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1. Introduction

Let QCR? be a bounded open set. In this paper we consider systems of the form
Du(x) e K for almost every z €} (1)

for functions u: —R2, where K CR?*? is a given (compact) set of 2x2 matrices. Our
interest lies in studying compactness properties of exact and approximate solutions to
general systems of this form.

The systematic study of compactness for a general class of nonlinear systems—
including the differential inclusion (1)—was initiated by F. Murat and L. Tartar [40], [55]
in their study of oscillation phenomena in nonlinear partial differential equations, leading
to the theory of compensated compactness (see also [19], [41], [48] and [56]). The issue
of compactness for inclusion (1) is strongly linked [38], [44], [50] to the study of quasi-
convexity in the calculus of variations [8], [18]. An important example arises in the work
of J. Ball and R. James [9] on variational models for solid-solid phase transitions (see
also [10], [12], [17] and [49]).

There are two natural questions: stability and the relaxed problem. To be precise,
suppose {u;}32; is a uniformly Lipschitz sequence of approximate solutions to prob-
lem (1) in the sense that dist(Duj, K)—0 in L'(Q). Under what conditions on K is
the sequence {Du;}52; compact in L'(€2), and in particular if u;—u uniformly, is the
limit « a solution to (1)? The latter corresponds to the stability of (1) under weak
convergence of the gradient Du. In situations where (1) is not stable, one usually asks
for the smallest compact set containing K for which the inclusion is stable under weak
convergence. In the terminology of the calculus of variations [38] this set is called the
quasiconvex hull K9° and represents the relaxed problem. In physical situations the
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relaxed problem describes the relation between microscopic and macroscopic quantities,
as has been pointed out by Tartar [55], see also [9].

More recently the study of compactness also became relevant from the point of
view of existence of solutions to (1) via Gromov’s method of convex integration [22].
This method, which stems from the famous Nash-Kuiper C'-isometric embedding theory
[30], [42], is based on the presence of sufficiently many oscillations compatible with the
inclusion. In this sense it relies on lack of compactness. One important feature of this
construction is that it yields a very rich class of solutions with highly irregular behaviour.
Recently S. Miiller and V. Sverak [39] combined convex integration with a careful analysis
of oscillations in the spirit of Tartar’s compensated compactness, to obtain surprising
counterexamples to regularity in quasilinear elliptic systems (see also [46], [51] and [28]).

It is well known that for problems of type (1) the main obstruction to compactness is
due to the possible presence of rapid oscillations in the sequence of gradients Du;. Indeed,
if A, BER?*? are any two matrices such that rank(A— B)=1, then one can construct a
sequence of uniformly Lipschitz functions u;, whose gradients oscillate between A and B,
such that no subsequence of {Du;}22, converges strongly in LY(Q). If A and B are such
that rank(A— B)=1, we say that A and B are rank-one connected and in general speak
of rank-one connections. Thus a necessary condition for compactness in (1) is that K
contains no rank-one connections.

In [56] Tartar conjectured that in fact this condition should also be sufficient. For
connected sets K CR?*? the conjecture was verified by V. Sverdk in [48]. On the other
hand Tartar showed (see [57]) the need for additional conditions in the case of a general
compact set. Indeed, Tartar produced an example of a set consisting of four matrices
which contains no rank-one connections, but where compactness for sequences of gradi-
ents fails (this type of example was discovered in different contexts by various authors,
e.g. [6], [16], [35], [46], see also [12]). Such four-matrix sets, called T, configurations,
were subsequently subject to an intense analysis in the literature [27], [28], [52], in part
because they were the key elements in the construction of counterexamples to regularity
for elliptic systems mentioned above.

Our first theorem shows that the additional condition that K contains no T con-

figurations is sufficient for compactness.

