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1. Introduction

Let i be a non-zero finite complex measure on the real line. By i we denote its Fourier

transform

Alz) = / e~ dp(t).

Various properties of the Fourier transform of a measure have been studied by harmonic
analysts for more than a century. One of the reasons for such a prolonged interest is
the natural physical sense of the quantity ji(¢). For instance, in mathematical models of
quantum mechanics, if p is a spectral measure of a Hamiltonian, then |i(t)|? represents
the so-called survival probability of the particle, i.e. the probability to find the particle in
its initial state, at the moment ¢. The problems considered in the present paper belong
to the area of the uncertainty principle in harmonic analysis, whose name itself suggests
relations and similarities with physics.

The uncertainty principle in harmonic analysis, as formulated in [13], says that
a measure (function, distribution) and its Fourier transform cannot be simultaneously
small. This broad statement gives rise to a multitude of exciting mathematical problems,
each corresponding to a particular sense of “smallness”.

One such problem is the well-known gap problem. Here the smallness of p and [ is
understood in the sense of porosity of their supports. The statement that one hopes to
obtain is that if the support of 4 has a large gap, then the support of p cannot be too
“rare”. As usual, the ultimate challenge is to obtain quantitative estimates relating the
two supports, something that we will attempt to do in this paper.

Beurling’s gap theorem says that if the sequence of gaps in the support of p is long,

in the sense given by (4.3), then the support of i cannot have any gaps, unless p is trivial,
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see [3] or [15, Volume 1, p.237]. We discuss this classical result in §5. Beurling’s proof
used some of the methods of an earlier gap theorem by Levinson [19]. In [7, Theorem 66,
p.271] de Branges proved that the existence of a measure with a given spectral gap is
equivalent to the existence of a certain entire function of exponential type. In §8 we
look at this result from the point of view of Toeplitz kernels and formulate its extension.
Further results and references concerning the gap problem can be found in [2], [3], [6],
[10], [15], [19] and [32].

To state the gap problem more precisely let us give the following definition. If X is
a closed subset of the real line, denote by Gx its gap characteristic, i.e. the supremum of
the size of the gap in the support of fi, taken over all non-trivial finite complex measures
1 supported on X, see §2. The gap problem is the problem of finding Gx in terms of X.
To formulate a solution, we introduce a new metric characteristic of a closed set, Cx,
see §4. Our main result is Theorem 4.7, which says that Gx is equal to 27Cx.

The definition of Cx contains two conditions that, for the purposes of this paper, we
call the density condition and the energy condition. The density condition is similar to
some of the definitions of densities used in the area of the uncertainty principle, see §4.
The physical flavor of the energy condition seems to suggest new connections for the gap
problem that are yet to be fully understood.

As discussed in §2, the gap problem can be equivalently reformulated as follows. Let
 be a finite complex measure on R. Find the supremum G, of the size of the spectral gap
of the measure fu, taken over all non-trivial f€L*(|u|). In this reformulation G,=Gx
for X =supp p, see Proposition 2.1.

A close relative of the gap problem is another classical question of harmonic analysis,
the so-called type problem. It can be stated in several equivalent ways. For instance,
if one replaces L' with L? in the above definition of G, one can introduce a similar
quantity Gi, the supremum of the size of the gap in the support of fﬁ, taken over all
non-zero feL?(|u). Via duality, G% can also be defined as the infimum of a such that
the family of exponential functions

Ea=1{e?:1€[0,a]}
spans L?(p1). The type problem asks for finding G}, in terms of .

The type problem dates back to the works of Wiener, Kolmogorov and Krein on sta-
tionary Gaussian processes. In that context the property that the family of exponentials
&, is complete in L?(u), where i is the spectral measure of the process, is equivalent to
the property that the process at any time can be predicted from the data for the time
period from 0 to a. As any positive even measure is a spectral measure of a stationary

Gaussian process and vice versa, this reformulation is practically equivalent, see [11], [16]
and [18].
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Since for finite measures
2 _
Gu <G =Gsupp s

Theorem 4.7 gives an upper estimate for Gi. The methods we develop in this paper can
be applied to give further results for the type problem, see [28].

In addition to Gi:Gu and Gi, one can define and study similar quantities for
other p, see for instance the book by Koosis [15] for the case p=o0c, or [28].

Such problems can also be restated in terms of the Bernstein uniform weighted
approximation, see for example [15]. From that point of view, Gx is the minimal size
of the interval such that continuous functions on X admit weighted approximation by
trigonometric polynomials with frequencies from that interval. We give a short example of
a similar connection at the end of §3. Important relations with spectral theory of second
order differential operators were studied by Krein [17], [18], Gelfand and Levitan [12],
and Borichev and Sodin [6].

Our methods are based on the approach developed by N. Makarov and the author
in [20] and [21]. We utilize close connections between most problems from this area of
harmonic analysis and the problem of injectivity of Toeplitz operators. In the case of the
gap problem, this connection is expressed by Theorem 3.2 below. The Toeplitz approach
for similar problems was first suggested by Nikol’skii in [24], see also [25]. Our main proof
utilizes several important ideas of the Beurling—Malliavin theory [4], [5], [21], including
its famous multiplier theorem.

One of the advantages of the Toeplitz approach is that it reveals hidden connections
between various problems of analysis and mathematical physics, see [20]. The relations
between the gap problem and the Beurling—Malliavin theory on the completeness of
exponentials in L? on an interval have been known to experts, at a rather intuitive level,
for several decades. Now we can see this connection formulated in precise mathematical
terms. Namely, the Beurling—Malliavin problem is equivalent to the problem of triviality

of the kernel of a Toeplitz operator with the symbol
¢ _ efiaaze’
for a suitable meromorphic inner function #, while the gap problem reduces to the trivi-
ality of the kernel of the Toeplitz operator with the symbol
QT) — eiaacé
see [20, §4.6] and Theorem 3.2 below.
The paper is organized as follows:
e In §2 we discuss an alternative formulation of the gap problem and show that

the supremum of the size of the spectral gap for a fixed measure, taken over all possible

densities, is determined by the support of the measure.
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e In §3 we restate the gap problem in terms of kernels of Toeplitz operators and
introduce the approach that will be used in the main proof. We point out a connection
with problems on uniform approximation.

e 84 contains the main definition and the main result of the paper. For a closed real
set X we define a metric characteristic Cx that determines the maximal size of the gap
over all non-zero complex measures supported on X.

e In §5 we discuss examples pertinent to the main theorem as well as its relations
with some of the known results.

e §6 contains the main proof.

e In §7 we prove several technical lemmas and corollaries used in §4 and §6.

e 68 can be viewed as an appendix. It contains a Toeplitz version of the statement

and proof of de Branges’ theorem [7, Theorem 66].

Acknowledgments. 1T would like to thank Nikolai Makarov whose mathematical in-
tuition led to the development of the approach used in this paper. I am also grateful to
Misha Sodin for getting me interested in the gap and type problems and for numerous

invaluable discussions.

2. Spectral gap as a property of the support

Let M be a set of all finite Borel complex measures on the real line. If X is a closed
subset of the real line we set

G x =sup{a:there is p € M, with p#0 and supp 4 C X, such that =0 on [0,a]}.
Now let pe€ M. Denote
G, =sup{a:there is f € L'(|u|) such that fﬁzO on [0,al}.

PROPOSITION 2.1. G, =Gupp -

Proof. Obviously, Geuppp=Gu. To prove the opposite inequality, notice that by

Lemma 8.2 below there exists a finite discrete measure

v= Z by, {Tn}n Csupp p,

n

such that ji has a gap of size greater than Ggupp,—€. Around each x, choose a small

neighborhood V,,=(ay, b,) such that for any sequence of points

Y:{yn}na ynevna
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there exists a non-trivial measure ny=>_ 3,d,, such that 7 has a gap of size greater
than Gguppn—e. The existence of such a collection of neighborhoods follows from the
results of [2] (for some sequences) and [6], as well as from Theorem 4.7 below.

Now one can choose a family of finite measures 7n,, 7€[0,1], with the following
properties:

e For each T,
= Budy;
n
where y;, €V, and 1), has a gap of size greater than Geuppy—€ centered at 0;

1
’7:/ N dr
0

is non-trivial and absolutely continuous with respect to pu.

e The measure

It remains to observe that the support of 4 has a gap of size at least Gsuppyn—e. O

3. Clark measures, Toeplitz kernels and uniform approximation

By H? we denote the Hardy space in the upper half-plane C,. We say that an inner
function 6(z) in C, is meromorphic if it has a meromorphic extension to the whole

complex plane. The meromorphic extension to the lower half-plane C_ is given by

Each inner function #(z) determines a model subspace
K¢=H?c6H?

of the Hardy space H?(C,). These subspaces play an important role in complex and
harmonic analysis, as well as in operator theory, see [25].

Each inner function 6(z) determines a positive harmonic function

and, by the Herglotz representation, a positive measure ¢ such that

14+0(z) 1 ydo(t) o
Re 1700 _py+w/R(x—t)2+y2’ F=TE, (3-1)
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for some p>=0. The number p can be viewed as a point mass at infinity. The measure
o is singular, supported on the set where non-tangential limits of 6 are equal to 1 and

/ dolt) _ o (3.2)

satisfies

1-4t2

The measure o+pdo on R is called the Clark measure for 0(z). (Following a standard
notation, we will sometimes denote the Clark measure defined in (3.1) by o7.)
Conversely, for every positive singular measure o satisfying (3.2) and a number p>0,
there exists an inner function 6(z) satisfying (3.1).
Every function f€ Ky has non-tangential boundary values o-a.e. and can be recov-

ered from these values via the formula

1= a-06) [ sou-amar A2 [ e, ey

2 2 Jpt—z

see [26]. If the Clark measure does not have a point mass at infinity, the formula is
simplified to
1
f(z)= i

where K fo stands for the Cauchy integral

(1-0(z))K fo,

t
Kfo(z)= &dcr(t).
R t—z
This gives an isometry of L?(c) onto Ky. In the case of meromorphic 6(z), every function
f €Ky also has a meromorphic extension in C, which is given by the formula (3.3). The
corresponding Clark measure is discrete with masses at the points of {z:0(z)=1} given

by
_ 27

@)

For more details on Clark measures the reader may consult [29] or the references

o({z})

therein.

Each meromorphic inner function (z) can be written as 6(t)=e'*®) on R, where
¢(t) is a real-analytic and strictly increasing function. The function ¢(t)=arg6(t) is the
continuous argument of 6(z).

Recall that the Toeplitz operator Ty with a symbol U € L (R) is the map

Ty:H? — H?,
F+—— P, (UF),

where P, is the orthogonal projection in L?(R) onto the Hardy space H?=H?(C,).
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We will use the following notation for kernels of Toeplitz operators (or Toeplitz
kernels in H?):

N[U] =ker Ty .

For example, N[f]= K if § is an inner function. Along with H?2-kernels, one may consider
Toeplitz kernels NP[U] in other Hardy classes HP, the kernel N1:>°[U] in the “weak” space
HY>*=HPNLY 0<p<]1, or the kernel in the Smirnov class N'*(C,):

N U] ={feNTNLL . (R):UfeN"}.

If 6 is a meromorphic inner function, K =N7*[f] can also be considered. For more on
such kernels see [20] and [21].

For any inner function 6 in the upper half-plane we denote by specy the closure of
the set {z:6(z)=1}, the set of points on the line where the non-tangential limit of  is
equal to 1, plus the infinite point if the corresponding Clark measure has a point mass
at infinity, i.e. if p in (3.1) is positive. If specy CR, as in the next definition, then p in
(3.1) is 0. Throughout the paper, S stands for the exponential inner function S(z)=e’*.

We call a sequence of real points discrete if it has no finite accumulation points.

Note that {z:6(z)=1} is discrete if and only if 6 is meromorphic.

Definition 3.1. If X CR is a closed set, we define
Tx =sup{a: N[0S5%] #0 for some meromorphic inner § with spec, C X }.

The following theorem (see [22, §2.1]) shows the connection between the gap prob-
lem and the problem of triviality of Toeplitz kernels. Such connections will be used

throughout the paper.
THEOREM 3.2. ([22]) Gx=Tx.

The gap problem is closely related to problems of uniform approximation of con-
tinuous functions by trigonometric polynomials, see [6] for a more detailed discussion
and further references. To give a simple example of such a connection we consider the
following version of the problem.

