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1. Introduction

A contact structure on a (2n+1)-dimensional manifold M is a completely non-integrable
hyperplane field ECT M. If we define £ by a Pfaffian equation a«=0, where a is a 1-form,
possibly with coefficients in a local system for a non-coorientable &, then the complete
non-integrability is equivalent to aAda™ being non-vanishing on M. An equivalent defi-
nition of the contact condition is that the complement of the 0-section of the total space
of the conormal bundle L¢ CT™* M is a symplectic submanifold of 7% M with its canonical
symplectic structure d(p dq).

The corresponding formal homotopy counterpart of a contact structure is an almost
contact structure, which is a hyperplane field £ CTM equipped with a conformal class
of linear symplectic structures. Almost contact structures can be represented by a pair
(o,w), where « is a non-vanishing 1-form on M (again possibly with local coefficients
in a non-trivial line bundle) and w is a non-degenerate 2-form on the hyperplane field
¢={a=0} (with coefficients in the same local system). In the coorientable case, i.e. when
TM/E is trivialized by «, the existence of an almost contact structure is equivalent to
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the existence of a stable almost complex structure on M, i.e. a complex structure on the
bundle TM @e’, where €' is the trivial line bundle over M.

The current paper is concerned with basic topological questions about contact struc-
tures: existence, extension, and homotopy. This problem has a long history. It was first
explicitly formulated, probably, in S. S. Chern’s paper [9]. In 1969 M. Gromov [28] proved
a parametric h-principle for contact structures on an open manifold M: any almost con-
tact structure is homotopic to a genuine one, and two contact structures are homotopic
if they are homotopic as almost contact structures, see Theorem 7.1 below for a more

precise formulation of Gromov’s theorem.

For closed manifolds a lot of progress was achieved in the 3-dimensional case begin-
ning from the work of J. Martinet [38] and R. Lutz [36] who solved the non-parametric
existence problem for 3-manifolds. D. Bennequin [2] showed that the 1-parametric h-
principle fails for contact structures on S% and Y. Eliashberg in [12] introduced a di-
chotomy of 3-dimensional contact manifolds into tight and overtwisted and established
a parametric h-principle for overtwisted ones: any almost contact homotopy class on a
closed 3-manifold contains a unique, up to isotopy, overtwisted contact structure. Tight
contact structures were also classified on several classes of 3—manifolds, see e.g. [14], [24],
[33], and [34]. V. Colin, E. Giroux, and K. Honda proved in [11] that any atoroidal

contact 3-manifold admits at most finitely many non-isotopic tight contact structures.

Significant progress in the problem of construction of contact structures on closed
manifolds was achieved in the 5-dimensional case beginning from the work of H. Geiges
[19], [20] and H. Geiges and C. B. Thomas [22], [23], and followed by the work of R. Casals,
D.M. Pancholi, and F. Presas [5] and J. Etnyre [18], where the existence of a contact
structures in any homotopy class of almost contact structures was established. For ma-
nifolds of dimension greater than 5 the results are more scarce. The work [13] implied
existence of contact structures on all closed (2n+1)-dimensional manifolds that bound
almost complex manifolds with the homotopy type of (n+1)-dimensional cell complexes,
provided n>2. F. Bourgeois [3] proved that for any closed contact manifold M and any
surface 3 with genus at least 1, the product M x 3 admits a contact structure, using work
of E. Giroux [25]. This positively answered a long standing problem about existence of
contact structures on tori of dimension 2n+1>5 (a contact structure on T° was first
constructed by R. Lutz in [37]).

Non-homotopic, but formally homotopic contact structures were constructed on
higher-dimensional manifolds as well, see e.g. [46]. As far as we know, before the current
paper there were no known general results concerning the extension of contact structures

in dimension greater than 3.
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THEOREM 1.1. Let M be a (2n+1)-manifold, ACM be a closed set, and £ be an
almost contact structure on M. If £ is genuine on Op ACM then £ is homotopic relative
to A to a genuine contact structure. In particular, any almost contact structure on a

closed manifold is homotopic to a genuine contact structure.

Here we are using Gromov’s notation Op A for any unspecified open neighborhood
of a closed subset AC M.

In §3 we will define the notion of an overtwisted contact structure for any odd-
dimensional manifold. Deferring the definition until §3.2, we will say here that a contact
manifold (M?2"F1 €) is called overtwisted if it admits a contact embedding of a piecewise
smooth 2n-disc D,z with a certain model germ (,; of a contact structure. In the 3-
dimensional case this notion is equivalent to the standard notion introduced in [12]. See
810 for further discussion of the overtwisting property.

Given a (2n+1)-dimensional manifold M, let A be a closed subset such that M\ A
is connected, and let £, be an almost contact structure M that is a genuine contact
structure on Op A. Define Cont,,(M; A, &) to be the space of contact structures on M
that are overtwisted on M\ A and coincide with £, on Op A. The notation cont(M; A, &)

stands for the space of almost contact structures that agree with & on Op A. Let
J:Contor (M; A, &) — cont(M; A, &)

be the inclusion map. For an embedding ¢: Doy — M\ A, let Conty(M; A, &, ¢) and
conto (M A, &y, @) be the subspaces of Conto(M; A, &) and conty (M; A, &) of contact
and almost contact structures for which ¢: (Dgt, (o) — (M, €) is a contact embedding.

THEOREM 1.2. The inclusion map induces an isomorphism
Je:mo(Contoy (M A, §o)) — mo(cont(M; A, &),
and moreover the map
J: Contoy (M A, §o, ) — contor (M A, §o, )

is a (weak) homotopy equivalence.
As an immediate corollary, we have the following result.

COROLLARY 1.3. On any closed manifold M, any almost contact structure is ho-

motopic to an overtwisted contact structure which is unique up to isotopy.

We also have the following corollary (see §3.6 for the proof) concerning isocontact

embeddings into an overtwisted contact manifold.
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COROLLARY 1.4. Let (M?"*1 €) be a connected overtwisted contact manifold and
(N27F1 () be an open contact manifold of the same dimension. Let f:N—M be a
smooth embedding covered by a contact bundle homomorphism ®: TN—TM, that is
D(Ce)=E| f(z) and ® preserves the conformal symplectic structures on ¢ and §. If df
and ® are homotopic as injective bundle homomorphisms TIN —TM, then f is isotopic
to a contact embedding f: (N,)—(M,&). In particular, an open ball with any contact

structure embeds into any overtwisted contact manifold of the same dimension.

We note that there were many proposals for defining the overtwisting phenomenon
in dimension greater than 3. Inspired by an obstruction to symplectic fillability of a
contact manifold described in Gromov’s seminal paper [30], K. Niederkriiger introduced
in [40] a notion of a plastikstufe, see §10 for the definition and further discussion of this
notion and its relation to the overtwisting. A technique for construction of closed contact
manifolds with plastikstufes was developed in the papers [44], [42], and [43].

We claim that our notion of overtwisting is stronger than any other possible notions,
in the sense that any exotic phenomenon, e.g. a plastikstufe can be found in any over-
twisted contact manifold. Indeed, suppose we are given some exotic model (A4, ¢), which
is an open contact manifold, and assume it formally embeds into an equidimensional
(M, &ot), then by Corollary 1.4 we know that (A, () admits a genuine contact embedding
into (M, &ot). See §10 for a more detailed discusson about embeddings of plastikstufes.

In particular, the known results about contact manifolds with a plastikstufe apply
to overtwisted manifolds as well:

e Overtwisted contact manifolds are not (semi-positively) symplectically fillable [40].

e The Weinstein conjecture holds for any contact form defining an overtwisted con-
tact structure on a closed manifold [1].

e Any Legendrian submanifold whose complement is overtwisted is loose [39]. Con-
versely, any loose Legendrian in an overtwisted ambient manifold has an overtwisted
complement.

As customary in the h-principle type framework, a parametric h-principle yields
results about leafwise structures on foliations, see e.g. [28]. In particular, in [6] the
parametric h-principle [12] for overtwisted contact structures on a 3-manifold was used for
the construction of leafwise contact structures on codimension-1 foliations on 4-manifolds.

Let F be a smooth (2n+1)-dimensional foliation on a manifold V' of dimension
m=2n+1+q.

THEOREM 1.5. Any leafwise almost contact structure on F is homotopic to a gen-

uine leafwise contact structure.

A leafwise contact structure £ on a codimension-g foliation F on a manifold V' of
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dimension 2n+1+q is called overtwisted if there exist disjoint embeddings
hiITiXB—>‘/, izl,...,N7

where (B, () is a (2n+1)-dimensional overtwisted contact ball and each T; is a compact
q-dimensional manifold with boundary, such that

e cach leaf of F is intersected by one of these embeddings;

e for each i=1,..., N and 7€T; the restriction h;|.xp is a contact embedding of
(B, ¢) into some leaf of F with its contact structure.

The set of embeddings hq,..., Ay is called an overtwisted basis of the overtwisted
leafwise contact structure £ on F.

For a closed subset ACV, let & be a leafwise contact structure on F|op 4, and let
h;:T;x B—»V\A, i=1,..., N, be a collection of disjoint embeddings. Define

Q:Untot(]:; AvEOa hla EE) hN)

to be the space of leafwise contact structures F that coincide with &, over Op A and such

that {h;}, is an overtwisted basis for Fy\ 4. Define
CUl’ltot(f; A, 5(), hl, vy hN)

to be the analogous space of leafwise almost contact structures on F.

THEOREM 1.6. The inclusion map
Q:Uﬂfot(f; A, fo, hl, ey hN) — contot(}'; A, f()7 h17 ceny hN)

is a (weak) homotopy equivalence.

Remark 1.7. If V is closed then an analog of Gray-Moser’s theorem still holds even
though the leaves could be non-compact. Indeed, the leafwise vector field produced
by Moser’s argument is integrable because V' is compact, and hence it generates the
flow realizing the prescribed deformation of the leafwise contact structure. Therefore,
a homotopical classification of leafwise contact structures coincides with their isotopical
classification.

Plan of the paper. Because of Gromov’s h-principle for contact structures on open
manifolds, the entire problem can be reduced to a local extension problem of when a germ
of a contact structure on the 2n-sphere 0B?"+! can be extended to a contact structure

on B2+ Our proof is based on the two main results: Proposition 3.1, which reduces
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the extension problem to a unique model in every dimension, and Proposition 3.10, which
provides an extension of the connected sum of this universal model with a neighborhood
of an overtwisted 2n-disc Dy defined in §3.2. We formulate Propositions 3.1 and 3.10 in
83, and then deduce Theorem 1.1 from them. We then continue §3 with Propositions 3.11
and 3.12, which are parametric analogs of the preceding propositions, and then prove
Theorem 1.2 and Corollary 1.4. The proofs of Theorems 1.5 and 1.6, concerning leafwise
contact structures on a foliation, are postponed till §9.

In §4 we study the notion of domination of contact shells and prove Proposition 4.8
and its corollary Proposition 4.9, which can be thought of as certain disorderability
results for the group of contactomorphisms of a contact ball. These results are used in
an essential way in the proofs of Propositions 3.1 and 3.11 in §8. We prove the main
extension results, Propositions 3.10 and 3.12, in §5.

Propositions 3.1 and 3.11 are proved in §8. This is done by gradually standardizing
the extension problem in §6 and §7. First, in §6 we reduce it to extension of germs of
contact structures induced by a certain family of immersions of S?" into the standard
contact R?"+1. This part is fairly standard, and the proof uses the traditional h-principle
type techniques going back to Gromov’s papers [28], [29] and Eliashberg—Mishachev’s
paper [16]. In §6 we show how the extension problem of §6 can be reduced to the extension
of some special models determined by contact Hamiltonians. Finally, to complete the
proofs of Propositions 3.1 and 3.11 we introduce in §8 equivariant coverings and use
them to further reduce the problem to just one universal extension model in any given
dimension.

The final §10 is devoted to further comments regarding the overtwisting property.
We also provide an explicit classification of overtwisted contact structures on spheres.

The diagram in Figure 1 outlines the logical dependency of the major propositions
in the paper. Notice that the left three columns together give the proof of Theorem 1.1,
whereas the right three columns together prove Theorem 1.2. The double arrow be-
tween Propositions 6.12 and 3.1 indicates that Proposition 6.12 is used in the proof of
Proposition 3.1 twice in an essential way. The diagram is symmetrical about the central
column, in the sense that any two propositions which are opposite of each other are

parametric/non-parametric versions of the same result.

Acknowledgements. After the first version of this paper was posted on the arXiv
many mathematicians have sent us their comments and corrections. We are very grateful
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Thm. 1.{1\ Prop. 3.9 —— Thm. 3.13 —— Thm. 1.2
Prop. 3.10 Lemma 4.3 Prop. 3.12 Lemma 9.1
Prop. 3.1 Prop. 5.4 — Prop. 5.3 Prop. 3.11

§8.1 — > §8.2

| 1

Prop. 6.2 Prop. 6.12 §4.3.2 Prop. 6.13 Prop. 7.6

Lemma 7.2 Thm. 7.1

Figure 1.1. Results of the paper, with logical dependencies.

2. Basic notions
2.1. Notation and conventions

Throughout the paper, we will often refer to discs of dimension 2n—1, 2n, and 2n-+1.
For the sake of clarity, we will always use the convention dim B=2n-+1, dim D=2n, and
dim A=2n—1. When we occasionally refer to discs of other dimensions we will explicitly
write their dimension as a superscript, e.g. D™. All discs will be assumed diffeomorphic
to closed balls, with possibly piecewise smooth boundary.

Functions, contact structures, etc., on a subset A of a manifold M will always be
assumed given on a neighborhood Op ACM. Throughout the paper, the notation I
stands for the interval I=[0,1] and S! for the circle S'=R/Z. The notation A€B
stands for compact inclusion, meaning that ACInt B.

As the standard model contact structure on R?"~!=Rx (R?)"~!, we choose

n—1

oo = {Ait”‘l :=dz—|—z u; de; zO},

i=1

where (r;,¢;) are polar coordinates in n—1 copies of R? with ¢;€S" and u;:=r? for

i=1,...,n—1. We always use the contact form \2*~' throughout the paper. On R?**!
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we will use two equivalent contact structures, both defined by
&= A o dt =0},

where the coordinates (v,t) have two possible meanings. For R*"~1xR? we will take
v:=r? and t€S*, where (r,t) are polar coordinates on R?, while for R?"~1 x T*R we will
take v:=—y, and t:=x,. In each case it will be explicitly clarified which model contact
structure is considered.

A compact domain in (R?"~1, &) will be called star-shaped if its boundary is trans-

verse to the contact vector field

0 N0

An abstract contact (2n—1)-dimensional closed ball will be called star-shaped if it is
contactomorphic to a star-shaped domain in (R?"~1, &).

A hypersurface X C (M, E=ker \) in a contact manifold has a singular 1-dimensional
characteristic distribution £CTXNE, defined to be the kernel of the 2-form d\|rsne, with
singularities where {=T%. The distribution ¢ integrates to a singular characteristic foli-
ation F with a transverse contact structure, that is a contact structure on a hypersurface
Y CX transverse to F, which is invariant with respect to monodromy along the leaves
of F. The characteristic foliation F and its transverse contact structure determines the

germ of £ along ¥ up to a diffeomorphism fixed on X..

2.2. Shells

Below we will need some specific models for germs of contact structures along the bound-
ary sphere of a (2n+1)-dimensional ball B with piecewise smooth (i.e. stratified by
smooth submanifolds) boundary, extended to B as almost contact structures.(!)

A contact shell will be an almost contact structure £ on a ball B such that £ is genuine
near 9B. A contact shell (B,§) is called solid if £ is a genuine contact structure. An
equivalence between two contact shells (B, €) and (B’,¢’) is a diffeomorphism g: B— B’
such that g.& coincides with £ on OpdB’ and ¢.£ is homotopic to & through almost
contact structures fixed on OpdB’.

Given two shells , =(B, &) and (- =(B_,&_), we say that {, dominates (_ if there
exist both

e a shell (=(B, ¢) with an equivalence g: (B, ¢)— (B, £,) of contact shells;

(1) We always view these balls as domains in a larger manifold, so the germs of contact structures
along 0B are assumed to be slightly extended outside of B.
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(B,€)

Figure 2.1. Domination of contact shells, where £ is genuine in a neighborhood of the gray
region and §|h(37)%§, as almost contact structures.

e an embedding h: B_ — B such that h*¢=¢_ and £ is a genuine contact structure
on B\Int h(B_).

We will refer to the composition goh: (B_,¢_)—(B;,&,) as a subordination map.
Notice that, if (B;, &) dominates (B_,£_) and (B_,£_) is solid, then (B,,£.) is equiva-
lent to a solid shell. If both shells (B_,£_) and (B, &,) are solid, then the subordination
map is called solid if it is a contact embedding.

A gluing place on a contact shell (B, §) is a smooth point p€0B where T,0B=¢|,.
Given two gluing places p; € (B;, &;) on contact shells, the standard topological boundary
connected sum construction can be performed in a straightforward way at the points p;
to produce a contact shell (Bo#Bi, {o#&1), which we will call the boundary connected
sum of the shells (B;, ;) at the boundary points p;. We refer the reader to §5.1 for precise
definitions, and only say here that we can make the shells (B;, ;) isomorphic near p; via
an orientation-reversing diffeomorphism by a C!'-perturbation of the shells that fixes the
contact planes &;|p,.

2.3. Circular model shells

Here we will describe a contact shell model associated with contact Hamiltonians, which
will play a key role in this paper for it is these models that we will use to define overtwisted
discs.

Let ACR?"! be a compact star-shaped domain and consider a smooth function
K:AX51—>R, with K|6A><S1 > 0. (1)

Throughout the paper we will use the notation (K, A) to refer to such a contact Hamil-

tonian on a star-shaped domain.
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Figure 2.2. A family of functions g, for the Hamiltonian K:[—2,2]—R. The hash mark on
the vertical axis is at o, =K (z) and the hash mark on the horizontal axis is at v=K(z)+C.

For a constant C€R, we can define a piecewise smooth (2n+1)-dimensional ball
associated with (K, A) by

Br.c:={(z,v,t) € AxR*:v < K(z,t)+C} CR*™ ' xR?, (2)
provided C'4+mina g1 K >0. Pick a smooth family of functions
,Q(z,t)ZR>0 — R, (:L',t) EAXSI, (3)
such that
(i) 0(z,4)(v)=v when (z,v,t)cOp{v=0};
(i) o(z(v)=v—C when (z,v,t)cOp{v=K(z,1)+C};
(iii) Oyo(z,t)(v)>0 when (z,v,t)cOp{v< K (x,t)+C and xc0A}.

See Figure 2.2 for a schematic picture of such a family of functions. Given g, pick a
1-form B on Bk ¢ such that
0
ﬁ((’?) >0 on Bg,c and B=do on Op0dBk.c,
v

which is possible as dp(9/0v)>0 on Op OBk, c. For example 8,=(1—g) dv+gdo, where
g: Bx,c—[0,1] is a bump function such that 9, 0>0 on its support and g=1 on Op Bk ¢
Define the contact shell structure ng, ,:=(ayp,wg) on Bi ¢ by

Qpi=Ag+odt and wg:=d g+LAdL, (4)
which is indeed an almost contact structure since
0
ag/\wg(n1)ﬁ<av>x\st/\(d)\st)"1/\dv/\dt>0. (5)

As the conditions on 8 are convex, up to homotopy relative to 0Bg ¢, the symplectic
structure wg on ker o, is independent of the choice of 3, which is why we suppressed it

from the notation nx ,. More generally we have the following result.
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LEMMA 2.1. Up to equivalence, the contact shell (Bk,c,nk,p) is independent of the
choices of (3, o, and C.

Proof. Consider the special case of two choices (9o, 8p) and (91, 81) for the same C.
We can pick a family of diffeomorphisms ¢, ;):R>0—+R>¢ such that

P (V) = (07! °00)(z,t) (V) on Op{(z,v,t):v=K(z,t)+C}UOpIA,
and this family induces a diffeomorphism ®: Bx ¢ — Bk, ¢ such that
Dy, =g and Pwg, =wgeg-

Since on OpdBk c we have both ay,.o=a,, and wg .¢=wgs,, we can connect ®*ng ,,
and 7 ,, via a straight line homotopy that is fixed on the boundary.