THEOREM 1. (Compactness) Let K CR?*2 be a precompact set without rank-one
connections and suppose that K contains no Ty configurations. Then, for any uni-
formly Lipschitz sequence uj: QCR*—R? with dist(Duj, K)—0 in L'(Q2), the sequence
{Du;}32, is compact in L'(9).

The previous theorem in the case of diagonal matrices follows from [57], [37], and in
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the case of laminates from [52]. We remark that combining Proposition 2 and Theorem 2
in [52] leads to a very quick algorithm for deciding whether a compact set of 2 x 2 matrices
contains T} configurations.

Now we turn to our second question, the characterization of the relaxed problem.
As mentioned earlier, this amounts to estimating the quasiconvex hull K9°. The usual
technique in the literature [10], [12], [44], [49], [55] is to get a lower estimate from the

rank-one convex hull K™ and an upper estimate from the polyconvex hull KP°, since
K™ C K9 C KP°.

In general these inclusions are known to be strict, although whether K=K in R2*?
remains an open problem. In estimating the rank-one convex hull a very useful fact
is that the rank-one convex hull is localizable. This means that if we know a priori
that K*° is disconnected (for example by an estimate on the polyconvex hull), then K*¢
can be calculated by considering just subsets of K contained in each connected compo-
nent of K. More precisely, if K rCCU?:1 U; for pairwise disjoint open sets Uj, then
KnU;=(KNU,)™ for each j, see [27], [33], [43]. This result, known as the “structure
theorem” for rank-one convex hulls, is valid in any dimension, and the proofs rely heav-
ily on the locality of rank-one convexity. In contrast, quasiconvexity is known to be a
non-local condition in higher dimensions [29], and localization of the quasiconvex hull is
not possible in general (see below). Nevertheless, our second main result is that in the
space of 2x 2 matrices the structure theorem also holds for the quasiconvex hull (see also
Corollary 3 in §5).

THEOREM 2. (Structure of quasiconvex hulls) If KCR?*?2 is a compact set and
KqCCU?:1 U; for pairwise disjoint open sets Uj, then K9°NU;=(KNU;)%.

There is a close relationship between Theorems 1 and 2 and Morrey’s conjecture
regarding quasiconvexity and rank-one convexity. We recall that a variational integral of
the form [, f(Du(x)) dx is weakly* lower-semicontinuous in the space W>°(Q,R™) if
and only if f: R™*"™ R is quasiconvex (see [36]). It is well known that every quasiconvex
function is rank-one convex, and C.B. Morrey Jr. in [36] posed the interesting problem
of whether rank-one convexity implies quasiconvexity (see also [2], [7] and [24] for the
relation of this conjecture with other areas). In the higher-dimensional case, where m >3,
V. Sverék in [47] constructed an ingenious counterexample, showing that quasiconvexity
is not the same as rank-one convexity, and on the other hand S. Miiller in [37] proved
equality of the two notions for 2 x 2 diagonal matrices. However, the general non-diagonal
case m=2 remains an outstanding open problem. Subsequently Sverak’s counterexample

was used to show that in higher dimensions, quasiconvexity is not a local condition [29],



282 D. FARACO AND L. SZEKELYHIDI JR.

and moreover that the type of localization as in Theorem 2 is not possible (an example in
the space of 6x 2 matrices is due to Sverdk, and can be found in [38, p. 68]). Theorem 2
(and Theorem 6 in §5) suggests that if there is a difference between rank-one convexity
and quasiconvexity in R2*2, it has to be of a much more subtle nature.

To close this introduction, we briefly discuss the method of proof. Our approach
is based on the notion of incompatible sets, continuing the study started by the second
author in [53]. Following [11], two disjoint compact sets Ki, Ko CR?*? are said to be
homogeneously incompatible if whenever u;: QCR?—R? is a sequence of uniformly Lips-
chitz mappings which are affine on the boundary and such that dist(Du,;, K1 UK>)—0 in
L', then either dist(Duj, K1)—0 or dist(Du;, K2)—0. Notice that if K=K;UKj is the
union of homogeneously incompatible sets, then the compactness issue for K is reduced
to the compactness issue of the two smaller sets K; and K5 separately. Accordingly, in
both theorems our aim is to find a decomposition of K into homogeneously incompatible
sets. We do this in two steps, a geometric and an analytic step.