Let again X be a closed subset of the line. Denote by Cy(X) the space of all
continuous functions on X tending to 0 at infinity, with the usual sup-norm. It is not
possible to discuss approximation by trigonometric polynomials in this particular space
directly, since finite linear combinations of exponential functions do not belong to Cy(X).
The standard solution is to consider “generalized” linear combinations of exponentials,

i.e. the Paley—Wiener space

PW,= {ff € L*([~a,a)])}.
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Let us define
Ax =inf{a>0:PW, is dense in Cy(X)}

or Ax=oc if the set is empty. The following statement is a product of the standard

duality argument.
PROPOSITION 3.3. Gx=2Ax.

Together with Theorem 4.7 this statement gives a formula for Ax.

4. The main theorem

Before stating our main result we need to give several definitions.
Let A={A1,..., A\n} be a finite set of points on R. Consider the quantity

E(A)= ) log|h—Al. (4.1)
>\k7)\l€/\
ArFEN

Physical interpretation

According to the 2-dimensional Coulomb law, E(A) is the energy of a system of “flat”
electrons placed at the points of A. The 2-dimensional Coulomb-gas formalism corre-
sponds to the planar potential theory with logarithmic potential and assumes the poten-
tial energy at infinity to be equal to —oo, see for example [9], [23] and [30].

Physically, the 2-dimensional Coulomb law can be derived from the standard 3-
dimensional law via a method of “reduction”. According to this method, one replaces
each electron in the plane with a uniformly charged string orthogonal to the plane. After

that one applies the 3-dimensional law and a renormalization procedure.

Key example

Let ICR be an interval, C'>0 and let A be a set of k points uniformly distributed on I:
A=INCZ={(n+1)C, (n+2)C,...,(n+k)C}.

Then
k

E(A) =Y log[C* " (m—1)!(k—m)!] = k*log [I|+O(|I]?) (4.2)
m=1
as follows from Stirling’s formula. Here |I| stands for the length of I and the notation
O(|I]?) corresponds to the direction |I|—oo (with C' remaining fized).
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Remark 4.1. The uniform distribution of points on the interval does not maximize
the energy E(A) but comes within O(]7|?) from the maximum, which is negligible for our
purposes, see the main definition and its discussion below. It is interesting to observe that
the maximal energy for k points is achieved when the points are placed at the endpoints

of T and at the zeros of the Jacobi (1, 1)-polynomial of degree k—2, see for example [14].

We call a sequence of disjoint intervals {I,,},, on the real line long (in the sense of
Beurling and Malliavin) if
L,)?
e "
1+dist“(0, I,)

n

If the sum is finite, we call {I,}, short.
Let
w<a9<a_1<ag=0<a1<az<...

be a two-sided sequence of real points. We say that the intervals I, =(ayn, an41] form a
short partition of R if |I,]—o00 as n—=+oo and the sequence {I,}, is short.

Main definition

Let A={\,}» be a sequence of distinct real points. We write Cy >a if there exists a short
partition {I,,}, such that

A, >all,| forall n (density condition) (4.4)
and AZ]
Z % < oo (energy condition), (4.5)
1+dist?(0, I,,)
where
A, =#(ANI,)
and

E,=E(ANL)= > log[Ae—\l.
Ak, €I,
ARFEN

If X is a closed subset of R, we put

Cx =sup{a: there is a sequence A C X such that Cp >a}.

Remark 4.2. Notice that the series in the energy condition is positive. Indeed, every

term in the sum defining FE,, is at most log |I,,| and there are less than A2 terms.



160 A. POLTORATSKI

The example before the definition shows that the numerator in the energy condition
is (up to lower order terms) the difference between the energy of the optimal configura-
tion, when the points are spread uniformly on I,,, and the energy of ANI,.

Thus the energy condition is a requirement that the placement of the points of A is
close to uniform, in the sense that the work needed to spread the points of A uniformly

on each interval is summable with respect to the Poisson weight.

Remark 4.3. The inequality log |I,,| —log |A\x — A;|>0, which holds for any Ag, A\ €1,
also implies that if a sequence A satisfies the energy condition (4.5), then any subsequence
of A also satisfies (4.5) on {I, },. A deletion of points from A will eliminate some positive

terms from the numerator in (4.5) which can only make the sum smaller.

Remark 4.4. We say that a partition {1}, is monotone if |I,|<|I,41| for n>0 and
[In41]<| 1| for n<0. Corollary 7.7 shows that in the above definition the words “short
partition” can be replaced by “short monotone partition”. Since monotone partitions

are easier to work with, this modified definition will be used in the proof of Theorem 4.7.

Remark 4.5. The requirement that the partition I, =(an, a,11] satisfied |I,|— o0 is
not essential and can be omitted if one slightly changes the definitions of A,, and FE,

n (4.5). One could, for instance, use
Ap=#AN(an—1,any1+1])

and

E, = > log [ Ak, =il
Ay Ai€(an—1,an41+1]
ALFEN

Remark 4.6. The density condition says simply that the lower (interior) density of
the sequence in the sense of Beurling and Malliavin, is at least a. Such a density can be
defined in several different ways:

e If A is a real sequence define d;(A) to be the supremum of all a such that there
exists a short monotone partition {I, }, satisfying (4.4).

e Denote by da(A) the supremum of all a such that there exists a short (not neces-
sarily monotone) partition {I,,},, satisfying (4.4).

e Define d3(A) to be the supremum of all a such that there exists a subsequence of

A whose counting function n(x) satisfies

/ In(z)=az] ;.
g 1+x2

This definition was used in [7].
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e Finally, define ds(A) to be the infimum of all a such that there exists a long

sequence of disjoint intervals I,, satisfying
#(ANI,) <all,|.

This definition was used in [22].

One can easily show that all these definitions are equivalent, i.e.
di(A) =da(A) =ds(A) =ds(A).

As was mentioned above, such a density d was introduced in [5], where it was called
interior density. A closely related notion of ezterior density appears in the Beurling—
Malliavin theorem on the completeness of exponential functions in L? on an interval,

see [5] or [22]. We give a definition of exterior density in §7.

Now we are ready to return to the gap problem and use our newly defined metric

characteristic Cx of a closed set X CR. Our main result is the following theorem.
THEOREM 4.7. Gx=2nCx.

It will be proved in §6.

5. Examples and applications

In this section we discuss examples related to Theorem 4.7, including some of its relations

with existing results.

Ezxample 5.1. As discussed above, if the points of the sequence are spread uniformly
over the interval, then
E,= Y log|h—\]
A, N€ely,
is roughly (up to O(|I,,]?), which is small for short sequences {I,,},) equal to A2 log |I,,|
as follows from Stirling’s formula. This happens for instance when the sequence A is
separated, i.e. satisfies |\, —A,41/>0>0 for all n. Thus for separated sequences A the

energy condition disappears and
GA = 27de (A),

where d;, j=1,2,3,4, is any of the equivalent densities defined in the last remark, i.e.
the interior density of A. This is one of the results of [22].

For example, as follows from Proposition 2.1, if the support of a measure u contains
a separated sequence of interior density D, then for any >0 there exists f€L*(|u|) such
that fﬁzO on [0,2rD—¢].
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Ezample 5.2. Let A be a real sequence such that the density condition (4.4) holds

for some a>0 and some partition {I,,}, satisfying the stronger shortness condition

| In|* log | 1|
Y T <00
1+4dist“(0, I,,)

n

Then we will automatically have that

Z A? log |In|_ZAk,>\,eIn log, [Ak—A] <
1+dist?(0, I,,)

n

Accordingly, condition (4.5) will be significantly simplified and one will only need to

check that | Y
Z og,1| 1;\2— 1 <00
Ak, A EA TAk
Ak #AL

to conclude that G =27Cy >27a.
Consider, for instance, the log-short partition

Iy=(-1,1], I,=n% n+1)%], I_,=(—(n+1)% —n%], n=1,2,..

for some ar>1. Let an increasing discrete sequence A={\,},, be such that
aln|* P <H#(ANL,) <aln|* T 4+1

for all n and

2
Akg1— g > conste ™ 1F1/1og” k]

for all k, |k|>1. Then by the previous discussion G =27.

(5.2)

Similarly to the last example, if p is a finite measure whose support contains A, then

for any >0 there exists f€L*(|u|) such that Fu=0on [0, 27 —&].

On the other hand, if (5.1) holds, but instead of (5.2) we have that on each J,,

A1 — Ak < conste™ Fl/1og k]

for any Ap, Agtr1€1,, |k|>1, then the interior density of A is still 1, but the energy

condition is not satisfied by any subsequence of A of positive interior density on any

short partition. Thus G =0.

As was mentioned in the introduction, one of the classical results on the gap problem

is the following theorem by Beurling.
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THEOREM 5.3. ([3], [15]) Let p be a finite complex measure on R such that the
complement of its support contains a long sequence of intervals (in the sense of (4.3)).

Suppose that 1=0 on an interval of positive length. Then p=0.

To obtain this statement from Theorem 4.7, notice that if x4 is a measure as in the
statement, then for any short partition of R one of the intervals of the partition will be
contained in a gap of X =supp pu. Hence X does not contain a sequence A that satisfies
the density condition (4.4) on a short partition with a>0. Therefore Gx=0.

To see another application of Theorem 4.7 in the “positive” direction, let us formulate
the following result proved by Benedicks in [2]. This statement provides one of the
very few non-trivial examples of sets with positive gap characteristic that exist in the

literature.

THEOREM 5.4. ([2]) Let ...<a_1<ap<ai<az<... be a discrete sequence of points
and let I,=(an,an+1] be the corresponding partition of R. Suppose that there exist
positive constants Cy, Cy and C3 such that

(1) if C’flagnﬂ <agk+1<Chra2n+1, then

Cy Nant1| < [Toks1] < Collzni1l;

(2) for all n,
Cl_l|a2n+1| <lagn—1] < Cilagn+1l;
(3) for all n,
|I2n+1| > 03 HlaX{‘Ign‘, 1};

(4)

Iopi1|? I,
Z |12 ;rl| <log+ |12 +1|—|—1> < Q.
—~ 1+az, L2

Then for any real number A>0 and 1<p<oo there exists a non-zero function

feLYR)NLP(R)NC=(R), supp f C | J Lzn,

such that f=0 on [0, A].

One can show that the part pertaining to the gap problem, i.e. the existence of
feLl (Un Ign) with a spectral gap of size A, follows from Theorem 4.7.

For simplicity, let us consider the case when |I,|—o0. In this case conditions (1)
and (2) of the theorem prove to be redundant. Indeed, put X =clos (Un Ign) and let
be the restriction of the Poisson measure dz/(1+2?) to X. By Proposition 2.1, we need
to show that G, > A.
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Let
Jn = (GQTL? a2n+2} - IQH UIQ’I’L-‘,—I-

Then, by conditions (3) and (4) of the theorem, J,, is a short partition.
Consider the sequence AC(J,, I2, such that

2410, < #(ANI2y) < 24]J,|+1

for each n and the points of A are spread uniformly on each I5,. Then A satisfies the
density condition (4.4) on {J, }» with a=2A. As for the energy condition, the numerator

in (4.5) is at most
Const(|Jn|210g+ | T =] log, |[Ton|)+O(| Ja )

by (4.2), and the energy condition follows immediately from conditions (3) and (4) of
the theorem. Hence G, =Gx >2A.

Similar examples with 1<p< oo are discussed in [28].

6. The proof of the main theorem

Before starting the proof, let us introduce the following notation. If f is a function on R
and I CR we denote by f|; the function that is equal to f on I and to 0 on R\I.

In our estimates we write a(n)<b(n) if a(n)<Cb(n) for some positive constant C,
not depending on n, and large enough |n|. We write a(n)=<b(n) if ca(n)<b(n)<Ca(n) for
some C'>c>0. Some formulas will have other parameters in place of n or no parameters
at all. For instance, < may be put between two improper integrals to indicate that they
either both converge or both diverge.

By II we denote the Poisson measure dz/(1+x2) on the real line. In particular,
LY =LP(R,dz/(142?)).

We will denote by D(R) the standard Dirichlet space on R (in C,). Recall that
the Hilbert space D=D(R) consists of functions h€ L}; such that the harmonic extension
u=u(z) of h to C, has a finite gradient norm,

def
|W%ﬂM@§/\WﬁM<m

Cy

where dA is the area measure. If h€eD(R) is a smooth function, then we also have
Inlfs = [ i .
R

where h denotes a harmonic conjugate function.
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6.1. Proof of the main theorem, part I

First suppose that Cx >1/27. We will show that Gx>1.
Choose e>0. As Cx >1/2m, there exists a sequence A={\,},,CX, CA>1/2w. Let

In = (a’ru a/nJrl]

be the corresponding short monotone partition, see Remark 4.4. Without loss of gener-

ality, we may assume that
1 1
7|In| < #(Amln) < 7|In|+1
27 27

(otherwise just delete some of the points from A, see Remark 4.3). We will assume that
|1,|>1/e>>1 for all n.

