Acta Math., 203 (2009), 83-105
DOI: 10.1007/s11511-009-0039-6
© 2009 by Institut Mittag-Leffler. All rights reserved

Liouville theorems for the Navier—Stokes
equations and applications

by
GABRIEL KocH NIKOLAI NADIRASHVILI
University of Chicago CNRS, Université de Provence
Chicago, IL, U.S.A. Marseille, France
GREGORY A. SEREGIN VLADIMIR SVERAK
Ozford University University of Minnesota
Ozford, U.K. Minneapolis, MN, U.S.A.

1. Introduction

It is a well-known principle in the regularity theory of partial differential equations that
rescaling procedures are very useful in studying potential singularities. For example,
for a minimal surface Y CR"™ for which 0€X is a singular point, one should look at the
surfaces AX in the limit A— o00; see for example [15]. This “blow-up” procedure, probably
first introduced by De Giorgi in his study of minimal surfaces, has become indispensable
in the study of singularities of various geometric equations (see for example [16], [27] and
[30]). Analogous ideas were introduced in the study of many other classes of equations,
such as semilinear elliptic and parabolic equations [10], [12], [13], [25], [26], [29], [30],
the Navier—Stokes equations [4], [7] and dispersive equations [18], [31], to name a few.
The blow-up procedure can be compared to infinite magnification and therefore typically
produces solutions of the original equation which are in some sense global. The study
of such global solutions is often a valuable stepping stone towards understanding the
structure of potential singularities (or the absence of singularities). In this paper we

address some of these issues in the context of the Navier—-Stokes equations

ur+uVu+Vp—Au=0,
(1.1)
divu=0.
The scaling symmetry of the equations is u(z,t)— Au(Az, \%t), p(z,t)— A 2p(Ax, A?t) and

can be used to “zoom in” on a solution near a potential singularity. There are some
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free parameters in this process, as we can choose where exactly (in space and time) we
magnify (it does not have to be exactly at a singularity, it can for example be just before
the singularity occurs), and which properties of the rescaled solutions we wish to control.
In this paper we study the situation in which we choose the L>-norm of the rescaled
velocity on a certain time interval as the parameter we wish to control. The pressure
will play no explicit role in the process. As we will see in §5, this leads naturally to the
following global problem:

Characterize solutions of (1.1) in R™x (—o00,0) with (globally) bounded velocity w.

Following [16], we will call solutions defined in R™x(—00,0) ancient solutions.
Stated in this terminology, we are interested in ancient solutions of (1.1) with bounded
velocity. A first guess might be that such solutions should be constant. To make this a
plausible conjecture, one must be slightly more precise. Equation (1.1) has trivial non-
constant solutions of the form u(x,t)=b(t), p(z,t)=—b'(t)z and so we need a definition
of solutions which would eliminate these “parasitic solutions”. The right definition seems
to be that of a mild solution (see §3), which was probably introduced in [17]. (Implicitly
it is already used in Leray’s paper [22].) Another natural definition often used in the
literature is that of a weak solution, also essentially introduced in Leray’s paper [22],
which is defined using divergence-free test functions; see §3. This notion of solution does
allow the parasitic solutions above. In these settings, the best possible result one can
hope for which is consistent with what is known about the equations would be that any
ancient mild solution with bounded velocity is constant and any ancient weak solution
with bounded velocity is of the form w(z,t)=b(t). We will prove that this is indeed the
case in dimension 2 and also in the case of axi-symmetric fields in dimension 3, if some
additional conditions are satisfied (see §5). The case of general 3-dimensional fields is,
as far as we know, completely open. In fact, it is open even in the steady-state case (u
independent of t).

The methods we use in the proofs of these results are elementary. The key component

of the proof in dimension 2 is the use of the vorticity equation:
wtuVw = Aw. (1.2)

This is a scalar equation and w satisfies the Harnack inequality (see e.g. [8]), which can
be used to show that if w0, then in large areas of space-time w has to be almost equal to
its maximum/minimum. (In fact, the strong maximum principle, together with standard
compactness results, is sufficient to prove this.) This turns out to be incompatible with
the boundedness of u. (One might speculate that with the condition divu=0, a Liouville
theorem might be true for (1.2) at a linear level, without using the relation between u
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and w. This, however, appears to be false; see [32].) The ideas behind the proofs of
the results for axi-symmetric fields in dimension 3 are similar. In each case, there is a
scalar quantity satisfying a maximum principle which is used in a way similar to the
2-dimensional case. The quantities we use and the corresponding maximum principles
are all classical.

There is a technical component in the proofs, since one needs to establish that the
solutions we work with have sufficient regularity. This part is more or less standard, and
we use elementary techniques based on explicit representation formulae to establish the
required properties.

In the last section we use the Liouville theorems of §5 to obtain results limiting the
types of singularities which may occur in axi-symmetric solutions of the Navier—Stokes
equations. These results are inspired by the recent paper [4], where a significant progress
in the study of the axi-symmetric case was made using methods quite different from those
presented here. Our results on axi-symmetric singularities address some questions which
were left open in [4]. Very recently we learned that the authors of [4] have independently
proved results similar to those in §6 using their own methods; see [5].

It is known that axi-symmetric solutions with no swirl have to be regular; see [20]
and [34]. (We recall that the “no swirl” condition means that in cylindrical coordinates
(r,0,z)—see (5.5)—the ug-component of the velocity vanishes.) However, the case of
non-zero swirl is open at the time of this writing. We will prove that, under natural
assumptions, every potential singularity of an axi-symmetric solution has to be of type
I1, in the sense of [16]. We recall that a singularity of a Navier—Stokes solution u at time

T is called type I if
C

T—t
for some C'>0. Any singularity which is not of type I is called type II. A blow up of u

sup [u(z, t)| <
x

by a type-II singularity is sometimes called slow blow-up, see e.g. [16]. Therefore we can
rephrase our result by saying that if an axi-symmetric solution develops a singularity,
it can only be through slow blow-up. We remark that Leray proved in [22] that if u
develops a singularity at T', then

€1

sup |u(x,t)| 2 ——
pfu(e, )] > ==

for some £;>0. Also, the rate 1/v/T—t would be the blow-up rate of a self-similar
singularity. (It is known that these do not exist; see [23] and [33].)

