21, —22). We
will define charts for CQ#@Q /t"". Then to obtain charts for &4” one just needs to take
the restrictions of the charts for CQ#@Z/U’.
First note that

C2HCP? ={(21, 22, (21, 22)) : (21, 22) € C2, (21, 22) € £(21, 22)} C C2x CP".

The projective line CP! can be covered by two charts u+s[u:1] and v/~ [1:u']. These
charts extend to charts for (Cz#@2 as follows:

@11 (ug, uz) — (uruz, ug, [ug : 1)
and
P21 (U, uy) — (ugy, uyus, [1:uy]).

Define ¢&:C2—C? by &(uy,uz)=(ui,u2). By a direct check, we see that the following

composition

2 £, 7 %, C2uCP? — C2#CP )
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is independent of the branch of £ and gives a well defined chart v;, for i=1,2, which is a
homeomorphism on the image. It is also easy to see that the images of 11 and 15 cover
CQ#@2. Calculating

1
by Loty (v, w) = (v’ UZUJ) (9.3)
confirms that the atlas is holomorphic.

Remark 9.1. The formulas

1 (v,w) = (ov/w, Vo, [0:1]) and (v, w) = (v, o3/, [1:0])

also show that the charts 1 and vy are compatible with those induced from C?\{(0,0)}
by the double cover C2\{(0,0)}—(C2#CP”/)\CP! of the complement of the excep-

tional set.

Remark 9.2. Consider the 2-form dz; Adzs on T% and its push-forward
1 =04(dz1 Ndz2)

to X\ E(X) (it is well defined because dz; Adza=(—dz1)A(—dz2)). Calculating the latter
in the chart ¢, yields

d(vvw)Ady/w = LdvAdw.

Together with an analogous calculation in the chart 19 this implies that n extends to a

non-vanishing 2-form on X.

Remark 9.1 shows that the charts defined above for £(X) are compatible with the
charts induced by o from the charts for T%. Hence we have equipped X with a holomor-

phic atlas.

10. The base dynamics—automorphisms of Kummer surfaces

Let BeSL(2,7Z) be a hyperbolic matrix. Then B induces an automorphism Bg: ']T%—V]T%.
Note that after appropriately identifying T(% with the real torus T* the matrix that

sos=(g 1)
0 B

We use this identification, T%§T4, repeatedly in what follows. The automorphism B¢

represents Bg is

naturally induces an automorphism of T%#lGCTDQ and, since the latter commutes with

!, Bc descends to a homeomorphism fp: X — X. It is easy to verify that fp is, in fact,
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a complex automorphism of X. The second integral cohomology group of X is Z?? and

the second rational cohomology group admits a splitting
H*(X;Q)=Q%@Q', (10.1)

where QF is inherited from H?(T%;Q) and the remaining 16 copies of Q come from the
16 copies of CP" in &(X). See [BHPV, Chapter VIII] for a proof of these facts.

PROPOSITION 10.1. The induced automorphism f3: H?(X;Z)— H?(X;Z) is repre-
sented by the matriz diag(B?,idza, S16), where Syg is a permutation matriz given by the
restriction of Bc to &(TZ).

Proof. Note that, by the universal coefficients theorem, it suffices to show that the
induced automorphism of the rational cohomology f5: H?(X;Q)— H?(X;Q) has the
posited form. Then we can use the naturality of the isomorphism (10.1). Under this
isomorphism the restriction fj|p2(r2,q) corresponds to Bg: H?(Tg; Q) — H*(T%; Q) given
by (B®B)A(B®B). And the restriction fj|gie permutes the coordinates according to
the permutation Sig given by the restriction of B¢ to E(TZ). After an (integral) change
of basis we obtain that f} is given by diag(B?,idz1, Si). O

Remark 10.2. Note that the basis in which the automorphism has the above diagonal
form is not completely canonical because we use the eigenvectors that correspond to unit
eigenvalues to write (B®B)A(B®B) as diag(B?,idg).

The goal now is to perturb fp so that the perturbation satisfies the collection of
assumptions (*) from §8.

Set B=(% £) and note that because of this choice of B the automorphism B fixes
points in E(T%).

Embed the automorphism B:T? —T? into a 2-parameter family of diffeomorphisms

of T? given by
B. q(z,y) = (13x—he q(x)+8y,8x—he 4(z)+5y), >0, deZ..