By Lemma 7.1 and Corollary 7.5, we may assume that the lengths of the intervals
(Ans Ant1) are bounded from above. It will be convenient for us to assume that the
eA. We will
also include the endpoints of the intervals into the energy condition, by defining FE,, as

endpoints of I,, belong to A, i.e. that I,,=(A,, Ak, ] for some Mg, Ap

n+1

E,= > log [\ —Ail, (6.1)
Ak SAAIS AR, 4
A #EN

and assuming that (4.5) is satisfied with these E,. Such an assumption can be made
because if the sum in (4.5) becomes infinite with E, defined by (6.1), one can, for
instance, delete the first point A, +1 from A on all I,, for large n. After the addition of
Ak, and deletion of A, +1 in the sum defining F,,, each term in (4.5) will become smaller

and the sum will remain finite. At the same time, since
|, =< #(ANI,) — oo,

the subsequence will still have more than |I,| points on each I, and will satisfy the
density condition.

Our goal is to show that G >1 by producing a measure on A with spectral gap of
size arbitrarily close to 1. Due to connections discussed in §3, the existence of such a
measure will follow from the non-triviality of a certain Toeplitz kernel.

Since the lengths of (A, A\,+1) are bounded from above, we can apply Lemma 7.8.
Denote by 6 the corresponding meromorphic inner function with spec,=A.

Let u=arg(9S)=arg§—z. First, we choose a larger partition J,,=(by,b,11) and a

small “correction” function v such that u—v becomes an atom on each J,,.
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CLAIM 6.1. There exists a subsequence {bn}, of the sequence {an}, and smooth
functions v1 and vy such that

(1) [i|<ie and u—vy=0 at all ay;
2)
(3) |vh|<3e and u—v=u—(vi+v2)=0 at all by;
(4) [, (u=v)dz=0 for all n;
(5)

Jn=(bn,bnr1) is a short monotone partition;
5) u—veLf.

Proof. First, choose a smooth function v; satisfying (1). Such a function exists
because
|27 A, —|1,|| < 27 < keI,

Notice that because the sequence I, is short and

(u—v1) >-1—1e,

condition (1) implies that
u—vy € L. (6.2)

Choose by=ap=0. Choose by =a,, >bg to be the smallest element of {ay } satisfying

/ l(ufvl)dx
bo

Notice that, because of (6.2), such an a,, will always exist. After that proceed choosing

< %(an;bo)%

bz, b3, ... in the following way: If b; is chosen, choose b;i1=a,,,, to be the smallest

element of {ax } satisfying a,,., >bj,

Onjy1
/ (u—v1) de
b

J

g
< g(anm —b;)? (6.3)

and

anj+1—bj > bj—bj_l.

Choose by, k<0, in the same way.

We claim that the resulting sequence Ji=(bg—_1,br) forms a short monotone parti-
tion.

Let k be positive. By our construction, I,,, is the last (rightmost) among the intervals
I,, contained in Ji,. Notice that, because of monotonicity, I,,, is the largest interval among

the intervals I,, contained in Ji. We will show that for each k,

k| < Q?J +1>|Ink|, (6.4)
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where |- | stands for the integer part (floor function) of a real number.
This can be proved by induction. The basic step: By our construction b =a,,, and

Anq—1
/ (u—wv1) dzx
bo

Since (u—v1)'>—1—¢ and u—v;=0 at all a,, [u—v1|<(14€)|Iy,—1] on (bg, Gp,—1)-

> (anlfl_bO)Q'

ool ™

Hence .
. .
(1+&)n,—1l(an, —1—bo) = / (u—v1)dz >§(an1—1—bo)2
bo
and 1+
£
Any—1—bo <8—Ip, 1]
€
It follows that
9 10
|J1|:(an171—b0)+|fm|<g|fn171|+|fn171|<?|In171| (6.5)

(if & is small enough). For the inductional step, assume that (6.4) holds for k=I{—1. For
Ji=(bj_1,b;), bj=an,, there are two possibilities:

/ . (u—wv1) dex
b1

Qpy—1—bi—1 <b—1—bj_o.

> —(ap,—1—bi—1)*

| ™

or

In the first case we prove (6.5) in the same way as in the basic step. In the second case we
note that, by the monotonicity of {I,},, the number of intervals I,, inside (b;_1,an,—1)
is at most (an,—1—bi—1)/|In,_,|, which is strictly less than |J;—1|/|1n,_,|<[10/e]+1. Ac-
cordingly the number of intervals in (b;_1, @y, —1) is at most [10/¢|. Therefore the number
of intervals in J;=(b;_1, ;) is at most [10/e]+1. Now, since I, is the largest interval in
Ji, we again get (6.4), which implies the shortness of {J,},. The monotonicity follows
from our construction.

Now define the function vs on each Ji in the following way. First consider the tent
function T} defined on R as

Tk(l’) = %6 diSt(I, R\Jk)

Notice that, because of (6.3), for each k there exists a constant Cj, |Cx|<1, such
that

/ [(u—v1)—CxTy] dx=0.
Jk
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Now define vy as a smoothed-out sum °, Cj T} that satisfies [v|<ie and still has

the properties that vy (bx)=0 and

/Jk [(u—v1)—va]dx=0

for each k. Finally, let v=v;+wvs. The last condition of the claim will be satisfied because

the restrictions (u—v)|y, form a collection of atoms with a finite sum of Li-norms:

| Ji|?

u—7v S Trds® (070
[(w=v) s llLy < 1+dist?(0, J; )

(for more on atomic decompositions see [8]). O

The function v from the last claim is a smooth function satisfying |v'|<e. Therefore
it can be represented as v=v, —v_, where v, are smooth growing functions, e<v/, <2e.

Hence one can choose two meromorphic inner functions I. satisfying
{z:arg . (x)=kr}={z:vi(z)=kn}
and
L] Se.

The existence of such I, follows from Lemma 7.8 below.
Note that then, automatically, |arg(l,I_)—v|<2mw. The function arg(9SI,I_), as
well as its harmonic conjugate, still belongs to L{;.

Without loss of generality, we may assume that arg(0SI,1_)=0 at 0.

CLAIM 6.2. The function
arg(0(z)S(z) 1, ()1 (z))

T

belongs to the Dirichlet class D(R).

Proof. We will actually prove that the function w/x, w=argf—x—wv, belongs to
D(R) instead (again, without loss of generality, we may assume that w(0)=0 with large

multiplicity). The function
v—(arg [, —arg ] )

x
is a bounded function with bounded derivative which obviously belongs to D(R).
Let ¢ be the harmonic extension of w/z in the upper half-plane. We need to show

that the gradient norm of g+iq in C, is finite, i.e. that

lg+iq]|% = lim qdg=— lim Gdg < oo,
r—00 aD(r) r—00 aD(r)
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where D(r) is the semidisk {z€C,:|z|<r}.
We first prove that the integrals over dD(r)NR are uniformly bounded from above,

i.e. that
f/qu<oo.
R

First, notice that the harmonic conjugate of w/x=q is w/x=q (we may assume that
w(0)=0) and (w/x)'=w'/z—w/z? Recall that, by our construction (see Claim 6.1),
w’ is bounded from below and is zero at the endpoints of every J,,. Hence |w|<|J,| on
every J,. Since the partition {J,, }, is short, it follows that |w(z)|=o0(|x|) and that w/x?

is a bounded function. Therefore,

_dx
—/(jdqx—/w'w—2
R R €

and we can estimate the last integral instead.

If I is an interval, then 27 denotes the interval with the same center as I satisfying
|21|=2]|1|.

Put w,=w|,. Then

_dx - dx
/Rw'wa—;Z/ w' Wy, ez (6.6)

To estimate the last integral, let us first consider the case when the intervals J,, and

Ji, are far from each other:
max{|J,|, |Jx|} < dist(Jp, Ji)-
In this case

,~ dx
w Wy -3
Jn T

Here we used the property that each wy, is an atom supported on J; whose L'-norm is

|Jk|3 dzx |Jk|3 dxr
5/ |u/|27—2§ - .2 - .2 . (6.7)
dist®(Jg, ) ©* = 14dist™(J,,0) J, dist”(Jx, )

n

<|Jx|? and employed the standard estimates from the theory of atomic decompositions,
see [8]. In the last inequality we used the property

/ ! ()] dex S | T (6.8)

n

Now let us consider the “mid-range” case when

min{|J, |, | Jx|} < dist(Jp, Ji) < max{|Jy|, |Jk|}
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Assume that 0<k<n (other cases are analogous). Then, by monotonicity |Jx|<|J,| and

_ dx
/ w’wk— <
‘]'Vl

o e —
~ 14dist?(Jx,0) Jj, dist?(Jg, z

(6.9)
| Tk || / | dar S — T 1Tl |Jk] [ n]
= 1+dist?(Jy, 0) dist® (Jg, Jy, ~ 14-dist?(Jy, 0)
Finally, the last case is
dist(Jyp, Ji) <min{|J,|, |Jk| }- (6.10)

Again we assume that n>k>0. Then, by monotonicity, either n=Fk or |n—k|=1, i.e. the
intervals are either the same or adjacent. The estimates in this case are more complicated

and will be done differently. First, integrating by parts we get

_/nwl@k;lf_/"wl(Lk t( )jt> if——/nw’(fikloglt—xw()dt) de

By the first inequality of (7.5) in Lemma 7.10, applied to h=w', f=(arg)’ and
g=(z+v)’, for I<k<n we have

—/ w’(/ log|t—x|w'(t)dt>df
Jn Ji €z

1
<S—— log [t —x|w' (z)w'(t) d dt+CJn2)
S ] el w0 el

and we can work with the latter integral instead of the former. To verify the conditions

(6.11)

of Lemma 7.10, note that if E=J, and I=Jg, then, for large enough k£ and n, we will
have FUIC|d,2d] as a consequence of the shortness condition and (6.10). The relation
(7.4) will be satisfied because w=0 at the endpoints of Jj, see condition (3) of Claim 6.1.

The constant D; satisfies

D g/ (arg@)’dw+/ (x+v) dx S|,
J J

n n

Finally,

| Tk
—HwkHL HwkHLHN P2

= NH/ log |t—|w'(t) dt

because wy, is an atom.
To estimate the integral in the right-hand side of (6.11), let

L

p=argf—xr—uv; =w+vs,
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where the functions v; and vy are from Claim 6.1. Also let p,=pl;, and v§=wvs|;, . The
key properties of v; that we will use are that arg § —x—wv; =0 at the endpoints of all I,
v2=0 at the endpoints of J,, and |[v}|, |v5|<e. Then

—// log |t —z|w'(z)w' (t) dw dt:—// log |t—z|p' (x)p'(t) dx dt
I X Jg Jn X Jp
—/ (Pnvy+05p" +03vh) da.
Ji
Notice that

<ellpnllz V176l < ellpallz V16 S 10,

/ PnUh dx
Jk

because |p,|<|Jn| on J, and p, =0 outside. Also,

/ p'vy dx
Jr

by the same estimate. Similarly, since |v}|<|J,| on J, and equals zero outside,

~n,/
/ Uy Uy d
Jk

—// log |t — x| () (1) dxdt:—// log |t —lp! (2)p/ (£) dz dt+ O (| Ju2).
JnXJk J,,,XJ)@
(6.12)

SIEA

— (pe})o| = \ [ s

Sl

Hence

For the last integral we have

- //Jnxjklogt—xlp (@) (O dedt=— 3" 3 //” log 1 —aly/ (2 (1) dr di.

