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Existence and uniqueness of linking systems:
Chermak’s proof via obstruction theory
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One of the central questions in the study of fusion systems is whether with each
saturated fusion system one can associate a centric linking system, and if so, whether
it is unique. This question was recently answered positively by Andy Chermak [Ch2],
using direct constructions. His proof is quite lengthy, although some of the structures
developed there seem likely to be of independent interest.

There is also a well-established obstruction theory for studying this problem, in-
volving derived functors of certain inverse limits. This is analogous to the use of group
cohomology as an “obstruction theory” for the existence and uniqueness of group exten-
sions. By using this theory, Chermak’s proof can be greatly shortened, in part because
it allows us to focus on the essential parts of Chermak’s constructions, and in part by
using results which are already established. The purpose of this paper is to present this
shorter version of Chermak’s proof, a form which we hope will be more easily accessible
to researchers with a background in topology or homological algebra.

A saturated fusion system over a finite p-group S is a category whose objects are
the subgroups of S, and whose morphisms are certain monomorphisms between the
subgroups. This concept is originally due to Puig (see [P2]), and one version of his
definition is given in §1 (Definition 1.1). One motivating example is the fusion system of
a finite group G with S€Syl,(G): the category Fs(G) whose objects are the subgroups
of S and whose morphisms are those group homomorphisms which are conjugation by
elements of G.

For S€Syl,(G) as above, there is a second, closely related category which can be
defined, and which supplies the “link” between Fg(G) and the classifying space BG
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of G. A subgroup P<S is called p-centric in G if Z(P)€eSyl,(Cg(P)); or equivalently,
if Cq(P)=Z(P)xC(P) for some (unique) subgroup C{(P) of order prime to p. Let
LE(G) (the centric linking system of G) be the category whose objects are the subgroups

of S which are p-centric in G, and where, for each pair of objects P and @,

Mor,e () (P, Q) ={9€ G |P<Q}/CG(P).

Such categories were originally defined by Puig in [P1].

To explain the significance of linking systems from a topologist’s point of view, we
must first define the geometric realization of an arbitrary small category C. This is a
space |C| built up of one vertex (point) for each object in C, one edge for each non-
identity morphism (with endpoints attached to the vertices corresponding to its source
and target), one 2-simplex (triangle) for each commutative triangle in £, etc. (See, e.g.,
[AKO, §I11.2.1 and §II1.2.2] for more details.) By a theorem of Broto, Levi, and Oliver
[BLO1, Proposition 1.1], for any G and S as above, the space |L%(G)|, after p-completion
in the sense of Bousfield and Kan, is homotopy equivalent to the p-completed classifying
space BGQ of GG. Furthermore, many of the homotopy theoretic properties of the space
BG’Q, such as its self homotopy equivalences, can be determined combinatorially by the
properties (such as automorphisms) of the finite category £§(G) [BLO1, Theorems B
and CJ.

Abstract centric linking systems associated with a fusion system were defined in
[BLO2] (see Definition 1.3). One of the motivations in [BLO2] for defining these categories
was that it provides a way to associate a classifying space with a saturated fusion system.
More precisely, if £ is a centric linking system associated with a saturated fusion system
F, then we regard the p-completion |£|;,\ of its geometric realization as a classifying space
for 7. This is motivated by the equivalence |£$(G)|;,~BG) noted above. To give one
example of the role played by these classifying spaces, if £’ is another centric linking
system, associated with a fusion system F’, and the classifying spaces |£|£ and |£’ |;\ are
homotopy equivalent, then £L2L" and F=F’. We refer to [BLO2, Theorem A] for more
details and discussion.

It is unclear from the definition whether there is a centric linking system associ-
ated with any given saturated fusion system, and if so, whether it is unique. Even
when working with fusion systems of finite groups, which always have a canonical asso-
ciated linking system, there is no simple reason why two groups with isomorphic fusion
systems need have isomorphic linking systems, and hence equivalent p-completed classi-
tying spaces. This question—whether Fg(G)=Fr(H) implies LE(G)=LS(H) and hence
BG’;\:BH g—was originally posed by Martino and Priddy, and was what first got this

author interested in the subject.
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The main theorem of Chermak described in this paper is the following.

THEOREM A. (Chermak [Ch2]) Each saturated fusion system has an associated cen-

tric linking system, which is unique up to isomorphism.

Proof. This follows immediately from Theorem 3.4 in this paper, together with
[BLO2, Proposition 3.1]. O

In particular, this provides a new proof of the Martino—Priddy conjecture, which
was originally proven in [O1] and [O2] using the classification of finite simple groups.
Chermak’s theorem is much more general, but it also (indirectly) uses the classification
in its proof.

Theorem A is proven by Chermak by directly and systematically constructing the
linking system, and by directly constructing an isomorphism between two given linking
systems. The proof given here follows the same basic outline, but uses as its main tool
the obstruction theory which had been developed in [BLO2, Proposition 3.1] for dealing
with this problem. So if this approach is shorter, it is only because we are able to profit
from the results of [BLO2, §3], and also from other techniques which have been developed
more recently for computing these obstruction groups.

By [BLO3, Proposition 4.6], there is a bijective correspondence between centric
linking systems associated with a given saturated fusion system F up to isomorphism,
and homotopy classes of rigidifications of the homotopy functor O(F¢)—hoTop which
sends P to BP. (See Definition 1.5 for the definition of O(F¢).) Furthermore, if £
corresponds to a rigidification B , then | £] is homotopy equivalent to the homotopy direct
limit of B. Thus another consequence of Theorem A is the following result.

THEOREM B. For each saturated fusion system F, there is a functor
B: O(F¢) — Top,

together with a choice of homotopy equivalences E(P):BP for each object P, such that
for each [p]€Morp(re) (P, Q), the composite

) B(le), 5

BP~B(P B(Q)~BQ

is homotopic to By. Furthermore, B is unique up to homotopy equivalence of functors,

and (hocolim(B)); is the (unique) classifying space for F.

We also want to compare “outer automorphism groups” of fusion systems, linking
systems, and their classifying spaces. When F is a saturated fusion system over a p-group
S, set

Aut(S,F)={acAut(S)|“F=F} and Out(S,F)=Aut(S,F)/Autz(S).
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Here, for a€Aut(S), ®F is the fusion system over S for which
Homeaz(P, Q) = a.Homz (o (P),a 1 (Q))-a™".

Thus Aut(S, F) is the group of “fusion-preserving” automorphisms of S.

When L is a centric linking system associated with F, then for each object P of L,
there is a “distinguished monomorphism” dp: P— Aut,(P) (Definition 1.3). An auto-
morphism « of £ (a bijective functor from L to itself) is called isotypical if it permutes
the images of the distinguished monomorphisms; i.e., if a(dp(P))=04(p)(a(P)) for each
P. We denote by Outyyp, (L) the group of isotypical automorphisms of £ modulo natu-
ral transformations of functors. See also [AOV, §2.2] or [AKO, Lemma II1.4.9] for an
alternative description of this group.

By [BLO2, Theorem D], Outgyy,(£)=O0ut(|£])), where Out(|£]}) is the group of
homotopy classes of self-homotopy equivalences of the space |£|$. This is one reason for
the importance of this particular group of (outer) automorphisms of £. Another reason
is the role played by Outiyp (L) in the definition of tame fusion systems in [AOV, §2.2].

The other main consequence of the results in this paper is the following.

THEOREM C. For each saturated fusion system F over a p-group S with associated

centric linking system L, the natural homomorphism
Outiyp (L) L5 Out(S, F)
induced by restriction to 05(S)=2S is surjective, and is an isomorphism if p is odd.

Proof. By [AKO, III.5.12], we have that Ker(pﬁ)glgll(zf), and p. is onto when-
ever @12(2}-):0. (This was shown in [BLO1, Theorem E] when £ is the linking system
of a finite group.) So the result follows from Theorem 3.4 in this paper. O
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tions for improving it. I also thank the three referees who read very carefully different
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the arguments. And, of course, I very much want to thank Andy Chermak for solving

this problem, which has taken up so much of my time for the past ten years.

1. Notation and background

We first briefly recall the definitions of saturated fusion systems and centric linking

systems. For any group G and any pair of subgroups H, K <G, set

Homg(H,K)={c,=(z+grg~ ') |g€G and YH < K} C Hom(H, K).
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A fusion system F over a finite p-group S is a category whose objects are the subgroups
of S, and whose morphism sets Hom £ (P, Q)) satisfy the following two conditions:

e Homg(P,Q)CHomx(P,Q)CInj(P, Q) for all P,Q<S.

e For each peHomz(P,Q), one has ¢~ €Homz(p(P), P).

Two subgroups P, P'<S are called F-conjugate if they are isomorphic in the cate-
gory F. Let P7 denote the set of subgroups which are F-conjugate to P.

The following is the definition of a saturated fusion system first formulated in [BLO2].
Other (equivalent) definitions, including the original one by Puig, are discussed and
compared in [AKO, §I.2 and §1.9].

Definition 1.1. Let F be a fusion system over a p-group S.

e A subgroup P<S is fully centralized in F if |Cs(P)|>|Cs(Q)| for all Q€ P7.

e A subgroup P<S is fully normalized in F if |[Ns(P)|>|Ns(Q)| for all Q€ P”.

e A subgroup P<S is F-centric if Cs(Q)<Q for all Q€ P7.

e The fusion system F is saturated if the following two conditions hold:

(I) For every P<S which is fully normalized in F, P is fully centralized in F and
Autgs(P)€eSyl, (Autz(P)).

(IT) If P<S and p€Homgz(P, S) are such that ¢(P) is fully centralized, and if we

set
N, ={g€ Ns(P)|pcyp~" € Auts(p(P))},

then there is p€Homx(N,, S) such that ¢|p=¢.
The following technical result will be needed later.

LEMMA 1.2. (JAKO, Lemma 1.2.6 (¢)]) Let F be a saturated fusion system over a
finite p-group S. Then, for each P<S, and each Q€ P’ which is fully normalized in F,
there is p€Homg(Ng(P),S) such that o(P)=Q.

For any fusion system JF over S, let FCF be the full subcategory whose objects
are the F-centric subgroups of S, and also let F¢ denote the set of F-centric subgroups

of S.

Definition 1.3. ([BLO2]) Let F be a fusion system over the p-group S. A centric
linking system associated with F is a category £ with Ob(L)=F¢, together with a functor
m: L—F°¢ and distinguished monomorphisms P27 Aut, (P) for each P€Ob(L), which
satisfy the following conditions:

(A) 7 is the identity on objects and is surjective on morphisms. For each P, Q€ F°,

0p(Z(P)) acts freely on Mor, (P, @) by composition, and 7 induces a bijection

Mor (P, Q)/0p(Z(P)) — Homyz(P, Q).
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(B) For each ge PeF*, m sends dp(g) €Aut,(P) to cgcAutz(P).
(C) For each P,QeF¢, veMors(P,Q), and geP,

Pdp(g) =0 (m(¥)(g))-v
in Morg (P, Q).