Here he 1: S1— St is a C* smooth function that has the following properties:

(1) hea(=z)=—he1(2);

(2) |hL(z)|<e for all z€S;

(3) hei(x)=he;(z+1)=ex for €U, where U is a small symmetric neighborhood
of 0e St
The existence of such function for sufficiently small U can be seen by standard C°°-

gluing techniques. To define h. 4: S*—S? consider the d sheeted self cover S'— S! given
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by z—dz and let h. g be the lifting of h.; that fixes 0. It is clear that h. 4 also satisfies
properties (1) and (2) and the following variant of (3):

(3") hea(z)=heq(z+3)=cx for x€U4, where Uy is the connected component of
0€S?t of the set {z:dxcU}.

Note that BC:T%%’]I‘?C embeds into the 2-parameter family BE,dQBBs’d:’JT%%']I‘?C.
(Recall that we have an identification T*~T2.)

ProrosITION 10.3. For sufficiently small €20 and all d>1, the diffeomorphisms
B, 4® B q: ']I‘%—)']I‘?C induce volume-preserving Bernoulli diffeomorphisms fe 4: X —X.

Proof. 1t is easy to see that B, q® B, 4 fixes points from the finite set 8(71‘(%) and
that the differential is a complex linear map at the points from €(T2). Also, B. 4(z,y)=
B 4(—z,—y), and hence B. 4@ Be 4 induces a diffeomorphism f. 4: X —X. The fact that
fe.a is smooth boils down to a calculation in charts in the neighborhood of £(X). This
is a routine calculation which we omit.

By calculating the Jacobian of B, 4 we see that the diffeomorphism B, 4@ B. 4 pre-
serves the volume volypz induced by the form dzy AdzoAdzi Adzs. Remark 9.2 implies
that volx =0, volyz is induced by nA#f and hence it is indeed a smooth volume. However
it is clear from the definition that f, 4 preserves volx.

For sufficiently small e>0 the diffeomorphism B, 4@ B. 4 is Anosov, and hence
Bernoulli. Since volx (£(X))=0 the dynamical system (f,volx) is a measure theoretic

factor of (Be,a® Be,4, volrz), and hence it is also Bernoulli by work of Ornstein [O]. [

ProPOSITION 10.4. For any sufficiently small €>0 there exist a sufficiently large
d>1 such that the diffeomorphism fe q: X —X satisfies the collection of assumptions (*)
from §8.

The proof of this proposition requires some lemmas.
Let C: C2—C? be the automorphism given by (21, 20)~ (pz1, p~122), u>1, and let

C,:C2#CP* )/ — C24#CTP* )

be the automorphism induced by C on the quotient of the blow up (recall that ¢’ is
induced by (z1,22)—(—21,—22)). It is easy to see that C, leaves the projective line
(CPlc(CQ#@Q/L” over (0,0) invariant.

LEMMA 10.5. There exists a Riemannian metric k on CQ#@Q/L" such that for
any x€CP! and any uETx(CQ#@Q/L”) we have

2 lulle < | Do)l < 2,

where || |[k=+/k(+,").
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Proof. Clearly it is enough to define k£ on CP1CC2#(CT’2 /U, since we can extend
it in an arbitrary way.

Recall that in §9 we covered CQ#@Q /" by two charts ¢, and . Note that in
both charts CP! is given by w=0. We use Remark 9.1 to calculate C, in charts

Cpr: (0,0) 25 (00, V0, [0 11) S (pov/a, Vo, [0 1)) 25 (2, o 20),
Cliat (0,10) 22 (Vi 03/, [1:0]) 5 (/0 1~ o/, 1 1 20)) 225 (020, ).

Let us define a Hermitian metric in the chart ;. Given a point (v, 0) define

hv,0)=Q(v) dv dv+Q(v) ™" dw dw, (10.2)

Define a Hermitian metric in the chart 2 by the same formula (10.2). The fact that
these definitions are consistent can be seen from the following calculation that uses the

where

transition formula (9.3):

— -1
(43 o41) huo) =Q(i) d (1) I <1> +Q(i) ot it

1\ 1, — _ I
:Q<U>|U|4dvdv+Q(1/v) Hol* dw dw = hy, ),

where the second equality follows from
d(v*w) = v* dw+2vw dv =v* dw

when w=0, and the last equality follows from the identity

Q(i) — bl*Q().

Therefore, (10.2) gives a well-defined Hermitian metric h on CP! CC2#CP° /i’ Define
the Riemannian metric k as the real part of h

k=3(h+h).