Given two choices (Cy, 0o, 5o) and (C1, 01,01), we can pick a family of diffeomor-
phisms ¥, +): R>0—Ro such that

Y(apy (V) =v+(C1—Cp) on Op{(z,v,t):v=Co+K(z,t)}

and consider the induced diffeomorphism V: By ¢, — Bk ¢, . Pulling back (o, ,ws,) by

¥ reduces the problem to the special case. O

We will use the notation (Bg,c,7K,,) throughout the paper for this specific con-
struction, though we will usually drop C' and ¢ from the notation and write (Bx,nk)
when the particular choice will be irrelevant. We will refer to this contact shell as the

circle model associated with (K, A).

Remark 2.2. Tt follows from (5) and conditions (i) and (ii) on g that o, never can be
a contact form if K <0 somewhere. Conversely if K >0 everywhere, then picking o(v)=v

makes «, a contact form on By .

The contact germ (0B, i) without its almost contact extension can be described

more directly in the following way. Consider the contact germs on the hypersurfaces

iLK ={(z,v,t):v=K(z,t)} C (AxT*S* ker(\g; +v dt)),
Yok ={(z,0,1):0<v< K(z,t) and 2 € DA} C (AxR?, ker(Ags+v dt)).

These germs can be glued together via the natural identification between neighborhoods

of their boundaries, to form a contact germ 7 on iK::iLKUEQ,K.
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AK(z)

.

Figure 2.3. The characteristic foliation on the piecewise smooth sphere OB .

LEMMA 2.3. The contact germs (0B, nx) and (Si,fx) are contactomorphic.

Proof. We have that the boundary 0Bk c=X1 k,cUX2 k,c, where
Y1 ko ={(z,v,t)€ AxR?: v =K(z,t)+C},
Yo r.ci={(z,v,t)€ AxR?*:0<v< K(z,t)+C and 2 € 9A}.

Recalling that the 1-form o, =g +0dt is a contact form near B, c CAXxR?, just note
that g induces contactomorphisms of neighborhoods

Op¥, ko, kera,) — Opf)-K,ker At v dt
3K, 0 3,

for =0, 1, by construction. O

2.4. The cylindrical domain

Throughout the paper, we will often use the following star-shaped cylindrical domain:
AC)’I = D2n*2 X [713 1] = {(Q7 Z) ‘U < 1 and ‘Z| < 1} - (]R2n717 gs'ﬂ)v
where )
D" %= {q U= Z u; < 1} CR*2
i=1

is the unit ball and g=(u1, @1, ..., Un_1, Gn_1) ER*72.
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Also observe for any contact Hamiltonian (K, Acy1) the north and south poles
Pil = {(U, z, U) = (0, il, O)} S (OBK, ’I’]K)

are gluing places in the sense of §2.2. When performing a boundary connected sum of
such models (Bx# Bk, Nk #nk) we will always use the north pole of Bx and the south

pole of Bg. See §5.1 for more details on the gluing construction.

3. Proof of Theorems 1.1 and 1.2
3.1. Construction of contact structures with universal holes

Proposition 3.1, which we prove in §8.1, and which represents one half of the proof of
Theorem 1.1, constructs from an almost contact structure a contact structure in the
complement of a finite number of disjoint (2n+1)-balls, where the germ of the contact

structure on the boundaries of the balls has a unique universal form.

PRrROPOSITION 3.1. For fized dimension 2n+1 there exists a contact Hamiltonian
(Kuniv, Acy1), specified in Lemma 8.7, such that the following holds. For any almost
contact manifold (M,£) as in Theorem 1.1 there exists an almost contact structure &' on
M, which is homotopic to £ relative to A through almost contact structures, and a finite
collection of disjoint balls B;C M\ A for i=1, ..., L, with piecewise smooth boundary such
that

e &' is a genuine contact structure on M\U{;l Int B;;

e the contact shells & for i=1,..., L.

univ)

B, are equivalent to (Bg, .., MK

Remark 3.2. If (Bg,nk) is dominated by (Bk,.,.., MK )s then in the statement of
Proposition 3.1 we can take K in place of K,y In particular by Lemma 4.7, in the
3-dimensional case we can take Kypniv:[—1,1] =R to be any somewhere negative func-
tion. Our proof in higher dimension is not constructive, and we do not know an effective
criterion which would allow one to verify whether a particular function K, satisfies
Proposition 3.1. Of course, it is easy to construct a 1-parameter family of Hamiltonians
K¢ so that any Hamiltonian K is less than K¢ for sufficiently small e>0 (see Exam-
ple 3.5). We can then take K, =K¢ for sufficiently small €. It would be interesting to

find such a general criterion for which Hamiltonians can be taken as Kypniy-

3.2. Overtwisted discs and filling of universal holes

Proposition 3.10, which we formulate in this section and prove in §5.2.1, will combine

with Proposition 3.1 to prove Theorem 1.1 in §3.3.
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A smooth function k:R>o—R is called special if k£(1)>0 and
ak@) <k(u) foralla>1 and u>0. (6)
a

This implies that k(0)<0, and hence k(u) has a zero in (0, 1). By differentiating (6) with

respect to a, we conclude that
k(u)—uk'(u) <0 for all u>0, (7)

which means that the y-intercept of all tangent lines to the graph of k are negative.

We call a function K: A —R spherically symmetric if it depends only on the co-
ordinates (u, z), where u:Z?;ll u;. By a slight abuse of notation, we will write K (u, z)
rather than K=K (u, z) for some function K:[0,1]x[-1,1]—=R.

Definition 3.3. A spherically symmetric contact Hamiltonian K: Aqy —R satisfying
Kloa
following conditions hold for all u€]0, 1]:

(SH1) one has k(u)<K(u,z) and equality holds if zeOp{zp};

(SH2) the function K(u,-):[—1, zp]—R is non-increasing;

(SH3) K(u,z)<K(u,—1)=K(u,1).

When n=1, where Agy1=[—1,1], condition (SH1) can be replaced by K(zp)<O0.

o1 >0 is called special if for some zp€(—1,1) and some special k:R>o—R the

Remark 3.4. The definition of a special Hamiltonian was picked so that the proofs
in §5 would work, in particular the proof of Lemma 5.4, and the main conditions are
(SH1) and (SH2). Condition (SH3) is put in strictly for notational convenience for when
we do connect sums in §5.1 of contact Hamiltonian shells.

As the following example shows, special contact Hamiltonians exist and furthermore,
for any particular contact Hamiltonian (K’, Acy1) that is positive on Ay x S, there is
a special contact Hamiltonian K: Acy1—R such that K <K'

Ezample 3.5. For positive constants a, b, and A with b<1 and A>a/(1-0), define

the special piecewise-smooth function

k() = { AMu—b)—a, ifu>b,

—a, if u<b,
and the special piecewise smooth contact Hamiltonian
K (u, z) =max{k(u), k(|z])}.

By a perturbation of K near its singular set, we may construct a smooth special contact
Hamiltonian K that is C*-close to K , though smoothness of K will not be needed in the

proof.
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Figure 3.1. A 2-dimensional overtwisted disc (Dot,not) with its characteristic foliation.

Let K:Acyi—R be a special contact Hamiltonian and define (Dg,nk) to be the

contact germ on the 2n-dimensional disc
Dk :={(z,v,t) € 0Bk : z(x) € [-1, zp|} C (Bk,nK), (8)

where zp is the constant in Definition 3.3. Notice that Dg inherits the south pole of the

corresponding circle model and the coorientation of 9Bk as a boundary.

Definition 3.6. Let Kyniv be as in Proposition 3.1. An overtwisted disc (Do, 1ot) 18
a 2n-dimensional disc with a germ of a contact structure such that there is a contacto-
morphism
(Dot Mot) = (Dxcy i)

where K is some special contact Hamiltonian with K <K.,;,. A contact manifold
(M?27F1 €) is overtwisted if it admits a contact embedding (Do, 7ot)— (M, &) of some

overtwisted disc.

Ezxample 3.7. In the 3-dimensional case, it follows from Lemma 4.7 that the disc
Dy = {(Z, v, t) €0Bk:z€ [—1, ZD]} C (BK, nK)

is overtwisted in the sense of Definition 3.6 for any special contact Hamiltonian, i.e a

somewhere negative function on the interval [—1, 1], positive near the end-points +1.

Remark 3.8. The definition of the overtwisted disc (Dg,nk) depends on the choice
of a special Hamiltonian K < K3y, and the germs 7nx need not be contactomorphic
when we vary K. However, as Corollary 1.4 shows, for any two special Hamiltonians

K, K' < Kyniv any neighborhood of (D, ng) contains (Dg, Nk ).

As the following proposition shows, any overtwisted contact manifold contains in-

finitely many disjoint overtwisted discs.
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PROPOSITION 3.9. FEwvery neighborhood of an overtwisted disc in a contact manifold

contains a foliation by overtwisted discs.

We prove Proposition 3.9 at the end of §4.2.

Given a special contact Hamiltonian K:Aqy—R, the contact germ (Dg,nk) has
the following remarkable property, which we will prove in §5.2.2. Let (B, &) be a (2n+1)-
dimensional contact ball with piecewise smooth boundary such that (Dg,nx)C(0B,¢§),

where the coorientation of Dy coincides with the outward coorientation of 0B.

ProproOSITION 3.10. Let Ky and K, with Ko> K, be two contact Hamiltonians where
K is special. Then the contact shell (Bg,#B,nKk,#€), given by performing a boundary
connected sum at the north pole of By, and the south pole of Dk COB, is equivalent to

a genuine contact structure.

3.3. Proof of Theorem 1.1

Choose a ball BC M\ A with piecewise smooth boundary and deform the almost contact
structure ¢ to make it a contact structure on B with an overtwisted disc (Do, 7ot) C
(0B, &) on its boundary. This can be done since any two almost contact structures on
the ball are homotopic if we do not require the homotopy to be fixed on dB.

Using Proposition 3.1 we deform the almost contact structure € relative to AUB to an
almost contact structure £ on M, which is genuine in the complement of finitely many dis-
joint balls By, ..., By CM\(AUB), where each (B;, &

as almost contact structures.

B, ) is isomorphic to (Bx,, .. MK )

According to Proposition 3.9 we can pick disjoint balls B/CInt B, i=1,..., N, each
with an overtwisted disc on their boundary (D , ni )C(0B., €). As we will describe
in §5.1, we can perform an ambient boundary connected sum B;#B;C M\ A such that
the sets B;# B} are disjoint for i=1,..., N and there are isomorphisms of almost contact

structures

(BZ#B’Z?é-

B#B!) = (Bi#B], €|, #E ;) = (B # B, nx #&| ).

Now, for i=1,...,L, by definition we have (D¢ ,ni.)=(Dk,,nk,) for special contact
Hamiltonians K; such that K;<Kunyy. Therefore we can apply Proposition 3.10 to
homotope &| 5, p; relative to the boundary to a genuine contact structure on B;#B, for
each i=1,..., N. The result will be a contact structure on M that is homotopic relative

to A to the original almost contact structure.
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3.4. Fibered structures

To prove the parametric version of Theorem 1.1, we need to discuss the parametric form
of the introduced above notions. The parameter space, always denoted by T', will be
assumed to be a compact manifold of dimension ¢, possibly with boundary, and we will
use the letter 7 for points in 7.

A family of (almost) contact structures {7}, 7 on a manifold M can be equivalently
viewed as a fiberwise, or as we also say fibered (almost) contact structure T¢ on the total
space of the trivial fibration TM :=T x M —T, which on each fiber M7 :=7x M coincides
with £7.

A fibered contact shell (TM,T¢) is a fibered almost contact structure that is gen-
uine on Opd(TM), by which we mean that (M7,£7) is genuine for all 7€ OpdT and
(OpOMT™,£7) is genuine for all T€T. An equivalence between fibered contact shells

G:(M'By, 11&1) — (72 By, 260)

is a diffeomorphism covering a diffeomorphism g: 77 —T5 such that G*(72£,) and Ti¢; are
homotopic relative to Opd(71B;) through fibered almost contact structures on 7*B;. In
particular this requires G: (BT, §{)—>(Bg(T), 53(7)) to be an equivalence of contact shells
for all 7€T} and to be a contactomorphism when 7€ Op dT7.

Given fibered contact shells 7+ ¢, =(T* B, T=£.), we say that 7+, dominates T-(_
if there is a third fibered contact shell (=(7B, 7¢) such that there are

e a fibered equivalence G: T'¢—T+(,;

e a fiberwise embedding H: 7~ B_—TB covering an embedding h: T —T such that
H*(T¢)="-¢_ and ¢ is genuine on 7B\ H(Int’~ B_).

We will refer to the embedding GeH: (T-B_,T-¢_)—(T+ B, T+¢,) as a subordina-
tion map.

Finally we note that the boundary connected-sum construction can be performed in

the fibered set-up to define a fibered connected sum
("Bi#" By, "€1#7€2)  with fibers (B]# B3, €] #&7),

provided that we are given a family of boundary points p] €0B] and pl €0BJ as in the

non-parametric case.

3.5. Parametric contact structures with universal holes

Given a special contact Hamiltonian K: Aq;1—R, we define a function E: Ay —R by the
formula E(u, z):=K(u, 1). By assumption, we have K <E on A.,. We further define a
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family of contact Hamiltonians K (%): Acy1—R by

K®) :=sK+(1—s)E for s€[0,1]. (9)

Given a disc T:=D?CR?, pick a bump function §: T— [0, 1] with support in the inte-
rior of T" and consider the family of contact Hamiltonians K (6(1)). Acy1—R parameterized
by 7€T and the fibered circle model shell over T,

("Bk,Tnk), where "By = U {1} X Bgs (10)
TeT

and the fiber over T€T is given by (B s, N6 )-

Recall Proposition 3.1 and its contact Hamiltonian Kyniv: Acy1—R. The next propo-
sition, which we prove in §8.2, is the parametric generalization of Proposition 3.1 and
says that any fibered almost contact structure is equivalent to a fibered almost contact

structure that is genuine away from holes modeled on (T By, .., Tnr,,..)-

ProroOSITION 3.11. Let T=D? and ACM be a closed subset. Every fibered almost
contact structure T¢&y on TM=Tx M that is genuine on (T xOpA)U(OpdT x M) is
homotopic relative to (T x A)U(OT x M) through fibered almost contact structures on T M
to some structure T& with the following property:

There is a collection of disjoint embedded fibered shells T:B;CT(M\ A) over (not
necessarily disjoint) q-dimensional discs T;CT for i=1,..., L such that

(i) the fibers of T¢ are genuine contact structures away from UiLzl Int T B;;

(ii) the fibered contact shells (TiB;, Ti¢) and (TiBk,,.., Tnk,..,) are equivalent.

Furthermore for every CC{1,..., L} the intersection (\;c Ty is either empty or a disc.

Recall the setting of Proposition 3.10: (B, ) is a (2n+1)-dimensional contact ball for
which there is a special contact Hamiltonian K: Ag—R such that (Dg,nkx)C(9B,£),
where the coorientation of Dy coincides with the outward coorientation of 0B. The fol-
lowing proposition, which we prove in §5.2.2, is the parametric generalization of Propo-
sition 3.10, where (7B, T¢) is the fibered contact structure T x (B, €).

PROPOSITION 3.12. Let (Ko, Acy1) be a contact Hamiltonian and consider the fibered

contact shell
("Bro# "B, "ni,#"€)

given by performing a boundary connected sum on each fiber over T €T at the north pole of
BK{,”(T” and the south pole of Dix COB. If K <K is special, then (T By, #TB, Tni,#1¢)

1s fibered equivalent to a genuine fibered contact structure.
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3.6. Proof of Theorem 1.2 and Corollary 1.4

Theorem 1.2 is an immediate corollary of the following theorem, which is a fibered version

of Theorem 1.1. In particular, for each ¢>0, we see that
j*: Wq(Q:O’ﬂfot (Ma Av an ¢)) — ﬂ-q(contot (Ma Av 503 ¢))

is an isomorphism by applying the following theorem in the cases of D? and D!,

THEOREM 3.13. Let T=D? and ACM be a closed subset such that M\ A is con-
nected, and let T¢ be a fibered almost contact structure on TM which is genwine on
(TxOp A)U(OT x M). If there exists a fized overtwisted disc (Dot,Not) CM\ A such that
for all T€T the inclusion (Do, Mot) C(M\ A, ET) is a contact embedding, then T¢ is ho-
motopic to a fibered genuine contact structure through fibered almost contact structures

fized on (T'x (AUDw))U(OT x M).

Proof. By assumption there is a piecewise smooth disc Do CM\ A such that all
almost contact structures £7, for 7€T, are genuine on Op Dy and restrict to Dgy as 7oy.-
As (Dot Mot) determines the germ of the contact structure, we may pick a ball BCOp D
with Doy COB and assume that (1B, T¢)=Tx (B, ¢).

By applying Proposition 3.11, we may assume that there is a collection of disjoint
fibered balls 7iB;C M\ (AUB) over a collection of discs T;CT for i=1, ..., L such that

(i) T¢ is genuine away from UiL:1 Int(%iB;);

(ii) the fibered shells (7:B;, Ti¢) and (B, .., Tink,,..) are equivalent.

Apply Proposition 3.9 to get L disjoint balls B;CInt(B\(DyUA)) with an overtwisted
disc (D!, mot) C (OB, &) in each of them.

It follows from Lemma 9.1, proven in §9 below, that for each j we can find a para-
metric family of embedded paths "i7; connecting 7 B; to "B} in Tx(M\AUD,).
Moreover, using Gromov’s parametric h-principle for transverse paths, see [31], we may
assume that the constructed paths are transverse.

As we explain in §5.1, with these parametric paths we can form disjoint parametric
ambient boundary connected sums 7iC; CTi(M\ (AUDy)) for each j=1,..., L, between
the fibered shells TJ'Bj and TJB;-. Furthermore, by §5.1 and property (ii) above we have

isomorphisms of fibered almost contact structures
(1:Ci, T56) 2= (T By # Bl T i #6)-

Applying Proposition 3.12 inductively for j=1, ..., L, we deform 7¢ on these connected

sums relative to their boundary to get a fibered genuine contact structure on 7M. [
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Proof of Corollary 1.4. By an isotopy of f we can arrange that the complement
M\ f(N) is overtwisted and the closure f(N) is compact. Then, slightly reducing, if
necessary, the manifold M, we may assume that it is non-compact and overtwisted at
infinity. Let us exhaust N by compact subsets: N :U;il Cj, such that C;€Int Cj4,
and V\Cj; is connected for all j. Set Cy:=@. The result follows by induction from the

following claim:

Suppose we are given an embedding f7~': N— M which is contact on OpCj;_1 and a
homotopy of bundle isomorphisms @{_1: TN —TM covering fi~' such that the following
property PI~1 is satisfied:

(P7=1) The homotopy ®I~" is contact on T(N)lopc;_, for all t€[0,1], )" s
contact everywhere, and ®~'=dfi~1.

Then there exists a pair (fj,(P{) which satisfies P/ and is such that f7=1 and f7 are

isotopic via an isotopy fized on C;_;.

Let {&:}1e[0,1] be a family of almost contact structures on M such that ft:(<b{_1)*§
on fI71C;) and &=¢ outside fI71(Cj11). We note that {=¢& on f7=1(C;), and &=¢
on fi71(C;_1) for all t€[0, 1]. Theorem 1.2 allows us to construct a compactly supported
homotopy & of genuine contact structures on M, te [0, 1], connecting £o=¢ and a contact
structure & which coincides with & on fJ ~1(C}). Moreover, this can be done to ensure
the existence of a homotopy W;: TM —TM of bundle isomorphisms such that ¥y=Id,
WiE, =&, and Wylpi-1(c,_,)=Id, t€[0,1]. Then Gray’s theorem [27] provides us with
a compactly supported diffeotopy ¢:: M— M, t€[0, 1], such that ¢o=Id, ¢;{=&, and
Gelpi-1(c, =ld. Set fii=¢1ofi~1 and ®]:i=dp;o¥;edI~1, t€[0,1]. Then ]=df7,
(@1)7€=(27 )" o (We)o(doe)"E=(2] 1) "o W&=(2] 1)*&. Hence, (9])*¢|c,=¢ for all
te[0,1]. We also have (¥})*¢=( everywhere. Thus, the pair (f7, ®]) satisfies P/, and

the claim follows by induction. O

4. Domination and conjugation for Hamiltonian contact shells

Recall the notation (K, A) for a contact Hamiltonian K on a star-shaped domain AC
(R?=1 &) such that K|paxsi >0 as in (1).