We next fix some notation for sets of subgroups of a given group. For any group G,
let .(G) be the set of subgroups of G. If HLG is any subgroup, set

A(G)sn=1{K €7 (G)| K > H).

Definition 1.4. Let F be a saturated fusion system over a finite p-group S. An
interval of subgroups of S is a subset RC.#(5) such that P<@Q<R and P, RER imply

QER. An interval is F-invariant if it is invariant under F-conjugacy.

Thus, for example, an F-invariant interval RC.(S) is closed under overgroups
if and only if SER. Each F-invariant interval has the form R\Rgy for some pair of
F-invariant intervals Ry CR which are closed under overgroups.

We next recall the obstruction theory to the existence and uniqueness of linking

systems.

Definition 1.5. Let F be a saturated fusion system over a finite p-group S.
(a) Let O(F°) be the centric orbit category of F: Ob(O(F¢))=0Db(F¢), and

MOI‘o(]:c) (P7 Q) = IHD(Q) \HOm]:(P, Q)

(b) Let Zx: O(F¢)°P—Ab be the functor which sends P to Z(P)=Cg(P). If o€
Homg(P,Q), and [p] denotes its class in Mor(O(F¢)), then Zx£([¢])=¢~! as a homo-
morphism from Z(Q)=Cs(Q) to Z(P)=Cg(P).

(¢) For any F-invariant interval RCF¢, let Z}z be the subquotient functor of Zz,
where ZR(P)=Z(P) if PER and ZF(P)=0 otherwise.

(d) For each F-invariant interval RCF€, we write for short

L(F5R) = lim"(2F);
O(Fe)

i.e., the derived functors of the inverse limit of Z;-z.

We refer to [AKO, §II1.5.1] for more discussion of the functors l&n*()

Thus Zr=Z%", and Y&l*(zf):L*(f; F¢). By [BLO2, Proposition 3.1], the ob-
struction to the existence of a centric linking system associated with F lies in L3(F; F¢),
and the obstruction to uniqueness lies in L?(F; F¢).

For any F and any F-invariant interval R, ZR¥ is a quotient functor of Zx if SER
(if R is closed under overgroups). If RgCR are both F-invariant intervals, and PER
and QER\Ro imply that P2£Q, then Z;_-zo is a subfunctor of Z%.
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LEMMA 1.6. Fiz a finite group T' with Sylow subgroup S€Syl,(T'), and set F=
Fs(T). Let QCF€ be an F-invariant interval such that S€Q (i.e., Q is closed under
overgroups).

(a) Let F:O(F°)°P—Ab be a functor such that F(P)=0 for each PEF\Q. Let
O(Fo)CO(F®) be the full subcategory with object set Q. Then

Hm*(F) = lm” (Flory))-
O(F°) O(Fo)

(b) Assume Q=.7(S)sy for some p-subgroup Y I such that Cr(Y)<Y. Then

LHF Q) E lim*(29)=
O(Fe)

{Z<F)a ifk:O,
0, if k>0.

Proof. (a) Set C=0O(F¢) and Co=0O(Fg) for short. There is no morphism in C from
any object of Cy to any object not in Cy. Hence, for any functor F':C°?— Ab such that
F(P)=0 for each P¢0Ob(Cy), the two chain complexes C*(C; F) and C*(Co; F|c,) are
isomorphic (see, e.g., [AKO, §111.5.1]). So @*(F)%ﬂl* (F|e,) in this situation, and this
proves (a). Alternatively, (a) follows upon showing that any Cp-injective resolution of
F|c, can be extended to a C-injective resolution of F' by assigning to all functors the
value zero on objects not in Cy.

(b) To simplify notation, set H=H/Y for each He.#(T)sy, and g=gY €l for
each g€T. Let Og(T) be the “orbit category” of I': the category whose objects are the
subgroups of S, and where, for P, Q€ Q,

Morp_ ) (P,Q)=Q\{geT [P <Q}.

There is an isomorphism of categories U: O(Fg) i)(’)g(f‘) which sends P€Q to P=P/Y
and sends [cg]€Morp(#o) (P, Q) to Q. Then Z2.U~! sends P to Z(P)=Cyy(P).
Hence, for k>0,

lim*(22) 2 im* (22|o(rg)) = lm" (220 7") =

{ Czo(D)=Z(), if k=0,
O(Fe) O(Fo) 03(T)

0, if k>0,

where the first isomorphism holds by (a), and the last by a theorem of Jackowski and
McClure [JM, Proposition 5.14]. We refer to [JMO, Proposition 5.2] for more details on

the last isomorphism. O

More tools for working with these groups come from the long exact sequence of

derived functors induced by a short exact sequence of functors.
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LEMMA 1.7. Let F be a saturated fusion system over a finite p-group S. Let Q and
R be F-invariant intervals such that

(i) 9NR=2;

(ii) QUR is an interval;

(iii) Q€Q and RER imply QL R.

Then Z}z is a subfunctor of Z%UR, Z%UR/Z;?%’Z%, and there is a long exact

sequence
0— LY(F;R) — LO(F; QUR) — LY(F; Q) — ...
e = LY F; Q) — L¥(F; R) — LF(F; QUR) — LF(F; Q) — ...
In particular, the following hold:
(a) If LF(F;R)=LF(F; Q)=0 for some k>0, then L*(F; QUR)=0.

(b) Assume that F=Fs(T'), where S€Syl,(T), and there is a normal p-subgroup
Y T such that Cr(Y)<Y and QUR=.7(S)>y. Then, for each k=2,

LMUF; Q=LK (F;R).
Also, there is a short exact sequence
1— Czy)(T) — Czv () — LY (F;R) — 1,

where
I'*=(gel'|9PeQ for some Pe€ Q).

Proof. Condition (iii) implies that Z% is a subfunctor of Z]@UR, and it is then
immediate from the definitions (and (i) and (ii)) that Z2“%/ZR>~Z2. The long exact
sequence is induced by this short exact sequence of functors and the snake lemma. Point
(a) now follows immediately.

Under the hypotheses in (b), by Lemma 1.6 (b), L*(F; QUR)=0 for k>0 and

LO(F; QUR) = Z(I) = Czqy (I).

The first statement in (b) thus follows immediately from the long exact sequence, and
the second since LO(F; Q)=Cyy)(I'*) (by definition of inverse limits). O

We next consider some tools for making computations in the groups @*() for

functors on orbit categories.
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Definition 1.8. Fix a finite group G and a Z[G]-module M. Let O,(G) be the

category whose objects are the p-subgroups of G, and where

Moro, () (P, Q) =Q\{g € G|P<Q}.
Define a functor Fys: Op(G)°P—Ab by setting

M, if P=1,

FM(P):{ 0, ifP#IL

Here, F/(1)=M has the given action of Autp,(q)(1)=G. Set

A*(G,M) = ].(iin*(F]u).
Op(G)
These groups A*(G; M) provide a means of computing higher limits of functors on

orbit categories which vanish except on one conjugacy class.

PRrROPOSITION 1.9. ([BLO2, Proposition 3.2]) Let F be a saturated fusion system
over a p-group S. Let
F: O(]:C)Op — Z(p) -mod

be any functor which vanishes except on the isomorphism class of some subgroup Q€F€.
Then

lim* (F) 2 A* (Out#(Q): F(Q)).
O(Fe)

Upon combining Proposition 1.9 with the exact sequences of Lemma 1.7, we get the

following corollary.

COROLLARY 1.10. Let F be a saturated fusion system over a p-group S, and let
RCF€ be an F-invariant interval. Assume, for some k>0, that A*(Outz(P); Z(P))=0
for each PER. Then L*(F;R)=0.

What makes these groups A*(-;-) so useful is that they vanish in many cases, as

described by the following proposition.

ProprosITION 1.11. ([JMO, Proposition 6.1 (i)—(iv)]) The following hold for each
finite group G and each Z,)|G]-module M.
(a) If p1|G|, then
MY, if i=0,
0, if i>0.
(b) Let H=Cg(M) be the kernel of the G-action on M. Then

AY(G; M) :{

A*(G; M) 2= A*(G/H; M)
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if pt|H|, and A*(G; M)=0 if p||H].
(c) If Op(GQ)#1, then A*(G; M)=0.
oM s a -submodule, then there is an exact sequence
(d) If Mo<M Zp)|G]-submodule, then th

0— A%(G; My) — A°(G; M) — A°(G; M/My) — ...
o= A"HG M /M) — A™(G; My) — A™(G; M) — ...

The next lemma allows us in certain cases to replace the orbit category for one fusion
system by that for a smaller one. For any saturated fusion system F over S and any
Q<S, the normalizer fusion system Nx(Q) is defined as a fusion system over Ng(Q) (cf.
[AKO, Definition 1.5.3]). If @ is fully normalized, then Nx(Q) is always saturated (cf.
[AKO, Theorem 1.5.5]).

LEMMA 1.12. Let F be a saturated fusion system over a p-group S, fix a subgroup
QEFC which is fully normalized in F, and set E=Nx(Q). Set E*=F°NEC, a full sub-
category of E¢, and let O(E°)CO(E) be its orbit category. Define

T={P<S|Q<P, and ReQF and R P imply R=Q}.

Let F: O(F€)°® —Z,y-mod be a functor which vanishes except on subgroups F-conjugate
to subgroups in T, set Fo=F|pg-), and let F1: O(E)°P—Ab be such that Fi|pe=Fo
and Fy(P)=0 for all P€E°\E"*. Then restriction to £ induces isomorphisms

i (F) —— Jim" (Fo) +=— lim"(F}). (1.1)

IR

O(Fe) O(&*) O(&°)

Proof. Since R; is an isomorphism by Lemma 1.6 (a), we only need to show that R
is an isomorphism. If F'CF is a pair of functors from O(F¢)°P to Z,y-mod, and the
lemma holds for F’ and for F/F’, then it also holds for F' by the five lemma (and since
R is natural with respect to functors on O(F¢)°P). It thus suffices to prove that R is an
isomorphism when F' vanishes except on the F-conjugacy class of one subgroup in 7.