I;CJy ;i C
(6.13)
To estimate
—// log |t—z|p' (x)p'(t) dx dt:// log_ [t—x|p(z)p'(t) dx dt
Ij ><]j/ Ij ><Ij/
(6.14)

[ tog, el @0
IjXIj/

we consider three cases. First, to estimate the integral in the case when j=3j’, notice

that, since 14w} is bounded,

/ log_ |z —#| (140, (z)) dz < const

I
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for any t€I;. Once again, the positive functions (arg6)’ and v]+1 satisfy

/(arg@)’dx:/(v'1+1)dsc:27rAl+O(1):|Il|+0(1). (6.15)
I I,

Hence

// log_ |[t—x|p'(z)p'(t) dz dt
Ij ><Ij

:// log_ [t—a|(arg 0) () (arg 0)'(£) dx dt
I]‘ XI]‘
_2// log_ [t—a| (14! () (arg 0 (t) da dt
IjxI;
+// log_ |t—|(14v] (2)) (140, (£)) dx dt
IjXIj
:// log_ [t—z|(arg )’ (x)(arg 0)' (t) dz dt+O(|1;]).
I;xI;
For the last integral we have
// log_ [t—z|(arg 0)' (x)(arg 0) (t) dx dt
I;x1I;
Alg1 m+1
= Z / / (arg ) (z)(arg )’ () dz dt.
Al

At 41)C (A ,\m+1)c1
Using that

Ast1
/ (arg0) dox =27
A

s

and that )

( 9) !
arg
mm{u@ 1| |I| |19+1|} |IS‘2

on ()\57 /\s+1)7

for all s by Lemma 7.8, we can apply Lemma 7.9 (1)—(3). Assuming that A\;<\,,, we
conclude that

Alf1 m+1
/ / log_ [t—x|(arg 0) (x)(arg 0) (t) dx dt
AL Am

log_ (Am—Ars1), i A > A1,
< ) max{log_(A—Xi—1),log_(Ais1 =), log_ (Arr2— A1), Jog_ (Ais —Aig2) }+1,
~ if )\m = )\lJrlv

max{log_(A\—X—1),log_(Nit1—N),log_ (ANir2—Nip1) }+1, if A=A,
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which implies that

// log_ [t—z|p'(z)p'(t) dx dt < Z log_ | Ak —Ni|+11]. (6.16)
I;x1;

a; KAk AI<a 41
VLY

To estimate the integral of log, , first notice that, by Lemma 7.9 (5) and (6.15),

/ log. |&—t|(1+} () dz = |I;|log, || +O(|1;])
I;

for any tel;.
Together with Lemma 7.9 (4) and (6.15), we get

J[ s e-alpl @ty do
Ij ><Ij

://I-xj- log, |t—x|(arg )’ (z)(arg )’ (t) dx dt
_2//“]' log, |t—z|(vi(z)+1)(arg8)’(t) dz dt
+// log, [t—z|(vi(x)+1)(v](t)+1) dx dt (6.17)
I.

i1

Ak41 LAI41
= Z / / log, |t—x|(arg8)’(z)(arg 8)’(t) dz dt
Ak Al

a; <Ak, \i<aji1

=L *log | 1;|+O(|1;*)

Sar? S log, =N - L[ log 1|+ O( L 2).

a; KAk, AL <aj41

Next, let us consider the case when j#j’ and the intervals I; and I;/ are not adjacent.
This estimate is similar to (6.9), but we will treat it using a different technique. Assume

for example that j'>j+1.
For log_, recalling that |I;|>1 for all k, we get

- // log_ |[t—z|p'(z)p(t) dx dt =0. (6.18)
I;x1;0



174 A. POLTORATSKI
For log, we have
[ o el @0 do
I; ><Ij/
Aj+1 A5 4y
— [ o el 0 o
a; aj/

aj+1 aj/+1
:—/ / log, |t—z|(arg—z—v1)(z)(arg @ —z—v1)'(t) dz dt

<— /1./ <log lajr1—1t| /Ij (arg0) (z) dz—log|a; —t| /Ij (vi+1) () dx) (arg ) (t) dt

+/Ijl <log|ajt|/jj(arg0)'(a:) dxlog|aj+1t|/1j(v’1+1)(x) dx> (v} +1)(t) dt

<20 [

Here we used that dist(/;, I;:)>|I;| by monotonicity and (6.15).

(6.19)

In the case when I; and I;; are adjacent, i.e. j'=j+1, the estimate can be done

differently. Note that p,=p|;, is a compactly supported function with bounded derivative

(the bound depends on n). Therefore it belongs to the Dirichlet space D(R).

estimates (6.16) and (6.17) yield

1

H'I"‘Q log |I,| = En+| 1>

lpn D <

Hence

J[ tole—ai @'t dede=(y.pi)n < sl g
Ijx1Tj41

1 1
< <47r2|fj|2 log |Ij|—Ej> + <47T2|fj+1|2 log |Ij+1—Ej+1) LGP L

Now we can return to estimating

IjCJk Ij/ CJn

The

(6.20)

(6.21)

1 o
1+dist2(o,Jn)<Z > //Ijxljll()g“1’|P(x)p(t)dxdt+0(|<fn|2)>.
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The estimates (6.16)—(6.21) yield

- Z Z //I | log [t—z|p' (z)p' (t) dz dt

I CJdn I./CJg

1
S Y (gatnfrenl-EenP)e X Il

1;CJpUJy Ij,lj/CJkU.]n
< ¥ ( L log |1~ E )+|J 2.
IjCJkUJn

All in all, in the case |[n—k|<1, we have

dz 1
— w'w, << ( Li*1o I;| - )—i—J 24|, 2)
[omt st ( 5 (gl

n I;CJrUJ,
(6.22)
To continue the estimate of the right-hand side of (6.6), notice that
,~ dx
2.2\~ Wi
n k n
,~ dx
0y (fems
n k JIn T
max{|Jk|,|Jn|}<dist(Jk,JIn)
. dz
DY )3 (- [ wa%s)
n k JIn
min{|Jg|,|Jn|}<dist(Jx,Jn ) <max{|Jk|,|Jn|}
. dz
Y ()
n k JIn T
dist(Jg,Jpn)<min{|J|,|Jn|}
=: 4+ T+1I.
For the first sum, by (6.7), we get
| Tk |3 dx
I<Z 2 1+dist?(J,,0) J, dist*(J
= ist*(Jp,0) Jy, dist®(Jx, )
dist (Ji,Jn)>| Tk (6.23)

| Jk|? 1 | Ji|?
< ————— < 0.
Z 1+dist?(Jy, 0) | Ji| Z 1+dist?(Jy, 0)
For the second sum, by (6.9),

iy oy
~ L = 1+dist?(J,, 0)
dist(Jx,Jn)<max{|Jx|,|Jn|}
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Recall that, by our assumption, |J,|<dist(J,,0) for all n£0,—1. We may also
assume that |J_1|=|Jy|. Then in each term in the last sum k and n have the same sign.

Let us estimate the part of the sum with non-negative k and n.

3 3 4J£ﬂiL7 DS I 2
n>0 0<k#n L+dist? (5, 0) n>0  0<k<n 1+dist*(J,, 0)
dist(Jx,Jn ) <max{|Jk|,|Jn|} dist(Jg,Jn)<|Jn]

3 |Jn]
<4 - < 0.
>0 1+dist®(J,, 0)

Terms with negative indices k and n can be estimated similarly to conclude that

S
I< g <00
1+dist*(J,,0)

Finally, for the third sum, by (6.22),

1
m< - I;|*log|I;| - E >+J2+J2)
S Y a2 (el Fesini-g )t

IjCJk-UJT,,
[k—n|<1

1
< _— I 2] I — +|J, 2)<
”;udisﬁ(o,Jn)( Z( z 151" log || ) al”) < 2.

1;CJn

because A satisfies the energy condition on I,,. Altogether these estimates give us

. ,dz
R x

The integrals over the circular part of D(r) can be estimated like in [21, §5.3]. We
need to show that the integrals

1 /7 )
_/ gdg=rI'(r) and I(r) ::7/ E(re') d
OD(r)\R 2/,

do not tend to co as r—o0. In fact, it is enough to show that

I(r) #» o0,

because if 7I’(r)— o0, then I'(r)>1/r for all r>>1, and we have I(r)—oc.
As we will see shortly, I(r) does not tend to oo for any h€ L*(1+|z|~!) in place of G
(recall that g=w/x and we Ly). It will be more convenient for us to prove an equivalent

statement in the unit disk D.
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Let h+ih be an analytic function in D such that
h(C) _ 4
—=ec L (T),
—jg <t
where T=0D. Define
l(z) _ 142
T 1—z

and denote by (M (¢), (€T, the angular maximal function. Then Im € L'(T) and, by the

Hardy-Littlewood maximal theorem,

(h(z)+ih(z)), zeD,

M e L1oo(T). (6.24)

Let us show that, as e —0,

1 -
g/ |h+ih|? |dz| A 00, C.:={zeD:|1—z|=¢}.
C.

We have )
S b e <e [P 1 S E@QOP MO,
C.

where (€T, |1—(|=e. The right-hand side cannot tend to infinity because otherwise, for

all small e, we would have
- 1
MO+ > -
on an interval of length e, which would contradict (6.24). O

Let
¢=1arg(0SI.1).

Recall that ¢, g€ Li;. By the last claim ¢/x belongs to the Dirichlet class. Since q;/a: is
the conjugate of ¢/z, ¢/x belongs to D(R) as well. Hence, by the Beurling-Malliavin
multiplier theorem, see for instance [21, §5.1], there exists a smooth function m on R
satisfying

m' <e, meLy and m>max{0,—¢}.

In other words, if ® and M are outer functions,

P=¢""% and M=¢""",

then ®M is bounded in C,.
Since m’/<e, ex—m is an increasing function. There exists a meromorphic inner
function J such that

{z:J(z)==x1} ={x:2(ex—m) =kn}.
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Let
dy=2(ex—m) and ds=argJ.
Then the difference
d=dy—dy=2(ex—m)—arg J

satisfies |d| <.
Put
l(z)=cx—3 arg J.

Notice that I€ L because 21=d-+2m, where d is bounded and me L};.

Consider an outer function W=e*—!. Then
5%W =JU, orequivalently S*JU =T

on R. Thus ¥ e N*[S?]].

Moreover, the ratio ¥/M is equal to eid/2=d/2_ Gince |d|<m, /M belongs to every
LT, p<1. Our next goal is to construct another “small” outer multiplier function k so
that kU /MeL}.

Consider the step function

=32 32}

where again | - | denotes the integer part of a real number. Then
|d—a| < 2. (6.25)

Since dy=dy=mm at the points {c;, }mn={z:J(z)==%1}, the function « only takes

values %kw, k=—4,...,4. Therefore o can be represented as

4 8
m
=5 (S im)
n=1 n=>5
where 3, are elementary step functions, each taking only two values, 0 and 1, and
making at most one positive and one negative jump on each interval [¢,,, ¢;n41]. For each
n=1,...,8 one can choose an inner function @), such that

1—
Qn = consteXPn.
1+Qn

Notice that then

4 8

a—io 1+Qn 1_Qn 1/5
e —const(HlQanrQn) .

n=1 n=>5
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Because of (6.25), we have

U 4 8
 ITa+en [Ta-e

n=>5

= 1+Qn : 1_Qn
7:!;[1 1_Qn 7];[5 1+Qn

— conste®/2—d/2 € L%(R)

1/10

<|X
~ M

and, since the function M ® is bounded,
8

4 4 8
we [J0+Qu) L0~ =M@ [[1+Q0) TT0-Qu) e LA (R).

n=1 n=>5 n=5

Now notice that since N*[S?¢.J]#0, the set {z:J(z)=1} has Beurling-Malliavin
density at most 2¢, see [20, §4.6]. By our construction, the Beurling-Malliavin density
of each of the sets {z:Q,(r)=1} is the same as that of {z:J(x)=1}, i.e. at most 2e.
Consequently, the kernel

8
N® {5175 H Qn:|
n=1
contains a non-zero function 7, see [20, §4.2 and §4.6].

Similarly, since the Beurling-Malliavin density of {z:I,(z)=1} is less than ¢, the
kernel N°°[S¢1,] is infinite-dimensional. Hence it contains a non-trivial function 1 with
at least one zero a in C,. Then the function »=n/(z—a) also belongs to N*°[S¢I,] and
satisfies || <(1+]z|)~! on R.

Therefore
4 8
05" % [T (14Qn) [J(1-Qn)T0
n=1 n:45 .
= (5°1, ) (E”E [Ta+an) H(l—Qn)r) (§%°W)(0S' I, &) e H.
n=1 n=5

Accordingly, the space Ky contains the function
8

4
f=5""r [[(+@Qu) [TO-Qu)ve.

n=1 n=>5
Now we could simply refer to Theorem 3.2 to conclude this part of the proof. For
the sake of completeness we also present a direct argument.
By the Clark representation formula

[=0A+0)K fo,
where o7 is the Clark measure corresponding to 6 concentrated on {z:0(z)=1}=A. Since
140 is bounded in the upper half-plane and f decreases faster than e~(1=219)% along the

positive y-axis, so does K fu. Hence fu is the measure concentrated on A with the

spectral gap at least 1—21e.
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Proof of the main theorem, part II

Now suppose that Gx >1 but Cx <1/27.