In this section we will develop two properties of Hamiltonian contact shells that
make them well-suited for the purposes of this paper. Namely in §4.1 we show that a
natural partial order (K, A)<(K’, A’) is compatible with domination of contact shells,
and in §4.2 we show that the action of Cont(A) on a contact Hamiltonian (K, A) by

conjugation preserves the equivalence class of the associated contact shell.
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A simple, but very important observation is then made in §4.3, where we show how
conjugation can be used to make some contact Hamiltonians (K, A) much smaller with
respect to the partial order. For instance, in the 3-dimensional case where ACR is an
interval, we prove that up to conjugation K: A—R is a minimal element for the partial
order if K is somewhere negative. In higher dimensions, the existence of a minimal
element up to conjugation is unknown, but the weaker Propositions 4.8 and 4.9 hold in

general and they suffice for our purposes.

4.1. A partial order on contact Hamiltonians with domains

Let us introduce a partial order on contact Hamiltonians with domains, where
(K,A) < (K',A")
is defined to mean ACA’ together with

K(z,t)<K'(z,t) forall z€ A and (11)
0< K'(z,t) forall ze A"\ A. (12)

This partial order is compatible with domination of contact shells.

LeEmMA 4.1. If (K,A)<(K',A’), then (Bk,nk) is dominated by (B, ni). More
specifically, given a contact shell (Bk,c,Nk,o), there is a shell (Bx' cr, MK o) such that
the inclusion

(Br,c:1K,0) C (Br,cr, K7 ,07)
is a subordination map.

Proof. If C'>C, then by (11) we have (Bk,c,Mk,0) C(Bkr.cr, Nk’ ,o) and it will be

an embedding of almost contact structures whenever
o' =0 on OpBgcCBg/ o
If we pick the extension so that
D0y (v) >0 on Op{(z,v,t):x€A,v=K(2,t)+CUOp{(z,v,1) ;2 € A"\Int A},
which is possible on the latter region by (12), it follows that nx . is contact on
Op(Bgkr,c:\Int Bk ),

and hence the inclusion is a subordination map. O
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4.2. Conjugation of contact Hamiltonians

Given a contact manifold (M, ) and a contact Hamiltonian K: M x S*—R, let {¢% }repo.1)
be the unique contact isotopy with ¢% =1 and

(0 (x)) = K (% (), 1).
For a contactomorphism ®: (M, a)— (M’, o), define the push-forward Hamiltonian
O K: M xS' —R by (2.K)(®(z),t)=ce(x) K(x,t), (13)
where cg: M — R+ satisfies ®*a’=cga. One can verify that
{‘I)%(q’fl}te[o,l] = {QZ’%*K}tE[O,l]a

so ®, corresponds to conjugation by .
In this paper we will primarily be concerned with contactomorphisms ®: A— A’

between star-shaped domains in (R?"~!, &), where cg: A— R~ is defined by
(I)*)\St =Cp >\st-

Tt is clear that if (K, A) satisfies (1), then (®,.K,A’) does as well. As the next lemma

shows the push-forward operation induces an equivalence of contact shells.

LEMMA 4.2. A contactomorphism between two star-shaped domains ®: A—A' in

(R2n=1 &) induces an equivalence of the contact shells

®: (Br; i) — (Ba. ks o, k)
defined by (K,A) and (P, K,A’).

Proof. For a given model (Bk ¢, 7k,o) we will build a model (By, , &, 74, K,5) such
that the two models are isomorphic as almost contact structures.
For 5+minA/X51 ®, K >0, pick a family of diffeomorphisms for (z,t)€A x St,

Ba,t): 10, K (2,4)+C) — [0, co () K (2, £)+C]
and define a smooth family of functions for (z,t)€ Ax S?t,
By : [0, co (@)K (2, ) +C] —R by d(a(m)n(©) = cal(®)ow@n (@5 (V).
One sees that ¢ satisfies the conditions in (3) to define (B _j &, 7o, k,5) provided
Bz (v) = co(2)(v—C)+C on Op{(z,v,t):v=K(x,t)+C}.
It follows by construction that the diffeomorphism
b: (Br,osnic,0) — (By_ oMo ic,p)  defined by &(z,v,1) = (@(2), ¢ (a1 (v), 1)

is an isomorphism of almost contact structures. O
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4.2.1. Foliations of overtwisted discs

For a first example of this push-forward procedure, we will prove Proposition 3.9 as a
corollary of Lemma 4.2 above and Lemma 4.3 below. For §€Op{1} observe that the
contactomorphism Cjs: R?"~! —R?"~! given by
U Up— z
05(11‘15 vy Un—1, ¢17 (3 ¢n—17 Z) = (?17 ] Tla ¢17 (X%} ¢n—1a 5)
satisfies Cs5(As)=Acy1, where As:={(x, z):u<J and |z|<d}.
LEMMA 4.3. Let K: Acyi—R be a special contact Hamiltonian and define
Ks:As — R by Ks =K+((5—1)

If 6<1 is sufficiently close to 1, then IN((;::(C(;)*K(;:ACylﬁR is also a special contact
Hamiltonian.
Proof. Let k:R>o—R be the special function for K and let

ks(u) := k(gu) —&-%.

Computing for a>1 and §<1, we get

ak;(%) 7];5(”&) < (afl)(STTl <0,

so ks is special, provided § is close enough to 1 so that 12:5(1)>0. Since

~ K-C7t §-1
Ks:=(C5)Ks = 56 5

one can now see that it is a special Hamiltonian for Zp=zp/ and ks. O

Proof of Proposition 3.9. Cousider an overtwisted disc (D, nx ) defined by a special
contact Hamiltonian K:Aqy—R. For €[l—e¢, 1], let As={(z,2):u<d and |z|<d} and

consider the family of contact Hamiltonians
Ks:As — R, where K5:=K+(6—1).
Observe that any neighborhood of (0Bg,nx) contains a foliation

{(aBKa ) 77K5)}5€[17£71]a

provided £>0 is small enough.

Furthermore, when >0 is sufficiently small, Lemmas 4.2 and 4.3 give us a family of
special contact Hamiltonians {f((;: Acy1—>R}5e[175,1] such that I~(5 < Kyniv together with
contactomorphisms

(0Brkymr,) 2 (0Bg s ng,)-
Therefore every neighborhood of (Dg, ) contains a foliation {(Dr;, nr;) fsefr—e,1] of

overtwisted discs. O
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4.2.2. Embeddings of contact Hamiltonian shells

As a second application of the push-forward procedure, we have the following lemma

about embeddings of contact Hamiltonian shells.

LEMMA 4.4. Let (Bg,c,NK,p) be a contact shell structure for (K,A). For any other
(K',A) there exists a contact shell structure (Bg:.cr, Nk’ ,o) together with an embedding

of almost contact structures
(Br,c:MK,0) — (Bk',c7s Nk 0)-

If AcInt A/, then the embedding can be taken to be an inclusion map.

Proof. Since A’ is star-shaped, there is a contactomorphism ®€ Contf(R?"~1) such
that ACInt ®(A’), and therefore, by Lemma 4.2, we may without loss of generality
assume that ACInt A’

Given the contact shell structure (Bk.c, k), pick any contact shell (Bg+ ¢, K’ o)
subject to the additional conditions that

K'(z,t)+C" > K(x,t)+C for all (z,t) € AxS* (14)
and the smooth family of functions g, ;:Rx0—R for (z,t)€A’x S satisfies
o'=0 on OpBgcCBg cr, (15)
where the latter is always possible since ACInt A’. By (14) we have an inclusion
(Bk.,c:MK.0) C (Brr,crs 1K ,0) (16)

and by (15) it is an embedding of almost contact structures. O

Remark 4.5. If the inclusion (16) was a subordination map, then
v 0,1y (v) >0 on Op{(z,v,t):x€A and v > K(z,1)+C},
which, together with (14) and (15), imply K'(z,t)>K(x,t) for all x€A, since
K'(x,t) = K(2,t) = 0(, 4y (K'(x,8)+C") = 0(, 4 (K (x,t)+C) > 0.

A similar argument shows why assuming ACA’ is not sufficient, since the conditions
(14), (15), and 9,0’ >0 on OA’ imply K'(z,t)>K (z,t) for all z€ANIA’.
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4.2.3. Changing the contactomorphism type of the domain

Recall that star-shaped domains AC (R?"~1 &) are the ones for which the contact vector

field

0 0
Z—Z@"‘U%

is transverse to A, and we denote the flow of a vector field X by X!. While not all
star-shaped domains are contactomorphic, up to mutual domination of contact shells

(Bk, 1K), the choice of domain does not matter.

LEMMA 4.6. For any contact Hamiltonian (K, A) and star-shaped domain A’ there
is a contact Hamiltonian (K',A") such that (Bg,nk) dominates (B, Ni’).

Proof. For any neighborhood U DA there is a contactomorphism ® € Cont§(R*"~1)
such that ®(A’)CA and ®(OA")CU. To see this first note that, without loss of generality,
we may assume that A’CA by replacing A’ by Z~N(A’) for some sufficiently large N.
After this reduction, the required contactomorphism is given by Z7T for T sufficiently
large, where 7 is a contact vector field with supp(Z)CIntA and Z=Z on OpZ—=(A),
with A\Z=¢(A)cU.

Now pick U DA to be such that K|y« g1 >0, take the constructed contactomorphism
® above, and consider the contact Hamiltonian K'=®_*(K|g(ar)) on A’. It follows from
Lemmas 4.1 and 4.2 that (Bg,nx) dominates (Bg+, nk’). O

4.3. Domination up to conjugation

If we want to prove that the contact shell (B, nk) is dominated by the shell (Bg/, nk/)
then Lemmas 4.1 and 4.2 instruct us to care about the partial order from §4.1 up to
conjugation. In particular, it is enough to find a contact embedding ®: A— A’ such that
(DK, P(A))<(K', A) to prove that (Bg,nk) is dominated by (Bg/,nk).

4.3.1. Minimal elements up to conjugation in the 3-dimensional case

In the 3-dimensional case where ACR is always a closed interval, up to conjugation,
any somewhere negative Hamiltonian (K, A) is minimal with respect to the partial order
from §4.1.

LEMMA 4.7. Suppose that (K, A) is somewhere negative, with A=[—1,1]. For any
other contact Hamiltonian (K,A) there is a contactomorphism ®€Conto(A) such that
(®,K,A)<(K,A), and hence (Bg,nk) is dominated by (Bg,ng)-



306 M. S. BORMAN, Y. ELIASHBERG AND E. MURPHY

Proof. Without loss of generality, assume K (0)<0. Pick e>0 and §>0 so that
K(z)<—c if |2|€]0,6] and K(z)>e if |z|€[1-6,1].
For 0<o <1, pick a diffecomorphism ®:[—1,1]—[—1, 1] such that it linearly maps
[—o,0] onto [-1420,1—20] and =[20,1] onto £[1—0, 1].

Since (9. K)(®(z))='(2)K(z), we can pick o sufficiently small so that
—20

(®.K)(2) < — 275 < R(2), if |2] € [0, 1—20],

(9,K)(z) <0< K(2), if |z| €[1-20,1—0],

(8. K)(2) < % max K <3< K(z), if |z|€[1—0,1],

—20
and hence get that d.K<K. O

As a consequence of this lemma, the 3-dimensional case simplifies by making §8
unnecessary and allows us to give an effective description of an overtwisted disc. It seems
unlikely to us (though we do not have a proof) that the generalization of Lemma 4.7
holds when dim(Agy1)>3. The immediate obstacle to adapting the proof is essentially
that Op dAy is not a star-shaped domain in higher dimensions, while for Acy1=[—1, 1]

we get two intervals which are star-shaped.

4.3.2. Remnants of the 3-dimensional case

Proposition 4.8 and its corollary Proposition 4.9 below, represent the remnants of the
3-dimensional Lemma 4.7 that survive in higher dimensions.

Proposition 4.9 essentially says that, up to conjugation, the only part of (K, A) that
is relevant for the partial order is K|{x>0}, whereas, for instance, min K is irrelevant if
K <0 somewhere. It will play a key role in §8, where we prove the existence of universal
contact shells.

Given a domain ACRZ™™! let
Fi(A):={KeC’A):supp(K)CInt A, K >0, and K #0}
and consider the action of Dg(A):=Contg(Int A) on F,(A) given by
DK :=(cp-K)o® ! for K F,(A) and & €Dy(A),

i.e. the push-forward operation from (13).
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PROPOSITION 4.8. If AC(R?"~1, &) is star-shaped, then for any two K, HEF, (A)
there is a contactomorphism ®€Dy(A) such that . K>H.

Proof. Without loss of generality, assume that A is star-shaped with respect to the
radial vector field Z, and that K(0)>0. Pick a sufficiently small neighborhood U3>0 so
that, for some T>0,

ir(}fK>07 supp(H) c ZT(U)cInt A, and eTirLlffK>maxH,

where Z!: R?"~1 5 R?"~1 is the flow of Z and satisfies (Z!)* \sy=e‘)\g;. Let Z be another
contact vector field supported in Int A and equal to Z on ZT(U). It follows that the
contactomorphism CIJ::ZTE’DO(A) satisfies @, K > H, since

(®.K)(x) = (co-K) (D (z)) =T iI[}fK > H(z) if z€supp(H)

and ®, K >0 otherwise. O

Note that Proposition 4.8 shows that, on the conjugacy classes of elements of the
positive cone C:={f€Dg:f>Id and f#Id}, the partial order from [17] is trivial and it
would be interesting to understand for which contact manifolds the analog of Proposi-
tion 4.8 holds. As pointed out to us by L. Polterovich, a non-trivial bi-invariant metric
on Contg compatible with the notion of order on Conty from [17] provides an obstruction
to Proposition 4.8. For instance Sandon’s metric [45] shows that Proposition 4.8 does
not hold for D% x S with contact form dz+3 .| u; dp;, where D#" is a 2n-disc of a
sufficiently large radius R.

As an application of Proposition 4.8, we show in this next proposition that condition
(11) in the definition of the partial order (K, A)<(K’, A’) from §4.1 can be weakened so

that there is still domination of the contact shells.

PrOPOSITION 4.9. Consider contact Hamiltonians K;: A—R defining contact shells
(Br,,nx,) for i=1,2. If there is a star-shaped domain ACInt A such that

Ko< K; on (’)p(A\IntA), 0< Ky on OpdA, and Ky<0 on OpA,

with Kol A#0, then the contact shell (Bg,,nk,) is dominated by (Bk,, Nk, )-

Proof. The assumptions ensure that we can pick contact Hamiltonians l?i:A—HR
defining contaft shellsN(B];i, 771?)7 for 1=1,2, so that

(1) KogKO and Kngl;

(i) Ko<K; on A\A;

(iii) —K|x€F,(A) for i=1,2.
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Figure 4.1. Schematic representation of the proof of Proposition 4.9.

By item (i) and Lemma 4.1 it suffices to show that (B ,nz, ) is dominated by (Bz ,nz,)-
Applying Proposition 4.8 to item (iii) gives a ®€Contg(Int A) such that

. (Ko|3) <Kz

Together with item (ii), this means that ®, Ko <K, where we think of ®€ Cont¢(Int A),
and therefore (B ,ng, ) is dominated by (B ,nz ) by Lemmas 4.2 and 4.1. O

We also have the following parametric version of Proposition 4.9.

PROPOSITION 4.10. Assume that ACR?"~! is a star-shaped domain. Let A'CA be
a smooth star-shaped subdomain and let K™: A—R, 7€T, be a family of time-independent
functions satisfying K7|a\int ar>0. Suppose that K™>0 for 7 in a closed subset ACT.
Then, for any 6>0, there exists a family K7 such that

o K"=K7 on A\Int A’ and K™>—8, 7€T;

o KT=KT7 for T€ A,

o there exists a family of subordination maps h™:ng, —nKx- which are identity maps
for T€A.

5. Filling of the universal circle models

In this section we prove Propositions 3.10 and 3.12. Here we set

A=A ={(z,2):u<l and 2| <1} C (R*™ ! &), where u=1uy+...+up_1.
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All contact Hamiltonians (K, A) will be assumed time indepedent and spherically sym-
metric, i.e. functions K (u, z) of only the u and z variables.

The contactomorphism of (R?"~!, &) that is translation in the z-coordinate will be
Z R SR where Z,(q, 2) = (g, 2+7),

using coordinates (g, z) ER?" 2 xR.

5.1. Boundary connected sum
5.1.1. Abstract boundary connected sum

Consider R?" with polar coordinates (uy, @1, ..., Un—1, Pn_1,v,t) equipped with the radial
Liouville form and vector field

n—1 n—1
0:= Z u;dp;+vdt and L:= Z ui%—&—v(%,

i=1 i=1
and denote by L*: R?® —R?" the Liouville flow.

A gluing disc for a contact shell (W, () is a smooth embedding ¢: D—0W, where
DCR?" is a compact domain, star-shaped with respect to L, and with piecewise smooth
boundary such that 1*a=# for a choice of a contact form « for ¢ in OpdW. Note that
this implies that ¢(0)€9W is a gluing place in the sense of §2.2 and that the Reeb vector
field R,, is transverse to ¢(D).

Given contact shells (W2 ¢.), with gluing discs ¢t1: D—dW. such that ¢, pre-

serves and ¢_ reverses orientation, the Reeb flows define contact embeddings
®.:Dx(—¢,00— Opiy (D) with @y =dz+6, (17)
®_:Dx[0,e) — Opi_(D) with ®*a_ =dz+0,

such that ®.|py oy =t+. For £>0 consider a smooth function 3: [—¢,{]—+Rx¢ such that
B(2)=0 for z near +¢ and let D(z):=L~?®)(D). Define the abstract boundary connected

sum to be the almost contact manifold
(W+#TW—7 <+#TC7) = ((W+a <+)U(T7 ker(dz"i‘e))U(Wﬂ Q,))/ ~ (18)

where
T={(p,2) ER*x[—{,0]:p€ D(z)} C R**! (19)

and one identifies

O, (p,0)~(p,—0) €T and @_(p,0)~(p,¢)eT.
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KyoZiie K_-Z7},

A
Y

—2—4 —/ l 2+¢

Figure 5.1. The domain of the Hamiltonian K #gK_:A#g ;A—R.

5.1.2. Abstract connected sum of S'-model contact shells

Consider a Hamiltonian contact shell (Bk ¢, nk,,) associated with a contact Hamiltonian
(K,A). There are canonical gluing discs

Di:={(¢q,v,t):u<1and v< K(u,£1)} CR*"
with maps t1: Dy —(0Bk ¢, MK,0),
12(g,0,1) = (¢, £1, 07, 4y (v), 1) ER* T XR?,

where ¢4 (0,0)=(0,+£1,0) are the north and south poles of By.
For two contact Hamiltonians K,: A—R, assume that F(u)=Ki(u,+1) is well de-
fined. For any ¢>0 and smooth function (:[—¢,¢]—R>( such that 5=0 near z==¢,

define the domain

A#ﬁy[A:: Zl:,-l[(A)UTﬁ,@U21+Z(A)CR2n71, (20)
where
Tse:={(g,2):u< e P and 2| <0} C R2n-1 (21)

and define the contact Hamiltonian K #gK_: A#5 ;A—R by

(K+oZito)(u, ), on Zi (D),
(K #sK ) (u,2) =1 e P E), for (q,2z) €Tp,4,

(K,olerle)(u,z), on Zy1¢(A).

Going forward, we will drop § from the notation when F=0.

It follows from Example 5.8 below that A#pg A is star-shaped since it is con-
tactomorphic to A#,A, which is star-shaped with respect to Z=9/9z+L, and hence
(K #5K_, A#5,A) defines an S'-model contact shell

(Br #5K_ K #5K_)

as in §2.3. It is straightforward to check that we have the following lemma.
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LEMMA 5.1. The contact shell (Br,#,x_ MK, #5K_) 5 equivalent to the abstract
connected sum (Bx, #1Bx_, Mk, #1rnKx_) with tube

T={(p,z) eR*" x[—(,0] :u<eP? and v<e PP E)} c R,

where the connected sum is done at the north pole of By, and the south pole of By _.