Fix P€7, and assume that F(R)=0 for all R¢ P7. Then Q<P by the definition
of T. If p€Homg(P,S) is such that Q<p(P), then »~1(Q)<P, and ¢(Q)=Q since
PeT. Thus Outz(P)=Outg(P), and

Pf={RecPT|Q<R}. (1.2)

Since P€ CT, we may assume that P was chosen to be fully normalized in &.
Let F5 CF) be the subfunctor on O(€°) defined by setting

F(R), fRZQ,

FQ(R):{O, if R>Q.
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Then P¢ contains all subgroups in P¥ (and hence all objects in £°) on which Fy/F,
is non-vanishing. If R€£° and RZQ, then O,(Outg(R))#1 (R is not E-radical) since
Q<E and Re&° (cf. [AKO, Proposition 1.4.5 (b)]), so A*(Outg (R); F1(R))=0 by Proposi-
tion 1.11 (¢). Thus L* (Fy) *0 by Corollary 1.10. Set F5=Fj|o(g+)C Fo; then L&l*(FQ)%
hHm (F2)=0 by Lemma 1.6 (a), so L (Fo) L (Fu/Fs). By (1.2), (Fy/F5)(R)=0 for
all ReEOb(E*)\P¢.

This yields the diagram

Wm*™(F) & Jm*(Fp) _Fe , lim"(Fo/F3) im* (Fy/F»)
O(F¢) oY) = " oY) = Oee)

o*

A*(Outx(P); F(P)),

where ®* and ®7 are the isomorphisms of Proposition 1.9, where Ry is induced by
(Fo —» Fo/Fs ), and where R3 is induced by restriction (and is an isomorphism by
Lemma 1.6 (a)).

Let Oouts(p)(Outz(P))CO,(Outz(P)) be the full subcategory whose objects are
the subgroups of Outs(P)€Syl,(Outz(P)). (Recall that P is fully normalized in &€
and Outz(P)=Outg(P).) By the proof of [BLO2, Proposition 3.2], ®* and &7 are
both induced by restriction via an embedding of Ogys(p)(Outs(P)) into O(E*): the
embedding which sends Outg(P) to R (for P<R<Ng(P)), and sends a morphism (the
coset of some yeOutx(P)) to the class of the appropriate extension of v. Hence the

above diagram commutes, and R is an isomorphism. O

The following lemma can also be stated and proven as a result about extending

automorphisms from a linking system to a group.

LEMMA 1.13. ([Ch2, Lemma 4.11)) Fixz a pair of finite groups H <G, together with
S€Syl,(G) and T=SNH €Syl (H). Set F=Fs(G) and E=Fr(H). Let YT be such
that Y<4G and Cq(Y)Y. Let Q be an F-invariant interval in .7 (S)sy such that
S€Q, and such that Q€ Q implies HNQEQ. Set Qu={QeQ|Q<H}. Then restriction

induces an injective homomorphism
LY(F; Q) 5 LHE; Qo).

Proof. Since £° need not be contained in F¢, we must first check that there is a well-
defined “restriction” homomorphism. Set £*'=E°NF°: a full subcategory of £°. Since
the functor Zng vanishes on all subgroups in £° not in QyCE&*, the higher limits are
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the same whether taken over O(£*) or O(€°) (Lemma 1.6 (a)). Thus R is defined as the
restriction map to @1 (Z§°|g-)%L1(5; Qo).

We work with the bar resolutions for O(F¢) and O(€*), using the notation of [AKO,
§I11.5.1]. Fix a cocycle ne Z'(O(F¢); Z2) such that [y]€Ker(R). Thus 7 is a function
from Mor(O(F¢)) to Z(Y) which sends the class [¢] of p€Homg (P, @) to an element of
Z(P)if PeQ, and to 1 if P¢ Q. We may assume, after adding an appropriate coboundary,
that n(Mor(O(€*)))=1.

Define € Z'(Na(T)/T; Z(T)) to be the restriction of n to Auto(re)(T)=Na(T)/T.
For ge Ng(T), let g be its class in Ng(T)/T. Set

vy =n([incl7]) € Z(T),
so dyeZY(Ng(T)/T; Z(T)) is the cocycle dy(g)=~9-y~1. For each g€,
[inclF]-[c,] = [incl7]

in O(F¢), s0 191([c])=7, and thus #(g)=n((c,])=(d7(g)) " Tn other words, 7ls/r
is a coboundary, and since S/T€Syl,(Na(T)/T), [fl=1€ H' (Na(T)/T; Z(T)) (cf. [CE,
Theorem XII.10.1]). Hence, there is € Z(T) such that #=dB. Since n([cp])=1 for all
heNg(T), [8,h]=1 for all he Ny (T'), and thus € Z(Ng(T)).

Let G* <G be the subgroup generated by all g€ G such that, for some Q€ Q, one has
Q€ Q. Define H*<H similarly. Since S<Ng(T)<G* and Ny (T)<H*, S€SylL,(G*),
TeSyl,(H*),and HG* > HNg(T)=G by the Frattini argument (Lemma 1.14 (b) below).
If g=ha where he H, a€ Ng(T'), and 9Q € Q for some Q€ Q, then {QNH) and (QNH)=
9QNH are both in Qp, and thus he H*. Since N¢(T') normalizes H*, this shows that
G*=H*Ng(T). So

G*NH = (H*Ng(T))NH =H*Ny(T)=H".

In particular, H*<G* and G*/H*~G/H.
For each peHomp (P, Q) (where Y<P,Q<T), and each g€ Ng(T), set

Yp= cggpcg_l € Hompy (YP,9Q).

Since () =n([%])=1, ¢~ (7(5))=7(g). Thus for cach g€ N(T), () =06~ is in-
variant under the action of H*; i.e., 3937 1€ Z(H*). So the class [3]€ Z(Ng(T))/Z(H*)
is fixed under the action of Ng(T') on this quotient.

Since p{[H*:Ny (T)], and since Ng(T') normalizes H* and Ny (T), the inclusion of
Z(H*)=Cgzyy(H") into Z(Ng(T))=Czy)(Nu(T)) is Ng(T)-equivariantly split by the
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trace homomorphism for the actions of H*> Ny (T) on Z(Y). So the fixed subgroup for
the Ng(T')-action on the quotient group Z(Ny(T))/Z(H*) is Z(Ng(T'))/Z(G*). Thus
Be€Z(Ng(T))Z(H*), and we may assume that f€Z(H*) without changing df=r).

Define a 0-cochain 3€C°(O(F¢); Z2) by setting B(P)=0 if P€Qy and B(P)=1
otherwise. Then n([¢])=dB([¢]) for all peMor(£*) (since both vanish) and also for all
peAutg(T). Since G=HNg(T), each morphism in F between subgroups of T is the
composite of a morphism in £ and the restriction of a morphism in Autxz(7"). Hence
n([¢])=dB3([¢]) for all such morphisms ¢ (since n and df are both cocycles). Upon
replacing n by n(dﬁ)_l, we may assume that 7 vanishes on all morphisms in F between
subgroups of T'.

For each P€Q, set Py)=PNT and let ip€Homg(Fy, P) be the inclusion. Then
n([ip])€Z(Py) (and n([ip])=1 if P¢Q). For each geP, the relation [ip]=[ip]-[cy] in
O(F¢) (where [cy]€ Autp(re)(Po)) implies that n([ip]) is cg-invariant. Thus we have
n([ip])€Z(P). Let 0€C°(O(F¢); Z2) be the 0-cochain defined by

n([iP]), ifPer

Q(P):{ 1, it PeF\Q.

Thus g(P)=1 if P<T, by the initial assumptions on 1. Then do([ip])=n([ip]) for each
P, and do(p)=1=n(p) for each ¢ between subgroups of 7. For each ¢c€Homg (P, Q)
in F¢, let po€Homeg (Py, Qo) be its restriction; the relation [¢]-[ig]=[ip]-[po] in O(F°)
implies that n([¢])=do([¢]), since this holds for [pg] and the inclusions. Thus n=dp, and
so [n]=1in L'(F; Q). O

We end the section by recalling a few elementary results about finite groups.
LEMMA 1.14. (a) If @>P are p-groups for some prime p, then Ng(P)>P.
(b) (Frattini argument) If H<G are finite groups and T €Syl,(H), then

G =HNg(T).

Proof. See, for example, [S, Theorems 2.1.6 and 2.2.7]. O
As usual, for any finite p-group P, Q;(P)=(g€P|gP=1).

LEMMA 1.15. Let G be a finite group such that O,(G)=1, and assume that G acts
faithfully on an abelian p-group D. Then G acts faithfully on Qq(D).

Proof. C(£21(D)) is a normal p-subgroup of G (cf. [G, Theorem 5.2.4]), and hence
is contained in O,(G)=1. O
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2. The Thompson subgroup and offenders

The proof of the main theorem is centered around the Thompson subgroup of a p-group,
and the FF-offenders for an action of a group on an abelian p-group. We first fix the

terminology and notation which will be used.

Definition 2.1. (a) For any p-group S, set d(S)=sup{|A| |A<S is abelian}, let A(S)
be the set of all abelian subgroups of S of order d(S), and set J(S)=(A(S)).

(b) Let G be a finite group which acts faithfully on the abelian p-group D. A best
offender in G on D is an abelian subgroup A<G such that |A||Cp(A)|=|B||Cp(B)| for
each B<A. (In particular, |A||Cp(A)|>|D|.) Let Ap(G) be the set of best offenders in
G on D, and set Jp(G)=(Ap(G)).

(c) Let I" be a finite group, and let D<I" be a normal abelian p-subgroup. Let
J(I', D)<T be the subgroup such that J(I', D)/Cr(D)=Jp(I'/Cr(D)).

Note, in the situation of point (c¢) above, that
D<Cr(D)<J(I,D)<T and J(J(T,D),D)=J(L,D).

The relation between the Thompson subgroup J(-) and best offenders is described

by the next lemma and its corollary.

LEMMA 2.2. (a) Assume that G acts faithfully on a finite abelian p-group D. If A
is a best offender in G on D, and U is an A-invariant subgroup of D, then A/C4(U)
is a best offender in Ng(U)/Cq(U) on U.

(b) Let S be a finite p-group, let DS be a normal abelian subgroup, and set G=
S/Cs(D). Assume that A€ A(S). Then the image of A in G is a best offender on D.

Proof. We give here the standard proofs.
(a) Set A=A/C4(U) for short. For each B=B/C1(U)<A,
|Cu(B)]|Cp(A)|=|Cu(B)Cp(A)||Cu(B)NCp(A)|<|Cp(B)[|Cu(A)].
Also, |B||Cp(B)|<|A||Cp(A)| since A is a best offender on D, and hence
5 = _ [BlICu(B)| _ |B||Cp(B)|[Cu(A)| [Cu(A)]
B||Cy(B)|= <
PICBI= e o < el lea) < eam))
Thus A is a best offender on U.
(b) Set A=A/C4(D), identified with the image of A in G. Fix some B=B/C4(D)<
A, and set B*=Cp(B)B. This is an abelian group since D and B are abelian, and hence
| B*|<|A| since A€ A(S). Since BNCp(B)<Cp(A),
oy IBIC(B) _ [B*|[BACH(B)| _ |A|[Cp(4)
B||Cp(B)|= = <
PO BI=Ta o = el < ieaD)
Since this holds for all BLA, A is a best offender on D. O

<[4 =|A]|Cu (A)].