The first step in finding such a decomposition is to analyse the rank-one convex
geometry of K. In both Theorems 1 and 2 the assumptions on the set K imply restrictions
on the rank-one convex hull K™, and these in turn imply a certain geometric structure
for K, namely that K C&p, where &r is the quasiconformal envelope of an elliptic curve
(see Definition 1). This analysis, mainly based on work in [52] and [54], is carried out
in §4.

In §3 we show that the condition K C&r implies a decomposition of K into homo-
geneously incompatible sets. The key point is to realize that the set & corresponds on
the one hand to elliptic equations and on the other hand to families of quasiconformal
mappings. More precisely, if u€ W12(Q,C) satisfies Du(z)€&r for almost every z€Q,
then u solves a corresponding nonlinear Beltrami equation of the form

Ozu=H(z,0,u),

whereas, when coupled with appropriate boundary conditions, u gives rise to a family of
quasiconformal mappings parametrized by the curve I' as

The former allows us to use the approach in [3], [21] and [53] to construct certain nonlinear
operators which act as projectors onto the set &, whereas the latter, an idea which
appeared in [14], leads to the required incompatibility result for solutions of the inclusion
Du(z)€&r. Indeed, our proof of this incompatibility (see Theorem 4) relies heavily on
adapting the methods in [14, §7]—where T is a straight line in the conformal plane—to
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our nonlinear setting. Using a different approach, the special case when I is a straight
line and K consists of symmetric 2x 2 matrices has been obtained in [53].
Finally, in §5 we combine the results of the previous sections to give the proofs of

the main theorems.

2. Preliminaries

Throughout the paper we denote by R™*™ the space of m xn matrices. We introduce
conformal-anticonformal coordinates on R?*? in the following way: for each AcR2*2

there exist unique z, w€R? such that

A:<2’1+w1 wzzz), 2)

Wo+29 21—wWqp

so that R2*222C x C, and for matrices A€R?*? we write A=(a"*,a”) with a” €C denoting
the conformal part and a~ €C denoting the anticonformal part of A. Also, we identify

the complex number z=x+iy with the vector (z,y)€R?, so that
Az=a*z+a Z. (3)

The norm |- | is the Euclidean norm on R2. Then, for each matrix A=(a*,a~), one has
det A=|a"|?—|a"|?, so that

det A>0 if and only if |a*|>]a”|.
Furthermore, we have
[AP =2[a*[P+2]a”|* and [A] =la’|+]a"],

where |A| and ||A|| denote the Hilbert—Schmidt and the operator norm, respectively.

Let K CR™ "™ be a compact set and let u;: QCR™ —=R™ be a sequence of uniformly
Lipschitz functions such that dist(Duj, K)—0 in L*(2). The technical tool to describe
possible oscillations in the sequence of gradients { Du;}$2, is the Young measure {v; }zeq
generated by the sequence (see e.g. [38], [44] and [55]). Specifically, {v; },eq is a family
of probability measures on R”*™ depending measurably on x €2, such that supp v, CK
and for every feCy(R™*"™),

f(Duj) = f(A) dvy(A) in L=(Q). (4)

RmXn



284 D. FARACO AND L. SZEKELYHIDI JR.

In particular the sequence {Du;}72, of gradients is precompact in L' precisely if the
measure v, is a Dirac mass for almost every x€). An important tool in the study of
gradient Young measures is spatial localization in the sense that if {v, }.cq is a gradient
Young measure, then for almost every x €€} the measure v, coincides with a homogeneous
gradient Young measure, i.e. one which is independent of = (see [26]). In turn, if v is a
homogeneous gradient Young measure with barycenter A=7, then for any domain QCR"
there exists a sequence of uniformly Lipschitz functions u;: Q—R™, with u;(x)=Az on
082, such that {Du;}32, generates the Young measure v in the sense of (4). Therefore,
in studying the issue of compactness for differential inclusions, one can restrict attention
to sequences of approximate solutions defined on some special domain (e.g. the unit ball
in R™) and subject to linear boundary conditions. In our case we will consider mappings
u:D—C, where DCC is the unit disc.