By Lemma 8.3 there exists a discrete increasing sequence A={\,},czCX and a
measure v, with suppr=A, such that v has a spectral gap of size 1 and Kv does not
have any zeros in C.

Similarly to the previous part, we assume that sup,, (A, —An—1)<o0o. The general
case is discussed at the end of the proof. If sup,, (A, — Ap—1) <00, we can apply Lemma 7.8
and consider the inner function 6 corresponding to A. A function f€N|¢] is called purely
outer if f is outer in the upper half-plane and ¢f=g is outer in the lower half-plane.
Since Kv is divisible by .S, the function

f=S1-0)KveK,™
is a purely outer element of N1:>°[0S], see §8. Note that f:ei‘b_‘z’ in C,, where
2¢p =argf—ux.

Denote by T';, the middle third of the interval (A, An+1). Our plan is to calculate

the integral
~dz
/UI‘ ¢ 2 (6.26)

in two different ways and arrive at a contradiction by obtaining two different answers.
First let us choose a short monotone partition {I,}, of R such that A satisfies the
density condition (4.4) with a=1/27 on that partition.
Put ag=0. Choose a1 >ag to be the smallest point such that

a1 —ag

#(AN (a0, ax)) > “—

Note that such a point always exists because A supports a measure with a spectral
gap greater than 1: otherwise we would be able to choose a long sequence of intervals
satisfying (7.1) in Lemma 7.2 with a=1/27 and arrive at a contradiction. After a;, j>1,
is chosen, choose a;41>a; as the smallest point such that

Ajt+1— a5

#(AN(aj,a541]) > o

and Ajr1—0ayj >(ijaj,1.

Choose aj, j<0, in a similar way. Put I,,=(an, Gn41]. Again, by Lemma 7.2, {I,,}, has
to be short.
In what follows we will assume, without loss of generality, that |I,,|/2r=#(ANI,).
Note that, since Cx <1, the sum in the energy condition (4.5) has to be infinite. At

the same time, a part of that sum has to be finite, as we state in the next claim.
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CrLAIM 6.3.
Z Ing ()‘nJrl _)\n)

< 00.
A2 +1 >

n

Proof. Suppose that the sum is infinite. Put u=|v| and let ® be the inner function
such that p is its Clark measure. Let Y=arg ®—z.

Define the intervals .J,, and the function v as in Claim 6.1, in the first part of the
proof, with @ replacing 6. Put w=1y—v=arg ®—z—v. Let again w,=w|;,. Then we€ L},
because w,, are atoms with summable L{;-norms.

As in the first part of the proof, we can use “atomic” estimates to show that if
dist(Jy, Jpn) >max{|Jk|, |J.|} and z€J,, then

| Ji|?

e P
@)l S dist(z, Jp)

By the monotonicity and the shortness of Ji, we conclude that

1 3
3 |w;c < Z |k (A < 1 / | \2Jk| "
Ao 1+dist? 0 J ) ™ 1+dist?(0, J,,) J, dist®(z, Jk)

Hence, similarly to (6.23),

22
n k AjE€EIn J
dist(Jk,Jn ) >max{|Jk|,|Jn|}

ey
2% 3 3 | k)€2l)|

n k<n X €Ty 3
dist(Jg,Jn)>max{|Jx|,|Jn |}
1 / | Te|?
s ; X dzx < 0.
Zn: 1;; 1+dist?(0, J,,) J s, dist?(z, Jy)

dist(Jg,Jpn)>max{|Jk|,|Jn|}
In other words, on each J,,
E |ﬁk‘ g 91,
k

dist(Jk,Jn ) >max{|Jx|,|Jn|}

where g is a positive function satisfying

91(/\n)
1+A2

Also, for any z€J,,

fﬁk(:c):/J “’k(t)dt/J log |t —|w' () dt.

t—x
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If k<n (the case k>n is similar) then

—/ log|t—x|w'(t)dt>—/ log,, [t—a|(arg B (t) dt
I I (6.27)
+/ log, |t—xz|(1+v")(t) dt—const = —|Jk|.
Jk

Here we again used that

/(argcb)’(t)dt:/ (1+0")(¢) dt = |Jx| +O(1),
Jk

Ji
applied Lemma 7.9 (6) to the integral in the second line of (6.27) and used the estimate
- / log, [t—z|(arg ®)'(t) dt > — log(z—b) / (arg ®)'(t) dt, (6.28)
Jk ch

where b is the left (right if k>n) endpoint of Ji, for the first integral.
Thus, for x€J,,

- Z wi(z) 2 g2(2),
k
|k—n|>1
dist(Jx,Jn)<max{|Jx|,|Jn|}

where again

192(An)|
; 1422 < Q.

Also, for z€J, and ke{n—1,n,n+1}, similarly to (6.27),

—/ log,, \:z:—t|w’(t)dt:—/ log,, |z—t|(arg DY (¢£) dt
I I (6.29)
+/ log, & —t|(14')(t) dt = —|Jul,
Jr

by applying (6.28) to the first integral and Lemma 7.9 (5) to the second integral if k=n,

or Lemma 7.9 (6) if k=n=+1.

Hence for any z€R, if z€J,, for some n, then
(@) >/ log_ |z—t|w!(£) di+g(x) :/ log._ |z—t|w'(¢) dt+g(x)
Jn—1UJnUdn g1 R

for some function g satisfying

)‘<oo.

lg(An

Sw
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Therefore,

~ A An+1
_Z w( )\2) /const—i—zl v / log_ |\ —z|w' dz

> const—l—z H—T/ log_ |An—z|(arg @) (z) dx
n nJAn—1

log_ |An—An—1]

> const+27 ; SV

Let h=(1+®)Kwv. Then h is an outer function in C, that belongs to H? and satisfies

h= eidl/?*?[’/Z_

Since

we have that log |h(\,)|=21(\,)=0 for all n.
Recall that @(\,)=1(\y)+0(An)=0(\,). It is left to show that

Z —0(Ap) o
— 1+

Recall that ve L, 6=w—¢p=w+2log|h|e L} and v’ is bounded on R. Therefore

the harmonic extension of v into C, has a bounded z-derivative in C,. Hence v, is

bounded in C, as well.

On each interval J,, choose A, so that

[0(Ak,, )| = max [5(A;)]-

Aj€Jn

If the last sum is infinite, then so is
Z . [0
1—|—d st2(0, J,)
Because of the boundedness of ¥y, |0(Ag, +4|Jn|) =|0(Ak, )|—C|Jn| and therefore

Z| |O( Ak, +i|Jnl)|
1+d1st 0,J,)

Let ()M denote the maximal non-tangential function of ¥ in C,. The last equation
implies that (9) ¢ LY. But this contradicts the fact that both @ and v belong to L. O
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Now let us return to the function f=(1—0)Kwv defined before the claim. Recall that

f:eid’_q; in C,, where 2¢=argf—x. Again using Claim 6.1, we can find intervals J,
and a function v for u=2¢. Let
w=argfd—xr—v=2¢—v.

Recall that T, is the middle third of the interval (A,, An+1). Notice that if €T,

1 6]
—drv(t)| { ————. 6.30
/R ( )’ ‘)‘nJrl_)\n‘ ( )

t—x

then

(@) =|(1-6() Kv(a)] <2

Since log | f|=—0,

~dx 1
_/U . ¢’I¢ﬁ SZ; T2 /Fn(argﬂ)’logJr | f| dx+const
1
Szn: T log_ [Ant1—An . (arg #)' dx+const (6.31)

1
N Zn: 1+2 log_ |An+1—An|+const < co,

by (6.30) and Claim 6.3.
It follows that
,. dx

_d _d
—/ w’w—z:—él/ ¢’¢x—§+2/ 9o
Un Ly Un 1% Un In (6.32)

)
~d d

+2/ v’(j)—:gf/ v'f)—g<oo.
U, T 33 U,Tn x

Indeed, arguing like at the end of the proof of the last claim, from the property that

(9)M e LY, we deduce that

su v(x

Z ] pa;.ng (@)| <00
— 1+dist“(0, J,,)

Therefore

d
oo 475
(U, Tk)NJn T

and summing over all n we get that

d
I
ka z

</ o) d P |9(z)| | S Pze T, |9(z)|
S Jurong. 1+dist?(0, J,) " 1+dist(0, J,,)’

< 00.




SPECTRAL GAPS FOR SETS AND MEASURES 185

The third integral on the right-hand side of (6.32) is finite because v’ is bounded and
¢=log |f| is in LY. The last integral is finite because v’ is bounded and o=¢—we L}.
The first integral is finite by (6.31).

As before, we put w,=w|;,. Also let

L,= U Ik, qn:w‘Ln and Q:L:w_Qn-
k
diSt(Jk7Jn)<max{"]klvl']n‘}

d L dx d
/ w'w;C:Z(/ w'q 2+/ w’%f).
Uk I x n (Uk Fk)mJn x Uk Fk)mJn z

The first integral can be, once again, estimated as in (6.7), i.e. using the property that

Then

each w; is an atom, and the sum of such integrals is shown to be finite. For the second

/ W' & = > / o'
(Ukrk)mJn .TQ JlCLn (Ukrk)ﬂjn IQ

integral we obtain

Once again, in the “mid-range” case when

min{|Jy|, | 71|} < dist(J, Ji) < max{|Jn], |Ji|},

T
(Ui )N, 'a?

dist(J, Ji) < min{|Jn], | 7]},

we get
|Jl| |Jn|

~ 14dist?(J;,0)

<——

see (6.9). In the case

as in part I of the proof, we first notice that

/ o da / (/ ()dt> dz
_ | — = w
(Uk Fk)mJn xZ (Uk Fk)ﬁJ" Ji t € .’172
d
:7/ w/(/ log |t —z|w'(t )dt> x
(Uk Fk)m‘]n Ji

Similarly to the first part of the proof (see the paragraph after (6.11)) one can verify the
conditions of Lemma 7.10 and apply the second inequality in (7.5), with E= (U & Fk) NJn
and J;=1, to obtain

—/ w' (/ log |t —x|w’(t )dt) dz
(Uk Fk)mJn Ji

1 // / / 2
> log |t —z|w' (z)w' (t) dx dt+C|Jp|* |-
1+d1st2(Jn,0) ( o (TN Jn) X Jg | |




186 A. POLTORATSKI

Altogether, we obtain

d
- / W = (6.33)
UyTond, &
1

P — w'(x / log |z —t|w'(t) dt de—C|J,, Jl>.
1+dist2umo>JZCZM(/(U,CFW,L @) [, logla—thu/() dt dz=CJu ||

Furthermore, because of (6.27) (applied here with 6 in place of @),

- log |z —t|w'( )dt) dx
~/(Uk,l—‘k)ﬁJ ( Z []

JCLy
z—/ w'(m)(/ log|x—t|w'(t)dt> dr— 3" il
(Ui Te)NJn Jn JiCLy

Let us remark right away that

Zlerlst (J, 0) 2 L]

JiCLy,

<3 5 MIEA <y L

= 1+d1st (Jn,0) 1+dlst (Jn,0)
dist(Jy,Jn)<max{|J;|,|Jn|}

by the monotonicity and the shortness of |J,,|.

To continue the estimates let us split the last integral as

—/ w'(z) (/ log |z —t|w’(t) dt) dx
(U Te)NJTn In

_ /(Ukmm (arg 0)' (x) </ log |z —t|(¢/ (£)+1) dt) dz
—/(Uk — (arg 0)' (x) (/Jn log |z —t|(arg 0)’(t) dt> dx
—/(Uk — (v'(z)+1) (/ log |z—t|(v'(t)+1) dt> dx

n

—|—/ (v'(z)+1) (/ log |z —t|(arg 6)'(t) dt) dx
(Uk Fk)mJH n
=:I+I+1I+1IV.

To estimate III and IV denote by D the constant satisfying

/ (v'(z)+1) dz = D|J,|.
(Ui Tk)NIn
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Notice that because 1—2e<v'+1<1+42¢ and

/ W@+ dr= | (argoy @ do=2,]

In
for any ye€J,,
/log|y—t|(v’(t)+1)dt:|Jn|log|Jn|+O(|Jn|)
J'll

and

I[I:—/ (v’(x)—i—l)(/ log|x—t(v’(t)+1)dt> dx
(Uka)ﬂJn Jn
= =D Jn[* log [ Ju|+O(|Ju]?).