=|A[|Cp(A)l.
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The following corollary reinterprets Lemma 2.2 in terms of the groups J(I', D) de-

fined above.

COROLLARY 2.3. Let T be a finite group, and let D' be a normal abelian p-
subgroup.

(a) If ULD is also normal in T, then J(I',U)>J(T, D).

(b) If T is a p-group, then J(I')<J(T, D).

An action of a group G on a group D is quadratic if [G,[G, D]]=1. If D is abelian
and G acts faithfully, then a quadratic best offender in G on D is an abelian subgroup

A< G which is a best offender and whose action is quadratic.

LEMMA 2.4. Let G be a finite group which acts faithfully on an elementary abelian
p-group V. If the action of G on V is quadratic, then G is also an elementary abelian
D-group.

Proof. We write V' additively for convenience; thus [g,v]=gv—v for g€G and veV.
By an easy calculation, and since the action is quadratic, [gh, v]=[g, v]+][h,v] for each
g,h€G and veV. Thus g— (v—[g,v]) is a homomorphism from G to the additive group
End(V), and is injective since the action is faithful. Since End(V') is an elementary

abelian p-group, so is G. O
We will also need the following form of Timmesfeld’s replacement theorem.

THEOREM 2.5. Let A#1 and V#1 be abelian p-groups. Assume that A acts faith-
fully on V' and is a best offender on V. Then there is 1#B<A such that B is a
quadratic best offender on V.. More precisely, we can take B=C4([A,V])#1, in which
case |A||Cy (A)|=|B||Cv(B)| and Cy(B)=[A,V]+Cy(A)<V.

Proof. We follow the proof given by Chermak in [Chl, §1]. Set m=|A||Cy(A4)|.

Since A is a best offender,
m=sup{|B||Cuy(B)||B< A and U< V}. (2.1)
For each U<V, consider the set
My ={B<A[|B[|Cy(B)|=m}.
By the maximality of m in (2.1),
BeMy = |Cu(B)|=|Cv(B)] = Cy(B)<U. (2.2)

Step 1. (Thompson’s replacement theorem) For each €V, set

Vo =[A4,2] < ([0, 2] =az—z|ac A) and A, =Cu(V,).
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Note that V, is A-invariant. We will show that
|Az] |Cv (AL)|=1A|ICv(A)]=m and Cy(Az)=V,+Cv(A). (2.3)

Define ®: A—V, (a map of sets) by setting ®(a)=[a,z]=ax—x for each ac A. We

first claim that ® induces an injective map of sets
¢ AJA, — V,/Cy, (A)

between these quotient groups. Since A is abelian, [a, [b, z]]=abx—bx—az+x=Ib, [a, ]|
for all a,be A. Hence, for all g,h€ A,

D(g)—®(h) =gr—hxeCy,(A) <= h([h 'g,z]) €Cy,(A)
= 1=[A [ gal]=[""g.[Aa]]=[""g, Vi]
= hlgeCa(Vy)=A4,.

Thus ¢ is well defined and injective.

Now,
Vol [Cv(A)| = |Cv, (A)] Va+Cv (A)] < |Cv, (A)] |Cv (AL, (2.4)

since V, <Cy (A;) by the definition of A,. Together with the injectivity of ¢, this implies

that A v Co(A
| | < | ml <‘ V( m)l

[Az| ~ 1Cv, (A)]  [Cv(A)]”
and hence m=|A4| |Cyv(A)|<|A.||Cv(Az)|. The opposite inequality holds by (2.1), so
Az €My and the inequality in (2.4) is an equality. Thus |V, +Cy (A)|=|Cv (Az)|, finish-
ing the proof of (2.3).

Step 2. Assume, for some U<V, that By, By€My. Then
m=|Bo||Cu(Bo)| = [BoBi||Cu(BoBi)|

by (2.1), and hence

[Bil _|BoBil _ _|Cu(Bo)l _ |Cu(Bo)+Cu(Bi)| _ |Cu(BoNBi)|
|BoNBi| — |Bo|  |Cu(BoBy) |Cu(By)] = Cu(By)

So m=|B1||Cuy(B1)|<|BoNB1||Cu(ByNBy)| with equality by (2.1) again, and we con-
clude that BonBieMy.

Step 3. Set B=Cy([A,V]) and U=[A,V]+Cy(A). For each z€V, (2.3) implies

that Cy(A4;)=[A,z]+Cv(A)<U and A€ My. Hence B=(, ., A€My by Step 2,
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so B is a best offender on V, and is quadratic since [B, [A,V]]=1 by definition. Also,
Cy(B)<U by (2.2). Since U=[A,V]|+Cy(A)<Cy(B) by definition, we conclude that
U=Cy(B).

If U=V, then V=[A,V]|®W is an A-invariant splitting for some W<Cy (A). But
this would imply that [A, V]=[A4, [A, V]]+[4, W]=[A, [A, V]], which is impossible since
[A, X]<X for each finite non-trivial p-group X on which A acts. We conclude that
U=Cy(B)<V, and hence that B#1. O

We finish this section with two lemmas which were suggested to us by one of the

referees, and which will be very useful in §4.

LEMMA 2.6. Let A#1 be a finite abelian p-group, and let V#0 be an F,[A]-module
such that A acts freely on a basis of V and quadratically on V. Then p=2 and |A|=2.
If A is a best offender on V', then rk(V)=2.

Proof. Assume that |A|>2, and choose g, h€ A such that g#h and g#1#h. Let B
be a basis permuted freely by A. For beB, (1—g)(1—h)b=b—gb—hb+ghb+#0 since the
elements b, gb, and hb are independent in V', contradicting the assumption that A acts
quadratically. Thus |A|=2 (and hence p=2).

If A is a best offender on V, then |A||Cy (A)|>|V], so rtk(Cy (A))=rk(V)—1. But
rk(Cy (A))=1|B|=3rk(V) since B is permuted freely by A, so rk(V)=2. O

LEMMA 2.7. Let G be a non-trivial finite group, and let V be a faithful Fp[G]-
module. Fix p-subgroups Q<P<G, where Q<P and |P/Q|>4 if p=2. Assume that
Cv(Q), with its induced action of P/Q, contains a copy of the free module Fp[P/Q)].
Then for each quadratic best offender AP on V, ALQ.

Proof. Set Ag=ANQ, and assume that A>Aj. By assumption, there is an F,[P/Q)]-
submodule 1£W <Cy (Q) with a basis on which P/Q acts freely. Thus rk(W)>|P/Q),
|P/Q|>3 by assumption, and A/Aq permutes the basis freely. By Lemma 2.2 (a), A/Aq is
a quadratic best offender on W. Hence, by Lemma 2.6, |A/Ay|=2, p=2, and rk(W)=2,
which is a contradiction. Thus A=A47<Q. O

3. Proof of the main theorem

The following terminology will be very useful when carrying out the reduction procedures

used in this section.

Definition 3.1. ([Ch2, Definition 6.3]) A general setup is a triple (T, S,Y), where T’
is a finite group, S€Syl,(I'), YAl is a normal p-subgroup, and Cr(Y)<Y (Y is centric
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in I'). A reduced setup is a general setup (I',.S,Y) such that Y=0,(T"), Cs(Z(Y))=Y,
and O,(I'/Cr(Z(Y)))=1.

The next proposition, which will be shown in §4, is the key technical result needed
to prove the main theorem. Its proof uses the classification by Meierfrankenfeld and
Stellmacher [MS] of FF-offenders, and through that depends on the classification of finite

simple groups.

PROPOSITION 3.2. (Cf. [Ch2, Proposition 6.10]) Let (I, S,Y) be a reduced setup, set
D=Z(Y), and assume that T'/Cr (D) 1is generated by quadratic best offenders on D. Set
F=Fs(T), and let RCFC be the set of all RZY such that J(R,D)=Y. Then we have
L?(F;R)=0 if p=2, and L*(F;R)=0 if p is odd.

Since this distinction between the cases where p=2 or where p is odd occurs through-

out this section and the next, it will be convenient to define

2, ifp=2
k(p) = o .
1, if pis an odd prime.

Thus under the hypotheses of Proposition 3.2, we claim that L¥®) (F;R)=0.
Proposition 3.2 seems very restricted in scope, but it can be generalized to the

following situation.

PropPOSITION 3.3. (Cf. [Ch2, Proposition 6.11]) Let (I',S,Y) be a general setup.
Set F=Fg(T') and D=Z(Y). Let RC.S(S)>y be an F-invariant interval such that for
each Q€. (S)sy, QER if and only if J(Q,D)ER. Then LF(F;R)=0 for all k=k(p).

Proof. Assume that the proposition is false. Let (I, S, Y, R, k) be a counterexample
for which the 4-tuple (k, |T'|, |T'/Y|,|R]) is the smallest possible under the lexicographical
ordering.

We will show in Step 1 that R={P<S|J(P,D)=Y}, in Step 2 that k=k(p), in
Step 3 that (T',5,Y) is a reduced setup, and in Step 4 that I'/Cr(D) is generated by

quadratic best offenders on D. The result then follows from Proposition 3.2.

Step 1. Let RyeR be a minimal element of R which is fully normalized in F.
Since J(Ry, D)€R by assumption (and J(Rg, D)< Ry), J(Ro, D)=Ry. Let Ry be the
set of all ReER such that J(R,D) is F-conjugate to Ry, and set Qp=R\Ry. Then
Ro and Qp are both F-invariant intervals, and satisfy the conditions QeRy (Q€Qp) if
and only if J(Q, D)eRy (J(Q,D)€Qy). Since L*(F;R)#0, Lemma 1.7 (a) implies that
LF(F;Ro)#0 or L*(F; Qy)#0. Hence Qy=2 and R=R, by the minimality assumption
on |R| (and since Ro#©D).
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Set I'1=Nr(Ry), S1=Ngs(Ro), Fi=Nz(Ro)=Fs, (T'1) ([AKO, Proposition 1.5.4}),
and Ri={ReR|J(R,D)=Ry}. Since Ry is fully normalized, each subgroup in R is F-
conjugate to a subgroup in Ry (Lemma 1.2). Also, for PERy, if R€ R and R<P, then
J(P,D)>J(R,D)=R implies R=Ry. The hypotheses of Lemma 1.12 are thus satisfied,
and so L*(Fy; R1)2L*(F; R)#0. For Re.#(S1)>y, RER, if and only if J(R, D)=R,.
Thus (T'y, S1,Y, Rq, k) is another counterexample to the proposition. By the minimality
assumption, I'y=T", and thus Ry <T.