A function f:R™*" R is quasiconvex if for all open sets U CR™ and all AcR™*™

/ (f(A+Du)—f(A))dx >0 for all ue C5°(U,R™),
U

and f is said to be rank-one convex if it is convex along each rank-one line, i.e. if
t— f(A+tB) is convex whenever rank(B)=1. Every quasiconvex function is rank-one
convex. Homogeneous gradient Young measures are in duality with quasiconvex functions
via Jensen’s inequality [26]: a (compactly supported) probability measure p on R™*"
is a homogeneous gradient Young measure if and only if f(f)< [pnxn f(A) du(A) for

R™*™ R, In analogy, a probability measure y is called a

all quasiconvex functions f:
laminate if Jensen’s inequality holds for all rank-one convex functions [34], [43], [44].
Thus, all laminates are homogeneous gradient Young measures.

The quasiconvex hull of a compact set K CR"*™ can be defined as the set of barycen-

ters of homogeneous gradient Young measures which are supported in K:
K9 ={p:v is a homogeneous gradient Young measure and suppv C K},

and the rank-one convex hull is defined similarly with laminates supported in K.

Throughout the paper we assume that the approximating sequence {u; }3";1 with
dist(Duj, K) —0

is uniformly Lipschitz. Nevertheless we remark that this is no real restriction and can be
assumed without loss of generality (as long as the set K is assumed to be compact), by
the truncation argument of K. Zhang [58]. See also the remark at the end of §3 for an
extension to the case where K is not compact. For further information concerning the
general theory of gradient Young measures we refer the reader to [38] and [44].
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A mapping u€ W12(D, R?) is said to be K -quasireqular if the inequality
| Du(2)||* < K det Du(2) (5)

holds for almost every z€D. If in addition u is a homeomorphism, then it is called
K -quasiconformal. Defining 9, =13(9,—i0,) and 0;=1(0,+1i9,) allows one to write (5)
equivalently as |0zu(z)|<k|0,u(z)|, where k=(K—1)/(K+1), since d,u(z) and d;u(z) are
nothing but the conformal and anticonformal parts of the 2x 2 matrix Du(z) in the sense
of (2). For the basic theory of planar quasiregular mappings see [1], [25] and [31]. In
particular quasiregular mappings are continuous and differentiable almost everywhere.
An important fact which was discovered recently by several authors (see [32, Theorem 5]
and [14, Theorem 6.1]) is that restrictions on the boundary values of the real part of the

mapping are already enough to make quasiregular mappings quasiconformal.

PROPOSITION 1. Suppose u€ W2(D,C) is a quasireqular mapping such that Reu
agrees with an affine map on the boundary OD, in the sense that Re(u—A)EWom(]D)) for

some affine map A. Then u is a homeomorphism and hence quasiconformal.
We will also need some basic facts concerning nonlinear Beltrami equations [4], [5],
[23]. These are equations of the form
Ozu=H(z,0,u)+h(z), (6)
where H: Q) x C—C is a measurable function satisfying the ellipticity condition
|H(z,w1)—H(z,ws)| < klwy—ws| and H(z,0)=0 (7)

for some constant k<1. As shown in [15], general nonlinear systems ®(z, 9,u, d;u)=0
which are elliptic in the sense of Lavrentiev can be reduced to this form. We will need the
following result concerning the existence and uniqueness for the corresponding Riemann—
Hilbert problem in the unit disc DCC.