5.1.3. Ambient boundary connected sum

Suppose in an almost contact manifold (W2"*1 ¢) there are disjoint codimension-0 sub-
manifolds W, CInt W with piecewise smooth boundary such that £ is a genuine contact
structure in OpdW.. Assume that the contact shells (W, &) are equipped with gluing
discs t+: D—0W,, where tLa=0 for a contact form « for £ such that ¢, preserves and
L_ reverses orientation.

For a smooth embedding : [0, 1]—Int W such that

e v(0)=¢4(0), v(1)=¢-(0), and ~(t)¢ W, UW_ otherwise;

e ¢ is a genuine contact structure on OpT', where I':=~({0, 1]);

e ~ is transverse to &;
we can think of (W, UOpTUW_ £) as an ambient boundary connected sum of the shells

(Wy,€&). This is made precise with the following lemma.

LEMMA 5.2. Every neighborhood of (W,.UOpT'UW_ &) contains the image of an
almost contact embedding of an abstract connected sum (W #rW_,E#1E).

Proof. The gluing discs t+: D—0W. extend to Darboux embeddings
Qo Dx(Fl—e,Fl+e) — Oprs(D) with ®La=dz+60 and @|py (e = ts,

and moreover one can ensure that ®(T')={0} x [~¢, —¢+¢) and &= (T')={0} x ({—¢, £].
By the neighborhood theorem for transverse curves in a contact manifold, for N >0
sufficiently large the embeddings &, can be extended (after possibly decreasing €) to a

contact embedding
®: (Dx(—L—e, 0+&))U(L~N(D)x [, ) U(Dx ({—e,l+¢€)) — Int W,

whose image is contained in Op(cy(D)UT'Ue_ (D)) and such that ®({0} x[—¢,¢])=T.
Picking §:[—¢,¢]—R>( such that the tube

T={(p,z) eR*"x[~(,{]:pe L7 (D)}

is contained in the domain of ®, we can now use ® to define the required contact em-
bedding (W, #rW_, &406)— (W, £). 0
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5.2. Filling a connected sum of a shell with a neighborhood of an

overtwisted disc
For the rest of this section, fix a special Hamiltonian (K, A). For ’>0, define
K'=K—-¢ and A'={(g,2):u<1-¢" and |z|<1-£},

and assume &’ >0 is small enough so that K'|gas>0.

The goal of this subsection is the proof of Proposition 3.10 and its parametric version
Proposition 3.12. All the connected sums as in §5.1.1 and §5.1.2 will be done with a
fixed choice of function 5:[—¢,¢]—Rx¢, which we will suppress from the notation. In

particular, we will be considering abstract connected sums such as

(Br#Br,nx#nkx) and (Brax, NK#K)

where we will always use the north-pole gluing place on the first factor and the south-pole
gluing place on the second factor. We will also freely use Lemma 5.1 to identify such
connected sums.

By Lemma 4.1 we can arrange the inclusion
(Brr,csni,0) = (Bk,cs MK ,0)
to be a subordination map, so that we have a (2n+1)-dimensional contact annulus
(A,€A) :=(Br,c\Int Bg: ¢, ker ng »|a)-
Define the contact ball (B, ¢g)C(A,€a) given by
B:={(z,v,t) € A:z(z)e[-1,2p|}, (22)

and by design the 2n-dimensional disc (Dg,nx)C(0B,£g) appears with the correct

coorientation.

5.2.1. Non-parametric version

To prove Proposition 3.10 it will suffice to show that the contact shell (Bx#B, nx#£&B),
defined as a subset of (Bx#Bk,nk#nk), is equivalent to a genuine contact struc-
ture. Letting t: A—A#A be the inclusion into the right-hand factor, we will prove

in Lemma 5.4 (i) below that there is a family of contact embeddings
O, A — Int(A#A), for o€]0,1] with ©g =1, (23)
such that ©,=¢ in Op{z€A:z(z)€[zp, 1]} for all 0€[0,1] and ©:=0; satisfies

(O0.K',0(A") < (K#K,A#A).
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Figure 5.2. On the left: The union of the grey regions is By, the dark grey region is By,
and the light grey region is (A,€a). On the right: The contact ball (B, £g)C Bk obtained
from (A,&a).

Proof of Proposition 3.10. It suffices to prove that (Bx#B, nx#£&s) is equivalent to
a genuine contact structure, since it is dominated by (Bg,#B, ni,#&) if we pick ¢/>0
sufficiently small in the definition of (B, ¢g).

By Lemmas 4.1, 4.2, and 4.4 we can pick a family of contact shell structures on

(Bx#Brk,Nk#Kk,5,) such that there is a family of contact shell embeddings
O (B, nir) — (B # B, k4,5, (24)
with (:)1 a subordination map. We can arrange that x4k 5, =Nk #1k and for all c€]0, 1]
to have
NKk#K,5, =Nk#FNx  on Opi{x € A:z(x) € [zp, 1]},
where i: B — B # Bk is the inclusion into the right-hand factor.
We can pick an isotopy {¥s }sc(0,1] of Bx# Bk based at the identity and supported
away from the boundary such that
(i) W,0i=0O,: Bx— By #Bg:;
(i) ¥o=Id on Opi{??7:z€[2p,1]};
(iii) Wy (Bx#A)=(Bx#Bx)\Int O(Bx).
Observe that a point in Op d(Bi#B) is one of the following regions:
(1) Opd(Bk#Br), where V,=Id and nx#nB ="K #Nx =NK#K. s,
(ii) Opi({???:2=2p}), where U, =Id and nx#NB=NxH#NKk =NK#K,5,}
(iii) Opi(dBx), where ni s =inr =i,0%(rcsx.5,)=V5 (kK 0,)-
This shows that &, :=¥} (nkxK,s, ) is a family of equivalent contact shells on Bx#B with
So=nr#nB. We know that nxur s is a contact structure away from Int @(BK/), since

@1 is a subordination map, and therefore £; is a genuine contact structure on Bx#B. [

5.2.2. Parametric version

Recall the family of contact Hamiltonians K(*)=sK+(1—s)E for s€[0,1] from (9),
where E(u)=K(u,+1) and E(u)>K(u,z). Let (B,£) be the contact ball from (22)
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\—/W
60(Bx)
: : z
—2—¢ .y 0 244
\—/W
’ 0, (Bx')
; f z
—2—¢ —L V4 24-4
\—/W
61(Bx)
} t z
—2—¢ .y ¢ 244

Figure 5.3. Images of the almost contact embeddings O Bgr—Bgyi in dark grey. The

white regions denote where outside of (:)U(BK/) the almost contact structure nx 4k 5, is not
genuine.

and let (! Bx#'B,1() be the family of contact shells fibered over I=[0, 1] with fibers
(Bg ) #B, ¢*) for s€[0,1], where

C=ngo#s and (B #B,nge#E) C (Bro #Br, ke #1k ).

We may assume that (* is a genuine contact structure when s€eOp{0}, as KO=F is
positive.

Let us first prove the following proposition similar to Proposition 3.12.

PROPOSITION 5.3. The fibered family of contact shells 1( is homotopic relative to

Op{s:s=0}U U Opd(Bg#B)C!Bx#'B
s€[0,1]

through fibered families of contact shells on 'Br#'B to a fibered family of genuine

contact structures.
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Proof. Inspecting the proof of Proposition 3.10 shows that it can be done paramet-

rically. In particular, we can get a family of contact shell embeddings

~

05 (Br' k') — (B #Br: Nk #K,55)

and associated isotopies {W3 },¢10.11 of B (s) # B, which lead to contact shell structures
P o JSo€l0,1] K

(o= (Vo) Nk #k,ps) on Bro#B

that define a family of fibered contact shells ’ gtg on B #!'B. Tt follows from the second
part of Lemma 5.4 that

((04)K',0,(A)) < (K®W#K, A#A) if s € Op{0}, (25)

and therefore we can arrange for @); to be a subordination map when s€ Op{0}.

With this set-up the proof of Proposition 3.10 shows that we can ensure that the
family of fibered contact shells QCU is such that ! 60:1 ¢ as well as

(i) {2=¢* on Opd(Bg#B) for all 5 and o;

(ii) {§ is a genuine contact structure for all s;

(iii) ¢2 is a genuine contact structure for all (o, s)€[0,1]x [0, 3a] for some a>0.

Pick any smooth function

0, ifo=0,
£:10,1]x[0,1] — [0,1], with f(o,s)=4 0, ifse[0,a],
, ifs€(2a,1] and o =1,

—_

and define the family of contact shells gg::é;(w) on By (s)#B, which represents a ho-

motopy of fibered families of contact shells

(!¢ Yoep) on 'Br#'B.

It follows from item (i) and the fact f(o, s)=0 if s€[0, a], that this homotopy is relative
to the appropriate set. Observe that (§ is a genuine contact structure for all s€[0, 1],
since either s<3a and Cf::é}'(l’s) is genuine by item (iii), or $>2a and Cf::gc;(l’s):&f
is genuine by item (ii). Therefore we have the desired homotopy between /(=1(; and a

fibered family of genuine contact structures 1¢;. O

Proof of Proposition 3.12. Recall that (T Bx,#* B, Tng,#7¢) is the fibered contact
shell, which at the point T€eT=D1 is given by

(Bresen #B, N on #€),
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where §: T—[0, 1] is a bump function that vanishes near the boundary. It suffices to prove
that (TBg# 7B, Tn#7T¢R) is fibered equivalent to a fibered contact structure over 7,
since it is dominated by (B, # 1B, Tni,#1¢) if we pick £’ >0 sufficiently small in the
definition of (B, ¢g).

In the notation of Proposition 5.3, we have the identification
C‘S(T) =nge-nF#EB as contact shell structures on By (s-) #B,
and a fibered contact structure on (T Bx# 7B, 7¢;) with contact structure
5 on the fiber Byeesi) #B.

Since 6(7)=0 if 7€OpIT, the homotopy constructed in Proposition 5.3, when used
fiberwise, gives a homotopy between Tnx#7T¢g and 7¢; showing that they are fibered

equivalent. ]

5.3. Main lemma

Consider the connected sums (K#gK, A#3¢A) and (E#K, A#3A) asin §5.1.2. The
main goal of this section will be to prove the following lemma, which we will break up

into two sublemmas below.

LEMMA 5.4. There is a family of contact embeddings for o€|0,1],
O, A — A#p A with O, =Z11¢ on Op{z € A:z(x) € [zp, 1]}

based at ©g:=Z14¢ such that
(1) ((01) K", 01(A) <(K#pK, A#tpA);
(ii) ((©5)«K’, @U(A/))<(E#5K, A#peA) for all o€ [0,1].

Proof. Tt follows from Lemma 5.7 that it suffices to prove this lemma when =0

and this special case is proved in Lemma 5.9. O

Let us remark that in §5.2.1 we only used the first part of Lemma 5.4, while in §5.2.2

we used both parts.

Remark 5.5. In the 3-dimensional case, where A=[—1,1], this lemma essentially

follows from Lemma 4.7.
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A
E#K
(1)K’ (©0) K’ (©0) K’
<---.l 1 1 /1 > 2
<o I 1 T--->
—2—/ 4 14 2+£
A
K#K
(©1)K’
<--.l L 1 doy 2
<--- ¥ 1 T--->
—2—/ -/ Y4 2+¢

Figure 5.4. Schematic representation of Lemma 5.4, where we have that A={z:|z|<1}CR.
Here K'(z)=K(z)—¢’ is restricted to A'={z:|z|<1—¢’}.

5.3.1. Transverse scaling and simplifying the neck region

Transverse scaling. An orientation-preserving diffeomorphism h: R—R defines a con-

tactomorphism ®;, of (R*"~1 &) by
@, (wi, @i, 2) = (W (2)ui, i, h(2)),

where ®, ' =®, 1. By (13) we have

-1
) 2

(1), H(u, 2) —h’(hl(z))H<h/(h_1

for a contact Hamiltonian H (u, z): R?"~1 —R.

Ezample 5.6. For our purposes ® should be thought of as a way to manipulate
the z-variable at the cost of a scaling factor on the wu-variable, in particular we have a

contactomorphism ®; between domains in (R?"~1 &) given by
®p:{(q,2):u< f(2) and z€[a,b]} — {(¢q,2):u<(W-f)(h~ (2)) and z € [h(a), h(D)]},

where f:R—R<.
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This contactomorphism allows us to reduce the proof of Lemma 5.4 to when 5=0.

LEMMA 5.7. For every connected sum (K#sK,A#giA), if £'>0 is sufficiently

large, then there is a contact embedding
O: AH#p A —> A#Q,ZA, with ® = Zi(g,gl) on Op{l‘ e AH#pA: iZ(I) = El},

such that (‘b*(K#K), @(A#[/A)) < (K#BK, A#@gA).

Proof. Pick a constant

min F
< 2
0<C<—— (27)
and a diffeomorphism h: [—¢', ¢'] —[—£, €] with h'(2)=1 on 2€Op{£L} and
W (h=1(2)) < Ce P, (28)

which is possible provided

oL s
0> Yel e dz.
)

Extend h by translation to get a diffeomorphism h:R—R and consider the associated
contactomorphism ®,: (R?"71 ¢)—(R?"71 &) from (26). This is the desired contact
embedding, for by (28) we have

Oy (A#0A)={(g,2) :u<h' (h™(2)) and 2 € [-2—¢,2+(]} C A#5.0A.

To check the order on the Hamiltonians, it suffices to check on ®, (7 ), where we have

u

(®n)«E(u,z)=h'(h"1(2)E (h’(h—l(z))

) <O B(u) = (K #5K) (u, 2),

by (27) and (28). O

5.3.2. The twist contactomorphism and a special case of Lemma 5.4

We will use the transverse scaling contactomorphisms ®; together with the following

contactomorphism.

Twist contactomorphism. For geC*(R) and zo€R, define

u; i
77’7802_/ gi(s d832>7
g 7 ), )

which is a contactomorphism between the subsets of (R?"~1, &),

\I/g,zo (ui7 iy 2) = (

Vg2 {(g:2) : 149(2)u> 0} —{(g, 2) : 1= g(2)u> 0},
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where UL =U_, . . By (13), we have

(U)o H (u, 2) = (1g(z)u)H(“,z> (29)

for a contact Hamiltonian H (u, z): R*"~1 —R.

Ezample 5.8. For our purposes, ¥ should be thought of as a way to manipulate the
u-variable at the cost of a rotation in the angular coordinates, in particular we have a

contactomorphism between domains in (R?"~1, &),
Vo:{(q,2):u< fa(2)} —{(g,2) :u< fi(2)},

where f;: R—R-( and
1 1

T hz) RG)

Composing twist and scaling. Fix an orientation-preserving diffeomorphism h: R—R
and define

9(2)

1

9= 1=y

It follows from Examples 5.6 and 5.8 that
Thozo =Yg 2°Pn:{(g,2):u<l,z€[a,b]} — {(¢,2) :u<1 and z € [h(a),h(D)]} (30)

is a contactomorphism of these domains in (R*"~! £). So 'y, ., lets us change the z-
length of a region without changing the u-width, albeit still at the cost of a rotation in
the angular coordinates.

A computation shows that

W (z)u; i 1
P (1002 2) = (e i [ (1 s ) ds,
ot 0= iy 2, (1= iy ) #40)
so if h(z)=z4+7 for z€ ACR and zp€h(A), then Ty, , is just a translation
Th.o=2, on{(gz2):2z€A}CR™ L (31)

If we define
h(u,z):=h'(h"1(2))—(h' (R~ (2))—1)u, (32)

then for a contact Hamiltonian H (u, z): R?*~!—R we have that

(e 2) =) B 2 08 ). (33)



320 M. S. BORMAN, Y. ELIASHBERG AND E. MURPHY

u
1 I
L 244
z
—2—/ ho(le) h()(ZD) 244
u
h ! r
0 + ho(ZlD) 7
z z
-1 le ZD 1 —2—/ ho'(ZlL)) hg(zD) 2+/¢
+ ho(2b) |
he I
:
+ hi(zp) —2—0  hy(2)) hi(zp) 244
+ 24
h1

Figure 5.5. The family of diffeomorphisms h, and embeddings I'c: A— A#,A. The union
of the grey regions denotes the image ' (A) while the dark grey regions denotes the image

I (A') for A'={(q,z):u<1—¢" and |z|<1—¢€}.

Proving Lemma 5.4 when $=0. Assume now that our special contact Hamiltonian

K is special with respect to the function k:R>o—R and the point zpe(—1,1) as in

Definition 3.3. Note that Definition 3.3 implies that
k(u) < K(u, z) < E(u),
where E(u):=K (u,+1), and we can pick zj, <zp so that
K(u,z)=k(u) when z€ Oplzp, zp].

Pick a family of diffeomorphisms h,: R—R for o€[0, 1] such that

z+(1—=20)(1+4),
h(2)=1,
z4+144,

for z € Op(—o0, 2],

he(2)= for z € [z}, zp],

for z € Op|zp, o).

Recall the contactomorphism I', ., from (30) and define the contact embeddings

Fa::Fh”72+gZA—>A#5A for s € [0, 1]

(34)

(36)
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By (31), we see that I'v=Z21,¢ and on Op{(q,2):2€[zp, 1]} we have I';=Z14, for all
0€[0,1]. With this family of contactomorphisms we can prove Lemma 5.4 with the
simplifying assumption that 3=0.

LEMMA 5.9. The family of contact embeddings T'y: A—A#4A for o€(0,1] satisfies
the following conditions:

(i) (Ts)«K<E#K on T'x(A) for all 0€]0,1];
(i) (N0). K<K#K on Ty(A).

Proof. By (33) we have
(Fa)*K(mz):iLa(mz)K(u h_l(z)>7
where, recalling from (32),

oo (1, ) = W (i (2)) = (I (i (2))~ Du > 1,

where the inequality follows from A/ (h;!(2))>1 and u<1. For 2€h,([z}, zp]) we have

(Dy)u K (u, 2) = (D) ok (u, 2) :ﬁg(u,z)k<~ 4 ) <k(w),
he(u, z)
where the first equality follows since here K (u, z)=k(u) by (SH1) in Definition 3.3 and
the last inequality follows from the definition (6) of k:R>¢—R being special. Therefore
we have
= K(u,h;1(2)), if z€ Ophy([—1, 2p]),
Lo ) K (u,2) ¢ <k(u), if 2 € ho([2, 2p]), (38)
=K(u,z—(1+4¢)), if z€Oplzp+1+¢,244],

since h, is just translations on the ends.

To verify (i), since

E(u), if ze[-2-4,1],
K(u,z—(144)), if z€[¢,2+4],

(B#K)(w,2)={
it follows from (38) and the inequality (34) that it suffices to check that

K(u,h; (2)) < K(u,z—(1+£))  when z € [(, h,(2})].
Since h;!(z)=2—(1—20)(1+£) here, this is equivalent to

K(u,z420(144)) < K(u,z) when z€[-1, 25 —20(14£)],
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and this latter condition follows from (SH2) in Definition 3.3.
To verify (ii), using (36) we see that (38) at =1 becomes

=K(u,z+(14+4)), if z€ Op[—2—4, 2 —1—1],
(T K(u,2) § < k(u), if ze [z —1—4, zp+1+4],
=K(u,z—(14¥£)), if z€Oplzp+1+£,2+/4],

while, by definition,

K(u,z+(144)), if ze[-2—¢, 1],
(K#K)(u,z)=4 E(u), if ze[—4, 1],
K(u,z—(14¢)), if ze[l,2+4],

so (ii) follows from (34). O

6. Contact structures with holes

The goal of this section is Proposition 6.2 and its parametric version Proposition 7.6,
which are the first steps in proving Propositions 3.1 and 3.11.

6.1. Semi-contact structures

Let ¥ be a closed 2n-dimensional manifold. A semi-contact structure on an annulus
C=Xx{[a,b] is a smooth family {Cs}se[a,p) Such that (, is a germ of a contact structure
along the slice ¥;:=% x{s}. If {as}seqa,p] is a smooth family of 1-forms with (,=ker a,

on OpXy, then one gets an almost contact structure (A, w) on C, where
Az, s)=as(x,s) and w(zx,s)=das(z,s).

It follows that every semi-contact structure on C' defines an almost contact structure on
C' that equals ¢; on TCx,.