We have now shown that there is a p-subgroup Ry<I such that

R={R<S|J(R,D)=Ro}.

Set Yi=Ro>Y and D1=Z(Y1)<D. For each R<S such that R>Ry and R¢R, one
has J(R, D1)>J(R, D) by Corollary 2.3 (a), J(R, D)¢R by the remarks just after Def-
inition 2.1, and hence J(R,D;)¢R. Thus (I',S,Y1,R,k) is a counterexample to the
proposition, and so Y=Y; =R by the minimality assumption on |I'/Y]|. We conclude
that

R={R<S|J(R,D)=Y}.

Step 2. Let Q be the set of all overgroups of Y in S which are not in R. Equivalently,
0={Q<S|J(Q,D)>Y}. If k>2, then LF~1(F; Q)=L*(F;R)#0 by Lemma 1.7 (b).
Since k was assumed to be the smallest degree >k(p) for which the proposition is not

true, we conclude that k=k(p).

Step 3. Assume that the triple (I, S,Y) is not a reduced setup. Let K <I' be
such that K >Cr(D) and K/Cr(D)=0,(I'/Cr(D)), and set Yo=SNK <S. Then Y5>Y,
since either Y5> O0,(I')>Y, or Y >Cs(D)>Y, or p||K/Cr(D)| and hence Y>>Cgs(D)>Y .
Set T'y=Nr(Y2), and set Ro={P€R|P>Y2}. Note that S€Syl,(I'z), and also that
Ro is an F-invariant interval since Y5 is strongly closed in S with respect to I'. Set
Fo=Fs(T2)=Nz(Y2) [AKO, Proposition 1.5.4].

Assume that PER\Ry. Then P2Y3, so PY3>P, and hence Npy,(P)>P (see
Lemma 1.14 (a)). Set G=0Outr(P) and Go=Out (P). Then Gy <G since K 4T, and

Cg,(Z(P)) =Outcy (z(p)) (P) = Outcy(p) (P),

since K>Cr(D) and Z(P)<Z(Y)=D. Hence Gy/Cq,(Z(P)) is a p-group as K/Cr(D)
is a p-group. For any g€ Npy, (P)\P, Id#[cy]€Outx (P)=Gy since Yo<K (and since
Cr(P)<Cr (Y)Y <P). Thus Outg(P)=Go<G contains a non-trivial element of pth
power order, and its action on Z(P) factors through the p-group Go/C¢,(Z(P)). Propo-
sition 1.11 (b) and (c) now implies that A*(Outp(P); Z(P))=0.
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Since this holds for all PER\ R4, one has L*(F; R\R2)=0 by Corollary 1.10. Hence
L*(F;R2)=L*(F;R) by the exact sequence in Lemma 1.7. Also, the hypotheses of
Lemma 1.12 hold for the functor Z;-% on O(F°) (with Q=Y3), since Y> is strongly
closed. So L*(F;R2)=2L*(F2; Ra). Since L*(F;R)#0 by assumption, L¥(Fy; Ra)#O0.

Set Do=Z(Y2)<D. For each P€.(S)>y,,

P>J(P,Dy)>J(P,D)>Cp(D)>Y (3.1)

by Corollary 2.3 (a) and by the definition of J(P,-). We must show that for all P>Y5,
PeRy if and only if J(P,Ds)€Rs. If PER,CR, then J(P,D)eR by assumption, so
J(P,D2)€R by (3.1) since R is an interval, and J(P, D2) €R2 as J(P, D) >Cp(D2) >Ya.
If P¢ Ry, then P¢R,so J(P,D)¢R, and J(P,D3)¢R (and hence J(P, D2)¢R2) by (3.1)
again and since R is an interval containing Y.

Thus (I'g, S, Y2, Ra, k) is a counterexample to the proposition. Therefore I'o=T" and
Y5=Y by the minimality assumption, which contradicts the above claim that Y5>Y. We
conclude that (T', S,Y) is a reduced setup.

Step 4. It remains to prove that I'/Cp(D) is generated by quadratic best offenders
on D; the result then follows from Proposition 3.2.

Let T's <T" be such that I's>Cr(D) and I's/Cr(D) is generated by all quadratic best
offenders on D. If I's=I" we are done, so assume I's<I'. Set S3=T'3NS and Fz3=Fg,(I's).
Set

Q=S(9)>v\R, Q3=0NS(S3)>y, and Rz=RNS(S3)>y.
Since LF(F;R)#0, RC.Z(S)sy by Lemma 1.6 (b), and Q#@. The proposition holds
for (I's, S3,Y, R3, k) by the minimality assumption, and thus L*(F3; R3)=0.

For Qe Q, J(Q,D)>Y, so Q/Y has non-trivial best offenders on D, hence has non-
trivial quadratic best offenders on D by Theorem 2.5, and thus J(QNI's, D)>Y. So
Qe Q implies QNI's€ Q3 by Step 1. In particular, Ss€ Q3.

If k=2 (i.e., if p=2), then L(F; Q)= L2(F;R)#0 and L(F3; Q3)=L?(F3;R3)=0
by Lemma 1.7 (b), which is impossible by Lemma 1.13.

If k=1 (if p is odd), set

F*:<g€F|gPEQ for some P€Q><F,
I';=(geTls|9P € Qs for some P Q3) <.
Then ' <T, since I's<T" and Q3C Q. By Lemma 1.7 (b), there are exact sequences

(3.2)
1— Czy)(T3) — Cp(y)(T5) — L' (F3;Rs) =1.
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Also, T*T's > Np(S3)I'3s=T", since S3€Q3, where the equality follows from the Frattini
argument (Lemma 1.14 (b)), so

Czvy(T) =Cz)(I"T'3) = Czv(T*)NCyyy(T'3).

But this is impossible, since Cz(y(I') <Cz(y)(I™*) <Czv)(I'3)=Czy)(I's) by the exact-
ness in (3.2). O

We now have the tools needed to prove the main vanishing result.

THEOREM 3.4. For each saturated fusion system F over a p-group S,

lim*(Z7) =0
Q(Fe)

for all k=2, and for all k=1 if p is odd.

Proof. As in [Ch2, §6], we choose inductively subgroups Xy, X1, ..., Xy €F¢ and F-
invariant intervals @=0Q_1 CQpC...CQn=F¢ as follows. Assume Q,,_1 has been defined
(n>0), and that Q,,_1 & F¢. Consider the following sets of subgroups:

Uy =U"™ ={P e F\Q,_1 | d(P) maximal},
Uy =US™ = {P ety | |J(P)| maximal},
Us =US™ = {P elly| J(P) € F°},

Z/{4:Z/ln):{ {P €Us||P| minimal}, if Us # @,
* {P €U, | |P| maximal}, otherwise.

(See Definition 2.1 (a) for the definition of d(P).) Let X, be any subgroup in Uy such
that X, and J(X,,) are both fully normalized in F.

We first check that there is such an X,,. For each X €U/, and each Y €.J(X)” which
is fully normalized in F, there is p€Homz(Ng(J (X)), Ns(Y)) such that ¢(J(X))=Y
(Lemma 1.2), and ¢(X) is also fully normalized since Ng(X)<Ng(J(X)). Since Uy is
invariant under F-conjugacy, this shows that X,, €U, can be chosen as required.

Let Q,, be the union of Q,,_; with the set of all overgroups of subgroups F-conjugate
to X,,. Set R,=9,\9Qn_1 for each 0<n<N. Thus the sets Q,, are all closed under
overgroups, and the R,, are intervals. By the definition of Uy, X,,=J(X,,) if J(X,,)€F*,
while R,, =X if J(X,,)¢F*. Note also that Xo=J(S5) and Ro=Q0=(5)>s(s)-

We will show, for each n, that

Lk(}"; R,)=0 for all k=>k(p). (3:3)
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Then, by Lemma 1.7 (a), for all k>k(p), L¥(F;Q,_1)=0 implies L*(F;Q,)=0. The

theorem now follows by induction on n.

Case 1. Assume n is such that J(X,,)¢F¢, and hence that R,,=X; . Since J(X,,) is
fully normalized and not F-centric, Cs(J(X,,))€J(Xy). Then X,,Cs(J(X,))>X,,, since
J(Xy) is centric in X,,. Hence Nx, cg(s(x,))(Xn)>X, by Lemma 1.14 (a), so there is
gENg(X,,)\ X, such that [g, J(X,,)]=1. Then g acts trivially on Z(X,,)<J(X,), so the
kernel of the Outz(X,,)-action on Z(X,,) has order which is a multiple of p, and

A (Owtr(X,); Z(X,))=0
by Proposition 1.11 (b). Thus (3.3) holds by Proposition 1.9.

Case 2. Assume that n is such that J(X,)eF°, and hence X,,=J(X,) by the
definition of Uy. By the definitions of Uy and Us, for each P> X, in R,, d(P)=d(X,)
and J(P)=X,. Hence

PeR, = J(P) is the unique subgroup of P which is F-conjugate to X,,. (3.4)
Set T=Ng(X,) and E=Ng(X,,). Then £ is a saturated fusion system over T (cf.

[AKO, Theorem 1.5.5]), and contains X,, as a normal centric subgroup. Hence there is a
model for £ (cf. [AKO, Theorem I11.5.10]): a finite group I" such that T'€Syl,(T'), X,, <T,
Cr(X,) <Xy, and Fp(I)=E.

Let R be the set of all PER,, such that P>X,,. Then (I',T, X,,) is a general setup,
and R is an E-invariant interval containing X,,. If PER and Y < P is F-conjugate to X,
then Y=2X,, by (3.4). Also, each subgroup in R,, is F-conjugate to a subgroup in R by
(3.4) and Lemma 1.2 (recall that X, is fully normalized). The hypotheses of Lemma 1.12
thus hold, and hence

L*(F;Rn)=L"(E;R). (3.5)
Set D=Z(X,,). We claim that for each Pe.(T)>x,,
PeR <+ J(P,D)eR. (3.6)

Fix such a P. By Corollary 2.3 (b), J(P,D)2J(P), and X,>2J(X,,D)>J(X,)=X,.
If PeR, then J(P,D)€R since X,=J(X,,D)<J(P,D)<P and R is an interval. If
P¢R, then PeR; for some 0<i<n—1. By the definitions of Ul(i) and L{éi)7 either d(P)=
d(X;)>d(X,), or d(P)=d(X;)=d(X,) and J(P)>J(Xn)=Xn, or J(P)=XneJ(X;)*.
The latter is not possible since by the definition of L{f), either J(X;)=X, or J(X;)¢Fe. If
d(P)>d(X,), then d(J(P, D))=d(P)>d(X,) since J(P)<J(P,D)<P, and J(P,D)¢R
since d(R)=d(X,,) for all ReR. If J(P)>X,, then J(P)¢R since J(R)=X, for all
ReR, and hence J(P, D)¢ R since J(P, D)>J(P) and R is an interval. This proves (3.6).