Notice that in charts k is a warped product. Thus, we only need to prove the posited

inequalities for the real parts of dual vectors e, and e,,. We check the inequality in the



PARTIALLY HYPERBOLIC DIFFEOMORPHISMS 385

chart 11 (the calculation in the chart 15 is completely analogous):

kc*nh (v,0) (DC*JM (ev)v DC*ﬂlil (ev)) k(;ﬂv,o) (NZeva ,Uerv)

k(v,O)(em ev) B k(u,O) (€v7 ev)
_ Qo) _ <u2+luvl2>2
Q(v) I4|p20f? )7
kC*,wl (v,0) (DC*7¢1 (ew)’ DC*JZH (ew)) _ k(uz'u,O) (:Ufizewa /‘72610)
k(v,O) (ew7 ew) k(v,O)(ewa ew)
_ Q) et <u2+/w2>_2
Q(v)~! Lt |p2o? )

Finally, the posited inequalities follow from the following elementary estimate

—2 2+ pol? <2 0
Sl |pPe2 T

Let gr2 =Re(dz; dz1+dzs dzy) be the standard flat metric on T?C and let
ga2 = dQQT% for d> 1.

We will write | - [|4,r2 for the induced norms.
Let A>1 be the largest eigenvalue of B. The following lemma follows immediately
from property (2) of he 4 and the definition of B, 4.

LEMMA 10.6. There exists a function Ao, €20, such that Ac— X\ as e—0 and

A lullg.rz <IID(Be,a® Be,a) (w)llar2 < Aellu

d,T2
for all d>1.

For each d>1 consider the open set
4
U;= (UdU (UdJr%)) C T%,

and recall that Uy is a (const./d)-neighborhood of 0 in S* defined in the statement of
property (3') of h. 4. Clearly Uy is a neighborhood of &(T%) which has 16 connected
components. We will write ¢,(p) for the connected component of pe&(T%).

Remark 10.7. By definition the neighborhoods (Uy(p), gd’T%) are all pairwise isomet-
ric for all pe&(T2) and d>1.

Let pue>1 be the largest eigenvalue of the matrix ( 183__5 ?) We have
pe <A for e >0. (10.3)

The following lemma follows immediately from our definition of B, 4@ B. 4.
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LEMMA 10.8. Let d>1, pe&(T2) and identify Uy(p) with a neighborhood of (0,0)
in C2 in the obvious way. Then the restriction Be a® B: alu,(p) 15 a complex linear map,
which is given by

(21, 20) > (pez1, i 22)
in the basis of eigenvectors.

Proof of Proposition 10.4. Start by fixing a sufficiently small £>0 such that u.€
(1,A) and

A <A, (10.4)
where A, comes from Lemma 10.6. Consider the diffeomorphism B, 4@ B, 4 and the open
sets Ug and Uy(p) as described above. By Remark 10.7 each (Ua(p), gq12) is isometric
to (U, g), where U is a neighborhood of (0,0) in C? and g=Re(dz1dz +dzadzs). Using
Lemma 10.8 and the fact that the basis of eigenvectors for B. 4@ B alu, (p) is orthogonal,
we can precompose with a rotation and obtain another isometric identification Uy (p)=U

under which B. 4@ Be aly,p) becomes

C: (21, 22) ¥ (Hez1, iz 22);
that is, the following diagram commutes:
Be,a®Be,d
Ua(p a(p)
Uu——=>——u.

This diagram induces the commutative diagram

i) 4 )
(10.5)
u// u//

where " is the quotient of the blow up (9.2) and U/ (p) are the corresponding neigh-
borhoods of the 16 copies of CP! in X. Note that the identification U} (p)=U" is not
isometric yet.

Applying Lemma 10.5 to C, yields a Riemannian metric k£ on a neighborhood of
CP'cU”. Extend k to U” in an arbitrary way. By (10.3) we can pick a number
fie € (e, A). Then, by continuity, Lemma 10.5 implies that for a sufficiently small neigh-
borhood V; CU” of CP! we have

(1) "2 ulle < 1Dz Ci(u) | < 2 1ull (10.6)
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for zeV; and weT,(U").

Next choose a neighborhood VDV, such that the collar Vo\V; has the following
properties:

(1) any orbit of C, visits the collar V5 \V; at most twice;

(2) any orbit of C, that visits V; also visits the collar Vo\V; exactly twice—once

when entering and once when leaving V1; in particular, for any z€l”, one has
(1’7 f(l')) ¢ (Vl XZ/[”\VQ)U(UN\VQ XVl).

Such choice of Vs is possible due to hyperbolicity of C'. Also choose a smooth function

0:U" =0, 1] such that g|y, =1 and g\, =0. Define a Riemannian metric g on 4" by

g=0k+(1-0)(ou)«9,

where o7,: U\ (0,0)—=U" is given by (z1, z2)— (21, 22, £(21, 22)).
Finally, for each d>1 decompose X as the union of 16 neighborhoods U}/ (p) and the

complement X \U/ and define the following sequence of Riemannian metrics:

g on Ug (p),
gd, x = 1
o.gq on X\UJ.