Given a contact structure £ on ¥ xR and a smooth family of functions ¢5: > —R for
s€la, b], if we pick ¥s: Op X, — Op(graph¢;) CX xR to be a smooth family of diffeomor-
phisms such that ¥y, =Id X 1,, then we can define a semi-contact structure on X x [a, b]
by (s:=V%{. Any semi-contact structure of this form will be said to be of immersion

type.
Remark 6.1. The term is motivated by the fact that on the boundary of each domain

yla' V=3 x [a', ] for a<<a’ <b'<b the structure (|5 is induced from the genuine
contact structure ¢ by an immersion oxl VI xR, Of course, this is an immersion
of a very special type, which maps the boundary components ¥ x {a’} and ¥ x {b'} onto

intersecting graphical hypersurfaces.
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q5: D1 —R

Do
Figure 6.1. A typical regular contact saucer.

6.2. Saucers

A saucer is a domain BC D xR, where D is a 2n-disc possibly with a piecewise smooth

boundary, of the form
B={(w,v) € DxR: f_(w) <v< fi(w)},

where fi: D—R are smooth functions such that f_<f, on Int D and whose co-jets

coincide along 0D. Observe that every saucer comes with a family of discs
Dy={(w,v)eDxR:v=(1-s)f_(w)+sfi(w)} forse]0,1],

such that the interiors Int D, foliate Int B and the family of discs D, coincide with their
oo-jets along their common boundary S=0D;, which is called the border of the saucer B.

A semi-contact structure on a saucer B is a family {(s}se[0,1] of germs of contact
structures along the discs Dy for s€]0, 1], which coincide as germs along the border S.
As in §6.1, a semi-contact structure on a saucer B defines an almost contact structure
¢ on B. Furthermore, (B,€&) is a contact shell since {y, and (; are germs of contact
structures on Dy and D; and the family ¢, coincide along the border of B.

6.3. Regular semi-contact saucers

In (R2+1 €20 where €2" M ={\2"" ' 4vdt=0}, vi=—y, and t:=x,, define the hy-
perplane II:={(w,v)€R?*" xR:v=0}. Observe that the characteristic foliation on IIC
(R27+1 €2mH1) s formed by the fibers of the projection 7: II—R?"~! given by 7(x,t)=x
for xeR?n~1,

Let DCII be a 2n-disc and let ¢: D—R be a smooth function such that ¢>0 on
(Int D)NOp D and whose oo-jet vanishes on dD. Let F: D—R be a function, compactly
supported in Int D, such that ¢+ F is positive on Int D. Define the saucer

B:={(w,v) € DxR:0<v < p(w)+F(w)}.

Note that, up to a canonical diffeomorphism, the saucer B is independent of the choice
of the function F'. There is a natural family of diffeomorphisms between DsC B and the
graphs

D :={(w,v) € DxR:v=s¢(w)} C R*",
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r T T~

~ ——

Figure 6.2. A regular foliation on the disc.

whose oco-jets coincide along the border.

Define 0y={(s}se[0,1) to be the semi-contact structure on B, where (s is the pull-
back of the germ of the contact structure on I'y,C (R2"+1 ¢2"1). We see that ¢ defines
the contact shell (B, o4) up to diffeomorphisms of the domain.

Parameterize B with coordinates (w,s)eD x0,1] so that D, ={s=so}CB, and
consider the map

®: B— R*™ " where ®(w, s) = (w, s¢(w)).

If ¢ is positive everywhere on Int D, then ® is an embedding, and hence o4 is a genuine
contact structure since it can be identified with ®*¢2"**. Similarly, for 2n-discs D’ C D
and associated semi-contact structures o4 and o4, a contact shell o4/ is dominated by a
shell o if ¢'<é|pr and ¢|1n p\pr >0.

An embedded 2n-disc DCII is called regular if

e the characteristic foliation F on DC(R?"+! ¢2"*1) is diffeomorphic to the char-
acteristic foliation on the standard round disc in II;

e the ball A:=D/F with its induced contact structure is star-shaped.
An embedded 2n-disc DC (M?"1 £) in a contact manifold is regular if the contact germ
of £ on D is contactomorphic to the contact germ of a regular disc in II. A semi-contact
saucer is regular if it is equivalent to a semi-contact saucer of the form (B, o) defined
over a regular 2n-disc DCII.

In §7 we will prove the following proposition.

PROPOSITION 6.2. Let M be a (2n+1)-manifold, ACM be a closed subset, and &g
be an almost contact structure on M that is genuine on Op ACM. There exist a finite
number of embedded saucers B; CM for i=1, ..., N such that &y is homotopic relative to A
to an almost contact structure & which is genwine on M\Ui\[=1 B; and whose restriction

to each saucer B; is semi-contact and reqular.
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6.4. Fibered saucers

Slightly stretching the definition of a fibered shell, we will allow (2n-1)-dimensional
discs B” for 7€0T to degenerate into 2n-dimensional discs, as in the following definition
of fibered saucers. A domain TBCT x D xR is called a fibered saucer if T=D? and it
has the form

TB={(r,z,v) eTxDxR: f (1,2) <v< f.(r,2)},

where fi:TxD—R are two C°-functions such that f_(7,2)<fi(r,z) for all (7,2)€
Int(T'x D) and fi coincide along O(T x D) together with their co-jet. Every fibered

saucer comes with a family of discs
D7 ={(r,a,0):0€ D and v=(1-8)/-(r,2)+5/, (7,2)},

where for fixed 7€T the discs { D] }s¢[0,1) coincide with their co-jets along their common
boundary ST=0D7. We call the union 7'.S:={]J,_ .4 S7 the border of the fibered saucer ' B.

A fibered semi-contact structure T¢ on a fibered saucer B is a family (7 of germs
of contact structures along discs D] for s€[0,1] and 7€T, which coincide along the
border 7'S. A fibered semi-contact structure defines a fibered almost contact structure
on TB. In particular, any fibered semi-contact structure on a fibered saucer 7B defines
a fibered contact shell.

A fibered semi-contact structure on a fibered saucer B is called regular if the saucer
(B7,£7) is regular for each 7€Int T. More precisely, a fibered semi-contact saucer 7¢=
(TB, T¢) is regular if there exist a regular 2n-ball DCII and a C*°-function

¢:"D=|J{r}xD—R
€T

such that

— ¢ vanishes with its oo-jet along (T D), and ¢$>0 on Opd(*D)NInt T D;

— for each s€[0,1] the contact structure (s is induced by an embedding onto a
neighborhood of the graph {(7,z,v):=s¢(r,z),7€T, and z€ D™} CRZ "+,

— the disc D is regular.
Thus a fibered regular semi-contact saucer is determined by the function ¢, and we will

denote it by Ta¢.

6.5. Interval model

Proposition 6.2 says that any contact shell dominates a collection of regular semi-contact

saucers. So the next step towards proving Proposition 3.1 will be to relate regular
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semi-contact structures and circle model contact shells and this will be the goal of the
remainder of the section.

We will start by introducing one more model contact shell, which we call an interval
model, and it will help us interpolate between regular semi-contact saucers and circle
models shells.

Recall the standard contact (R?"~1, &) with & given by the contact form

n—1

Ast = dz—i—z u; dg;.
i=1

In this section the notation (v, t) stands for canonical coordinates on the cotangent bundle
T*I.

For a compact star-shaped domain ACR?"*~! and a contact Hamiltonian
K:AxS'—R such that K|paxs >0 and K|ax (o} >0, (39)

we will build a contact shell structure, similar to the circle model, on a piecewise smooth
(2n+1)-dimensional ball
(Bic,mic) CAXT*I,

which we will refer to as the interval model contact shell for K.

For any constant C'>— min K, define the domain
Bé’c ={(z,v,t) EAXT*I:0<v< K(z,t)+C},

which is a piecewise smooth (2n+1)-dimensional ball in R?"~!xT*I, whose diffeomor-

phism type is independent of the choice of C. Denote the boundary by
Eﬁ(,c = an(,c = Eé,K,CUE{,K,CUEiK,Cv

where

0. x.c={(z,v,t):v=0} CAXT*I,

Z{,K,C: {(z,v,t):v=K(x,t)+C} CAXT"I,

S ko={(z,v,1):0<v< K(2,t)+C and (z,t) €(AXI)} CAXT*I.
Now pick a smooth family of functions

O@z,4): Ryo — R for (z,t) € AxI (40)

such that
(1) 0(z,t)(v)=v when v€Op{0};
(ii) o(z(v)=v—C for (z,v,t)€eOp{v=K(x,1)+C};
(iii) Oy0o(z,t)(v)>0 for (z,t)€OpI(AXI),
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Figure 6.3. The interval model with its characteristic distribution.

which is possible by (39), and consider the distribution on AXxT*I,
ker o, for the 1-form o, = Ag;+0dt.

We now have the following lemma, whose proof is analogous to Lemma 2.1.

LEMMA 6.3. The almost contact structure given by o, defines a contact shell

(B%(,C/q;(,g)

that is independent of the choice of o and C, up to equivalence. If K >0, then the contact

germ (Z%,nf() extends canonically to a contact structure on B{{.

Similarly, we also have a direct description of the contact germ (X4, nl,) without

the shell given by gluing together the contact germs on the hypersurfaces

S8 ={(@,0,1):0=0} CAXT"I,
S ={(@,v,t) 0=K(2,t)} C AXT"I,
S ={(2,0,4):0< v < K (2, t) and (2,£) € H(AXI)} C AxT*1,

to form a contact germ on ig::iéyKui{,KuigyK.
LEMMA 6.4. The contact germs on ¥ and iﬁ( are contactomorphic.

The proof is completely analogous to Lemma 2.3. Note one important distinction
compared to the circle model: the contact germ on iﬁ( is defined by a global immersion
of the sphere into AxT*I (piecewise smooth and topologically embedded at the non-
smooth points). This property allows us to use the interval model as a bridge between

regular contact saucers and the circle model.
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Figure 6.4. The keyhole model inside Bg.

6.6. Relations between the model contact shells

We will now establish some domination relations between our three models.

PROPOSITION 6.5. For star-shaped domains A'CInt A, let K: AxS'—R be such
that K|ax{0y>0 and K|a\arxs1>0. For K':=K|ary 51, the interval model contact shell
(B nk) dominates the circle model contact shell (By:,nk).

Proof. Fix C>—min K and g as in (40) that defines contact shell models

(BKanK7,Q)7 (BK’vnK',g)a and (B;{aniﬂg)
Take any £>0 such that K|ax[—c,)>¢ and consider the domain

B :=BI\({(z,v,t):v <e}U{(x,v,t):t € [~¢,¢]}) (41)

={(z,v,t) EAXT*T:e<v< K(z,t)+C and e <t < 1—¢}.
Note that nk , restricted to Bf defines a contact shell (Bj,nj ,) that we will call the
keyhole model, and it follows from (41) that (Bj,nj ,) is dominated by (Biesnic.p)- Tt
remains to show for sufficiently small € that the shell (B%,n% ,) dominates (B, nk,p)-
Note that (Bj,n5k ,) can be cut out of (Bk,nk,e) by the same inequalities as in
(41), where (v,t) are viewed as coordinates v=r? and t=¢/27 on R?, rather than on

T*I. This embedding is shown in Figure 6.4 and explains the term keyhole.
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For standard coordinates (g, p) €R?, where g=1/v cos(2mt) and p=/vsin(27t), and

by the assumptions on g in (40), the 1-form on AxR? defining MK, can be written as

o(v)
Qo= Am*ﬁ@ dp—pdq),

and on AxOp{(q,0)€R?:q>—2§} is a genuine contact form for some §>0.
Pick a smooth function k: A—[—4, o) such that both k(x)=—3§ on Op IA and k(x)=
K(x,0) on OpA’, and

Ty:={(z,¢,0) € AxR?: 26 <q < k(x)} C Bg.
Consider a smooth isotopy {ts}seco,1] of Ax{(g,p):q>—26 and p=0} of the form

¥s(z,q) = (2, 95(2, q)),

supported away from dBj, and such that
1(Tr) ={(2,¢,0) € AxR?: —20 < ¢ < —0} C Bg.

Since this isotopy preserves ap|ax{(q,p):p=0} =Ast, it follows from a Moser-method argu-
ment (cf. [21, Theorem 2.6.13]) that 1, can be extended to a contact isotopy ¥, of Bg
supported in Ax Op{(q,0)€R?:q>—25}.

If € is small enough, then the contactomorphism ¥, satisfies ¥ (Bg)CB%, and

hence the keyhole model shell (B, n ,) dominates the circle model shell (B, nk- o)
O

We also have the following parametric version of Proposition 6.5, whose proof is

analogous.

PROPOSITION 6.6. Let K™: AxS'—R be a family of contact Hamiltonians such
that K7 |axt0y>0 and K7 |gaxs1>0. If A'CInt A is a star-shaped domain and K'7:=
K7 |arxs1, then the fibered shell TnéK dominates Tnr ..

The next proposition relates our saucer models from the previous section with the

interval models discussed here.

PROPOSITION 6.7. Let (=(B,&) be a regular semi-contact saucer viewed as a shell.
Then ¢ dominates an interval model nk for some K: Ax I—R.

To prove this we will need the following two Lemmas 6.8 and 6.9.
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LEMMA 6.8. Let A be a compact contact manifold with boundary with a fized con-
tact form. Let h,g: A—A be contactomorphisms that are the time-1 maps of isotopies
generated by contact Hamiltonians H, G: A x I —R that vanish with their co-jet on OA. If
h=g on OpdA, then h can be generated as the time-1 map of a Hamiltonian H:Ax I—R,
where H=G on Opd(AXI).

Proof. Denote by h; and g; the contact diffeotopies generated by H and G. Pick a
contact diffeotopy such that hy=h; on DA as oo-jets and

[ if t€0,¢],
he=23 h, if t € [2e,1—2¢],
giogy oy, ifte[l—g,1].

Observe that H=G when t€[0,e]U[l—¢, 1] if h; is generated by H: AxI—R. Hence,
without loss of generality, we may assume that H=G when t€OpJl.

Since h; and g; are C°°-small on OpdA, we can pick an isotopy
P AxT —s AxI for s€0,1], with % =1d,
supported in A xInt I and such that for z€ Op A we have
¥%(-,t) is a contactomorphism and ! (hy(x),t) = (g¢(),1).

Applying the Gray-Moser argument parametrically in ¢ builds a contact isotopy v such
that 1), =Id when teOpdI and ¥y (hi(z))=g,(x) when z€OpdA. Defining hy:=1psohy

and H to be its generating contact Hamiltonian gives the result. O
For the following lemma let TI:={(w, t,v) ER?"~ ! x T*R:v=0} C (R>"+1 ¢ZnH1),

LEMMA 6.9. For a star-shaped domain AC(R*"~1 &) consider the disc
D={(w,t)e AXR: h_(w)<t<hy(w)} CII,

where hy: A—R are C®-functions such that h_<h,. If (B,o4) is a contact saucer

defined over D, then it is equivalent to a contact saucer (B,crd;) defined over
D=Ax]0,1].
Proof. We may assume that

B={(w,t,v):0<v < ®(w,t) and (w,t) € D},
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where the function ® is positive on Int D and coincides with ¢ on OpdD, and hence
0B=DUT, where
I:={(w,t,v):v=%(w,t) and (w,t) € D}.

Given a point weA, consider a leaf ¢, through the point (w,h_(w))€D of the
characteristic foliation Fy on the graph I'y:={(w,t,v):v=¢(w,t) and (w,t)eD}, and
let (w',hy(w'))€D be the other end of the leaf £,,. This rule fy(w):=w’" defines the
holonomy contactomorphism fg: A—A.

Consider the diffeomorphism G: D—D:=Ax [0, 1] defined by the formula

t—h_(w)
6= ()

Since Agt +v dt restricted to D and Dis Ast and is preserved by G, it follows that G extends
to a contactomorphism G: Op D—Op D. The diffeomorphism G moves the graph of the
function ¢|o,sp onto a graph of some function é: Op OD—R whose oo-jet vanishes on
dD. Pick any smooth extension q~5: D—R.

The characteristic foliation 75 on the graph I';={(w, t, v) :w=¢(w,t) and (w,t)eD}
is represented by 8/8t7X¢;t, where X@% is the contact vector field on A for ¢;: A—R
thought of as a contact Hamiltonian. It follows that the holonomy contactomorphism
f Pt A— A, defined similarly to fg4, coincides with the time-1 map of the contact isotopy
of A defined by —¢: A x[0,1]—R thought of as a time-dependent contact Hamiltonian.
According to Lemma 6.8, we can modify ¢, keeping it fixed over OpdD, to make the
holonomy contactomorphism f; equal to fs.

Since the holonomy maps f 5 and fo are equal, it follows that there is a diffeomor-
phism F:T'y—T 5 equal to G on Op0dl'y, mapping the characteristic foliation Fy to the

characteristic foliation F 3 and with the form

Fw,t,¢(v, 1)) = (f(w, 1), o(f(w, 1)) for (v,1) €D,

for some diffeomorphism f: D—D. Tt follows that F extends to a contactomorphism of
neighborhoods F: OpI'y—Op L's.

Let (B, ;) be a contact saucer over D, where
B={(w,t,v):0<v < ®(w, ) and (w,t) €D}

for some function ®: D—R that coincides with é on Opaﬁ and is positive on Int D.
Note that B=DUT, where I':={(w,t,v):v=®(w,t) and (w,t)eD}. Let us define a
diffeomorphism H: 0B —8B so that

Hlopp=G and Hlr(w,t, ®(v,t))=(f(w,1), d(f(v,1))).
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This diffeomorphism matches the traces of contact structures on the boundaries 0B
and OB of the saucers, and hence extends to a contactomorphism between OpdB and
Op &B which can be further extended to an equivalence between the saucers (B, o4) and
(B, O'q;) O

Proof of Proposition 6.7. By the definition of regular semi-contact saucer from §6.2,

we may assume that (=(B, 0,), where B is defined over a regular domain
DcCIl:={(w,v) ER*xR:v=0},

and oy is given by a family of contact structures ¢, on neighborhoods of graphs
D, :={(w,v) e DxR:v=s¢(w)},

where ¢: D—R is a C°°-function supported in D which is positive on Op(0D)NInt D.

By the regularity assumption on D, the projection m: D—R?"~! is equivalent to
the linear projection of the round ball and the image A=7(D) is contactomorphic to a
star-shaped domain in R?"~!. Choose a slightly smaller star-shaped ball A’ CInt A such
that @[ p\int pr >0, where D':=7"1(A")ND. Note that the characteristic foliation on
D' is not a regular foliation, rather it is diffeomorphic to the product foliation of the
2n—1 disc and the interval. There exist functions h.: A'—R, h_<h,, such that

D' ={(w,t):h_(w) <t <h(w) and we A’} CIL

Choose a function ¢’: D’ —R that defines an immersion type semi-contact saucer (B, o4/)
over D’ such that ¢’ <¢|p/ and hence (B’, 04 ) is dominated by (B, 04).

Hence, we can apply Lemma 6.9 and find a function ¢: D:=A’x [0,1] =R which is
positive near OD and such that the corresponding saucer (E ,O qE) over D is equivalent to
(B, ).

Let us rescale the saucer (E , 0 43) by an affine contactomorphism of R%" !

(2 u, 0, t,0) — ((146)%2, (146)%u, ¢, (146)t— 16, (146)v)

for >0, to an equivalent saucer (E,U(Z)) over the domain D:=A x [,%57 1+%§]. The
notation ¢ stands for the tuple (1, ..., ¢,,—1) of angular coordinates. Note that A’ CInt A
and we may choose § sufficiently small so that q@\lnt B\Int5>0'

Then the restriction K:=¢|5 of the function ¢ to the domain D=A’x[0,1] de-
fines an interval model shell (B%,nk). It is dominated by the saucer (E, 04), which is
equivalent to (B, o4 ), which is in turn dominated by (B, o). O

Similarly, one can prove the following parametric version of Proposition 6.7.
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PROPOSITION 6.10. Let T¢=(TB, T¢) be a fibered reqular semi-contact saucer. Then
T¢ dominates a fibered interval model Tnk. for some K:(TA)xI—R.

Remark 6.11. Let us point out that the shells (B7,£7) degenerate when 7 approaches
OT. Hence, the subordination map (TBL, Tnk)—(TB,T¢) has to cover an embedding
T—IntT.

The next proposition is the main result in this section.

PROPOSITION 6.12. If (B,{)=04 is a regular semi-contact saucer viewed as a shell,
then there is a time-independent contact Hamiltonian K: A—R such that (B,§) domi-

nates the circle model contact shell (By,nk).