Thus, by Proposition 3.3, L¥(&;R)=0 for all k>k(p). Together with (3.5), this
finishes the proof of (3.3), and hence of the theorem. O
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4. Proof of Proposition 3.2
It remains to prove Proposition 3.2, which we restate here as follows.

PROPOSITION 4.1. Let (I, S,Y) be a reduced setup, set D=Z(Y), and assume that
I'/Cr (D) is generated by quadratic best offenders on D. Set F=Fg(I'), and let RCF®
be the set of all R=Y such that J(R,D)=Y. Then LF®)(F;R)=

It is in this section that we use the classification of offenders by Meierfrankenfeld
and Stellmacher [MS], and through that the classification of finite simple groups. The
following theorem is a summary of those parts of [MS, Theorems 1 and 2] which we
need here. The complete results in [MS] give a much more precise description of all
representations of groups containing elementary abelian best offenders.

We adopt the notation in [GLS], and let Lie(p) denote the class of groups

G=0"(Cg(0)),

where G is a connected, (quasi)simple algebraic group over F,, and 0 €End(G) is an
algebraic endomorphism with finite fixed subgroup. Most of these groups are quasisimple,
with a few exceptions such as SLy(2), SL2(3), and Go(2). Note that SOj,,(2%)¢ Lie(2)
(m>3), since SOq,, (F2) is not connected.

When G=A,, or G=X,,, the “natural module for G” in characteristic 2 is the simple
F3[G]-module of rank n—1 (n odd) or n—2 (n even) which is a subquotient of the
permutation module of rank n.

A CK-group is a finite group all of whose composition factors are known simple

groups.

THEOREM 4.2. Fiz a finite CIC-group G such that Op(G)=1, and a faithful finite-
dimensional F,[G]-module V. Assume that G is generated by elementary abelian p-
groups which are best offenders on V. Let J be the set of all subgroups 1# K <G which
are minimal with the property that [K,G]=K. Set W=[T,V|Cv(J)/Cv(T). Then

(a) OP(G)=(T)=XT;

(b) W is a faithful, semisimple F,[G]-module;

(¢c) each elementary abelian best offender on V is a best offender on W;

(d) If W is a simple F,[G]-module, then either

(d.1) Gelie(p) (G is possibly one of the non-quasisimple groups SLa(2), SLa(3),
2

(

(d.

Sp4(2), G2(2));
d.2) G=S053,,(2F), where p=2, m=>3, and V is the natural module for G,

3) G=3Ag or G2 Az, and p=2; or
(d.4) G=A, (n=6, n even) or G=X, (n=3, n#4), p=2, and V is the natural
module for G.
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Proof. Points (a)—(c) are points (c)—(e) in [MS, Theorem 1], while (d) follows from
[MS, Theorem 2] (which gives a much more explicit list). Note that we have dropped
the group SO, (2)2=35 from point (d.2), since its natural module is isomorphic to that
of X5 (case (d.4)). O

When H; <H><...<Hj, are subgroups of a group G, we let Ng(Hq, ..., Hx) denote

the intersection of their normalizers.

Definition 4.3. Let G be a finite group.

(a) A radical p-subgroup of G is a p-subgroup P<G such that O,(Ng(P))=P; i.e.,
Op(Na(P)/P)=1.

(b) A radical p-chain of length k in G is a sequence of p-subgroups Py<P;<...<
P, <G such that Py is radical in G, P; is radical in Ng (P, ..., P;—1) for each i>1, and
Py eSyl,(Na(Po, ..., Px—1)).

The reason for defining this here is the following vanishing result, which involves

only radical p-chains with Py=1.

PROPOSITION 4.4. ([AKO, Lemma II1.5.27] and [O2, Proposition 3.5]) Fiz a finite
group G, a finite F,[G]-module M, and k=1 such that A*(G;M)#0. Then there is a
radical p-chain 1=Py<P;<...<Py of length k such that M contains a copy of the free
module Fp[Py].

Since the trivial subgroup is a radical p-subgroup of G only if O,(G)=1, Proposi-
tion 4.4 includes the statement that A¥(G; M)=0 if O,(G)#1 (Proposition 1.11 (c)). The
reason for defining radical p-chains more generally here—to also allow for chains where

Py#1—will be seen in the proof of the next proposition and in that of Proposition 4.1.

PROPOSITION 4.5. Let G be a non-trivial finite group with O,(G)=1, and let V be a
faithful Fp[G]-module. Let U be the set of quadratic best offenders in G on V, and assume
that G=(U). Set Go=0P(G) and W=Cy(Gy)[Go,V]/Cv(Go). Assume, for some p-
subgroup Py<G, some Fp[Ng(Py)/Po]-submodule X <Cw (Py), and some k>=k(p), that
A¥(Ng(Py)/Po; X)#0. Then each U€U is G-conjugate to a subgroup of P.

Proof. Quadratic offenders with faithful action on V' are elementary abelian by
Lemma 2.4. So Theorem 4.2 (i.e. [MS, Theorems 1 and 2]) applies. Then O?(G)=(J) by
Theorem 4.2 (a), and hence W as defined here is the same as W defined in that theorem.

Case 1. Assume V is a simple F),[G]-module. Thus V=W. Set
Ho=Cng(py) (Cw (Po))-

Then Py<Hj, and pt|Hy/Py| by Proposition 1.11(b). By Proposition 1.11(c), Py is
radical in G. By Proposition 4.4, there is a radical p-chain 1<R;/Hy<...<Ry/Hp of
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length k in N¢(Py)/Hop such that X, and hence Cyw (Fy), contains a copy of F,[Ry/Ho).
Thus, by Lemma A.4 (applied with Hy/Py<Ng(Fy)/ Py in the role of H<G), there is a
radical p-chain 1< Py /Py<...<Py /Py in Ng(FPy)/ Py such that P;Hy=R; for each i. Then
Py<P;<...<Py is a radical p-chain in G. Also, Py/Py~Ry/Hy, so Cyw,(Py) contains a
copy of F, [Py / Py].

By Lemma 4.6, P,€Syl,(G). Hence, each quadratic best offender in G' on W is
G-conjugate to some U< P;. By Lemma 2.7 (and since Cy (FPp) contains a copy of
F,[Pe/Po)), U< Po.

Case 2. Now assume V is arbitrary. By Theorem 4.2 (b) and (c), W is a semisimple
F,[G]-module, and each U €l is a quadratic best offender on W. Set W=W1&...eW,,,
where each W is a simple F,,[G]-module. For 0<i<m, set X;=XN(W1&...6W;). Thus
0=Xo<X:<..<X,,,=X are F,[Ng(Fy)/Po]-submodules, and X;/X,_; is isomorphic to
a submodule of Cyy, (Py) for each i>1.

Since A¥(Ng(Py)/Po; X)#0, the exact sequences for the pairs X; 1 <X; (Propo-
sition 1.11(d)) imply that A¥(Ng(Py)/Po; Xi/X;_1)#0 for some 1<i<m. Now set
K=Cg(W;), G=G/K, and H=HK/K<G for each H<G. The action of Ng(Py)/Py
on Cy, (Py) factors through

Ng(Po)/Po=Ng/k(PoK/K) /(P K/K)=Na(RK)/RK,

and Ng(Py)/Py surjects onto Ng(Py)/ Py with kernel Np, i (Py)/Py. Then, by Proposi-
tion 1.11 (b), pt|Np,x (Po)/Py| and A*(Ng(Py)/Po; Xi/Xi—1)#0. By Lemma 1.14 (a),
PyeSyl,(PK).

Since G=(U), where U is the set of quadratic best offenders on W, one has G=(U),
where U={U|U€U} is a set of quadratic best offenders on W; by Lemma 2.2 (a). By
assumption, W; is a faithful, simple F,[G]-module. Thus, by case 1, each Uelf is G-
conjugate to a subgroup of Py=PyK /K. Hence each U €l is G-conjugate to a subgroup
of Po€Syl, (P K). O

The following lemma was needed to prove Proposition 4.5. This is where the explicit

list in Theorem 4.2 was needed.

LEMMA 4.6. Let G be a non-trivial finite group, let W be a faithful, simple F,[G]-
module, and assume that G is generated by its quadratic best offenders on W. Let
Py< P <...<Py be a radical p-chain in G with k>k(p). Set

Hoy=Cng(py)(Cw (F)),
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and assume also that pt|Ho/Po| and that 1<PyHo/Ho<...<PyHo/Hy is a radical p-
chain in Ng(Py)/Hy. Then either

(a) Cw(Fo), with its induced action of Ng(Po)/Fo, does not contain a copy of the
free module Fp[Py/Fo); or

(b) Pr€eSyl,(G).

Proof. Quadratic offenders with faithful action are elementary abelian by Lemma 2.4.
Also, O0,(G)=1, since Cyw (O,(G)) is a non-trivial F,,[G]-submodule of W and G acts
faithfully. So we are in the situation of Theorem 4.2 (d). The cases listed there will be
considered individually.

Assume Cyy (Pp) does contain a copy of Fa[Py./FPy]. We must show that P, €Syl,(G).
Note that if p=2, then rk(Cw (Fo))>|Px/Po| >4 since k>k(2)=2.

Case 1. Assume that G € £ie(p). The non-trivial radical p-subgroups of G are well
known, namely by a theorem of Borel and Tits (see [GLS, Corollary 3.1.5]), they are
all conjugate to maximal normal unipotent subgroups in parabolic subgroups. Hence
the normalizers Ng(Pp, ..., P;) all contain Sylow p-subgroups of G, and the quotients
N¢(Po, ..., P;)/P; (the Levi complements) are central products of groups in £ie(p) (see
[GLS, Theorem 2.6.5 (f)]). Since Py €Syl,(Ng(Fo, -, Pr—1)), Px€Syl,(G) in this case.

Case 2. Now assume that p=2 and G=S0;,,(q), where 2m>6, ¢=2 (a>1), and
W is the natural F3[G]-module of rank 2am. Set Go=3,,(q), so [G:Go]=2.