To estimate IV, observe that for any t€J,, if dist(¢, (Ax, Ag+1)) =1, then
/ (v'(x)+1)log, |x—t|dx
Tk
1 Ak41
2/ (v'(z)+1) dx 7/ log, |x—t|dz—(Ag+1— k) log 3
I Aetr1— Ak Sy,

(recall that T’y is the middle third of (Ag, Ag+1) and that e is very small).
Consider a positive step function a(x) defined on each (A, Agt+1) as

1 ,
/Fk (v'(z)+1) de.

Ak1— Ak

Then |a—%|<e on J,. Hence one can apply Lemma 7.9 (5) to conclude that, for any
ted,,

/ (v'(x)+1)log. |z —t|dx 2/ a(z)log, |x—t|dz—const|J,]
(Uk Fk)an,

n

> </ ax) dm) log | J,| —const|.J,, |
Jn

= D|J,|log | J,|—const|.J,,|.

Also,
—/ (' (z)+1)log_ |z—t|dz > —1—¢.
(Uk Fk)m']n
Therefore
V= (V' (z)+1) (/ log |z —t|(arg 0)(t) dt) dx
(Uk Fk)m‘]n JIn

> </ (arg0)’(t) dt) (D|Jp|log | Jy, | —const|J, | —const)

n

> D|J,|* log | J,,| —const|J,, |2.
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Combining the estimates we get
41V > —|J, |2
To estimate II notice that
Aj+1
Z / (arg 0)' (x) dx Z / log |z —t|(arg 0)'(t) dt.
LnLCJ, /Tk X Ajr1E€Tn
If te(N\j, Aj+1) and z €T’y then
log [Aj = Ak41l, if j <k,
log |e—t| < 3 log [Me—Ajpa], if j>F,
log\)\j+1—)\j|, lf_j:k
Put
ay, :/ (arg 0)' () da.
Tk
Then

M>— Y o Y 2mlog|he—Aj|+Ay,
TvCJn  Aj€Jn

J#k
where the constants A,, satisfy
> e <
) o0
— 1+4dist*(0, J,,)
Using (6.1), I can be rewritten as

I= Z/ (arg 0)'( </J log|xt|(v’(t)+l)dt)dx—( > Oék>|Jn|10g|Jn|+Bn,

I'nCJn n Iy Cdn

where again

Z—|B | < oo
— 1+dist*(0, J,,)
By Lemma 7.8 (4),
ak:/ (arg 0)'(z) dz >c¢>0
Tk

for all k. Therefore, since there are |.J,,|/27 intervals I'y in J,,,

I—HI:( Z ak>Jn|log|Jn|— Z o Z 2 log | A\ —Aj|+An+ By,

FkCJn FkCJn AjeJ'n
gk
1
Z§|Jn|210g|Jn|— > 2wlog|Ak—Aj|+An+ B,

>\_] 7>\k GJn
J#k
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Now, going back to (6.33), we obtain

d 1 1
¥/ W'y T3 2D g g bl log )
—~ J (U, Tk)N T x — 1+dist™(J,,0) \ 47

- ) log |/\k>\j||Jn|2|An||Bn|> +const.
Aj Ak Edn
J#k

The sum on the right-hand side is positive infinite, because otherwise A would satisfy
the energy condition (4.5) and Cx would be at least 1/2m. This contradicts (6.32).

It remains to discuss the case when sup,, (A, —An—1)=00. It can be reduced to the
previous case by adding a sequence of small density to A.

Indeed, if A is a sequence with arbitrarily large gaps, choose a large constant C' and

consider the set of all gaps Ry of A of size larger than C:
Rk) = ()\nk 9 >\’nk+1)7 >\nk+1 _>\nk > C

After that, one can add a separated set of points in every Ry and consider a slightly
larger sequence A’={\/ }, DA that satisfies sup,, (A, —A/,_;)<C and
. I / 1
s g Bn A1) 226
Since Cp <1/2m, for large enough C' the sequence A’ will still satisfy Cys <1/27.
The inner function 6, given by Lemma 7.8, should then be chosen for the sequence
A’ instead of A. Recall that v is the measure supported on A, chosen at the beginning

of the second part of the proof. It has a spectral gap of size 1 and its Cauchy integral

Kv does not have any zeros. Consider the function
h=(1-0)KveKy;™.

Since v had a spectral gap of size 1, h is divisible by S (and h/S is outer because Kv
has no zeros). As 1—6 has simple zeros at A’ and Kv has simple poles at A, h has zeros
at T=A’\A. Without loss of generality, T has bounded gaps. Since T is a separated
sequence, there exists an inner function I, with spec; =7, such that (argI)’ is bounded
(by Lemma 7.8 below). If C' is large enough, |(arg I)'|<e.

Then the function

is divisible by S and satisfies
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on R. Since the last function is antianalytic, g€ K. At the same time, g no longer has
zeros on R. Denote f=g/IS. Then f€N*[AS] is an outer function whose argument on
R is equal to %(argﬂ—x—arg I). Now we can apply Claim 6.1 to u=argfd—xz—argl to
obtain functions v=wv; +wvy satisfying properties (1)—(5).

If one denotes by I',, the middle third of (A, A}, ), then similarly to (6.30),

571 @h(o)| = 0=0(a) )] < g0

The argument of the function h/S is arg# —x. Note that Claim 6.3 still holds with A’ in
place of A, because T is separated. Hence (6.31) still holds for p=arg—z.

After that, using that |(arg)’|<e, one can “absorb” argI into vy and replace vy
by y=vi+argl. The remaining estimates, starting with (6.32), can be repeated with

v=y-+vy in place of v=v1 4o, i.e. with w=argf—z—y—vs.

7. Used technicalities

This section contains several lemmas and corollaries used in the previous sections.

If A is a real sequence we define its (exterior) Beurling-Malliavin density as
dpm(A) =sup{d: there is a long sequence {I,,},, so that #(ANI,) >d|I,]| for all n}

if A is discrete, and dgn (A)=00 otherwise.

An equivalent definition is given in [20, §4.6]:
dpym(A) =sup{a: N[S*™0] =0},

where 0(z) denotes some/any meromorphic inner function with specy=A. Note that
the Beurling—Malliavin multiplier theorem implies that N[S?7%¢] in the above definition
can be replaced by any NP[S?7%0], 0<p<oco, the kernel in the Hardy space HP, or by
N*[S27%0], the kernel in the Smirnov class, see [20, §4.2].

LEMMA 7.1. Let XCR be a closed set and let A be a discrete sequence. Then
Gxua < Gx +2mdpm(A).

Proof. Let dpm(A)=d1, Gx=ds and Gxupr=ds. Let £>0 be a small number. By
Theorem 3.2, N[#.S%~¢]50 for some meromorphic inner 6, spec, CXUA. Let

feN[pSE—e].
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Let I be an inner function such that spec;=A.
By the above definition of the Beurling—Malliavin density, there exists a function

ge Ne[§2mdite ),

Then the function h=(1—1)g belongs to N°°[S?"¥1+¢] and is equal to 0 on A. The
function fh belongs to N[#S%~2741-2¢] and is zero on A (obviously, we assume that
d3—2md; —2¢>0). Finally, the function

l _ Sd3—2ﬂ'd1—2sfh

belongs to N[#]=Kj and is still zero on A. By the Clark representation,
1

l=—(1-0)KI
27m'( ) Klo,

where ¢ is the Clark measure for 6, with supp o=spec, CAUX. Since [ is divisible by
G§ds—=2md1=2¢ in C, and 1—6 is an outer function in C,, Klo is divisible by §%—2mdi1—2¢
in C,. Equivalently, the measure [o has a spectral gap of size d3—2mwd; —2¢. Asl is zero

on A, the measure lo is supported on X. Hence
GX2d3—271’d1—QEZGXUA—27TdBM(A)—26. O

The following statement can be viewed as a version of the first Beurling—Malliavin
theorem, see [20] and [21].

LEMMA 7.2. Let A be a real sequence. Suppose that there exists a long sequence of
intervals I,, such that

#(ANL) <all) (7.1)
for all n, for some a>0. Then Gp<27wa.
Proof. Suppose that Gy =2mwa+3¢e for some £>0. Then, by Theorem 3.2,
N[fS§2ma+2e] £

for some inner function ¢, with specyCA. But (7.1) implies that the argument of the

symbol increases greatly on I,,, which leads to a contradiction. More precisely, let
v = arg(0S*™T%) = (2ra+-2¢)x —arg .

For each I,,=(ay, ant1] let

0, =inf y—sup~y,
I I

el e|l,]
I, = _— d IN: R S .
" <an, Ont 6(ra+e) an " Gnt1 6(ra+e)’ Gnt1

Then (7.1) implies that (5n>%5|ln\. Hence, by a version of the theorem in [20, §4.4],
N[0S59+2¢] has to be trivial. O

where
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LEMMA 7.3. Let I=[a,b] be an interval on R and let A={\1,..., AN} be a set of
points on I, with a<\1<...<An<b. Let C>1 be a constant and suppose that for some

subinterval J=[c,d|CI,
(Ci
oL

Then one can spread the points of A on J without a large decrease in the energy

#(ANJ) <

E(A). More precisely, if T={v1,...,7n}, a<m <...<yn <D, is another set of points on I
with the properties

(1) ve=M\g for all k such that A\ ¢J;

(2) c+C<<+1<d=C and Y1 =76 =C for all Yy, Y41 € J;

then JIN
ol

C
for some absolute constant D, where E is defined by (4.1).

E(T)>E(A)-

Proof. Notice that

> log_ |y —;|=0.

yLE€L
v €J

If ;=T\ A and I'y=TNA then #I'1 <|J|/C. Suppose that vx=A; €T, 71 <c. Then

D logy [N —Akl= Y log, [y — Akl < (#T1) log, [d=Ax|— Y log, [y —Ax|

v €r1 v €r1 v; €l
<(#T1)log, [d—c|= Y log. |v;—¢|
v; €

#I'1

< (#11) log. |J]— Z log, (kC)
k=1

1]

C )
by Stirling’s formula. The cases v, >d and 7y, €I'; can be treated similarly. O

COROLLARY 7.4. Let A be a sequence of real points that satisfies the density and
energy conditions (4.4) and (4.5) for some short partition I,, and some a>0. Let C>1.
Let Ji be a sequence of disjoint intervals such that, for every k, J, CI,, for some n and

||

for all k. Let T be a sequence of points obtained from A by spreading the points on each
interval Ji as in the last lemma. Then T satisfies the density and energy conditions with

the same partition I,, and a.
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COROLLARY 7.5. Let A={\,}, be an increasing discrete sequence of real points
such that Chn>=a>0. Then for every €>0 there exists an increasing discrete sequence
I'={vn}n such that

(1) Cr=>a;

(2) dpm(T\A)<e;

(3) sup, (Yn+1—n)<0o.

Proof. Choose C>0 so that 1/C<d and 1/C<e. Let [An,, An,+1] be a sequence of
all “gaps” of A satisfying A, +1—An, >C.

Since Cp >a, there exists a partition I, such that A satisfies (4.4) and (4.5) for I,
and a. One can choose a sequence of disjoint intervals Jj such that, for every k, J, CI,

for some n,

| Jk| | T
U Anesal €k and S0 SHANJ) <5 —1 forall k.

k k
(The choice of the intervals Jy can be made by a version of the “shading” algorithm, see
for example [15, Volume 2, pp. 507-508].) Let I be a sequence of points obtained from A
by spreading the points on each interval Jj, as in Lemma 7.3. Then (1) is satisfied by the
previous corollary and the supremum in (3) is at most 2C. Since the distances between

the points of I" on | J,, Ji are at least C, we have

1
dBM(F\A)<5<€. O

LEMMA 7.6. Let A be a sequence of real points and let {I,}, be a short partition
such that A satisfies
all,| <#(ANI,)

for all n with some a>0 and the energy condition (4.5) on {I,},. Then for any short

partition {J,}n, there exists a subsequence T CA that satisfies

#((AND)N ) = o(|Tn])

as n—+oo, and the energy condition (4.5) on {Jp}n.

Proof. To simplify the estimates, we will assume that the endpoints of I,, belong to
A, i.e. that InZ(/\kn,)\knJrl]
on I, with E,, defined by (6.1), see the explanation there.