Proof. We first use Proposition 6.7 to find an interval model n% dominated by ¢
for some K:DxI—R. Then we apply Proposition 6.5 to get a circle model contact
shell (Bg+,nis) dominated by (B}(,n%). Finally, choosing a time-independent contact
Hamiltonian K <K' and applying Lemma 4.1, we get the required circle model contact
shell (Bk, nx) dominated by (B,¢). O

Similarly, the parametric versions Propositions 6.10 and 6.6 prove the following

result.

PROPOSITION 6.13. Let (TB,T¢) be a fibered regular semi-contact saucer. Then
there exists a family of time-independent contact Hamiltonians K™: A—R for €T which
satisfies K™>0 for 1€0T, such that (TB,T¢) dominates the corresponding fibered circle
model contact shell (TBx, Tnk).

7. Reduction to saucers

7.1. Construction of contact structures in the complement of saucers

The goal of this section is to prove the Proposition 6.2. The starting point of the proof
is Gromov’s h-principle for contact structures on open manifolds, which we will now
formulate. Given a (2n+1)-dimensional manifold M, possibly with boundary, a closed
subset ACM, and a contact structure & on Op ACM define Cont(M; A, &y) to be the
space of contact structures on M that coincide with £, on Op A and cont(M; A, &) to be
the space of almost contact structures that agree with &, on Op A. Let j: Cont(M; A, &y) —
cont(M; A, &) be the inclusion map. We say that the pair (M, A) is relatively open if
for any point x€ M\ A either there exists a path in M\ A connecting x with a boundary
point of M or a proper path «: [0, 00)— M\ A with v(0)==z.
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Figure 7.1. A representation of the statement of Lemma 7.2.

THEOREM 7.1. (Gromov [28], [31]) Let M be a (2n+1)-manifold, ACM a closed
subset, and &y a contact structure on Op ACM. Suppose that (M, A) is relatively open.

Then the inclusion
J:Cont(M; A, &) — cont(M; A, &)

is a homotopy equivalence.
As we will see, Proposition 6.2 follows from the following special case.

LEMMA 7.2. For a closed manifold ¥, any semi-contact structure {={(s}se0,1] on
the annulus C=Xx10,1] is homotopic relative to OpdC to an almost contact struc-
ture € which is a genuine contact structure in the complement of finitely many saucers

By, ..., BLCC and such that the restriction £|Bj, 7=1,..., k, is semi-contact and reqular.

Proof of Proposition 6.2. Choose an embedded annulus C'=5%"x[0,1]C M\ A and
first use the existence part of Gromov’s h-principle (Theorem 7.1) to deform & relative to
A to an almost contact structure which is genuine on M\ C. Next we use the 1-parametric
part of Theorem 7.1, applied to the family of neighborhoods of spheres S x t for t€0, 1],
to make the almost contact structure semi-contact on C. Finally, we use Lemma 7.2 to

complete the proof. O

We will need two lemmas in order to prove Lemma 7.2.
Observe that we are free to partition [0, 1]:U£\L0[ai, @i+1], where a;<a; for i<j and
prove the lemma for the restriction of the semi-contact structure to each XX [a;, a;41],

which we will do multiple times in the proof.
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LEMMA 7.3. For a closed manifold ¥ and a semi-contact structure {(s}sefo,1] on
¥x[0,1] there ewists N>0 such that the restriction of {Cs}sejo,1) to X x[ai, air1] for
a;:=a+i/N is of immersion type for each i=0,...,N—1.

Proof. Choose an £>0 such that the contact structure {(s}scp,1] is defined on
Yx[s—e,s+e] for each s€(a,b]. We will view {(s}sejo,1) as a family of contact struc-
tures on X x[—g,e]. For each sy and o>0 sufficiently small, a Darboux—Moser-type
argument implies there is an isotopy ¢3°: ¥ x [~0,0] =¥ X [~¢,¢€] such that ¢3°=Id and
(#5,)7Cs=Cs, for s€[so, s0+0]. Moreover by shrinking o if necessary, we can ensure that
the hypersurfaces ¢35 (X x{0}) are graphical in ¥ x[—¢,¢]. Hence for any so€[a,b] the
restriction of (s to [sg, so+0] is of immersion type and therefore choosing N >1/0 we get

the required partition of ¥ X [a, b] into the annuli of immersion type. O

LEMMA 7.4. Let {&s}scjo,1) be a semi-contact structure on ¥ x[0,1]. Then, after
partitioning, {&s}se(o,1] 15 equivalent to a semi-contact structure {(s}sepo,1] of immersion
type satisfying the following properties: there exists a smooth function ¢: ¥ — [—%R, %R]
and a contact structure p on C:=Xx[—R, R] such that

o for all s€[0,1] the contact structure (s on X x[s—0,s+0d] equals UEp, where

Uy 3N x[s—6,s+7] —C

is the embedding (z,s+t)— (z, s¥(x)+t), with x€X and t€[—4,];
e there are closed domains VCX and V CInt V such that Y|y >0, and over ¥\ Int v

the contact structure p is transverse to the graph of the function sy for all s€0,1].

Proof. Using Lemma 7.3 we may assume, by passing to a partition, that the semi-
contact structure {{s}ejo,1) on the annulus C' is of immersion type. So there is a contact

structure y on C:=YX x [~R, R] and a smooth family of embeddings
U,:8x[=0,6]— C  for s€0,1]

such that U(z,u)=(x,¥s(x)+u) for u€[—0d,d], and Uiy is identified with &;. Let us
endow X x[—R, R] with the product metric. The partition argument also allows us,
furthermore, to assume that 1)o=0 and that the C'-norm of %, is arbitrary small. We
will impose the appropriate bound on its C'-norm further down in the proof.

Choose a contact form « for u, let R be its associated Reeb vector field and set

k:= min [|R(z,u)|.
(z,u)eC

Define the constant g€ (0, %w] to be

§i= min_angle(jiy. ., R(z, 1))
(z,u)eC
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and choose 0 >0 small enough to ensure that

|angle(/-//x,ua IU/LO)‘ g %ﬁ

for all zeX¥ and |u|<o.
Define the subsets

V= {x € ¥ : the angle between 41, 0 and T; 0¥ in Tx,oé’ is at most 13},
V= {x € X :the angle between pi; 0 and T, X in Tm,oé\' is at most %ﬂ},
V"= {x € ¥ : the angle between 41, 0 and T} (¥ in TI,QCAV is at most $3},

and noting that V" CInt V CV CInt V' define the constant
d:=min{dist(V, £\ V"), dist(V", £\ V)}.
For all (z,u) €V’ x [—0, 0], note that R(z, u) is transverse to Ty X=Ty (X x{u}), since
angle(R(z,u), Ty, ) = angle(R(z, w), fiz,u) —angle(pa,u, To,u ) = 3. (42)

In particular we have du(9R(z,0))#0 for all z€V’, and we will write V/ as the disjoint
union V'=V/UV", where V] ={zeV’:+du(R(z,0))>0}.

Pick a smooth function G: ¥ —[—1, 1] such that G=+1 on V/ and define the following
smooth function on C=X x[~R, R]:

H:C —R, where H(z,u)=60(u)G(z),

where 6:[-R, R]—[0,1] is a cutoff function such that 6(u)=1 when |u|<o and 6(u)=0
when |u| is close to R. Let hy: C—C be the contact isotopy generated by the contact
Hamiltonian H. Pick £>0 sufficiently small so that eksin(3/3) <o and for all t€[0,e] we
have

o ||hllco <2 min{d, o};

e dh; rotates every hyperplane by an angle less than 3—12 .

Recall that the function ¥1: ¥ —R entering the definition of the semi-contact annulus
can be chosen arbitrarily C'-small. In particular we will assume that the graph of ¢y is

in the narrow band
Iy = {(z,u) eC:u=1(z)} C {(z,u):ue[-Leksin(308), 50]},

and the angle between T,I"y and the horizontal plane T,Y is always less than é 0 for all
z€l'1. We claim that with these bounds the hypersurface

~

Iy i=ho(Ty) =he({(z,u) € C:u=11(z)})
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is graphical, meaning that flz{(:ﬂ,u)ea:u:zfjl (z)} for a function Y1:2—R, and fur-
thermore satisfies the following two conditions:

(i) 0<ikesin(3p) gz/;1|‘7<0;

(i) for every zeX\Int V, at z=(x, 1 (z)) €y, we have angle(Tzfl,uz)>3i26.

To see that fl is graphical, just note that the C''-norm of 1)1, together with the fact
that dh. rotates all hyperplanes by no more than é G, implies that each plane tangent
to fl forms an angle less that %6 O8< %w with the horizontal plane T.3.

To prove (i) and (ii), let us write the contact vector field X g (x,u) for H as

Xg(z,u) =Y (z,u)+v(z, u)a%;7 where Y (z,u) € Ty (X x{u}),
recalling that h; is the flow for X . By design, the contact vector field Xy satisfies

Xp(z,u)=+R(z,u) if (z,u) € V. x[-0,0],
and therefore, using (42), we have the lower bound
v(z,u) > ksin(368) >0 for all (z,u) € V' x[~0,0]. (43)
Noting that I'y CX x [—3eksin(30), 0], to prove (i) and (ii) let us assume that
(z,u) XX [—%ak sin(%ﬂ), %o’].
o If hg(:v,u)ef}x [~ R, R] then, by the C°-bound on h., we know that zeV’. So
he(z,u) € V x [%Ek sin(%ﬁ),a],

where the lower bound follows from (43) and the upper bound comes from the C°-bound
on he, and this proves (i).

o If ho(z,u)€(S\Int V) x [~R, R] then, by the C°-bound on k., then we know that
zeX\V” and z=(2/,u/)=he(z,u)€(S\Int V) x [~0, 5]. Therefore we have

angle(y., T.T'1) > angle(u 0, T 05) —angle(uiz, f17,0) —angle(T.Ty, Ty o3)
1 1 1a_ 1
>30—338—168= 3305,
and this proves (ii).
The proof of (ii) generalizes to show that
angle(Tzfs7 ) > %ﬁ at z=(x, 51;1(30)) el = {(z,u) :u= s (x)}

for each zeX\Int V and s€|0, 1].

We now set V::{:z::d;l (x)}%ke sin(%ﬁ) }, so that V CInt V. Note that the family of
contact structures (5 on X x {s}CXx[0,1] induced by p on the neighborhoods of graphs
I'y={(z,u):u=s(x)} defines a semi-contact structure {¢s}seqo,1) which is equivalent to
{&s}seqo,1)- This concludes the proof of Lemma 7.4. O
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Proof of Lemma 7.2. According to Lemma 7.4 we may assume that the semi-contact
structure {(s }sepo,1] on £ x [0, 1] is of immersion type with the following properties. There
exist a contact structure g on 3 x [—R, R] and a function ¢: ¥— [f%R, %R] such that

(i) the germ of contact structure (s is induced from p on a neighborhood of ¥ x {s}
by an embedding (z, s+t)— (z, s¢(z)+t)€X X [—R, R] for all x€¥ and t€[-4, d];

(i) there are closed domains V CX and V CInt V such that [y >0, and the contact
structure p is transverse to graphs of functions sy over W::E\Int V for all s€[0,1].

We will keep the notation 1 for the restriction of ¥ to W. Note that 1 can be
presented as the difference v)=1), —1_ of two positive functions 1. €C> (ﬁ/\) such that
the graphs of the functions sy, are transverse to p.

Let {U;}¥, be a finite covering of W:=%\Int V by interiors of balls with smooth
boundaries and such that Ufil U,cW.

Let {\f:X—[0,1]}}Y, be two partitions of unity on W subordinate to the covering
{U;}N,, with Zj\; A7 |w =1, such that Support(); ) ESupport(A;), i=1,..., N, and

N
D ANlg <L
i=1
For 0<E<N define
k
Lk = Z /\2—7
i=1

noting that Ly|w =1 and Ly|;=0 shows VCUCE\W, where U:={zeX:Ly(x)<1}.
For 1<i< N define the functions

Y= tAR S 5 R oand =) — N —R

and for 0<E<N the functions

k

k
WE=Y 0 and W= Up =>4
i=1

i=1
One can further ensure that the graphs of the functions W are transverse to p. Let
T(0;):={(z,u):u=Vs(z) and €S} CC=%x[~R, R] be the graph of ¥, and likewise
I'(Lg):={(z,u):u=Li(x) and z€X}CC=Xx[—1,1] be the graph of L. Set

N

T:=J (L)

k=0

and consider the map p: T, =X x [—R, R],

p(x,u) = (z,v" (x)u—T; (z)) for (z,u) €T (Ly).
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Figure 7.2. The set I';, used in the proof of the lemma. The region below a bump function is
a saucer, so a partition of unity decomposes a general region into small saucers. Each saucer

comes equipped with a map to C, making it a contact shell.

This map is well defined because if (z,u)el'(L;)NT(L;) for 0<i<j<N then V; (z)=
V5 (z). Indeed, Li(z)=L;(z) implies that ;" (z)=0 for all i<l<j, and hence ¥, (z)=0
for i <1< j because Support(t); ) CSupport(t;”). Note that p(I‘L):Uij\LO I'(¥;). The map
p extends to an immersion

P:0pT, — Y X[—R, R];

see Figure 7.2.
The complement C'\T'z, is the union Int QUInt By U...UInt By, where

Q:={(z,u): Ly(x)<u<land x €U}

and B; are the saucers bounded by the graphs I'(L;_;) and T'(L;) over the balls U; for

i=1,...N. On Q we can extend the immersion P to a diffeomorphism
Q—{(z,u): Uy(z)<u<Yi(z) and x €U}

that is fiberwise linear with respect to the projection to X, so it remains to extend the
induced contact structure P*u on OpI'pUS) as a regular semi-contact structure on the

saucers. The following lemma is obvious.

LEMMA 7.5. Let ¥ be a hypersurface in a (2n+1)-dimensional contact manifold
transversal to the contact structure, and f: D**—X. be a smooth embedding of the unit
2n-ball. Then there exists e>0 such that the disc f(D*") is reqular.

It follows that the covering by balls U;" can be chosen to ensure that the discs (U;", (o)
are regular. If the function % is sufficiently C'-small, then for each i=1, ..., N the graphs
Iy CcI(¥;—1) and I'; CI'(¥;) of the functions ;1 |5+ and W, |5+, respectively, are regular
as well. Hence there is a contactomorphism g; begween a ne{ghborhood 0;DI'; and a
neighborhood of a disc in [I={(w,v)€R?*" xR:v=0}. Again, if ¢ is sufficiently small,
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then the neighborhood O; contains the disc I'; and, moreover, ¢;(I')) is transverse to
the vector field 8/0y,,, which ensures the regularity of the contact saucer B;, i=1, ..., N.
Finally, it remains to observe that the required C'-smallness of the function v can

be achieved by passing to a partition. This concludes the proof of Lemma 7.2. O

7.2. Contact structures in the complement of saucers. Parametric version
We prove in this section the following parametric version of Proposition 6.2.

PROPOSITION 7.6. Let M be a (2n+1)-manifold and ACM be a closed set, so
that M\ A is connected. Let T&y be a fibered almost contact structure on TM which is
genuine on (T'xOp A)U(OT x M)CT x M. Then there exist a finite number of (possibly
overlapping) discs T;CT and disjoint embedded fibered saucers T:B;CTM, i=1,...,N,
such that T&, is homotopic relative to (T x A)U(OT x M) to a fibered almost contact
structure T&, which is genuine on TM\Uf\;l B; and whose restriction to each fibered
saucer TiB; is semi-contact and regular. Moreover, we can choose the discs in such a
way that any non-empty intersection T;, N..NT;, , 1< <...<ip <N, is again a disc with

piecewise smooth boundary.
As in the non-parametric case, the following lemma is the main part of the proof.

LEMMA 7.7. Any fibered semi-contact structure Tg:{(;}se[(wfg on the fibered
annulus TC:=TxXx[0,1] is homotopic relative to (T x OpdC)U(dT xC) to a fibered
almost contact structure Té which is a genuine contact structure in the complement of
finitely many fibered saucers 1By, ...,T* B, cTC, and such that the restriction Tjé\ Tig,
for each j=1,... k is semi-contact and regular. Moreover, we can choose the discs T; CT
in such a way that any non-empty intersection T; N...NT; , 1<i1 <...<ip <k, 15 again a

disc with piecewise smooth boundary.
First, note that Lemma 7.3 has the following parametric analogue.

LEMMA 7.8. Given a fibered semi-contact structure T¢ on T x X x[0,1] there exists
N>0 such that the restriction of T¢ to Tx Y% [a;, ai11], ai:=a+(b—a)/N, is of immer-
sion type for each 1=0,..., N—1.

Proof of Lemma 7.7. By Lemma 7.8, we may assume that the fibered semi-contact
structure 7¢ on the annulus 7C'=T x C is of immersion type, i.e. there exist a fibered con-
tact structure Tp={u"}rer on TC:=T'x L x[~R, R] and a family of functions Y E—
[—r,r] for r<R, s€[0,1] and 7€T, such that the contact structure {7 on a neighborhood
of ¥7 is induced from p” by an embedding of this neighborhood onto a neighborhood of
the graph of the function 7.
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Let T"CInt 7" and T” CInt T be two slightly smaller compact parameter spaces such
that the semi-contact structure u” is contact for TeT\Int 77, i.e. ¢ (z)>7 (z) for any
zeX, 7€T\Int T’ and s>s'.

Similarly to the non-parametric case (see Lemma 7.4), we can reduce to the case
when the following property holds: ] =0, ¢¥I=s¢", and there exist domains W, WcC
Tx 3, Int W W, such that Y7 (x)>0 for (z,7) €T’ x X\ Int W and the contact structures
u” transverse to the graphs I'7 of the functions s¢™ over V7 :=(X\Int W)N{7} x .

Denote by v the function ¢(7, z, s):=v" (z, s) for (1,z,s)€W, and present ¢ as the
difference of two positive functions, =1 —~.

Let us choose a finite covering of W denoted {Ui}ﬁvzl, such that U;=Int T; x Int Af,
where A;CY and T;CT" are balls with smooth boundaries, i=1,..., N, and we have
Ufil UicW Here we choose the discs T; CT in such a way that any non-empty inter-
section Tj, N...NT;, , 1< <... <4, <L, is again a disc with piecewise smooth boundary.
More geometric constraints on the coverings will be imposed below.

Let {A\f}Y, be two partitions of unity over W subordinated to {U;}N| so that
Support(A; ) €Support(A)) for I=1 ..., N,

N N
> Alw=1 and > A|p<L
=1 =1

Let
de :zd)i)\ii and ; ::w:—w[, i=1,...,N.

Set, for k=1, ..., N,

k k k
p=> o, U= -0, = ¢ and Op:=) A
i=1 i=1 i=1
Note that Ly|w=1 and Ly|;=0, so VCU:={z:Ly(z)<1}CTxX\W.
In TO=Tx¥x[0,1] we let ['(L;) be the graph of the function Lj, and in TC0=
T x¥x[—R, R] we let I'(¥}) be the graph of the function ¥y. Set FL:UZN:1 r(L;)cte.
Consider the map p: ', T x X x [—R, R] given by the formula

p(r,2,8)= (1, 2,¢%" (1,2)s—V; (1,2)) for (1,z,s) e (L;).

This map is well defined because if (7, z, s) €I'(L;)NI'(L;) for 0<i<j<N then U7 (1,2)=
Vi (7,2). Indeed, ®;(7,2)=®;(7,x) implies that W (1,2)=0 for all i<I<j, and hence
Yy (1,2)=0 for i<I<j since Support(1); ) CSupport(t;). Note that p(FL):U?; T(T,).

The map p extends to an immersion P: OpT', T x X x[—R, R].
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The complement TC\T'f, is a union of the interior of the domain
Q:={(z,s): Ly(r,2)<s<1,7€T, and 2 €U}

and interiors of fibered saucers 7i B; bounded by the graphs I'(L;_1) and I'(L;) over the
balls U; for i=1,... N. We can extend the immersion P to Q as a fiberwise linear, with

respect to the projection to T'x X, diffeomorphism
Q—{(r,z,u): Un(r,2) <u<LYP(r,z) and (1,2) €U},

so it remains to extend the induced contact structure P*(Tu) on OpT'LUQ as a fibered
regular semi-contact structure to the fibered saucers.