For any radical 2-subgroup P<G, we have that PNG| is a radical 2-subgroup of G
by Lemma A.2, and hence is either trivial, or is a maximal normal unipotent subgroup
in a parabolic subgroup. If PNGp=1 and P#1, then P=(t) for some involution t€&
SO5,,,()\Q%,,(q). Set W1 =Cw (t) and Wo=[t, W]<W;. Then W; L Ws, so the quadratic
form q on W is linear on Wy with Wgcnger(q|W2)<W2 of index at most 2. If W57#0,
then by Witt’s theorem (cf. [T, Theorem 7.4]), each a€Autr, (W1) which induces the
identity on W5 and on Wy /Ws extends to some a€G, then a€O3(Ng(P)), so P is not
radical. Thus W3=0, rk(W5)=1, and ¢ is a transvection. By Witt’s theorem again,
restriction to Wy induces an isomorphism Ng(P)/P=SO2pm—1(¢)=Spa,_2(q)-

Assume first that Py=1. If PyNGo=1, then P; is generated by a transvection, so P;
is a quadratic best offender, which contradicts Lemma 2.7. Thus P;NGj is a maximal
normal unipotent subgroup of a parabolic subgroup. So |P;|>¢*™3 by Lemma A.5,
|Po|>q*™2, and ¢*™ =2 >1kp, (W)=2am since m>3. Hence this case is impossible.

Next assume Py#1 and PyNGp=1. As noted above, P, is generated by a transvec-
tion (hence rkg, (Cw (Pp))=2m—1), and Ng(Py)/Po=Sps,, »(q). By case 1 (applied
with Py=1), P/ Po€Syly(Ne(Py)/Py). Hence |Py/Pol=¢™=D*<2m—1 (cf. [T, p.70]),
which is impossible since m>3. (Alternatively, Ng(Py)\FPo and hence P\ Py contains a
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transvection, which contradicts Lemma 2.7.)

Finally, assume that PyNGg#1, and hence that it is a maximal normal unipotent
subgroup of a parabolic subgroup. Set Wy=Cy (Py)<W. Then Wy <Cw (PoNGp) is a
totally isotropic subspace of W of rank at most m, and

Ne(FPo)/Po = GL(Wo) X Nsowat ywe) (Fo)/ FPo
acts on it via projection to the first factor. Thus Ng(Fy)/Ho=GL(Wy), and
Py, /Py = P.Hy/Hy € Syly(Ng(Po)/Hp)
by case 1 (applied with G=SL(W;) and Py=1). Set r=rk(W}); then
|Py/Po| =27 D/2 Ly

implies <2, which contradicts the above observation that r>4.

Case 3. Assume that p=2, and G=3A4g or G=A;. Then the Sylow 2-subgroups
of G have order 8, the non-trivial radical 2-subgroups have order 4 or 8, and hence are
normal in Sylow 2-subgroups, and thus P, €Syl,(G) (k>2).

Case 4. Assume that p=2, G=X,, or GZA,,, and W is a natural module for G. Set
m={1,2,...,m}, with the canonical action of G. Set V=F5(m), the Fo-vector space with
basis m, and G-action induced by that on m. Set A=CYy (G), the subgroup generated
by the sum of all elements in m. Identify W=V/A if m is odd (so rk(W)=m—1), and
W<V/A with index 2 if m is even (so rk(W)=m—2). Since rk(W)>4, m>5.

For any H<G, let m/H be the set of orbits of H acting on m (with induced action
of N¢(H)/H), and let Fo(m/H) be the permutation module with basis m/H. Since
Cy(H) is the group of elements of V=IFy(m) whose coefficients are constant on each
H-orbit, we can identify Cy (H) with Fo(m/H) as F3[Ng(H)/H]-modules.

If Py acts on m with more than one orbit, then we have Cy/a(Po)=Cv(Fy)/A by
Lemma A.8(a). Thus Cw (FPo)<Cyv(P)/A, so Cy(Fy) also contains a copy of the free
module Fy[ Py / Py], and its basis m/ Py contains a free (P, /Py)-orbit by Lemma A.1. Since
k>2, m/Py contains |Py/P|>2 free (P;/Py)-orbits, which contradicts Lemma A.7 (i).

Now assume that Py acts transitively on m. Let U<V be such that

U/A=Cvja(Py) 2 Cw ().

Each g€ Ng(FPp) normalizes U/A, so Ng(Po)<Ng(U), and Py<...<P, is also a radical
p-chain in Ng(U). Moreover, U/A contains a copy of Fy[Py/P], and in particular,
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P,NCq(U)=PyNCq(U). By Lemma A.3, applied with C(U)<Ng(U) in the role of
HAG, Cp, (U)€Sy1,(Ca()).

By Lemma A.8(b), one has Ng(Py)/Ho=GL(U/A) with the canonical action on
U/A=Cy/a(FPy). Hence Cw(Py)=U/A. By case 1 (applied with G=SL(Cw (Fp))
and Py=1), one has P/Po=PHo/Ho€Syly(Ng(Fo)/Ho). Set r=rk(Cw(Fp)). Then
| P/ Po|=2"""1/2<r as Cyy (Py) contains a copy of Fa[Py./Po]. So r=2 and |Py/Py|=2,

which is impossible since k>2. O

Proof of Proposition 4.1. Fix a reduced setup (I',S,Y), set D=Z(Y), V=Q,(D),
and G=I'/Cr(D), and assume that G=(U), where

U={1#P < G|P is a quadratic best offender on D}.

As O,(G)=1 by the definition of a reduced setup, G acts faithfully on V' by Lemma 1.15.
Hence U is a set of quadratic best offenders on V' by Lemma 2.2 (a).

Recall that R={PeF*|J(P, D)=Y}. By Timmesfeld’s replacement theorem (Theo-
rem 2.5), R is the set of all P€.%(S)>y such that P/Y =P/Cgs(D) contains no non-trivial
quadratic best offender on D; i.e., no subgroups in Y.

Set Dy=1. For each i>1, set D;=8;(D)={geD|g? =1} and V;=D;/D;_1. Thus
each V; is an F,[G]-module, and (z+—aP) sends V; injectively to V;_; for each i>0.

Set k=k(p). We will show that A*(Outr(R); Z(R))=0 for each RER; the proposi-
tion then follows from Corollary 1.10. Here, Z(R)=Cp(R) and Outr(R)=Nr(R)/R since
R2Y and Cs(Y)=Z(Y)=D. So, by Proposition 1.11 (d), it suffices to show, for each
R and i, that A*(Np(R)/R;Cp,(R)/Cp,_,(R))=0. Also, for each i, Cp,(R)/Cp,_,(R)
can be identified with an Np(R)-invariant subgroup of Cy,(R)<Cy (R). It thus suffices
to show that

A*(Np(R)/R; X)=0 for all RE R and all Ny (R)-invariant X < Cy (R). (4.1)

Set W1=Cv(0OP(@)), Wo=W1[OP(G),V], and W=W5/W;. Hence the G-actions
on W; and on V/W; factor through the quotient p-group G/OP(G). So by Proposi-
tion 1.11 (a)—(c), for each RER and each X <Cy(R) as in (4.1),

AR(Np(R)/R; XNW;)=0 and A*(Np(R)/R;X/(XNW>))=0.

By the exact sequences of Proposition 1.11(d), we are now reduced to showing that
AF(Nr(R)/R; (XNWs)/(XNW;))=0 for all such X; or more generally that

A¥(Np(R)/R; X)=0 for all R€R and all Np-(R)-invariant X < Cyy (R). (4.2)

Since RER, no U €U is contained in R, and hence (4.2) follows from Proposition 4.5. O
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Appendix A. Radical p-chains and free submodules
We collect here some lemmas needed in the proofs in §4.

LEMMA A.1. Let P be a p-group, and let V be an F,[P]-module. Assume that V
has an Fj,-basis B which is permuted by P, and also contains a copy of the free module
F,[P]. Then B contains a free P-orbit.

Proof. Write V=V1$...@V,,, where each V; has as basis one P-orbit B;CB. For
each ¢, let pr,: V—V; be the projection.

Let F<V be a submodule isomorphic to F,[P]. Then Cp(P)=F,. Choose i such
that Cr(P)ZKer(pr;). Then Ker(pr;|r)=0 (otherwise it contains non-trivial elements
fixed by P), so pr; sends F injectively into V;. Thus |P|<rk(V;)=|B,|, so B; is a free
orbit. O

LEMMA A.2. Assume that H<G are finite groups, and let P<G be a radical p-
subgroup. Then PNH is a radical p-subgroup of H.

Proof. Set Q=0,(Ng(PNH)). Then N¢g(P) normalizes @, so Nop(P)<INq(P). It
follows that Nop(P)<Op(Ng(P))=P, so Q<P by Lemma 1.14 (a), and PNH is radical
in H. O

The next two lemmas are useful when manipulating radical p-chains. The first was

suggested by one of the referees.

LEMMA A.3. Fiz a finite group G and a normal subgroup H<LG. Let Ph<P;<...<
Py be a radical p-chain in G such that Po)NH=P,NH. Then POOHESylp(H).

Proof. Choose S€Syl,(G) such that S> Py, and set Q=SNH €Syl,(H). Then Q>
P.NH=PyNH. We must show that Q=FPyNH.

Assume on the contrary that Q> PyNH. By construction, @ is normalized by S and
hence by each of the P;. Set Q=Q_1, and define recursively Q;=Q;—1NNp,qg, ,(P;) for
each 0<i<k. Since Py normalizes Q and each P;, it normalizes each @; (so the P;Q;_1
are subgroups of G). By Lemma 1.14 (a), if Q;—1 >PyNH=P;,NH, then Np,o, ,(P;)>PF;
so that Q;>P,NH=PyNH. Thus PyQ>P; and Qx<Ng(Po, Py, ..., Px—_1), and this is
impossible since P, €Syl,(Ng (P, Pi, ..., Pr—1)) by the definition of a radical p-chain. [

LEMMA A.4. Let G be a finite group, and let H<UG be a normal subgroup of order
prime to p. Set G=G/H, and set X=XH/H for each X <G.

(a) If P<G is a p-subgroup such that P is radical in G, then P is radical in G.

(b) If 1<Ry/H<..<Ry/H is a radical p-chain in G, then there is a radical p-
chain 1<Py<...<P, in G such that P;=R;/H for each i<k.
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Proof. For each p-subgroup P<G, the Frattini argument (Lemma 1.14 (b)), applied
with P<PH<Ng(PH) in the role of T<H <G, implies that

N(PH)=PH-(Nng(pm)(P)) =HNg(P).
(a) By assumption,
PH/H = 0,(Na(PH)/H) = Oy(Ne(P)H/H),

Set @Q=0,(Ng(P)); then QH/H<PH/H, and Q=P since pt|H|. So P is radical in G.

(b) Choose P,€Syl,(R), and set P;=R;NP,Syl,(R;) for each i<k (recall that
R;<Ry). Thus P;H=R; for each i<k (and hence P,=R;/H), since R;/H is a p-group
and pt|H]|.

Since Ng(P;H)=Ng(P;)H for each i, Ng(Ry, ..., R;))=Ng(P, ..., P;)H. Since P;
is radical in Ng(Pi, ..., P;_1) for each i, P; is radical in Ng (P, ..., Pi_1) by (a). Also,
FkESylp(Ng(Rl,...,Rk_l)/H), so PyeSyl,(Ng(P1, ..., Pr—1)). Thus 1<P<...<P} is a
radical p-chain in G. O

We need the following lower bounds for orders of radical subgroups of Q3. (q).