(To include the endpoints in E,,, one may need to compensate by deleting a point on

for each n, and that the energy condition (4.5) is satisfied

each I, as explained in the beginning of the proof of Theorem 4.7. Here one may need
to pass from A to a subsequence I'. As |I,,|— oo, T will satisfy #((A\T')NJ,)=0(|J]).)
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We will also assume that #(ANI,)=|I,| for all n. In this case one can choose I'=A.

Fix n and suppose that the intervals I, ..., I;; y cover J,,. To estimate the energy expres-
I+N
=1

piecewise linear function on J,, which is zero at the left endpoint of J,, and grows linearly

sion for .J,, let us first consider the case when (J I;=J,. Denote by u a continuous,

by 1 between each pair of points A\, and A\,11. Let

p(z) = { w(x)—z+Ne,  on Jp =Nk Ay nia)s

0, on R\ J,.

Then p(Ag, )=0 for all I<n<I+N+1. Denote by p, the restriction p|y,, .

On each (Aj,Aj41) the function v’ satisfies the same estimates as |6’| from the
statement of Lemma 7.8. Therefore for the function p one can apply the same argument
as in the first part of the proof of Theorem 4.7, where p was defined as arg 6 —z—v; (we
will simply assume that v; =0).

First, one can show that

—// log |t—z|p’ (t)p' (z) dt dx
InXJn
=|Jn |2 log | J,|— > log | A; —Ajs | +const|J,|2.

Ay SAGHAj SR v
AEN

To estimate the last integral, rewrite it as

_//Jnm log [t—x|p/(t)p/ (x) dtdz= " > <_//zsz,-, log|t—x|p’(t)p’(x)dtdx).

I;CJn Iy

For the last integral, when j=j’, by (6.16) and (6.17) we have
- // log [t —x|p/ (t)p' () dt dx < |1;]* log |I;|— Ej+const|I;|?.
I;xI;
As usual, we assume that |I,,|>1. If I; does not intersect 21/, then
dist(I;, I;7) > || > 1

and the integral over I; X I;; can be estimated by first noticing that the log_ part is zero,
because log_ |z —t|=0 when |x—t|>1, as in (6.18). For the log, part we have (6.19).
Altogether we obtain

_ / / log [t—zlp! ()¢ (z) dt dz < 1| | L.
Ij ><Ij/
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For the case when I; intersects 2I; but is not contained in 2I;/, or when I; is
adjacent to I;; (note that there are at most four such I; for each I;/), we can estimate
the integral as in (6.21) to conclude that

_//I loglt—alp/(1p(x) de dz
iX 5’
S (U2 log [ 1| — Ej) + (11 |* log | Ijs | — Ejr )+ | 1; |+ |11 .

Finally, in the case when I; C2I;, j'>j+41 (the case j'<j—1 is similar), again we
can use that dist(z,I;7)>|I;11|>1 to skip the estimates of log_. The log, part can be
estimated by the integral over I x I;. Notice that

—// log., |s—t|p'(t)p'(s) dt ds
Ij/XIj/
:2/ u’(s)/ log+|5—t|dtds—// log, |s—t|dtds
5’ Ij/ Ij/XIj/

—/ u’(s)/ log, |s—t|u/(t) dtds

> |I;]? log \ij|—\lj/|/ log, |z—t|u(t) dt+const|I;|?,
I
because [, u'(t)dt=|I;/|. Also, for any z€I; (recall that j'>j+1),

/ log., \x—t\dt—/ log, |z—t]u'(t) dt

5! Ij/

> (1| 1og(M,,, —2)— 1)) ~log(\,, ., —) / W (t)dt > |,

J

Therefore
[ o el (@) de s
Ij X I]»/

</ |p/(x)|</ log, |x7t\dt7/ log, |z—t|u'(t) dt+const|Ij/|) dx
I] Ij/ I]/

2|I|<I |log |I;/ \—/ log, |z— tu’(t)dt)+constlj||lj/|

o 14l
< |I o log, [s—t|p'(t)p'(s) dt ds+const|I;| |I;/|
o 14! Ll
|I |||pJ |lp+const| ;] 1]
< Il Ij/|* log |1 L] |1
(M| log [Ij| = Ejo )+ L] |17

III
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Combining the estimates and using the shortness of {.J,, },,, we obtain that A satisfies
the energy condition on {J, },.

In the case when the intervals Ij,...,[;;+n cover J, but Uéi]zv I;#J,, ie. when
I, IixnNJ,#2 but at least one of I; and I;1n is not a subset of J,, set I =I;NJ,

and I}, y=1Iy NN J,. Notice that, by Remark 4.3 and the fact that log |I}|<log ||,
|17 |*log | I | - E;f < |L|*log | 1i| - E.
Similarly,
1§ 1og | I § | = By v < | Lien P log | Iy N | — Eign .
Now we can use the previous case with I and [}, \ in place of [; and I;1 y, respec-

tively. O

COROLLARY 7.7. Let A be a sequence of real points and let {I,},, be a short partition
such that A satisfies the density condition (4.4), with some a>0, and the energy condition
(4.5). Then for any >0 there exists a subsequence T'CA and a short monotone partition
Jp, such that T satisfies (4.4), with a—e in place of a, and (4.5) on J,.

Proof. One can choose a short monotone partition {J,}, satisfying
(a—3e)|Jn| S #(ANT,)

for all n. Such a partition can be constructed in the same way as in the second part of
the proof of Theorem 4.7, see the second paragraph before Claim 6.3. Then I' can be
found by Lemma 7.6. O

LEMMA 7.8. Let A={an}nez be a real sequence satisfying
Op < Apt1, Gpe1—an, <C <00

and a, —+00 as n—=+oo. Set I,,=(an,an+1) and let J, be the middle third of I,,. Then
there exists an inner function 0 satisfying

(1) specy=A4;

(2) 10'|<|1,|72 on Jy, for all n;

(3) 10| Smin{|T,—1|, |Lnl, [Ins1]} 1 on the rest of I, for all n;

(4) fJn (arg0)' (z) dz>=c for some ¢>0 and all n.

Proof. Define a second sequence B={b, }nez as the sequence of midpoints of com-

plementary intervals of A in R, i.e. bn:%(an—&—an_,_l).
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Define the inner function 6 to satisfy

1-6
150 conste™, (7.2)

where uzlE—%,

E=|J(ax, by),
k

and Ku is the improper integral

Ku(z):/M, ze€C,.

t—z

The integral converges, since u is a convergent sum of atoms u/(4,, 4, ,]-

(Formulas similar to (7.2) are often used in perturbation theory. In those settings, u
is the Krein—Lifshits shift function and € is the characteristic function of the perturbed
operator, see for example [27] and [31].)

Let p1 and p—1 be the Clark measures for 6 defined by the Herglotz representations

146 1 1 t
1-0 mi R( ) pa () +const,

t—z 1+t2
1-6 1 1 t
R — ———— | du_1(t t.
1+0 ﬂ'i/]R(t—z 1+t2) -1{f)+cons

The measures p; and p_; have the form
1= Z an(san and p_1= Z ﬁnabn
n n

for some positive numbers «,, and 3,. (It is easy to see that pri({oo})=0 although we
do not actually need this fact.)
Put §,=a,11—a,. We claim that

02 S B S 0. (7.3)
Assuming that this estimate holds, we could finish as follows. Since
0] = [1=01 |(Sm)'| and  |0'] < [1+6]* |(Sp-1)'],

we have

|0'(m)|xmin{zn: (xf‘;"n)?,zn: (xfgn)z}, TER.
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Now if z belongs to the middle third of one of the intervals (a,, a;m+1), then |6/(z)]

can be estimated as

1
0'(z)| < I~ O - —
| (l‘>| N; (xian)g ; (bmfan)Q ﬂm

and the estimate in part (2) follows from the left half of (7.3).
On the rest of the interval |6’(z)| can be estimated by

Bn
D e

n

which together with the right half of (7.3) gives the desired estimate.
To establish part (4), notice that if [1—6|>|1+6| on J,, then

« o 1

o' (z)| < LA e

‘ (J})‘ zn: (x_an)g zﬂ: (bm_an)2 ﬁm,

which implies that (arg6)’>1/6,, by the right half of (7.3). This implies the inequality
for the integral. If, however, |1 —0|<|1+6| at some point ¢, € J,,, then the integral taken

between ¢, and b, is at least iw. Since (arg )’ >0, we again obtain the desired estimate.

It remains to prove (7.3). As follows from (7.2),

f3,, = const Resy,, e~ .

Let

t—z by, —z

An:exp(—/ u(t) dt),
R\(anvan+1) tibn

Resy,, e Ku=4, Resp, gn and |Resp, gn|= %&L.

gn(2) _eXp< / u(t) dt) @2 —2)

and

SO

To prove the right half of (7.3) notice that A,, <1. Indeed, to the right from a1,
on each (a;,a;+1) the function w is positive on the half of the interval which is closer to
b, and negative on the half which is further from it. Thus

—/ ul®) 4 <o,
. t—bn

n+1

f/a" ult) 4 <o.

o t—by

Similarly
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To prove the left half of (7.3) one needs to show that d, <A,. Notice that, since

0, <C,
aj+1 t
— Z / u(t) dt > const > —oo.
a; t—b,

dist(bn,(aj,a541))>1

As for the remaining part,

aji1 ¢ 1+C d
7 Z / U( ) dt > — / ﬁ = log §n+COHSt. O
t_bn 1 €T

0<dist(by,(aj,a;4+1))<1 7 n/2

Our next lemma can be easily verified. We state it without a proof.

LEMMA 7.9. Let a;<as and by <by be points on the real line. Let o and (3 be

non-negative functions on the intervals (a1, a2) and (by,bs) correspondingly satisfying

a b2
/ at)dt= Bt)ydt=1, a<A and B<B,

1 by
where A, B>1 are constants. Then
(1)
a as 1
log_(az—ay) < / / log_(z—y)a(z)a(y) de dy <log_ 1 +1.
al al

(2) If aa<by then

as pbs
log_(ta=a1) < [ [ log(a=)a(e)ilu) dedy <log (1n—ax)

(3) If ax=b; then

az. b2 1 1
/ / log_(xz—y)a(z)B(y) dx dygmin{log_ —,log_ }Jrl.
a Jo A B

(4) If as<by then

az b2
log, (b1 —a2) < / / log. (2—y)al(x)B(y) da dy <log, (b2 —az).
al b1

(5) If 1A<a(z)<A on (a1,a2) then for any y€(ar,as),

as

log, |a2—a1|—0</ log, (z—y)a(x) dx <log, |ag—a1|+C

a1
for some absolute constant C'.
(6) If $A<a(z)<A on (a1,a2) then for any y>as,

az

log, |y—a1\—0</ log, (z—y)a(x) dx <log, |y—aq]

ay

for some absolute constant C'.
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LEMMA 7.10. Let ECR be a set and let ICR be an interval such that
d=dist(EUI,0)>0 and EUIC]Id,2d].
Suppose that the function h on EUI satisfies h=f—g, where
f>0 and |g—1|<e on EUI

for some constant 0<£<% and

/1 f(a)dz= /I g(z) dz. (7.4)
Write

d$:D2.

/|h(x)|dx:D1 and /‘/logt—ﬂh(t)dt
E ElJI

Then

12(// log |t —x|h(z)h(t) dxdt—DD1|I|—2D1—4D2>
d ExI

g/Eh(x) (/Ilog|t:v|h(t) dt) ;Lf (7.5)

4
< <// log |t —z|h(x)h(t) dz dt+DD1|I|+2D1+4D2)
ExI

for some absolute constant D.

Proof. Since d<x<2d for x€ EUI, this estimate would be obvious if the product of
the functions under the integral were negative. To prove (7.5) in the general case, notice
that

/log\t—:c|h(t) dt < D|T|+2 (7.6)
I
for any x€ E. Indeed,

/1og|t—x\h(t) dﬁ:/bg+ it —a|h(t) dt—/log, (¢~ zlh(t) dt,

I I I

where

f/log_ [t—xz|h(t) dt <2
I

because h>—2. Also,

/1og+ £ a|h(t) dt:/log+ -zl £ (1) dt—/log+ £ alg(¢) dt.
I I I
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Let I=(a,b). If £>b, then by Lemma 7.9 (6) we obtain

f/logJr [t—x|g(t) dt < —(log, |xfa|fC’)/g(x)dx
I I

and, since f>0 and log, |[t—z|<log, |z—al,

/log+ [t—x|f(t) dt <log, |z—al / f(x)dx.
I I
Together the last three relations give

/logJr [t—x|h(t) dt <log, |z—al / f(z)dx—(log, |x—a|-C) / g(x)dx <2C|I|,

I I I

because g<2 and [, f(z) dz= [, g(x) dx. This establishes (7.6). Similar estimates can be
applied for z<a. For z €1 the same relation can be obtained using part (5) of Lemma 7.9,
instead of part (6).