It follows from Lemma 7.5 that the covering by balls U; can be chosen to ensure that
for each i=1, ..., N and 7€T;" the disc ({7} x A}, (]) is regular. If the functions 1 and
are sufficiently C'-close, then for each i=1, ..., N the graphs I'; CT\(¥,;_1) and I'} CT'(¥;)
of the functions W; |5+ and W;|;+, respectively, are fibered over T;" by regular discs
as well. Hence, there is La ﬁbered-O\/Ler-T " contactomorphism g; between a neighborhood
0,;DTI'; and a neighborhood of a fibered disc in T; x I={(w, v)eR?*" xR:v=0}. Again,
if 4 is sufficiently close, then the neighborhood O; contains the disc I'; and, moreover,
g:(I'}) is transverse to the vector field 0/dy,,, which ensures the regularity of the fibered
contact saucer ©*B;, i=1,...,N.

Finally, it remains to observe that the required smallness of the function v can be

achieved by passing to a partition. O

Proof of Proposition 7.6. Assume T=D4. Choose an embedded annulus C'=S52" x
[0,1]C M\ A and first use the g-parametric part of Gromov’s h-principle (Theorem 7.1)
to deform T¢&; relative to (T'x A)U(OT x M) to a fibered almost contact structure which is
a genuine fibered contact structure on T'x M\ C. Next, with use of the (¢+1)-parametric
part of Theorem 7.1 applied to the family of neighborhoods of spheres {7} x S?" x {t},
with 7€T and t€[0,1], we make the fibered almost contact structure semi-contact on
TC=TxC. Finally we use Lemma 7.7 to complete the proof. For general T' we triangu-
late it and inductively over skeleta apply the previous proof to each simplex. O

8. Reduction to a universal model

In this section we prove Proposition 3.1.
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8.1. Equivariant coverings
The key step in the proof of Proposition 3.1 is the following result.

PROPOSITION 8.1. For a fized dimension, there is a finite list of saucers

{(Bp )} p=1

with the following property: for any circle model contact shell (Bg,nk) defined by a
time-independent contact Hamiltonian K: A—R, there exist finitely many disjoint balls
B;CBg, for i=1,...,q, such that the contact shell (Bi,nK) is homotopic relative to
OpdByk to an almost contact structure & that is genuinely contact on Bi\Ui_, B; and

each contact shell §|p, is equivalent to one of the saucers (Bp,(,) for p=1,..., L.

Remark 8.2. The proof of Proposition 8.1 follows roughly the same scheme as the
proof of Proposition 6.2, but uses the idea of equivariant coverings in a crucial way. The
basic idea can be seen in the following trivial observation about real functions. Consider
the piecewise constant function ¢: R—R which is equal to 1 on [0,1)U][2,3), equal to —3
on [1,2), and 0 elsewhere. Let the group Z act on R by translation: j€Z being identified
with the map z+—>x+7. Then the function Z?=1 ¢o7 is equal to 1 on [0,1)U[k+2,k+3)
and it is strictly negative on [1, k+2).

The key point of this example is two-fold: firstly, that a function which is negative
on an arbitrarily large portion of its support can be written as a sum of functions which
are negative on a small subset of their support. And secondly, that in fact these functions

can be taken to be translations of a single function by a group action.

Consider R2"*+! with the contact structure & given by the form

n—1 n—1
a=dz+Y (i dyi—y; dv;) =y dvy = dz+ Y u; dpi—y, du,.
i i=1

Let II={(z,7,y):y,=0}. In the group of contactomorphisms Cont(R?"*! &) consider
the 2n-dimensional lattice © generated by the following transformations:

e the translations
T.:(z,y,2)— (z,y,2+1),
Te, (21, ey T, Yy, 2) — (xl, ...,Jin—l-%, Y, z);
e the sheers in the (y;, 2) and (z;, z) planes for each j=1,...,n—1,

Syj:(xa Y1, "'7yja "'ay’ruzﬁt) — (J"7 Y1, 7y]+17 s Yn, Z+x])a

S (T1y ey Ty ooy Ty Yy 2) = (X1 ey Ty L Ty Y, 2= Y5 ).
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Note that © preserves II, we have S, .S, Sy*le;jl =T?2, and all other transformations

commute. Hence every element of © may be written as

Sk . Shnorgh Sl Tl
and from this it follows that © acts properly discontinuously on II, that is for any compact
set QCII, the set

5(Q)={9€0:9(Q)NQ#2}CO (44)
is finite.

For a positive integer N, let C'y be the scaling contactomorphism
(z,y,2)— (Nz, Ny, N%2)
and let © N:C](,l@CN, that is the group generated by the translations and sheers:
T;n:=Cxn"TjoCn, T.n:=Cxn'eT,oCy, and S;y:=Cx'oS;oCy.

Say that a compact set Q) generates a © y-equivariant cover of II if ©y-Int(Q)=IL.
Since Tgn :Tﬁi\{ N, the cyclic group T::<T§WV> is always a subgroup of Oy, in fact a
normal subgroup, and we define &) ~ to be the quotient group O /Y. Say that a compact
set QCII is sufficiently small if Tg?n (Q)NQ=2.
Note that the quotient of R?"*! by the contactomorphism Tfn is the contact manifold

n—1

<IR{2”1 xT*S*Y ker <dZ+Z(-Ti dy; —y; dzx;)+v dt) ) ;
i=1

where v=—y, is identified with the fiber coordinate of T*S* and the base coordinate
teR/Z is given by the quotient by translation T7 . Denote this quotient by

m R 5 RIS
The group Oy can be viewed as a subgroup of the group of contactomorphisms of
R27=1 % T*S! preserving = (IT)~R2"~1 xR/Z. Any compactly supported function
®:TI—R defines a function ), ®oh~! which is 1-periodic in the x,-variable, and
therefore defines a function ®: II—R.

Remark 8.3. (a) If Q generates a O-equivariant covering of II, then @ N::C’R,l(Q)
generates a O y-equivariant covering. For a sufficiently large N the set Q) is sufficiently
small.

(b) Suppose that a> % Then the parallelepiped

P={(z1, . @n, Y1, -, Yn, 2)  |2j],|yj] <a, 1 <j<n—1,0<z, <a,y, =0,|2| <a} CII

generates a ©-equivariant covering of II. If a<1, then P is sufficiently small. In partic-
ular, there are sufficiently small sets generating equivariant coverings.

(¢) If @ CQCII are two compact sets, and Q' generates a © y-equivariant covering
of I, then so does Q.
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Let us fiz for the rest of the paper a regular sufficiently small disc QCII and a
smaller disc Q' CInt Q which generates a ©-equivariant covering of II. Denote by m the
cardinality |S(Q)| of the set S(Q).

We also fix two non-negative C°°-functions ¢, ,¢_:II—R, which are supported in
() and satisfy the following conditions:

(1) ¢+lmt@>0, ¢—|q >0, and ¢_[o,0)=0;

(i) max ¢|g <—(m+1)u, where p:=¢, —¢_, p:=max ¢, and m is the cardinality of
the set S(Q) defined in (44);

(iii) let ¢*=¢, —s¢_, s€[0,1] (so that ¢>>p'=¢) and for any finite subset FCO
let

=ty dteg g, se[0,1];
geF

then the graph y, =% (q), ¢€Q, with the induced contact structure, is regular.

Remark 8.4. In condition (iii) the elements g€ F with ¢(Q)NQ= are irrelevant,
so it suffices to verify (iii) only for subsets F of the finite set S(Q). Hence, the condition
can always be satisfied by taking ¢, and ¢_ sufficiently small (e.g. replacing the pair
(¢+, ¢-) which satisfy (i) and (ii) by (e¢4,e¢-) for a sufficiently small £>0).

Pick a linear ordering of ©={g1, go, ... }, and order @N accordingly; we fix this
ordering during the rest of the paper. Define functions II—+R by the formulas

k k
Op:=pt+ Y ¢eg;' and Up=pt+> ¢og;
j=1 j=1
for k=0, 1, ..., and note that ®g=Vy=pu.
Let

(PF]; = {yn:(Pkfl(xlv”wxnaylw"ay’nfhz) and (xh'Haxnuylw'wynflvz) egk(Q)}

be the graph of ®;_; over the set gi(Q), and similarly denote by ‘DFE the graph of @
over g(Q). Denote by YI'} the graph of ¥, over g;(Q) and by ¥T'; the graph of U;_
over gi(Q). Define By to be the saucer

Bk = {\I/k—l(xly vy Ty Y1y ooy Yn—1, Z) < Yn < \I/k(xlv vy Ty Yiy ooey Yn—1, Z)
and (xla vy Ty Y1y ooy Yn—1, Z) Egk(Q)}
bounded by ‘I’F,; and ‘I’FZ. Similar to the proof of Proposition 6.2, we observe that
there is an immersion Op 9By, —R** ! which maps YT’} —®I'; diffeomorphically. The

induced contact structure (; with its canonical semi-contact extension to By defines a

shell structure on the saucer Bj.
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More generally, for s€[0, 1], set

k
O =pty otog;
j=1
so that <I>,1€:<I>k and (I)%:\I/k, Define the regular contact saucer (By,(;) to be the one
induced by an immersion of Op By —R?"*! that maps B, :‘I’I‘; U‘I’I‘; diffeomorphically
onto the graphs of % and ®f_, over gx(Q). Regularity is ensured by condition (iii) above.
The above construction builds a countable collection of 1-parameter families of reg-
ular contact saucers (By, ;). However, as the next lemma shows, up to equivalence the

number of these 1-parameter families is always bounded by L=2"", the number of subsets
of the set S(Q) from (44).

LEMMA 8.5. Up to equivalence, the above construction builds at most L=2™

1-parametric families of reqular contact saucers (By,(y), where m=|S(Q)|.

Proof. By the contactomorphism g, ', we know that (By, (f) is equivalent to a saucer
whose boundary contact germ is defined by the two graphs over @,

{(w,yn) :yn = (P5_1°0x)l@} and  {(w,yn) :yn=(Pfogx)Q}-

However, (I>2|Qogk:u—l—zg?:l(gzﬁso(g;lgk))b, and the number of different sums of this
type is bounded above by the number L=2™ of finite subsets of the set S(Q). O

Given a positive N and an element ge©Oy we let ¢y ny:=(¢/N)oCnog~t. Notice
that by the contactomorphism C;,l the regular semi-contact saucer which is defined over
the domain @) by the functions ®;_, and ®; is equivalent to the saucer over the domain
Cyx(Q) defined by the functions

k—1 k
p p
k1N :=N+§ 0y, v and By 1:N+§:¢§jwv
i=1 i=1

where ¢;7N:=(¢S/N)oCNog*1.

Consider the function q’;g,N:ﬁ—>R. We note that (/A)Q)N:ég/’N if g and ¢’ are in
the same conjugacy class from (:)N:G)N/T, so that in the notation for ég’N we can use
gE()N.

LEMMA 8.6. With the above choices of Q, @', ¢, and ¢_, for any bounded open
domains U' and UU' in R* 71 and any C>-function K:U—R which is positive on
(U\U"), there exist N>0 and a finite subset ACOy such that

U'xSte U g(Int m(Q)) C U g(Int 7(Qn)) € Ux S*
geA geA
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and
2p

Zég,N< N;J
geA -N o (U\U")x S*.

on U'x ST,

Proof. Suppose that K:U—R is given. Since K is positive on U\U’, we may fix
some €>0 with the property that the set P:={(z,y, 2)eU\U’:K(z,y, z) >¢} disconnects
U’ from OU. Note that the conclusion of the lemma only becomes stronger if we enlarge
the set U'€U. With this in mind, we redefine U’ to be the interior of the union of all
components of U\ P which are disjoint from 9U.

Set Qn:=7(Qn) and @\GV::W(QQV). For a sufficiently large N there exists a finite set
ACO such that (U'UP)x S SUgen g(@N)DUgeA g(@’N)@U’ x S1. Furthermore, sup-
pose that

N> (m+1)pe . (45)

Then, using (45), we get on Px S that

mp  (m+Dp p p 0
Lo Pog L
§¢9,N< NN <N <E-y

On the other hand, on U’ xS we have

m+1)u (m—Dp _ 2p
geA
Indeed, this holds for given (z,y, z) €g(Q'y), because according to inequality (ii) a single
negative term QAﬁg,N(Jc,y,z) is larger in absolute value by at least 2u/N than the sum
of all positive terms (the denominator N appears because of the scaling factor of the

function in the definition of ¢, n). O

Proof of Proposition 8.1. Let U=Int A and U’ €U be a star-shaped subset such that
K|y\pr>0. Lemma 8.6 provides an integer N >0 and a finite set ACOy such that the

corresponding function

@:@SI’N:%+Z¢Q’N:AX51 —R
geEA

satisfies ®(w,t) <K (v) for we A\U’ and ®|ys« g1 <—p/N. According to Proposition 4.9,
there exists a contact Hamiltonian K such that ng is dominated by 7y, where K lavor =

K|a\pr and K|y»>—pu/N. Therefore, ®(w,t)< K (w) for all (w,t)€Ax S*. The function
® is equal to /N >0 near dA x S1, and hence defines a circular shell model ng which is
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dominated by 7. Hence, it is sufficient to prove the required extension result for 7e.

We order A using the chosen ordering of © and define functions

k
I
D = N+Z Pg,,N: AxS'=R, k=0,..,Al

Jj=1

where |A] is the cardinality of A. We have ®;=p/N and @5 =®. The shells ng,
and ne, , differ by one of the regular saucers (B,,(p), from the finite list provided by
Lemma 8.5, while the shell ng, is solid, since ®¢>0 everywhere. O

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. Proposition 6.2 allows us to assume that £ is contact out-

side of a finite collection of disjoint saucers {B;}Y¥;, so that the restriction ¢

p, for
each i=1,..., N, is a regular semi-contact saucer. Using Proposition 6.12 we replace
saucers by circle model shells defined by time-independent contact Hamiltonians. Ap-
plying Proposition 8.1 we can further reduce to the case of a contact structure in the
complement of saucers from the finite list (B,,(p), p=1,...,L. Using again Proposi-
tion 6.12 we replace saucers by circle model shells (Bg,,, 0k, ) defined by time-independent
contact Hamiltonians. We may then choose any special Hamiltonian K, satisfying
Kniv(z) <min, Kp(z). O

8.2. The standardization of the holes in the parametric case

In this section we prove Proposition 3.11.

Given a special Hamiltonian K: A.y —R, we recall the following notation from §3.1:
K®) :=sK+(1-s)E, se[0,1], where E(u,z):=K(u,1).

LEMMA 8.7. There exist a special Hamiltonian Kyniv: Acy1—R and a non-increasing
function 0:[0,1]—[0, 1] with 6(0)=0 and 6(1)=1, which depend only on the choice of Q,
Q', ¢,, and ¢_, and such that for each p=1,...,2™ there exists a family of subordination
maps

Net6(s) — 77; = (B, C;), s€l0,1],

univ

which are solid for s=0.

Proof. We note that there exists §>0 such that the regular saucer (B,,(;) is solid
for s€]0, 4], i.e. the contact structure on its boundary is extended inside as a genuine
contact structure. Proposition 6.13 implies that the family of saucers (B,, G ) dominates

a family of circle models 7. , where I~(1§>O for s€[0,¢'], p=1,...,2™, and some §’' <d. We
P
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also note that Lemma 4.6 allows us to assume that the domain A in the definition of the
Hamiltonians I?; coincides with Acyi. Choose as Kyniv any special contact Hamiltonian
which satisfies
Kiniv < min K&,
s€[0,1]
p=1,...,L=2m

(See Example 3.5.) There exists §”€(0,0") such that I?;>Kl(l?l)iv for all s€[0,1] and
p=1,...,2™. Choose a non-decreasing function 6:[0,1]—[0,1] such that 6(s)=0 for se
[0,26'] and 6(s)=1 for s€[6”,1]. Then Kl(li(if,))<f~(; for all s€[0,1] and p=1,...,2™.

Hence, by Lemma 4.1, one can arrange the inclusion maps 7,.o(s)) =1, to be subordina-

tions. O

Remark 8.8. It is not clear if any Hamiltonian K,;, satisfying Proposition 3.1 also
satisfies Lemma 8.7, or conversely. But once we know that there are two Hamiltonians
separately satisfying Proposition 3.1 and Lemma 8.7, we can simply choose Ku;y to be
less than both of them, and this Hamiltonian will suffice for both.

Let T=D?CRY? be the unit disc. Choose any decreasing C*°-function 6: [0, 1]—[0, 1],
which is equal to 1 on [O, %] and to 0 on [%, 1}.

PROPOSITION 8.9. There is a universal finite list of families of saucers (B,,(5),
p=1,...,L and s€[0,1], where L depends only on dimension n, with the following prop-
erty. Let K": A—=R, 7€T, be a family of time-independent contact Hamiltonians param-
eterized by the unit disc T=DICRY, and such that K™ (xz)>0 for (r,2)€d(T xA). Let
(TB,™n), where TB=T x B, be the fibered circular shell defined by this family. Denote
by T, the shell corresponding to the family of saucers 77,()0(”7")). Then there exist finitely
many balls B; CB, i=1, ..., N, with piecewise smooth boundary, such that the fibered con-
tact shell Tn (viewed as a fibered almost contact structure on T B) is homotopic relative
to Opd(T x B) to a fibered almost contact structure T€, which is genuinely contact on
T x (B\Ufil B;), and such that each fibered contact shell T¢
the fibered saucer shells Tn,, p=1,..., L.

B, s equivalent to one of

Proof. First, we can choose K*:A—R, s€[0,1], so that KITI<KT everywhere,
K'>0, and K*|pa>0 for all s€[0,1]. Therefore, it suffices to prove the proposition
for the family K!I™ll. We may also assume that K°(x)<K*(x) for any €A and s€[0,1].

Let U=Int A and U'€U be a star-shaped subset such that I?“T”|U\U,>O for all
T7€T. We also choose §>0 so that K*>0 for all s€[1—6,1]. Lemma 8.6 applied to K°
provides an integer N >0 and a finite set A={g1, ...,gk}C@N such that the function

@:@SI’N:%—FZ%,N:AxSl —R
geEA
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satisfies ®(w,t) < K*(w) for we A\U’ and ®|¢/y 51 <—p/N. Choosing N large enough,

we may also arrange that

o 1 [ w1 -1
K >0=05N=" =—+— cCnog™).
Irli>1-s Ni%‘bw” N+Ngze;\(¢+ Neg)

According to Proposition 4.10, there exists a family of functions K*, s€[0,1], such
that

o Ks=K*®on A\U’ and K*>—pu/N for s€[0,1];

o Ks=K* for se[1—0d,1];

e there exists a family of subordination maps h®: ng. —nz. which are identity maps
for se[1—4,1].

In particular, ®(w,t)<K*(w) for all weA, t€S*, and s€[0,1].

Recall the notation ¢*=¢, —s¢_, (b;j,N:(qSS/N)oCNog;l from §8.1. Choose a dif-
feomorphism f:[0,1]—[0,1] such that f(1—16)=2 and f(1—6)=3%. Then the function
0:=0- f satisfies 9~|[011,5]:1 and §|[1,5/2,1]:0.

We define the families of functions, for s€[0,1] and i=1, ... k,

o= %+Z(¢§f_f}v): AxS! R,
j=1

so we have ®§=1/N for s€[0,1], @3, =@ for s<1-4, and @], =V. Here [A| is the

cardinality of A.

The function ®*:=®; for each s€[0,1] is equal to 1/N>0 near JAx S, and it
satisfies the inequality P < K*. Indeed, for s€[0,1—4], we have <I>S:<I><I~(S7 and for
s€[1-4,1] we have P < VU< Ku=K5. Therefore, the family of circle model shells ng -
is dominated by Nl and hence it is sufficient to prove the required extension result
for the family ng - -

The families of model shells Nel-i and ng -, TET, differ by one of the regular saucer
i i—1

families (B,,,CS(”T”)), p=1,...,L=2" from the finite list provided by Lemma 8.5. The
shell 7~ is solid for all T€T', since q)gT“ >0 everywhere. Similarly, the saucers (B,, (},‘T”)
0

for TeOpOT are solid for 7€ OpdT, because we have @L!T“><I>‘J!i”1 for all j=1,...,|A|.