It is worth mentioning that although our results are obtained by methods which are
more or less elementary, it seems that some of them are out of reach for the usual methods
used in the theory of Navier—Stokes equations, such as energy methods or perturbation
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analyses in various function spaces. This is because some special properties of solutions
of scalar equations, although simple, cannot be detected at the broad level at which the
usual methods used for the Navier—Stokes equations are applied. A similar situation
appears in the proof that Leray’s self-similar singularities do not exist, see [23] and [33],
where a (non-classical) scalar quantity satisfying an elliptic equation is used. At the time

of this writing, there is no known similar quantity for the general 3-dimensional problem.

2. Preliminaries

Let QCR™ be a bounded domain and let T>0. We consider the parabolic equation in
Qx(0,T) of the form

urta(z, t)Vu—Au=0, (2.1)

with a€ L3%,(©2x(0,T)). A suitable notion of solution is for example a weak solution. By
definition, u is a weak solution of (2.1) if u and V,u (the distributional derivative) belong
to (L2 1)10c(22% (0,T)) and the equation is satisfied in the sense of distributions. It then
follows from standard regularity that in fact u; and VZu belong to (L% ;)ioc(2x (0, 7)) for
every p€(0,00), and the equation is satisfied pointwise almost everywhere in Qx (0, 7).
Moreover, by the local energy estimate, the local L?-norm of Vu is controlled by the
local L2-norm of u; see for example [21]. Therefore, there is no difference between weak
solutions and strong solutions, and we can just use the term “solution” in the context of
(2.1). We recall that the “parabolic boundary” of Qx (0,7 is

Fpar (2% (0, 1)) = (2 x {0}) U (02 x [0, T1).

3

When z€(, the space-time points (z,T") belong to the “parabolic interior” of 2x (0,7
and u(x,T) is well defined. We recall that the solutions of (2.1) satisfy the strong maz-
imum principle: If u is a bounded solution in x (0,7") such that u(z,T)=supq o 1)
for some €, then w is constant in Qx(0,7). In fact, a much stronger statement is
true: non-negative solutions of (2.1) satisfy the parabolic Harnack inequality; see e.g. [8].
The Harnack inequality immediately implies the strong maximum principle. For our pur-
poses in this paper the strong maximum principle is sufficient—we will not need the full
strength of the Harnack inequality. Our key tool will be the following lemma which es-
sentially says that the statement of the strong maximum principle is in some sense stable
under perturbations. (This stability can be made much more precise with the Harnack
inequality.) The lemma is certainly known in one form or another, but we were unable

to locate in the literature the precise statement we need.
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LEMMA 2.1. Let us consider equation (2.1) with bounded measurable coefficient a
in Qx(0,T). Let K be a compact subset of Q, ' CQ'CQ, and 7>0. Then, for each
£>0, there exists 0=0(, Y, K, T, ||a|ps,,7,€)>0 such that if u is a bounded solution
of (2.1) with supqy (o1 |ul=M and SupreK u(z, T)=M(1-90), then u(x,t)>M(1—¢)
in O x(1,T).

Proof. We can take M =1 without loss of generality. Assuming the statement fails
for some £>0, there must exist a sequence of coefficients a(*), solutions u*) of (2.1)
with a=a®), and points x;,€ K and (yx,t) € x (1,T) such that [a®|<C, |u®|<1,
u(k) (2, T)—1 and u(k) (yk, tr)<1—e. We can assume, after passing to a subsequence,
that a(®) converge weakly* in LZ, to a, u®) converge locally uniformly in Qx (0, T) to 4,
1, —TE€K and (yp,tr)— (7,1)€Q x[7, T]. The regularity properties of solutions of (2.1)
discussed above imply that @ solves (2.1) with a=a, |a|<1 in Q% (0,T), @(Z,T)=1 and

u(y,t)<1—e. This, however, is impossible due to the strong maximum principle. O

3. Bounded solutions of the linear Stokes problem

Let us first recall some basic facts about the Cauchy problem for the linear Stokes system,
with u=(uq, ..., un): R" % (0,00)—R"™ and the right-hand side in divergence form:

0
uﬁ—Vp—Au: a. Jk

Oxy, in R™ % (0, 00), (3.1)
dive=0
u(-,0)=wug in R™. (3.2)

Here fr=(fik,..., fnx) for k=1,...,n. Denoting the Helmholtz projection of vector
fields on div-free fields by P, and the solution operator of the heat equation by S, we

have the well-known representation formula

u(t) = S(t)uo+/0 S(tfs)Pa;zkfk (s)ds, (3.3)

where, as usual, u(t) denotes the function u(-,t), etc.
This can be written more concretely in terms of the kernel
82
Kij (x, t) = <_5”A+W> (I)({,C7 t),
where the “generating function” @ is defined in terms of the fundamental solution of the

Laplace operator G and the heat kernel T" by

O(x,t)= - Gy)T(z—y,t)dy, (3.4)
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which is the same as

O(-,t)=St)G
See for example [24]. Letting
0
Kijik=5—Kij ,
Jk Ern J

we can rewrite (3.3) as

Ui($7t)=/nr($—y7t)lb0i(y) dy—i—/o/Rn Kijr(v—y,t—5)fix(y, s) dy ds. (3.5)

Note also the obvious estimates

C
|Kij(z, 1) < =P+ (3.6)

and c
|Kiji (2, )| < (3.7)

(|x|2+t)(n+1)/2'
As a consequence of (3.7), the expression (3.5) is well defined for f€L3%. We remark

that, in contrast, solutions of

Au=—
utVp—Au f} in R™ x (0, 00), (3.8)
divu=0
u(-,0)=up in R" (3.9)

are not well defined for feLZ%, although the ambiguity is small. This can also be
seen without using the explicit form of the kernel, in the following way: One can write,
for each ¢, the Helmholtz decomposition of f(x,t) as f(z,t)=Pf(x,t)+Vy¢(z,t). The
projection P can be naturally defined on L>°(R") (which is mapped by P into BMO(R™))
only modulo constants, which creates an ambiguity. However, if the right-hand side is in
divergence form, this ambiguity is cancelled by the extra derivative.