PROPOSITION 2. Let H:DxC—C satisfy (7), and let h€ L2(D). Then equation (6)
admits a unique solution ue W2(D,C) with Reue W, *(D), and moreover there exists
a constant C=C(k) such that

| Dul 22y < Cl|h||L2(D)-

Proof. This result is well known to experts, we sketch the proof for the reader’s
convenience. The proof is based on local versions of the classical Cauchy transform and

the Beurling—Ahlfors transform. The local Cauchy transform is given by the formula

or=1 [ (20120 aw
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and the local Beurling—Ahlfors transform is defined as Sp(f)=0.Cp(f). As the classical
Beurling-Ahlfors transform, Sp is an isometry on L?(D) (see, e.g., [13], [14] and [23]).
Thus the operator Bp(v)(z)=H (z,Spv(z))+h(z) is a contraction on L*(D,C):

| Bp(v1) = Bp(va)|| L2y < kllvr —v2l L2 (),

and hence has a unique fixed point v€ L?(ID, C). Then the solution u€ W12(D, C) is given
by u=Cpuv, since then d;u=v, d,u=Spv and ReueW&’Z(D,C).
The L?-estimate is obtained similarly. Because of the condition (7), we obtain for

the fixed point v,
[vllz2m) = 1B ()| z2m) < kllvllz2m) + IRl 22 ),

and since Sp is an isometry, we find that
2 2 2 2 4 2
||DU||L2(]D>) :2HU||L2(]D>)+2||SD”||L2(D) < 4||'U||L2(IDJ) < m”hnm(m)- O

For the corresponding LP-theory of equation (6) for the sharp range of exponents p,

we refer the reader to [4] and [5].

3. Quasiconvex hulls

In this section we give a geometric condition for two disjoint compact sets K, Ko CIR?*2
to be homogeneously incompatible. Recall that this means that whenever u;: QCR?—R?
is a sequence of uniformly Lipschitz mappings which are affine on the boundary of 2 and
such that dist(Du;, K1UK>)—0 in L', then either

dist(Duj, K1) =0 or dist(Du,;, K2)—0.

In terms of gradient Young measures, this means that if v is a homogeneous gradient

Young measure with support supp v C K1 UK5, then supp v CK; or suppvC Ks.

Definition 1. A continuous curve I': S'—R2*? is said to be K -elliptic if T'(t)#T(s)
for t#s and
IT(t)—T(s)||* <K det(T'(t)—T(s)) forall t,scS*.

For an elliptic curve I' we define the K -quasiconformal envelope of I as

Er={X eR¥*? || X -T(1)||* < Kdet(X —T(t)) for all tc S'}.
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Observe that in conformal-anticonformal coordinates, &r can be written as
Er={X =(z,w) eR¥*?: |w—T"(t)| < k|z—T7(t)] for all t € S},
where k=(K—1)/(K+1) and T'(¢t)=(T"*(¢), T (¢)).

We start with the following elementary fact, relating the quasiconformal envelope of

elliptic curves to elliptic partial differential equations.

LEMMA 1. Let T:S'—=R?*2 be a K-elliptic curve and let Er be the K-quasicon-
formal envelope of T' for some K>1. For every matrix X=(xt,x”)€Er there exists a
k-Lipschitz map H:C—C, where k=(K—1)/(K+1), such that x-=H(z") and

(z2,H(z))€ér forall zeC.

Proof. Let pg: R?*2 = C be the orthogonal projection onto the conformal plane, iden-
tified with C. We consider the set E=T'U{X } CR?*? and denote by po(E) the projection
of F onto the conformal plane. Note that KC-ellipticity of I' and X €& together imply

A, — Ao |2 <K det(A; —Ay)  for all A, Ay € B.