In this definition we used the identifications U} (p)=U"" and the push-forward o.gq by o
(see (9.1)) is well defined on the complement because the involution ¢ is an isometry
of (T(zc,gdﬂ%). Since §g=(o0y).«g near the boundary of U this definition, indeed, gives a
smooth Riemannian metric on X.

Denote by Vg the union of 16 copies of Vs in (X, gq,x ), denote by By the union of
16 copies of the collar Vo\V; in (X, g4 x) and let Gg=X\(VqaUB,).

We write || -||e,4 for the norm induced by g4 x. We have the following estimates:

(1) if {z, fc 4a(x)} TGy then

A ullax <D fea(w)llax < Aellullax;
(2) if {z, fea(x)} TV, then

a.x <||Dafea(w)llax < E2lullax;

iz ||ul

(3) otherwise
K~ ulla.x <Dy fe.a(u)

la.x < K|lulla,x;
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where K is a constant which is independent of d. Estimate (1) follows from Lemma 10.6,
(2) follows from (10.6), and (3) is due to the fact that in the collars both the dynamics
(C4) and the metric (§) do not depend on d. Estimates (1) and (2) together with our
choice of fi. and (10.4) imply that

A2 [lullax <I1Dsfea(w)llax <A\ ullax

holds whenever {z, f. q(x)} CV4UGq.

Hence, the only region without effective control on Df, 4 is By, i.e. when a point
enters a collar or leaves a collar. However, by our construction the neighborhoods U] of
16 copies of CP! in X are nested, moreover,

() Ui (p) =CP(p),

d>1

where CP!(p) is the projective line above pe&(T%). It follows that for large d the
neighborhood U] is (topologically) small and it takes a lot of time for an orbit of fy x
to travel from a neighborhood U/ (p1) to another neighborhood U/ (p2). When an orbit
travels through a neighborhood U/ (p) it meets By at most twice and the rest of the
time it spends in V4UG,;. Hence, when an orbit travels through a neighborhood U (p)
we may have only up to four iterates when the differential is pinched between K1 and
K. These observations together with the standard adapted metric construction (see

e.g. [Ma]) imply that there exists d=d(K) and an adapted metric g4 x such that
A2 ull <[ Da fax ()| < X2full, (10.7)

for all z€ X and we€T, X, where || - || is the norm induced by §q,x-
We can now check that (X, -||) and f4 x satisfy assumption (x) of §8. Indeed,
7o (X )= Ho(X; Z)=2722, which verifies §8 (1). By Proposition 10.1,

mo(fax) =m(fB) = (B?, Idg),

which verifies §8 (2) with £>2. Finally, the inequalities of §8(3) also hold true because

B? has eigenvalues A=2 and \?, so (10.7) is also verified. O

11. Proof of the main theorem 1.1

Let X be the Kummer surface and let B=(%$8). Then by Propositions 10.1, 10.3
and 10.4, there exists a volume-preserving Bernoulli diffeomorphism f: X — X which

satisfies the collection of assumptions () from §8. Moreover, since mo(f)=(B2,idz20),
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we can, by Proposition 10.1, take any k in [2,20] and the splitting Z??=7ZF®Z??~* will
satisfy §8(2) and §8(3). The matrix A€SL(k,Z) from §8(3) is given by

A =diag(B?,idgx—2).

By Lemma 5.8, there exists a map h: X — BT* such that mo(h): ZF @Z™ % —ZF is the
projection onto the first summand Z*. Let 7,: E;,— X be the pull-back bundle h* ET*.

By Proposition 7.2 the total space E}, is simply connected. Also consider the diagram

X%X

BTk %= BT*.

Recall that, by Proposition 5.1, ma(04)=A. Together with §8(2), this implies that the
above diagram commutes on the level of 75, and hence homotopy commutes by Proposi-
tion 6.3. Then Theorem 6.2 applies and yields an A-map F: E;, — Ej,. By Theorem 8.2 the
diffeomorphism F' is partially hyperbolic. Since F' is an A-map over a volume-preserving
diffeomorphism, Fubini’s theorem implies that F is also volume preserving.

To establish ergodicity start by removing the 3-skeleton of X and all its iterates
under f. We obtain a subset X C X of full volume. Over X the bundle trivializes and
the A-map F takes the form

F(z,y1,92) = (f(2), B*(y1) +a(z), y2+B(x)),
where (y1,y2)€T?xTF=2=T*. After making the coordinate change
(@, y1, y2) ¥ (z, y1+u(®), y2),
where u(z)=(Id —B?) " 'a(x), F takes the form
F(z,y1,92) = (f(2), B*(y1), y2+5(2)).