By definition, a mild solution of the Cauchy problem (3.1) and (3.2) is a function u
defined by the formula (3.5). We note that this definition does not involve the pressure.
One can obtain (formally) an explicit formula for the pressure, but, unlike the formula
for the velocity field u, it defines p only modulo a function of ¢ (constant in z for each t)
when f is in Lg%.

The definition of mild solutions immediately implies their uniqueness. Also, we have
standard estimates for u in terms of f=(f1,..., fn)=(fi;);';j=1. In particular, for uo=0,

we have the estimates

[ullca,. @(z0.r)) < Cla, R) || fll 32, (R x (0,1)) (3.10)

par

IVaullLe ,@(zo.r)) < C0s R)|| fll oo, (R x (0,1)) (3.11)
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for any a€(0,1) and p€ (1, 00), where Q(z29, R)=Q((o, t0), R)=B(z0, R) X (to— R?, o) is
any parabolic ball contained in R" x (0, 7). The space Cy,, is defined by means of the
parabolic distance \/m .

Taking difference quotients, we see that, for ug=0, we have similar estimates for

spatial derivatives:

IViullcs, (@zo.r)) < Cla, R)IVEfllLoe, (e x (0,1)) (3.12)

par
||V§+1UHL§J(Q(ZO,R)) <Cp, R)IVEf Lo, e x 0,7))- (3.13)
Moreover, a routine inspection of representation formula (3.5) shows that, when uo=0,

the time derivative satisfies, for k=0, 1, ...,

IVl L=, (e x 0,7)) < C(T, ) IVET? £l Loe, (e x (0,1)) - (3.14)

We sketch the calculation leading to the last estimate in the case k=0 for the convenience

of the reader: Clearly it is enough to estimate |u;(0,¢)|. Let ® be the generating function

defined in (3.4), which will be considered as a function of R™ x R, with ®=0 for negative
values of t. We can write

w; = (Lijp®)* fi, (3.15)

where L;ji, is a homogeneous constant coefficient operator in x of order 3 and * denotes

space-time convolution. Applying the heat operator to (3.15), we can write, with a slight

abuse of notation,
(8t —A)ui = (Lijk(at —A)‘D)*fjk = (L”kG(SU)(S(t)) *fjk» (316)

where G is the fundamental solution of the Laplacian and §(¢) is the Dirac distribution
in t. We consider a smooth cut-off function n=n(z) on R" with n=1 in the unit ball
B(0,1) and =0 outside of B(0,2), and set f'=nf and f”’=(1—n)f. Let us first look
at u;, the contribution to w; in (3.16) coming from f’. We can move two derivatives from
Liji, to f};, to obtain an estimate of (0, —A)u;(0,¢) in terms of the L2%-norm of the second
derivatives of f7,. The estimate of (0;—A)u; (0,t) (with the obvious meaning of u}’) is
even simpler, since L;;;G is integrable in R™\ B(0, 1) and therefore (0;—A)u; (0,t) can
be estimated in terms of the Lg%-norm of f7,. Once we have the estimate for (0, —A)u,
the estimate for u; follows from (3.12).

To define the notion of weak solution of equation (3.1), we follow the standard
procedures and introduce the space Vp of smooth compactly supported div-free vec-
tor fields ¢: R”x(0,7)—R"™. We then say that a bounded measurable vector field
wR"%(0,T)—=R" is a weak solution of (3.1) if divu=0 in R"x(0,T) (in the sense
of distributions) and, for each @€V,

T T 9
/ / u(ps+Ap) dxdt:/ fr=——¢dzdt.
0 n 0o JRn» 3xk
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LEMMA 3.1. For a fired feL3%(R"x(0,T)) let ueL3(R"x(0,T)) be any weak
solution of (3.1) in R"x(0,T), and denote by v the mild solution of the Cauchy problem
(3.1) and (3.2) with ug=0. Then u(z,t)=v(x,t)+w(z,t)+b(t), where w satisfies the heat
equation wy—Aw=0 in R"x(0,T) and b is a bounded measurable R™-valued function

on (0,T). Moreover, we have the estimates
|wllLze, ®7x(0,17)) < C(T)|[ull Lo, (R x (0,7)) (3.17)
[0l o< 0,7y < C(T)|[ullLee, @ x (0,7))- (3.18)

Proof. In view of the estimates (3.10), it is enough to consider only the case f=0.
Let ¢: R xR—R be a mollifier compactly supported in R”x (—1,0). For any >0 let
be(2,t)=e~ "tV (x /e, t/c) and let u.: R"x(0,T—¢) be defined by u.=¢.*u (space-
time convolution). Let w. be the solution of the heat equation in R™x(0,7) with
initial datum we(x,0)=u.(x,0). The (smooth and bounded) function h.=curl(u. —w,)
satisfies the heat equation in R™ x (0,7 —¢) with initial datum h.(z,0)=0 and therefore
it must vanish. Since bounded solutions of the system curl z=0 and divz=0 in R"
are constant by Liouville’s theorem, we see that u.(z,t)—we(x,t)=b.(t) for a suitable
be: (0,T—e)—R™. By compactness properties of families of bounded solutions of the
heat equation, we see that if e—0 along a suitable sequence, the functions b. converge

a.e. to an L function b: (0,7)—R™. The estimates follow from the constructions. [

Remark 3.1. In the above decomposition, the function v is of course uniquely deter-
mined by f, whereas the functions w and b are determined up to a constant (independent
of time). In other words, the (distributional) derivative b'(¢) is uniquely determined by
uwand f.