But the fibered saucer corresponding to the family (Bp,Cg(HT”)) is equivalent to Tnp7
p=1,..., L. O

Proof of Proposition 3.11. Proposition 7.6 allows us to assume that 7¢; is fibered
contact outside of a finite collection of disjoint saucers {B;}X, so that the restriction
&olB,, for each i=1,...,N, is a fibered regular semi-contact saucer. Applying Proposi-

tion 8.9, we further reduce the holes to a finite list of fibered saucers Tnp,pzl, ., L=2",
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Proposition 6.13 allows us to replace each saucer Tnp, p=1,..., L, by a fibered circle model
shell TnKp defined by a family of time-independent contact Hamiltonian K, 7€T. But
then, using Lemma 8.7, we conclude that each circle model shell TnKp dominates the

fibered circle model TnK‘miv::{nK(e(_HTH»}TeT. O

9. Leafwise contact structures

Theorem 1.5 follows from Theorem 1.6 because any leafwise almost contact structure is
homotopic to a structure from contys(F;hy, ..., hy) for an appropriate choice of embed-
dings hq, ..., hyy. Hence, it is sufficient to prove Theorem 1.6.

We begin with the following lemma, which we already used in §3.6 in the proof of
Theorem 3.13.

LEMMA 9.1. Let U be a connected manifold of dimension m>1, T be a compact
contractible set, and Ty, ..., T, CT be its compact subsets such that

(%) any intersection T;, N..NT;, for1<i; <...<ip <k is either empty or contractible.

Let B be a closed m-dimensional ball with a given point pc0B, S;: T; x B—=T;xU,
Si(r,z)=(7,s5(7,2)), and S+: TxB—=TxU, Si(r,2)=(7,5.(7,2)), be pairwise disjoint
fiberwise smooth embeddings. Then there exists a fiberwise embedding S:T x[—1,1]—
TxU such that

(i) S(r,£1)=S+(r,p), TET;

(i) S(Tx[~1,1))NU5_, (T x B)=2;

(iii) S(T'x(=1,1))N(S-(T'xB)US.(T'xB))=2.

Proof. We will prove the statement by induction on k. When k=0 the statement
follows from the fact that the space of maps of the contractible set T" into the space of
pairs of disjoint embeddings of B into U is connected, and hence by a fiberwise isotopy we
may assume that the embeddings s4 (7, - ): B—U are independent of 7, i.e. s4 (7, 2)=54 ()
for all (7,2)€T x B. Then to construct the required embedding it is sufficient to connect
the points §.(p) by an embedded arc in U which does not intersect the balls §.(B) in
their interior points.

Suppose that the statement is already proven for k=3 (and any U). Suppose first
that one of the k=j+1 sets T4, ..., Tk, say Ty, coincides with T'. By a fiberwise isotopy
we can make the embedding si(7,-): B—U independent of 7, i.e. si(7,2)=5§x(x) for all
(1,2) €T x B. Therefore, the statement reduces to the case of k—1=j sets 11, ..., T; and
their embeddings into U=U\ §;(B), which is connected as well.

Consider now the general case. By an argument as above, we may assume that

the embeddings s.(7,-) are independent of 7, i.e. sy (7,2)=3§,(z) for all (7,2)eT x B.
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Let ﬁ::U\§+(B). Suppose that T} is a proper subset of T. Set f::Tk, ﬁ-::TlﬂTk
and §i::Si|TixB’ i=1,..., k-1, L/S'\,::S,\TMB, and §+::Sk‘Tk><B' Note that the sets ﬁ-,
1=1,....,k—1, and T satisfy the condition (x).

Considering :S'\Z as embeddings into ﬁ X (7, and §i as embeddings into Tx (7, we may
apply the induction hypothesis to construct a fiberwise embedding S: T x [-1,1] —TxU
such that

- §(T, +1)=5.(r,p), TGT, where p€0B is a point different from p;

- BT x[-1, 1)UL §5(T) < B)=g;

- S(T'x(-1,1))N(S_(T'xB)US.(IT'x B))=2.

Using the embedding S , we can make a fiberwise connected sum of the embeddings
§i to construct a fiberwise embedding S_:TxB—TxU with the following properties:

o S (TxB)NUZ| S;(T;x B)=2;

e S (TxB)DS_(TxB)USK(Ty, x B);

e the embeddings S and S_ coincide near T'x {p}CT x dB.

Hence, by applying again the induction hypothesis to the embeddings §,, S, and
S;,7=1,...,k—1, we may construct a fiberwise embedding S:T'x [—1,1]—=T xU with the

required properties. O

Proof of Theorem 1.6. Let T be an m-ball. We need to prove that any map
(T,0T) — (contoy (F; hay .oy Ay ), Contor (F; b, ooy An))

is homotopic relative to 9T to a map into €onty(F;hy,...,Ax). In other words, let
&r€conto(F;hy,...,hn), TET, be a family of leafwise almost contact structures which
are genuine leafwise contact structures for 7€9T. We will construct a homotopy relative
to 0T to a family of genuine leafwise contact structures §~T, TeT.

Consider a foliation F on TxV with leaves {7} x L, where 7€T and L is a leaf of
F. Let ﬁj: TxT;x B=TxV be the embeddings given by

hi(r, 7' @)= (7, hj(7',x), (1,7, x)) e TxTjx B, j=1,...,N.

Note that the family &,, 7€T, can be viewed as a leafwise almost contact structure = from
cont(]?; hi, ..., BN), which is genuine on leaves {7} x L for 7€9dT. Moreover, we may
assume that = is a genuine leafwise contact structure on a neighborhood UD>9T xV and
neighborhoods UijLj(Tij xB), j=1,...,N.

There exists a triangulation 7 of T'x V' with the following properties:

e there are compact subcomplezxes U and ﬁj, j=1,..., N, of the triangulation 7 such
that T xV CUCU and h;j(TxT;x B)CU;CU;, j=1,...,N;

e the restriction 7 of the triangulation 7 to (T'x V) \Int (ﬁUUjvzl [7]) is transverse
to the foliation F;
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e for every top-dimensional simplex ¢ of 7y there is a submersion 7, : Int o — B9T™
which is a fibration over an open (¢+m)-ball with the ball fibers, and such that the
pre-images 7 !(s), s€ BT are intersections of the leaves of F with Int 0.

Applying Gromov’s parametric h-principle for contact structures on open manifolds
(see [28] and Theorem 7.1) inductively over skeleta of the triangulation, we can deform =,
keeping it fixed on U UU;-\;l U ; to make it a leafwise genuinely contact in a neighborhood
of the codimension-1 skeleton of the triangulation 7.

Our next goal is to further deform = on each top-dimensional simplex o of the
triangulation 7y, keeping it fixed on Op do, to make it a leafwise genuine contact structure
on o. Let us choose one of such simplices. There exists a compact subset & CInt o such
that the leafwise almost contact structure E is genuine on Op(c\Int7) and 7,|5 is a
fibration over a closed (m+gq)-ball X with fibers diffeomorphic to a closed (2n+1)-ball.

Hence, Z|5 can be viewed as a fibered-over-X almost contact structure on &, and
applying Proposition 7.6 we can further deform = keeping it fixed on Opdo, to make
it genuine away from a finite number of disjoint domains Z; fibered over X;C X with
piecewise smooth boundary, i=1, ..., K. These domains are not necessarily disjoint but
could be chosen arbitrarily small and in such a way that all non-empty intersections
X N..NX;,, 1< <... <9, <K, are again balls with piecewise smooth boundaries. Let
Y Co and Y; C Z; be subfibrations of the fibrations 6 —X and Z; —X;, i=1, ..., K, formed
by boundaries of the corresponding ball-fibers.

Next, we use Lemma 9.1 to construct for each X; a fiberwise embedding S;: X; x
[0, 1]—>Zj\Ui;éj Z; with S;(1,0)€Y; and S;(7,1)€Y. Recall that by assumption every
point (7,2)€Y can be connected to a point on the boundary of one of the overtwisted
balls B; ; ;:=h;({T}x{7'} xB;), i=1, ..., N and 7€T, by an embedded path in the cor-
responding leaf. This path can be chosen inside an arbitrarily small neighborhood of
the codimension-1 skeleton of the triangulation 7. Hence, if the sets X; are chosen
sufficiently small, we can extend each of the embeddings S; to a leafwise embedding
S;: X;%[0,2]—V such that

e S;(7,0)€Y};

e S;(1,2)€h;(T; x9B) for some i=i(c, j).

Moreover, using Proposition 3.9 to increase the number of embeddings h;, we can ad-
ditionally arrange that the map (o, j)—i(c,j) is injective. Then, successively applying
Theorem 3.13 to neighborhoods of Z;US;(X;x0,2])UU, ¢ x, hi(s,j)(S(7,2) x B) for all
top-dimensional simplices o of the triangulation, we deform = to make it a leafwise

genuinely contact on these neighborhoods. O
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10. The overtwisted contact structures. Discussion

Recall the definition of an overtwisted contact structure from §3.2: a contact structure &
on a manifold M is called overtwisted if there is a contact embedding (Do, {ot) — (M, €);
see §3.2. We note that the disc Dy is only piecewise smooth. We do not know if it is
possible to characterize overtwisted structures in dimension greater than 3 by existence
of a smooth overtwisted disc.

In the 3-dimensional case a contact structure which is overtwisted in our sense is also
overtwisted in the sense of [12]. This should be clear from the picture of the characteristic
foliation on the disc Doy; see Figure 3.1. The converse is also true. This can be seen
directly by finding a copy of (Do, &ot) in a neighborhood of the traditional overtwisted
disc, or indirectly, from the classification theorem from [12]. Indeed, one can first find a
contact structure on the ball with standard boundary which contains (Do, &0t ) and which
is in the standard almost contact class. Then, implanting this ball in an overtwisted

contact manifold does not change the isotopy class of this structure.

Overtwisting and plastikstufes

As it was already mentioned in the introduction, an overtwisted contact manifold contains
a plastikstufe, see [40]. Let us recall that given a smooth closed (n—1)-dimensional mani-
fold @, the model plastikstufe with core @ is the contact germ of the (n+1)-dimensional
manifold (Pg, () C(R3, xT*Q, ker(ao,+Ar+q)), where Pg:=D2 x Qo is the product of

an overtwisted disc D2, and the zero section.

COROLLARY 10.1. Let (M?"*1 €) be an overtwisted contact manifold. If the com-
plezified tangent bundle TQ®wrC is trivial, then there is a contact embedding (Pg,{)—
(M?" 1 &) of the contact germ of the model plastikstufe with core Q.

Proof. The contractibility of R implies the existence of a contact bundle isomor-
phism ®: (TR3, £4) — (TR3, &) that covers the identity map on R3, is homotopic through
bundle isomorphisms to the identity, and respects the conformal symplectic structures.
By extending by the identity, we get a similar contact bundle map

U (TR® < T*Q, ker(avor + A1) — (TR?* x T*Q, ker (ass +Ar-@))-

On the other hand, the triviality of the complexified tangent bundle of @ implies that
there is a contact bundle homomorphism ®: (TR3 x T*Q, ker (st + A7+ ) — (TR?" L &4 ).
Combining ®o¥ with an inclusion (R?"*! £y) as a Darboux chart into (M, ), we get
a contact bundle homomorphism W: (TR? x T*Q, ker(aot+A7+g))— (T'M, ), and hence
Corollary 1.4 provides us with a contact embedding (Pg, ¢)— (M1 €). O
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Changing Ay

The definition of an overtwisted disc depends on the choice of the special contact Hamil-
tonian K.: Acy—R, where Acyi=D x[—1,1], where D is the unit ball in R?"~2. Suppose

that DCR2"~2 ig any other star-shaped domain with a piecewise smooth boundary. Let

Aeyii={(g,2) ER*" > xR:q€ D and |2 <1},
A= AqiN{(g,2): 2<0},
A= Beyin{(g,2): 2<0}.

Let C, be the space of continuous piecewise-smooth functions Agyl—ﬂR which are
positive on Op BACymACy]
Given two functions K. €C such that K_ <K, we let

Uk_ i, ={(z,0,t): K_(2,t) <v < Ky (2,1), 2(2) 0} C (A x T* S ker( Ay v dt)),
Y, ={(z,0,t):0<v< K, (2,t),x € 0A, 2(z) <0} C (AxXR? ker(A\g +v dt)).

Gluing these pieces together via the natural identification between their common parts,

we define ﬁKﬂ;g =Uk_ k, UXK, .

LEMMA 10.2. For any K,€C,(A) there exists K_c€C,(A) such that K <K, and

Uk_ .k, is overtwisted.

Proof. Choosing a representative 7 of the contact germ along ¥, let U be a
neighborhood of 8ACy1 such that K|~ A§y1>0 and the contact structure 7 is defined
on {(z,v,t):x€lU, z(x)>0, and ngJr(x)}.. There is a contact embedding ®: Agylzzﬁc’yl
such that ®(0A1NA ) CU and ®(A_,N{z=0})C{z=0}. Indeed, the contact vector

field

0 = 9
Z:L—|—z§7 where L= Zuzam

is given by the contact Hamiltonian z with respect to the standard contact form

n—1
At =dz+ Y u;dg;.

i=1

Consider a cut-off function o: R?"~! -R, which is equal to 1 on A.,;\U and supported
in Int Acyl, and let Z denote the contact vector field defined by the contact Hamiltonian
K:=zo. Let us observe that Z is tangent to the hyperplane {z=0} because K vanishes
on this hyperplane. Let Z! and Z! be the contact flows generated by Z and Z. Then
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the formula ®:=2ZCZ~C is the required contact embedding for appropriately chosen
positive constants C' and C.

For an appropriate choice of a special Hamiltonian K < K, we have ¢, K <K .
On the other hand, there exists K_€C, such that ®,K>K_. Hence, the overtwisted
disc Dot =Dy embeds into an arbitrarily small neighborhood of ﬁK_,KJr, i.e. (7K_7K+ is

overtwisted. O

Wrinkles and overtwisting

Consider the standard contact manifold (R?"*, &), where

n—1
fst = {dZ+Z Us d@z_yn dxn :O}

i=1

Let B denote the unit ball in R?"*! and w: B—R?*"*! be the standard wrinkle (see [16]),

i.e. a map given by the formula

(0,9n) > (0,4, —3a(r)yn),  where v ER?",

13
401
constant near 0, has a negative derivative at %, and satisfies the inequality a(r)<1—72.

Let W:={(v,y,):y2<a(r)} and U C B be a neighborhood of W. Corollary 1.4 allows

us to construct a contact embedding of (U\W, (w*&s)|\w) into any overtwisted contact

r:=|v||?, and a: [0, 1] =R is a C*°-function which is positive on ( ), negative on (%, 1] ,

manifold of the same dimension. One can also show, though we do not know a simple
proof of this fact, that (U\ W, (w*&:)|u\w) contains an overtwisted disc. Hence, a contact
structure & on a manifold M is overtwisted if and only if there exist a neighborhood U DW
in B and a contact embedding (U\W, (w*&s)|onw)— (M, §).

Stabilization of overtwisted contact manifolds

Given a contact manifold (Y,€) with a contact form ), its stabilization is the manifold
ystab.—y x R? with the contact structure £52P:={\+vdp=0}. It is straightforward to
check that, up to a canonical contactomorphism, the contact manifold (Ystab, gstaby ig
independent of the choice of the contact form A.

After the first version of the current paper was posted on the arXiv, R. Casals,

E. Murphy, and F. Presas observed that stabilization preserves the following overtwisting
property.

THEOREM 10.3. ([4]) The stabilization (YSt2P ¢£51ab) of every overtwisted contact
manifold (Y,€) is overtwisted.
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In particular, this implies that an overtwisted contact manifold of dimension 2n+1
can be equivalently defined as a contact manifold containing a neighborhood of the
standard 3-dimensional overtwisted disc stabilized n—1 times.

Note that Theorem 10.3 also implies the following result.

COROLLARY 10.4. For any overtwisted contact manifold (M,{\=0}), the contact
manifold (M xT*S {\+vdt=0}) is overtwisted. Moreover,(?)

MxTrS':=(MxT*S")n{v>0}

is overtwisted as well.

Proof. (M xT;S',{\+vdt=0}) is contactomorphic to
(M x (R*\{0}), {\+2 dy—y dx=0}).
On the other hand, there exists a contact embedding
(M x D%, {\+xdy—ydr=0}) — (M x (R*\{0}), {\+2 dy—y dx=0}).

It can be defined, for instance, by the formula (w,z,y)~ (R™28Y(w), z+2R,y), where
MRt is the Reeb flow of the contact form A. But according to Theorem 10.3 the product
(M x D%, {\+x dy—y dz=0}) is overtwisted if the radius of the 2-disc D% is sufficiently

large, and the claim follows. O

We refer the reader to [4] for further discussion of equivalent definitions of overtwist-

ing.

Overtwisting and (non)-orderability

In [17] a relation < on the universal cover Cont(Y,¢) of the identity component of the
group of contactomorphisms of (Y,¢) was introduced. Namely, f<g for f, geQﬁfo\Et(Y, §)
if there is a path in G’O\Et(Y, €) connecting f to g which is generated by a non-negative
contact Hamiltonian. This relation is either trivial (e.g. in the case of the standard
contact sphere of dimension >1), see [15], and in this case the contact manifold (Y, &) is
called non-orderable, or it is a genuine partial order, e.g. in the case of RP*"~1 (see [26])
or the unit cotangent bundle UT™* (M) of a closed manifold M; see [15] and [10].

Given a contact manifold (Y, ) with a fixed contact form A, consider the contact
manifold (Y xT*S* {\+vdt=0}), where S'=R/Z. Let fKEQZfo\th(Y, €) be generated by

(?) Klaus Niederkriiger conjectured in [41] that this could be an appropriate definition for over-
twistedness in higher dimensions.
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a time-dependent contact Hamiltonian K;: Y —R, which can be assumed 1-periodic in t.

We consider the domain
Vi (fr)={(z,v,t):v+Ki(r)>0and €Y} CY xT*S".
In [17] it was proved that if f<g then there exists a contact isotopy
he:Y xT*S' — Y xT*S* such that hg=1d and hy (V*(f)) C V*(g). (46)

However, it is not known whether the converse is true. Thus, it seems natural to intro-
duce a weaker relation: we say that fZg if there exists an isotopy hy as in (46). As
f<g implies fZ<g, it follows that if a contact manifold is not orderable then it is not
<-orderable. The converse is not known, but in all cases known to us where orderability
has been proved, one can also prove $-orderability.

It has been a longstanding open question if closed overtwisted contact manifolds
are orderable or not (see [8] and [7] for partial results in this direction). We have the

following weak answer to this question.
THEOREM 10.5. Ewvery closed overtwisted contact manifold is not < -orderable.

Proof. According to Corollary 10.4, for a sufficiently large contact Hamiltonian
K >0, the domain V' (fg)CY xT*S! is overtwisted. Hence Corollary 1.4 allows us
to construct a contact isotopy of V' (fax) into V*(fk) inside Y xT*S. This isotopy
extends to a global contact isotopy, and hence for S fi. Since we clearly have fx S fax,
it follows that the order g is trivial. O

Classification of overtwisted contact structures on spheres

We will finish the paper by discussing the classification of overtwisted contact structures
on S?"*1 explicitly. Almost contact structures on the sphere S?"*! are classified by the

homotopy group m2,+1(SO(2n+2)/U(n+1)). The following lemma gives this group.(?)

LEMMA 10.6. (Harris [32])

Z/n\Z, if n=4k,

Z, if n=4k+1,
i1(SO(2n+2) /U (n+1)) =
Ton+1(80(2n+42)/U(n+1)) Z/%n!27 if n=4k+2,

ZOL)2Z, if n=4k+3.

(®) We thank Sgren Galatius for providing this reference.
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Thus, Corollary 1.3 implies that on spheres S8+1 k>0, there are exactly (4k)!
different overtwisted contact structures, on spheres S+5 k>0, there are %(4k+2)!
different overtwisted contact structures, while on all other spheres there are infinitely

many. In particular, there is a unique overtwisted contact structure on S°.

It is interesting to note that S° has infinitely many tight, i.e. non-overtwisted, contact
structures. Besides the standard contact structure, these are examples given by Brieskorn
spheres (see [46]). In fact, it is shown in [35] that the monoid of contact structures on
S5 (under connected sum) is infinitely generated, as it admits a homomorphism onto Q.
The full classification of tight contact structures on any manifold of dimension greater

than 3 is an open problem.
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