Recall that f is Bernoulli, B2: T? —T? is Anosov, and hence also Bernoulli. Since the

product of two Bernoulli automorphisms is also Bernoulli, we can write

F(z,y2) = (T(2), y2+5(2)),

where z=(x,y1), 8(2)=0(z) and T is Bernoulli. Note that this already solves the case

k=2. Now consider an F-invariant Lo function and use Fourier decomposition with
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respect to the yo-coordinate to see that F' is ergodic (i.e. the invariant function must be

constant) if and only if the cohomological equation

§(Tz)—¢£(2) = B(2)

has a non-trivial solution &. Thus F is ergodic if [ 3(z) dvol#£0.

Recall that T* acts on Ej from the right by translation on the fiber. It is easy
to see that poF, p€T¥ is still an A-map, and hence is volume preserving and partially
hyperbolic. If [ 3(z) dvol#£0 then consider

F'=poF,
where o= (0,w)€T?xT*2, w##0. In (2,y2)-coordinates F’ takes the form
F'(z,92) = (T(2), y2+ B(2) +w).

Since [(3(z)4w) dvol=w##0, the diffeomorphism F” is ergodic.
We have thus constructed partially hyperbolic diffeomorphisms on simply connected
manifolds of dimensions 6 to 26. To obtain higher-dimensional examples, one can couple

these examples or couple them with sufficiently slow ergodic diffeomorphisms of spheres.

12. Final remarks

12.1. The 6-dimensional example

Note that our 6-dimensional example is in fact Bernoulli. It is also easy to see that it is
stably non-dynamically coherent. Indeed, a center leaf would cover X, and hence would
be a trivial one-to-one cover and give a section of the bundle. But the bundle E} is

non-trivial, and therefore it does not admit sections.

12.2. Real-analytic version

We believe that our examples can be made real-analytic by modifying the base diffeomor-
phism. More specifically one only needs to change the definition of B, 4 in the following

way
Be q(z,y) = (13x—esin(4ddnmx) +8y, 8r—e sin(4ddnz)+5y), =0, d€Z..

One then has to work out a version of Lemma 10.5. Note that the calculations become
tedious; in particular, because the cubic term of B. g at (0,0) affects the dynamics
on CP!.
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12.3. Bunching

By a more careful construction of the base diffecomorphism f: X — X, one can obtain
similar examples F' that are also (2—e)-bunched; that is, for any >0 there exist a
Riemannian metric || - || and A>1 such that for any unit vectors v*, v® and v*, respectively
in B, E° and E*, we have that

IDF(u*)[| <A77,
NFEIDF@)| <[ DF@e)| <A™ =F|DF (v")]],
N <|IDF(0")]).

12.4. A 2-connected example

It is easy to see from a long exact sequence of the fiber bundle that, when k=22, our con-
struction yields a partially hyperbolic diffeomorphism F': B, — E}), of a simply connected,

2-connected, 26-dimensional manifold, i.e. m (Ey)=m2(Ep)=0.

12.5. Irreducibility

We recall a definition introduced in [FG, §7]. A partially hyperbolic diffeomorphism
F:N—N is called irreducible if it satisfies the following conditions:
(1) the diffeomorphism F' does not fiber over a (topologically) partially hyperbolic
(or Anosov) diffeomorphism F:N—N of a lower-dimensional manifold N , that is, one
cannot find a fiber bundle p: N —N and a (topologically) partially hyperbolic (or Anosov)
diffeomorphism F:N—N such that poF:Fop;
(2) if F’ is homotopic to F' then F’ also satisfies (1)
1

(3) if F'is a finite cover of F then F also satisfies (1) and (2).

CONJECTURE 12.1. Our 6-dimensional example is irreducible.

12.6. A partially hyperbolic branched self-covering of S$3

Our construction can be applied to the Hopf bundle S'—83—S2. Namely, consider the
Lattes map of S? induced by multiplication by n on T2, n>2. This is a rational map
of degree n?, which is self-covering outside of the ramification locus that consists of four
points (see [Mi, §7] for a detailed description). Then, by working through the A-map
machinery, one obtains a self map of S that covers the Lattés map and which is given

by multiplication by n? in the S! fibers. Further, by slowing down the Lattés map at the
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ramification points, one can obtain a partially hyperbolic branched self-covering of S3 of

degree n*. In fact, we can use a rational (non-Lattés) map of the base coming from [BE,

Theorem 1]. This map does not require further perturbation.
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