4. Bounded solutions of Navier—Stokes

Let us now consider the Cauchy problem for the Navier—Stokes equations:

ut+uvu+Vp_Au:0} in R™ x (0, 00) (4.1)
divu=0 T '
u(-,0)=up in R™ (4.2)

The considerations of the previous section can be repeated with fr=—wuxu. In particular,
a function u€ L3%(R" x (0,7)) is defined to be (i) a mild solution of the Cauchy problem
(4.1) and (4.2) if (3.5) is valid with fr=—ugu and (ii) a weak solution of equation (4.1) in
R"x(0,7) if divu=0 in R"x (0,7T) (in the sense of distributions) and, for each ¢ €Vr,

T T a
/ / u(pr+Ayp) de dt:/ / <—ukuap> dx dt.
0 n 0 n 8$k
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Remark 4.1. It is obvious that the notions of weak solution and mild solution are
also well defined under the assumption that ue L% (R" x(0,7")) for each T'<T (with
the possibility that ||ul|ze, (rnx(0,77))—00 as T" /T). This is a natural setting in which
potential singularities of éolutions of the Cauchy problem can be studied. Even if one
considers the Cauchy problem for ug in spaces other than L (R"), such as L™(R"™) ([17])
or BMO™}(R") ([19]), the local-in-time solution u: R™ x (0, 7") —R™ which is constructed
for ug in these spaces typically belongs to L% (R™ x (7,7 —7)) for any 7>0.

The existence and uniqueness of local-in-time mild solutions of the Cauchy problem
(4.1) and (4.2) with ug€ L> was addressed in [11]. We briefly outline a slightly modified

approach using standard perturbation theory. We define the bilinear form
B: L3 (R" % (0,T)) x Lg% (R™" < (0,T)) — Lo (R" x (0, 7))

by

Blulat)= [ [ Ko t=shuln o) dyds, (@3)

and we denote by U the heat extension of the initial datum ug. The equation for u then

becomes

u=U+B(u,u), (4.4)

o0

and can be solved in Lg%, (R" x (0,T)) for sufficiently small T by a fixed point argument,

since estimate (3.7) easily implies that
1B, 0) || L, (e x (0,1 < CVT [[ull oo, m x (0.1 10l o2, (R x (0.1 - (4.5)

We remark that (3.10) implies that the solutions of (4.4) have enough regularity to
allow us to treat (4.4) as an ordinary differential equation in ¢, without making assump-
tions about u other than ue L% (R" x(0,T)).

We recall now the regularity properties of mild solutions in L3%(R"x(0,7)). The
following (optimal) result will not be needed here in its full generality, but we feel it is

still worth mentioning.

PROPOSITION 4.1. Let u€ L% (R™x(0,T)) be a mild solution of (4.1) and (4.2)
with ug€ L>°. Then, for k,1=0,1,..., the functions tk/QHVfﬁéu are bounded and, for
T'ze(k,l)||u0||2i(Rn) (where £(k,1)>0 is a small constant), we have

[#5/ 2k D | e, (R e (0,77)) < C (. 1) [ Lo (re)- (4.6)
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Proof. This can be proved in the same way as the corresponding results in [14], [6]
and [9], where the authors work in function spaces other than L3%. The key is an estimate
of B with the same form as (4.5), but in spaces with norms given by the expression on the
left-hand side of (4.6). In the context of the L% (R" x (0, T))-based norms we use here,
the proof is in fact much simpler than in that of the spaces used in the above papers,

due to the elementary nature of estimate (4.5). O

Remark 4.2. Estimate (4.6) says that the local-in-time smoothing properties of the
Navier—Stokes equations for ug€ L> are the same as those of the heat equation. Since
the solution w is constructed essentially as a power series perturbation around the heat

extension U of ug, this may not be surprising.

LEMMA 4.1. Let u(k)ELgf’t(R"x(07T)) be a sequence of mild solutions of (4.1)
and (4.2) with initial conditions u(()k). Assume that ||u(k)||Lg?t(RnX(0)T))<C, with C
independent of k. Then, a subsequence of the sequence u®) converges locally uniformly
in R"x(0,T) to a mild solution u€ L35, (R" x(0,T)) with initial datum u(z,0) given by

the weak™ limit of a suitable subsequence of the sequence uék).

Proof. This is a routine consequence of (4.6), and the decay estimate (3.7) for the
kernel Kjjj. O

We now turn to regularity properties of bounded weak solutions. Let
ue L7 (R"x(0,T))

be a weak solution of (4.1) in R"x(0,7), and let M=|lul[rz,r"x(0,1))- Let v be the
mild solution of the linear Cauchy problem (3.1) and (3.2) with fy=—ugu and uy=0.
By Lemma 3.1, we can write u=v+w+b with the L*-norms of v, w and b bounded by
N=C1(T)M?+Co(T)M, wy—Aw=0 and b is a function of ¢ only. Hence for k=0, 1,2, ...
and §>0 the derivatives V¥ (w+b) are bounded by C(k,8)N in R™ x (6,T) by estimates
for the heat equation. Moreover, we have the LP-estimate (3.11) for V,v. Therefore
w=curlu belongs to L? ,(Q(zo, R)) for any pe(1,00) and any Q(zp, R) CR™x (6, T), with

”wHLz’t(Q(zo,R)) gc(pa ), R, M) (47)

Following [28], we can now use the equation for w to obtain estimates for higher

derivatives VFu. For n=3, the equation for w is

0
(wi)t—Aw; = %(wjui_wiuj% (4.8)
J
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and it is easy to check that in our situation this equation is satisfied in the sense of
distributions. Equation (4.8) gains w one spatial derivative in L% ,. The standard boot-

strapping arguments and regularity estimates for harmonic functions now give
||V]§U||L?;,t(Q(z0,R)) <C(k,0,R, M) (4.9)

for each Q(z0, R) CR™ x (6, T). Therefore, using standard imbeddings, for k=0,1,2... we
have
IViull Lo, rn x (s5.7y) < C(k, 6, T, M). (4.10)

Finally, using (3.14) we also obtain, for k=0,1,2...,
V50 (u=b)|| oo, (R x (6.7)) < C'(k, 6, R, M). (4.11)

(We adopt the usual convention that the value of C' can change from line to line.)