To finish the proof set

Et={zeFE:h(z)>0} and E ={xe€FE:h(z)<0}.

Notice that

/Eh(x) (/Ilog|t:£|h(t) dt) i—f
:/E+ h() </1 log [t—|h(t) dt> %+/7 h(z) (/Iloglt—xh(t) dt) %

h(z) max{/10g|t—xh(t) dt,O} d—f
E+ I z

—l—/ h(x) min{/log|t—x|h(t) dt,O} d—f
E+ I z

+/ ) h(z) </I log [t—x|h(t) dt) %

=: I+ I1+11.

If one replaces dz/z? by dx/d* in 1II, the integral will not increase because the
function under the integral is negative and 22 >d?. It also will not decrease much because
22<4d?. Under the same operation, the positive integral I will become at most

de D{(D|I|+2
<D|I|+2>/|h<x>|7<il< 7 +2)
. d d
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in view of (7.6). Hence it will not change by more than the last quantity. Finally, III

satisfies )
|1]1|<—/ h(:z:)/log\tfﬂw’(t) dt
d? |- I

and after replacing dx/z? by dx/d? we will still have

dx,

dx 1
/ h(zx) </1og|t:ch(t) dt> = gﬁ/ h(x)/log\tfx\w’(t) dt| dz.
- I E- I
Therefore III will change at most by
2 4D,
= /E‘h(x)/llog|t—x|w'(t) dt‘ dr < R
because 0>h>—-2 on E~. O

8. de Branges’ theorem in the Toeplitz form

One of the classical results on the gap problem is de Branges’ theorem [7, Theorem 66,
p.271]. There the answer is given not in terms of the set X but in terms of the existence
of a certain entire function. In this section we discuss two versions of that theorem, see
Lemma 8.3 and Corollary 8.4.

Before we formulate de Branges’ theorem we need the following definitions.

Recall that A/(C, ) stands for the Nevanlinna class in the upper half-plane consisting
of analytic functions f(z) that can be represented as a ratio g(z)/h(z) of two bounded
analytic functions. The mean type of a function f(z) in N(C,) is defined as

lim sup M.
y—00 )

THEOREM 8.1. ([7, Theorem 66]) Let a>0 be a given number and let X be a closed
subset of the real line. A mnecessary and sufficient condition that Gx >2a is that there
exists an entire function E(z), which is real for real z and has only real simple zeros, all

in X, such that E(z) belongs to N(C,) and has mean type a in the upper half-plane,

and such that
> L (8.1)
i@ @)l

Despite the fact that the existence of such an entire function E is not easy to verify,

this theorem has been successfully applied in the areas adjacent to the gap problem, see

for example [32] for a discussion of such applications and further references.
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Before stating and proving an extension of Theorem 8.1, we need the following
definitions and a lemma proved by Aleksandrov in [1]. For the reader’s convenience we
supply the proof.

We say that a finite measure 4 on R annihilates Ky if [, f du=0 for a dense set of
f€Ky. Note that the integral always exists for a dense set of functions since, for instance,
the space C4(C,) of bounded analytic functions in C, continuous up to the boundary,
is dense in every Kjp.

We say that the Cauchy integral Ky is divisible by an inner function 0 if Ku/0=Kn
in C, for some finite complex measure n on R. Equivalently, Ky is divisible by 6 if
Ku/0e HP(C,) for some p>0, see [33].

LEMMA 8.2. ([1]) Let p be a finite complex measure on R and let 6 be an inner
function in C,. Then the following statements are equivalent:

(i) p annihilates Kop;

(ii) The Cauchy integral Kfi of the conjugate measure i is divisible by 6.

Proof. (i) = (ii) We will assume that the reproducing kernels of Ky belong to the
dense set annihilated by p (otherwise one needs to use a standard limiting procedure).
If AeC, then

A—2z

which implies the statement because the initial integral is zero.

/ 120090 4y — () KB — K (), (8.2)

(ii) = (i) If n is the measure such that Kn=Kp/0 in C,, then n can be chosen as
01, see for instance [26, Theorem 3.4]. We may assume that the boundary values of @
exist p-a.e. (otherwise 0 can be replaced by a divisor). Then the right-hand side of (8.2)

is zero because

Ka(X) =0(A)Kn(A) =0(A)KOu(N).
Since reproducing kernels are dense in Ky, we obtain the statement. O

Note that the condition (8.1) implies that 1/F is a Cauchy integral of a finite measure

w1 concentrated on the zero set of E. The pointmass of pu at a zero t of E is equal to

1/|E'(t)].

Thus the existence of F as in the statement of Theorem 8.1 is equivalent to the
existence of a finite discrete real measure p supported on X such that Kpu does not have
any zeros in C and is divisible by S® in the upper half-plane. The theorem says that if
X supports any measure whose Cauchy integral is divisible by S, then it also supports
such a p with all the above properties. Our next lemma shows that a similar statement
can be formulated for any inner ¢ in place of S®. As in de Branges’ proof, we use Krein—

Milman’s theorem on the existence of extreme points in a weak-star closed convex set.
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LEMMA 8.3. Let 6 be an inner function in C,.. Let p be a finite complex measure
whose Cauchy integral Ku is divisible by 6 (or, equivalently, i annihilates Kg). Then
there exists a finite singular complex measure v such that

(1) supp vCsupp p;

(2) Kv is divisible by 0 (v annihilates Kp);

(3) Kv/0 is outer in C, and Kv is outer in C_; Kv has no zeros outside supp v,
except the zeros of 6 in C;

(4) if 0 is a meromorphic inner function, then v is concentrated on a discrete set.

Proof. First, let us symmetrize p. Since together with any f€ Ky one has 0fc Ky,
the measure 0, just like fi, annihilates Ky and K6/ is divisible by 6. Consider n=p-+0].
Without loss of generality, we may assume that ||| <1.

Let S=supp u. Let A% be the set of all finite complex measures o such that |o <1,
supp o CY, the Cauchy integral of ¢ is divisible by 6 and

05 =o. (8.3)

Since neA%, this set is not empty. It is also weak-star closed and convex. By the
Krein-Milman theorem, it contains a non-zero extremal point v. We claim that this is
the desired measure.

First, let us show that the set of real L>(|v|)-functions h such that Khv is divisible
by 6 is 1-dimensional, and therefore h=c€R. (This is equivalent to the statement that the
closure of Ky in L'(|v|) has deficiency 1, i.e. the space of its annihilators is 1-dimensional).

Let h be a bounded real function such that Khv is divisible by 8. Without loss of
generality, we may assume that h>0, since one can add constants, and ||hv||=1. Choose

0<a<1 so that |ah|<1. Consider probability measures
vi=hv and vp=(1—a) (v—au).
Then both of them belong to A% and
v=av1+(1—a)ve,

which contradicts the extremality of v.

Now let us show that v is a singular measure. Let g be a continuous compactly
supported real function such that fR g dv=0. By the previous part, there exists a sequence
fn€Kp, with f,—g in L*(|v|) (otherwise the defect is larger than 1). Since ¥ annihilates
Ky and (fn(2)— fn(w))/(z—w)€ Ky for every fixed weC\R,

0= / IR ZIn®) 5 — K fp(w) - fo (w) K5 (w)
R

zZ—w
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and therefore Kf
fulw) = =222 (),
Taking the limit,
Kf.,v Kgv
F=lim f, = lim 2In? _ Ko7

n—oo n—oo Ki B KD’

where convergence is uniform on compact subsets of C\R. Since all f,, have pseudocon-
tinuations, one can show that the limit function f must have one as well, i.e. the radial
limits of f taken from the upper and lower half-planes match a.e. on R. Indeed, denote
by fZ and f* the radial limits of f,, and f on R taken from C. correspondingly. Then,
as f, converge in L'(|v]), fZ— f* in measure (with respect to the Lebesgue measure)
on R. Since f;F—f, =0 a.e. on R for all n, f*—f~=0 a.e. on R.

As the numerator in the representation

Kgv

f=%
1%

is analytic outside the compact support of g, the measure in the denominator must be

singular outside that support: Cauchy integrals of non-singular measures have jumps at
the real line on the support of the absolutely continuous part, which would contradict
the existence of pseudocontinuation. Choosing two different functions g with disjoint
supports, we conclude that v is singular.

Moreover, f must be analytically continuable through the real line outside clos specy,
like all of f,. In particular, if 6 is meromorphic, the zero set of f has to be discrete.
Since v is singular, Kv tends to co at v-a.e. point and f=0 at v-a.e. point outside the
support of g. Again, by choosing two different g with disjoint supports, we see that if 6
is meromorphic, then v is concentrated on a discrete set.

It remains to verify (3). Let J be the inner function corresponding to |v| (Jv| is the

Clark measure for J). Set
1

2mi
As was mentioned in §3, G has non-tangential boundary values |v|-a.e. and

G=—1-J)KvekK,.

v=G|v|,

by a result from [26]. Since Kv is divisible by 8, G is divisible by 6. Let us first show that
G /0 does not have an inner component in the upper half-plane. Suppose that G=0U H
for some inner U. Since the measure v satisfies (8.3), G=G/0 |v|-a.e.

If FEK is the function such that JG=F, then F=G=G/0 |v|-a.e., as J=1 |v|-a.e.
Since functions in K; are uniquely determined by their traces on the Clark measure |v|,
F=G/0=UH. Notice that the function h=0(1+U)?*H also belongs to K :

Jh=J0(1+U)2H = (JG)U(1+U)? = FU(1+U)? = (1+U)2H = h/0 € H*(C,),
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because U(1+U)? is real a.e. on R. Denote by v the measure from the Clark represen-
tation of h, i.e.
1
27

Then
y=hlv|=U(1+U)*Glv|=U(1+U)?v.

The Cauchy integral of + is divisible by 6, because h is divisible by §. Since U(1+U)? is
real, a constant multiple of v belongs to A%. As U is non-constant and |v| is the Clark
measure for J, v is not a constant multiple of ». We obtain a contradiction with the

property that the space of annihilators is 1-dimensional.
Thus G/0#€ K ; is outer in C,. Since

JG=F=G/S,

the pseudocontinuation of G does not have an inner factor in C_ either. Hence Kv/0 is
outer in C, and Kv is outer in C_.
If G has a zero at x=a€R outside spec;, then

and the measure

leads to a similar contradiction with the property that the space of annihilators is 1-
dimensional, as 1/(z—a) is bounded and real on the support of v. Since

1
"o

G (1-J)Kv,

Kv does not have any extra zeros. O

Our last statement is a Toeplitz version of Theorem 8.1. Recall that a function
fEN|[¢] is said to be purely outer if f is outer in the upper half-plane and ¢ f=g is outer

in the lower half-plane.

COROLLARY 8.4. Let I and 6 be inner functions in C.. Suppose that the kernel
N|[I6] is non-trivial.

Then there exists an inner function J in C, such that spec;Cspec; and the kernel
N[JO] contains a purely outer function f that does not have any zeros on R\spec.

If o1 is the Clark measure of J, then f is also non-zero o1-a.e. on spec;.

If 6 is a meromorphic function, then J can be chosen as a meromorphic function.
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Proof. We will consider the case spec; CR. The general case can be treated similarly.
If f € N[I6)] then the function g=60f belongs to K;. Consider its Clark representation

1
=—(1-1)K
g 27Ti( )Kgo,

where o is the Clark measure corresponding to I. Since 1—1 is outer, the Cauchy integral

Kgo is divisible by 6. By Lemma 8.3, there exists a finite singular measure v, with
supp v C supp go C specy,

satisfying properties (1)—(4). Let J be the inner function whose Clark measure is |v|.
Then the function h=(1—J)Kv belongs to K; and is divisible by 6. Therefore [=h/0
belongs to N[J6]. Note that [ is purely outer by Lemma 8.3 (3). Since 2miv=h|v|, [ has
no zeros a.e. with respect to |v|, the Clark measure of J.

If 0 is a meromorphic function then, by Lemma 8.3 (4), v can be chosen to be discrete.

Then J is meromorphic. O
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