LEMMA A.5. Let P be a radical 2-subgroup of G=Q5, (q), where m>2 and q=2°.
Then |P|>¢*™~3, and |P|>¢*™~2 if m>4.

Proof. By a theorem of Borel and Tits (see [GLS, Corollary 3.1.5]), P is conjugate
to the maximal normal unipotent subgroup in a parabolic subgroup N<G. We may
assume that P is minimal, and hence that N is a maximal parabolic subgroup. Thus
P=03(N), N contains a Borel subgroup and hence a Sylow 2-subgroup of G, and N is
the stabilizer of a totally isotropic subspace of dimension ! for some 1<I<m (see [GL,
pp.100-101]). Let L=N/O5(N) be a Levi factor for N; then O (L)2SL;(q) x5 5(q)
([GLS, Example 3.2.3]).

Thus G has Sylow 2-subgroups of order ¢™(™~1  while N/Oy(N) has Sylow 2-
subgroups of order ¢!(!=1)/2g(m=D(m=I1=1) " gq | P|=¢!(4m=31=1)/2 Since m>1>1,

21(4m—31-1) = (2m—3)+ (2m(I—1)—- 31> - 11+3)
> (2m—3)+(31(1—5)+3) >2m—3,
with equality only when I=me&{2,3}. O

The remaining lemmas involve symmetric and alternating groups. For any m>0,
we set m={1,...,m}, and regard A,,<3,, as the alternating and symmetric groups on

the set m.
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LEMMA A.6. Assume that 4|m, let {X1, X2} be a partition of m, and let c€%,,
be a permutation which exchanges X1 and Xo. Set 0?=1;T9, where T; is a permutation

of X; for i=1,2. Then o and the T; have the same parity.

Proof. Assume that o is a product of disjoint cycles of length 2ky, 2k,, ..., 2k, (and
thus m:Z::1 2k;). Then 7 and 7 are each products of cycles of length k1, ..., k.. Hence
sgn(o)=[]i_,(=1)?)=t=(-1)""" while sgn(r;)=[],_,(=1)*~1=(-1)"/2=". Since m
and 1m are both even, sgn(c)=(—1)"=sgn(r;). O

In the next two lemmas, when a group G acts on a set X, X/G denotes the set of
G-orbits in X.

LEMMA A.7. Assume that G=X,, or G=A,, for some m>2. Let QIP<G be
2-subgroups such that Q<P, and either

(i) @Q is radical in G and P is radical in Ng(Q), or

(ii) P is radical in G.

Then the action of P/Q on m/Q contains at most one free orbit.

Proof. Assume otherwise. Let X7,..., X, Cm be the orbits under the action of P,
arranged so that P/Q acts freely on X;/Q and X5/Q. For each XCm, let Ax<I¥x
be the alternating and symmetric groups on X, regarded as subgroups of 3, (groups
of permutations of m which leave m\X pointwise fixed). Set H=Yx, X ... x Lx, <X,,.
Thus P< H.

For each i=1,...,7, let Q; <P;<Xx, be the images of Q< P under the ith projection.
Set P=P;..P., Q=Q; ...Q,, P*=PNG, and Q*=QNG. Thus Q<Q*<Q, P<P*<P,
and Q<P<H.

In case (ii), one has Np«(P)<Ng(P), so Np-(P)<O3(Ng(P))=P, and P*=P by
Lemma 1.14 (a). In case (i), Q=Q* IP* by a similar argument,

Np+(Q, P)=Np-(P)INg(Q,P) = Np-(P)<O2(Nc(Q, P)) =P,

and again P*=P by Lemma 1.14 (a).

Let TC{1,...,r} be the set of all ¢ such that P;£Q, and choose ;€ P,\Q for i€I. For
each i€l and c€ P,\Q, o¢ P since it acts trivially on at least one of the sets X; and X»
(and P/Q acts freely on (X;UX5)/Q), and hence o is an odd permutation. Since P/Q
acts non-trivially on X;/Q for i=1,2, we have 1,2€1. If i€ for >3, then o10,€ P*=P
since it is an even permutation, but it acts trivially on X5/Q, which is a contradiction.
Thus I={1,2}. Also, G=A,,.

For i€l, we have that P,NQ=PFP,NAx, has index 2 in P;, while P,<@Q<A4,, and
hence P,=Q;<Ax, for i¢I. Hence for i€l, Q;=P; or Q;=P,NQ. Since Q<G=A,,,
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either Q; <Ax, for each i or Q; £ Ax, for at least two indices ¢. In the latter case, Q;=P;
for i=1,2, so Q*=P*=P>(, which would imply that the projections of @} into Xx,
for i=1,2 are QNP;<Q;, a contradiction. Thus Q; <Q for each i, so Q=Q=@Q*. Then
[P:Q|=TT\_,[P::Qi]=4, so [P:Q]=2, and P=Q(c) where o0=010>.

For i=1,2, let Y;; and Y;3 be the two orbits under the action of @); on X;. Set
of:TﬂTig, where TijGZyij. By Lemma A.6 and since o; is an odd permutation, either
| X:|=2, or ;1 and 7;5 are also odd. Since Qi<7‘il>§]NEXi(Qi)7 and @Q;=1 if | X;|=2, we
get [O2(Nsy (Q:)):Qi]>2 in either case. Hence

[02(Ns,,(Q)):Q] > [O2(Nsy, (Q1)):Q1][02(Nsy, (Q2)):Q2] = 4,

@ is not radical in A,,, and (i) does not hold. So P is radical in G=A,,.
Now, Oa2(Nsy, (P1)Nsy, (P2))<O2(Ns,, (P)). Since P is radical in A,,,

[OQ(NZm(P))P] <2 and [FP]:Q — OQ(NZXL (PZ)):P’L for 221,2

So P; is radical in X x, for i=1,2. Let R;<JP; be the subgroup of elements of (); which
act via even permutations on Y;; and on Y. If |X;|>2, then 7;; and 72 are odd as
just shown, so 02 =7;17;2¢ R;, and P;/R;=C,. But by [AF, Proposition 2A], each radical
2-subgroup of X x, is an iterated wreath product of elementary abelian 2-groups, and
hence P;/[P;, P;] is elementary abelian. This is a contradiction, and we conclude that
| Xq[=|X2[=2.

Thus P=Q(o), where Q acts trivially on X;UXs, and o acts on it as a product of
two transpositions. Also, for each i>3, P; contains only even permutations of X; since
P,<Q (i¢I). Hence each element of Ng(P) sends X;UX5 to itself,

O2(Ng(P)) = O2(Ax,ux,) > (o),

and P is not radical in G. O

We thank two of the referees for suggesting the following lemma and proof, both
simpler than those in the original version. Whenever X is a set with G-action, Fy(X)

denotes the permutation module over the group ring Fs[G] with Fo-basis X.

LEMMA A.8. Let G=X,, or G=A,,, and set V=F3(m). Let A=Cy(Z,;,)<V be
the 1-dimensional submodule generated by the sum of the elements in m. Let PG be
a radical 2-subgroup, and let U<V be such that U/A=Cy/a(P).

(a) If P is not transitive on m, then U=Cy(P).

(b) If P is transitive on m and Py is the stabilizer of some point in m, then
U/AZ(P/Fr(P)Py)*. If, in addition, Cp(U)€Syl,(Ca(U)) and m=8, then Ng(P) acts
on U/A wia its full general linear group GL(U/A).
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Proof. We identify V' with the power set of m, with addition given by symmetric
difference. Thus A=(m). If X€U\Cy (P), then |X|=1m and P acts transitively on the
partition {X, X +m}.

(b) If m>8 and P is transitive on m, then Cy(P)=A, so all elements of U\A
are partitions as just described. The map R—m/R defines a bijection from the set of
subgroups of index 2 in P containing Py to the set of partitions of order 2 on which P

acts transitively, and thus a natural bijection
W: (P/Fr(P)Py)* —— Cy/a(P)=U/A.

If 1,2, p3€(P/Fr(P)Py)* are non-zero elements such that ps3=p1+¢s, then Ker(yp;)
are the three subgroups of index 2 which contain some fixed subgroup Ry of index 4, so
the W(y;) are the three partitions into sets of order 3m refined by m/Ry, and ¥(p3)=
U(¢1)+P(p2). Thus ¥ is an isomorphism.

We claim that

Autp(U) ={a € Aut(U) | [o, U] <A}, (A1)
Aute(U/A) =GL(U/A). (A.2)

By definition, U/A=Cy/a(P), and thus Autp(U) is contained in the right-hand side of
(A.1). For each g€ P\Fr(P)P,, there is R<P of index 2 which contains Py but not g,
and g exchanges the two orbits of R on m. Thus Cp(U)<Fr(P)P, so

|Autp(U)| > |P/Fx(P)Py| = [U/A.

Since the right-hand side of (A.1) has order |U/A|, this proves (A.1).

To see (A.2), fix a€ GL(U/A), and let 3€ Aut(P/Fr(P)Fy) be such that 3*=¥"1aW.
Choose an orbit X € m/Fr(P) Py, and choose any o€, such that o(g(X))=0(g)(X) for
each ge P/Fr(P)P,. For each pe(P/Fr(P)Fy)*, B sends Ker(6*(p)) to Ker(p), so o
sends U(8*(¢))=a(¥(p)) to U(p). Thus o normalizes U and induces the automorphism
a~lon U/A. So Auty, (U/A)=GL(U/A). If |X|>2, then we can always arrange that
o€ A, <G. If | X|=1, then m=|U/A|>=8, so rk(U/A)>3, and GL(U/A) has no subgroup
of index 2. Thus (A.2) holds in either case.

Now assume Cp(U)€Syl,(Cg(U)). By the definition of U, Ng(P)<Ng(U), and in
particular, P normalizes Cg(U). So P€Syl,(PCg(U)). By (A.1) (and since each element
of Autg(U) fixes A), Autp(U) is normal in Autg(U). Hence PCq(U)<N¢(U). By the
Frattini argument (Lemma 1.14 (b)), Ng(U)=PCg(U) Ny w)(P)=Cg(U)-Ng(P). So,
by (A.2),

Autn,(p)(U/A) = Autg(U/A)=GL(U/A).
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(a) Now assume that U>Cy (P); i.e., that Cy/a(P)>Cy(P)/A. Then there is a
partition {X, X’} of m upon which P acts transitively. Let Q<P be the subgroup of
index 2 which stabilizes X and X’. Then P/Q acts freely on m/Q, so it acts transitively

on m/Q by Lemma A.7 (i), and P acts transitively on m. O
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