5. Liouville theorems
Let us first consider the Navier—Stokes equations in two space dimensions.

THEOREM 5.1. Let u be a bounded weak solution of the Navier—Stokes equations in
R2x (—00,0). Then u(x,t)=b(t) for a suitable bounded measurable b: (—o0,0)—R?2.

Proof. In two space dimensions the vorticity is a scalar quantity defined by
W=uz2,1—U1,2, (51)

where the indices after comma mean derivatives, i.e. ug 1 =0us/9x1, etc. By the results of
84, the function w is uniformly bounded together with its spatial derivatives. Moreover,

its time derivative is also uniformly bounded. The vorticity equation in dimension 2 is
wi+uVw—Aw =0. (5.2)

Let

M= sup w and My;= inf w,
R2x (—00,0) R2 X (—00,0)

and assume that M;>0. Applying Lemma 2.1 to w— 1 (M;+Ma), we see that there exist
arbitrarily large parabolic balls Q r=Q((Z,?), R)=B(z, R) x (t— R?,t) such that w>$M;
in Q((Z,t), R). For such parabolic balls, we have

1
/ wdzdt> —mtM;R*. (5.3)
Qr 2
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On the other hand, denoting by n the normal to the boundary of B(Z, R), we can also

write
/ wdz dt:/ (ug,1—u1,2) dz dt:/ (ugny—uing)ds dt <CR3. (5.4)
Qr Qr dB(%,R)x (t—R2,t)

Clearly (5.3) is not compatible with (5.4), unless M;<0. In the same way, we conclude
that M>>0 and therefore w must vanish identically. Hence curlu=0 in R?x (—o0,0)
which, together with div =0 and the boundedness of u, implies (by the classical Liouville

theorem for harmonic functions) that w is constant in « for each ¢. O

It is not known if a result similar to Theorem 5.1 remains true in three spatial
dimensions. In fact, the problem is open even in the steady-state case. However, under
the additional assumption that the solutions are axi-symmetric, one can obtain some
results which seem to be of interest. We recall that a vector field u in R? is axi-symmetric
if it is invariant under rotations about a suitable axis, which is often identified with the
xg-coordinate axis. In other words, a field u is axi-symmetric if u(Rx)=Ru(z) for every

rotation R of the form

cosa —sina 0
R=| sina cosa 0
0 0 1

In cylindrical coordinates (r, 0, z) given by
r1=7rcosl, xo=rsinf and =z3=2, (5.5)

the axi-symmetric fields are given by

0 0
U=Upr 7=+ U7 T Uz 7,

or rdf 0z

where the coordinate functions u,, ug and u, depend only on r and z. In these coordi-

nates, the Navier—Stokes equations become

2

U t+ururr+uzurz_ui+pr:AUT_&v 5.6
s ) ) 2
T T
Up L U
(tg) ¢ +upttg, +ustig s+ ——0 = Aug——, (5.7)
T
(uz)t+uruz,r+uzuz,z+p,z :Au27 (58)
M-ﬁ-uz . =0, (5.9)
r )

where A is the scalar Laplacian (expressed in the coordinates (7,6, z)), u, , denotes the
partial derivative du,./0z, etc. The equation for uy is of special interest, as it is decoupled
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from the pressure. The role of the non-linear terms in this equation can be seen by

considering the inviscid case (Euler’s equations), wherein equation (5.7) is replaced by

UrUY

(ug)t+urug r+uzug -+ 0, (5.10)

which is the same as
(rug)e+ur(rug) »+u.(rug) . =0. (5.11)

Equation (5.11) says that the quantity ruy “moves with the flow”. This is a special case
of Kelvin’s law that the integral of u; dz; along curves moving with the flow is constant.
In the situation considered here, the curves are circles centered at the xs-axis and lying
in planes perpendicular to it.

In view of (5.11), it is natural to rewrite (5.7) as an equation for rug:

2
(rug)i+ur(rug) r+uz(rug) » = A(rug) — - (rug) o (5.12)
The infinitesimal version of Kelvin’s law, which is Helmholtz’s law that vorticity
“moves with the flow” (for inviscid flows), gives in the case of axi-symmetric flows without
swirl (ug=0) another quantity which moves with the flow, namely wy/r. Here w=curlu,

as usual, and in cylindrical coordinates we write

0 0 0
W=Wp—Fwg——=+w,—.

or o0 0z

(For axi-symmetric flows without swirl we have w,=w,=0 and we can write

wW=wyg—.

rof

Therefore the situation is similar to 2-dimensional flows.)
Hence, for axi-symmetric solutions of Euler’s equations without swirl, we have

(32) o (2), e (32), 0 o9

) i

This is nothing but the §-component of the equation for w, and can of course be obtained
by simple calculation, without any consideration of the Helmholtz law. For axi-symmetric
solutions of the Navier—Stokes equations without swirl, the last equation becomes

(S)on(2) () ~2(2)22), e

) s )

Remark 5.1. For a smooth vector field u, the apparent singularity of wy/r is only
an artifact of the coordinate choice. The quantity wy/r is actually a smooth function,

even across the rz-axis, as long as u is smooth.
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The diffusion term on the right-hand side of equation (5.14) can be interpreted

as the 5-dimensional Laplacian acting on SO(4)-invariant functions in R°. We write
r=\/y2+y2+y3+y3 and ys=2, and we note that for f(yi, ..., ys)=f(r, z), we have

. Pf  30f
Ayf(yr, s ys) = (aTJ;ereraz‘;) (r, 2). (5.15)

Therefore, with a slight abuse of notation, we can write the equation (5.14) as

() (32), e (2), - 5(2). o

)

THEOREM 5.2. Let u be a bounded weak solution of the Navier—Stokes equations in
R3x (—00,0). Assume that u is azi-symmetric with no swirl. Then, u(z,t)=(0,0,b3(t))

for some bounded measurable function bs: (—oo,0)—R.

Proof. The idea of the proof is the same as in the 2-dimensional case. By the results
of §4, we have |VFu|<Cy in R?x(—00,0), and this implies that wy/r is bounded in
R3x (—00,0). Let

M;= sup 20 and Ms;=  inf %,
R3x(—00,0) T R3X(—00,0) T
and assume that M;>0. Applying Lemma 2.1 to the solution wg/r—21(M;+M>) of
equation (5.16), considered as an equation in R®x (—o0,0), we see that wg/r>%M1 in
arbitrarily large parabolic balls (with suitably chosen centers). However, this would mean
that wg is unbounded, a contradiction. Therefore M; <0. In the same way we show that
M5>0, and hence wy vanishes identically. For axi-symmetric vector fields with no swirl,
this means that w=0 and the proof is finished by again applying the Liouville theorem
to the system curl u=0, divu=0. O

The validity of Theorem 5.2 in the absence of the “no swirl” assumption is still an

open problem. The following theorem, however, is a partial result in that direction.

THEOREM 5.3. Let u be a bounded weak solution of the Navier—Stokes equations in

R3x (—00,0). Assume that u is azi-symmetric and, in addition, satisfies

C

lu(z, t)| < in R?x (—00,0). (5.17)

Then, u=0 in R3x (—00,0).

Proof. We will use the cylindrical coordinates (r, 8, z) given by (5.5). We set f=rug
and recall that 9
ft—i—urf,r—l—uzf’zzAf—;f,r. (5.18)
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For A>0 we let f*(x,t)=f(Az, %) and u*(z,t)=Au(Ax, \*t). We note that f* again
satisfies (5.18) with u replaced by u?, a consequence of the fact that u* satisfies the

Navier—Stokes equations. Under our assumptions we have
IfA<C  in R¥x(—00,0) uniformly in A >0, (5.19)
C
lut| < o in R?x (—o0,0) uniformly in A > 0. (5.20)

Let M =Supgsy(—oo,0) / and m=infrsx(—cc,0)f- We will show that M <0 and m=0.
Arguing by contradiction, let us first assume that M >0. By rescaling f+ f*, we can
move points where f* is “almost equal to M” close to the ws-axis. Using this and
applying Lemma 2.1 to fAf%(Mqu), we see that for any (large) T3>0 and L>0 and
any (small) e>0 we can find A>0 such that f*>M —¢ in a space-time region R, of the

form
{xERB m 2 and L+x3<x3<L+x3} (t—T1,t). (5.21)
Consider a smooth axi-symmetric cut-off function ¢ on R3x (—00,0) of the form
p(r, z,1) = E(r)n(z=3)C(1),

where £:[0,00)—[0,1] is a smooth function supported in [0,2) with {=1 in [0, 1] and
[€']+€"|<4 in [0, 00), n: (—00,00) =0, 1] is a smooth function supported in (—L, L) with
n=1in (—L+1,L—1) and |7'|+|n"|<4 in (—00,0), and (: (—00,0)—[0,1] is a smooth
function supported in (¢—77,t) with (=1 in ((—T1+1,¢—1) and |¢/|<2 in (—00,0).
Multiplying the equation for f* by ¢ and integrating over space-time, we obtain

0 0
[ [ wewnp-apewa= [ (_2 w) drdt. (5.22)
—oco JR3 ’ ’ —0o JR3 T’

This equality will be shown to be impossible when M >0. In the integral on the left-hand
side of (5.22) one can change f* to f*—M and integrate by parts, to obtain

0
/ (fA=M) (=i —u Vip—Ap) d dt =T4+TT+I11. (5.23)
R3

We have |fA—M|<e in R;. Using (5.19) and (5.20), it is not hard to see that for a

suitable constant >0 which is independent of the parameters €, L and T}, we have
1| <Y(CL+el), [N <A(C*Ty+eCLTy) and |1 <y (CTy+eLTh). (5.24)

On the other hand, the right-hand side of (5.22) can be written as follows:

/_Ooo/Rs(_ )dxdt—‘”/ / / P drdzdt. (5.25)
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The key point here is that f* vanishes at the z3-axis and equals M +O(e) on most of
the support of (¢),. It is easy to check that the last integral in (5.25) can be written as

0 poo 0 joo  poo
747TM/ / ©(0,2,t)dz dt+/ / / 4r(fA—M)E (r)n(z—x3)¢(t) dr dz dt.

T e (5.26)
This expression can be estimated from above by —87M (L—1)(Ty —2)+~eLT), where
is a constant independent of e, L and T;. This leads to a contradiction to (5.24) and
(5.22) if L and T} are sufficiently large and ¢ is sufficiently small. We have proved that
sup f<0. It follows in a similar way that inf f>0 and therefore f must vanish. This
means that the solution u is swirl-free and we can apply Theorem 5.2 to conclude that
u=0 in R?®x (—00,0). O

6. Singularities and ancient solutions

We will now consider the consequences of an assumption that a singularity exists in a
solution of the Cauchy problem for the Navier-Stokes equations (4.1) and (4.2). We
aim to show that singularities generate bounded ancient solutions, which are solutions
defined in R™ x (—00,0). More precisely, an ancient weak solution of the Navier—Stokes
equations is a weak solution defined in R™ x (—00,0), and « is an ancient mild solution
if there is a sequence T;— —oo such that u(-,T;) is well defined and u is a mild solution
of the Cauchy problem in R™ x (77, 0) with initial datum u(-,7;). (We remark that even
if w is a bounded weak solution of Navier-Stokes in R x (—o00,0), the function u(-,t)
may not be well defined for each ¢; see §4. On the other hand, u(-,t) is well defined for
almost every ¢ for any u€ L% (R" x (—00,0)).)

LEMMA 6.1. Let u; be a sequence of bounded mild solutions of the Navier—Stokes
equations defined in R™ x (T7,0) (for some initial data) with a uniform bound |u;|<C, and
T, \—0oc. Then, we can choose a subsequence along which u; converges locally uniformly

in R"x (—00,0) to an ancient mild solution u satisfying |u|<C in R™x(—00,0).
Proof. This is an easy consequence of the results in §4. O

Remark 6.1. Another easy result, which is nevertheless a useful addendum to the
Liouville theorems of §5 is the following: A bounded ancient mild solution wu(z,t) of the

Navier-Stokes equations which is of the form u(z,t)=0b(t) is constant (independent of t).

We leave the proof of the last statement to the reader as a simple exercise.
Recall from §4 that for any uoeL*°(R"™) the Cauchy problem (4.1), (4.2) has a

unique local-in-time mild solution u. Assume now that the mild solution develops a
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singularity in finite time, and that (0,7 is its maximal time interval of existence. Let

h(t)=supgcgr~

u(x,t)|. By a classical result of Leray ([22]), we have

€1
T—t

h(t) > (6.1)

for some £1>0. Let H(t)=supgcs<; h(s). It is easy to see that there exists a sequence
ti /T such that h(ty)=H(tx). Let us choose a sequence of numbers v, \,1. For all k,
let Np=H/(t;) and choose z; €R"™ such that My =|u(xg,tx)| >Nk /7. Let us set

1 Y s
() (y, 5) = — Yo 2
v\ (y, s) ku(szr x k+ ]3> (6.2)

The functions v*) are defined in R™ x (Ay, By), with

2
Ak = —M,?tk and Bk ZM;?(T_tk) 2 %a
Vi
and satisfy
™| <k in R"x (4g,0) and  [v*)(0,0)]=1. (6.3)

Also, v®) are mild solutions of the Navier-Stokes equations in R" x (A, 0) with initial
data v(()k) (y)=(1/ My )uo(xx+y/My). By Lemma 6.1, there is a subsequence of v(*) con-
verging to an ancient mild solution v of the Navier—Stokes equations. By our construction,
we have |v|<1 in R"x (—00,0) and |v(0,0)|=1.

We have proved the following statement.

PROPOSITION 6.1. A finite-time singularity arising from a mild solution generates

a bounded ancient mild solution which is not identically zero.

Without further information about the situation at hand, the proposition may not
be very useful. By itself, the existence of non-zero bounded ancient solutions is not
surprising. (Consider constants, for example.) However, if (non-zero) constant solutions
can be excluded (for example by a scale-invariant estimate) and a Liouville-type theorem
for ancient solutions is available, then finite-time singularities can be ruled out. In fact,
in certain situations one does not need the full Liouville theorem, and in the presence
of suitable scale-invariant estimates the Holder estimate (3.10) for the rescaled solutions
is sufficient to rule out singularities. To illustrate this with a simple example, we give
a proof of a known result, the Ladyzhenskaya—Prodi—-Serrin regularity criterion, by the
above technique. Assume that a finite 7>0 is the maximal time of existence of a mild
solution (with a suitable initial condition). Let p,¢>1 with n/p+2/g=1, g<oco. We will
show that |ju]

LILE(Rn x(0,7)) =00. To see this, it is enough to note that if the L{ L?-norm



100 G. KOCH, N. NADIRASHVILI, G. A. SEREGIN AND V. SVERAK

of u was finite, the function v constructed by the above procedure would have to vanish
identically a.e., due to the invariance of the L LP-norm under the scaling used in the
procedure, along with the fact that the finiteness of the L{LP-norm implies its “local
smallness”. On the other hand, v has to be smooth (by the results of §4) and |v(0, 0)|=1.
This leads to a contradiction, and hence ||ul| L3 1z g x (0,7)) =00 as claimed.

The above reasoning also suggests that any mild ancient solution u of the Navier—
Stokes equations, with [|u|£a e ®r x (—os,0)) <00 for some p and ¢ as above, must vanish.
This can indeed be proved. We will not need this result in what follows, and therefore
we omit the proof, leaving it to the interested reader as an exercise. We emphasize that
we assume that ¢<oo (and hence p>n). We believe that the statement is also true in
the case p=n and ¢=o00, but we do not have a proof for this case.

A more interesting application of the above “blow-up procedure” gives Theorems 6.1

and 6.2 below, which can be thought of as generalizations of recent results in [4].

THEOREM 6.1. Let u be an azi-symmetric vector field in R3 x (0, T) which belongs to
LR % (0,T")) for each T'<T. Assume that u is a weak solution of the Navier-Stokes
equations in R3x (0,T) and that

C

u(z,t)| <
lu(z, )| e

in R3x(0,T). (6.4)
Then, |u|<M=M(C) in R*x(0,T). Moreover, u is a mild solution of the Navier—

Stokes equations (for a suitable initial datum).

Remark 6.2. By the results of §4 regarding mild solutions, we see that u is in fact
smooth in R3x (0,7T) with pointwise bounds on all derivatives in R3 x (7, T') for any fixed
7>0.

Proof. We first prove the statement assuming that v is a mild solution (for a suitable
initial datum). This situation is in fact the main point of the theorem. The fact that we
can weaken the assumptions from mild solutions to weak solutions in the formulation of
the theorem (while keeping the other assumptions the same) is only of marginal interest.

Arguing by contradiction, let us assume that « is a mild solution which is bounded
in R3x(0,T") for each T"<T and develops a singularity at time 7. We now use the
rescaling procedure described in the paragraph preceding Proposition 6.1 to construct a
bounded ancient mild solution v. Let zj and M}, be as in the construction. We will write
zp=(x}, x35), with x} =(21,z2x). An obvious consequence of assumption (6.4) is that
|21,| <C/My. This implies that the functions v(¥)(y, s) are axi-symmetric with respect to
an axis parallel to the ys-axis and at distance at most C' from it. Therefore we can assume
(by passing to a suitable subsequence first) that the limit function v is axi-symmetric
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with respect to a suitable axis. Moreover, since assumption (6.4) is scale-invariant, it
will again be satisfied (in suitable coordinates) by v. Applying Theorem 5.3 and using
(6.4), we see that v=0. On the other hand, |v(0,0)|=1, a contradiction. This finishes
the main part of the proof.

It remains to show that, under the assumptions of the theorem, u is a mild solution.
To do this, we inspect the decomposition of u constructed in Lemma 3.1 with fi=—ugu.
Using the decay of the kernel (3.7) and of the heat kernel, it is easy to check that, under
the assumption (6.4), all the terms in the decomposition u=v+w+b will again satisfy
(6.4). Tt follows easily that b must vanish, and therefore v is a mild solution. O

Theorem 6.1 can be used to prove the following result.

THEOREM 6.2. Let u be an axi-symmetric vector field in R®x (0, T) which belongs to
L (R3%(0,T")) for each T'<T'. Assume that u is a weak solution of the Navier-Stokes
equations in R3x (0,T) satisfying

lu| < in R*x (0,T). (6.5)

_C
vIT—t
In addition, assume that there exists some Ry>0 such that

C

Vai+as

as is for erxample the case when w is a mild solution with initial datum ug decaying

[u(x, t)| < for \/x3+x3> Ry and 0<t<T, (6.6)

sufficiently fast at oo.
Then, |u|<M=M(C) in R3x(0,T). Moreover, u is a mild solution of the Navier—

Stokes equations (for a suitable initial datum).

We remark that the statement fails, for trivial reasons, if we drop assumption (6.6).
(Consider u(z,t)=b(t).) The fact that (6.6) is satisfied when ug decays sufficiently fast

at oo (e.g. when it is compactly supported) follows for example from [1] and [2].

Proof. We have seen in the proof of Theorem 6.1 that (6.6) implies that u is a mild
solution for a suitable initial datum and is therefore smooth in open subsets of R? x (0, T).
We define

fl@ ) =la'[lu(z, )] = vai+a3 Ju(z, )], (6.7)
where, as above, ©'=(z1, 23). By Theorem 6.1, it is enough to prove that f is bounded
in R*x(0,T). Let h(t)=supgs f(z,t) and H(t)=supyc,<; h(7). Assume that f is not
bounded and choose t;, /T and x3, € R? such that M= f(z, t) =h(ty)=H(t) /'co. Let
A\r=|z}| and, for yeR? and s€(—T\; %, 0), define

v (y, )= 0" (¢ y3, 5) = Meuw(My', Az +aan, T+A2s). (6.8)
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We note that the sequence \j is bounded, due to (6.6). Set sy=—(T—tx)\; . Since

(6.5) is invariant under the Navier-Stokes scaling, the functions v(¥) satisfy
(k) ¢ oo 2

where C' is the same as in (6.5).

Moreover, from the construction we have
M,
[ ®) (y, s)| < ﬁ in R3x (—=TA; 2, sp). (6.10)
Note also that, by the elementary inequality min{l/a,1/b}<2/(a+b), estimates
(6.9) and (6.10) imply that

20 M,
Mk\/—5+0|y/|
Let yCR? be the unit circle {y€R3:|(y1, y2)|=1 and y3=0}. We have, by construction,
(o™ (-, s1,)])|y =M}, which, together with (6.9) shows that s, >—C2M, 2.

Therefore, roughly speaking, as k— oo, the sequence v(*) blows up along ~. If we

[0*) (y, )| < in R®x (=T\; >, s). (6.11)

knew that the v(*) satisfied local energy estimates with bounds independent of k, the
blow-up along v would be in contradiction with the partial regularity theory in [3], since
the 1-dimensional Hausdorff measure of the blow-up set must be zero. One can in fact
work along these lines and finish the proof, but the procedure is not simple.

One can alternatively finish the proof by another scaling argument (one could do
both scalings in one step, but the two-step procedure seems to be more transparent):
Denoting by e; the vector (1,0,0), for rt€ R? and 7€ (A, 0], where Ak:Mﬁ(—T/\,f—sk),
we define

1
k k
w( )(1'77—) = Mk/()( )(€1+Mk Sk+M2). (6.12)

We will consider the cylinders
Cr={zeR>: \/(z1+My)2+23 < 1M, }. (6.13)
It follows from our definitions that
w®(0,0)]=1 and |w®(z,7)| <2 in (R*\Cy)x (Ay, 0). (6.14)
Note also that (6.11) implies

2C' M,

M/ —7+CH/ Z1+Mk +x2

lw® (2, 7)| < in Cy x (A, 0) (6.15)
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and that (6.9) implies

lw® (z,7)| < \ﬁ in R?®x (Ay,0). (6.16)

Since the functions w*) are mild solutions of the Navier-Stokes equations in (4, 0) (for
suitable rescalings of the initial datum wg), in view of bound (6.16) we can choose a
subsequence of the sequence w®), which we again denote by w®), such that the w®)
converge uniformly on compact subsets of R?x (—o0,0) to an ancient mild solution w.
In view of (6.14), we have |w|<2 in R?x (—o0,0). Moreover, since the solutions v(*) are
axi-symmetric and My ~oo, it is easy to see that w is independent of the xs-variable.
Applying Theorem 5.1 and Remark 6.1 to the field (w1, ws), we conclude that (wq,ws)
must vanish identically, and this easily implies that w=0 in R3 x (—oc0,0). This would
give a contradiction with [w(*)(0,0)|=1, if we could prove that w¥)(0,0)—w(0, 0), which
is not immediately obvious since our bound of sup,, |w* (x, 7)| may not be uniform as
7—0. However, by (6.14), the only possible problem may occur due to the contribution
from the cylinder C;. In the cylinder, we can use the bound (6.15) to show that the
contribution of the dangerous part of w(*) to the representation formula (3.5) is negligible
(in the limit k—o0). Applying the representation formula (3.5) in R3x(—1,0) with
w®) (z, —1) as initial datum and fjl:—wl(k)w;-k), and using the bound (6.15) together

with the decay of the kernel (3.7), one sees that it is enough to estimate the integral

0 ) 1 1 ,
I(M):/_1 /_Oo /zng/z (T2 O /ATad) dz' dxs dt. (6.17)

An easy calculation shows that I(M)—0 as M —oco. This shows that the contribution
from the region where [w(®)| >2 to the representation formula (3.5) (with f;; :fwl(k)w;k))
is negligible (in the limit k—o00) and therefore (by (3.10)) the sequence w®) converges
to w uniformly in B(0,1)x[—1,0]. Therefore |w(0,0)|=1, which gives the sought-after

contradiction. O
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