As observed by K. Zhang [59] and further exploited in [21], this condition implies that
the function Hy: po(E)CC—C defined by
Ho(a")=a  for A=(a",a )€EFE
is well defined and k-Lipschitz on po(E) with k=(K—1)/(K+1). Thus, by Kirszbraun’s
theorem, it can be extended to a k-Lipschitz function H: C—C. Now, if z€C and t€S?,
then
[H(2)=T" ()| = H(2)—H(I" ()| <k[z=T"(#)],

therefore (z, H(z))€E&r. O

Next we describe some geometric properties of quasiconformal envelopes.

LEMMA 2. Let &r be the K-quasiconformal envelope of a KC-elliptic curve T'. Then
Er\T consists of precisely two connected components,

Er\I' = EQUEL,

that can be characterized in the following way: let LCR?**? be any two-dimensional sub-
space such that det X >0 for all X €L, and let pr:R%2%%2— L be the orthogonal projection
onto L. Then pr(T)CL=C is a Jordan curve and hence L\pp(T)=wU(L\®), where

wCL is a bounded simply connected open set in L. Then
E={Xecér:pr(X)ew} and E={Xec&r :p(X)eL\@}. (8)

Moreover
ENEL=T.
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Proof. Let L be any 2-dimensional subspace in R?*? such that det X >0 for all
X eL. It is not difficult to see (see [59] or Lemma 1) that such subspaces can be written

in conformal coordinates as

L={(z,Az):z€C}, 9)

where A: R?—R? is some linear map with norm ||A||<1, and Az is understood as in (3).

In particular the perpendicular subspace L+ can be written as
Lt ={(-A*w,w):weC}, (10)

where A*: R?—R? is the adjoint of A (with respect to the standard scalar product in R?).
Therefore, if X, Y €R?*? with pr(X)=pz(Y), then det(X —Y)<0.

It follows from the ellipticity that pr(I') cannot have self-intersections and is there-
fore a Jordan curve. Indeed, if pr(I'(t))=pr(I'(s)) for some ¢, s€S*, then

det(I'(£) =T'(s)) <0,

and hence I'(t)=I'(s), which is only possible if t=s.
We start by showing that pr(Er\I')=L\pr(T'). Because the curve I' is K-elliptic,
we find, as in Lemma 1, a k-Lipschitz function H: C—C such that

H(T*(t))=T"(t) forallteS",

where k=(K—1)/(K+1), and we write I'(t)eR?*22CxC in conformal-anticonformal
coordinates as I'(t)=(I'*(¢),I'"(¢)). Consider the graph

G ={(& H(¢)):£€CyC R
of H. Since H is k-Lipschitz, we have that
|H(&)—H(T* (1)) <kl¢~T(t)] forall ¢€C and teS*,
or equivalently
[X T <Kdet(X—T(t)) forall X€Gy and teS?,

and therefore
Gu Cér. (11)

We claim that pr, (G )=L. Using (9) and (10), this amounts to proving that for any z€C
there exists weC such that (z, Az)+(—A*w,w)EGy, i.e. that

Az4+w=H(z—A"w). (12)
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For any fixed z consider the map F(w)=H(z—A*w)—Az. Since H is k-Lipschitz and
| A|| <1, we have that

|F(wy)—F(ws)| = |H(z—A*w1)—H(z— A" ws)| < k|A*w; — A*ws| < k|wy —ws|,

therefore F: C—C is a contraction, and thus it has a (unique) fixed point w satisfying
w=F(w). But then w satisfies (12), showing that L=p (G ), and hence, in light of (11),
that L=pr(Er). Moreover, pr(Er\I')NpL(T')=2, since det(X —Y)>0 for any X €Ep\T
and Ye€TI'. Therefore we see that pr(Er\T')=L\pr(T'), and so pr(Er\T') consists of
precisely one bounded and one unbounded component, i.e. pr(Er\I')=wU(L\®). In
particular & can be written as the disjoint union Er=ERUELUT, where 2 and &L are
defined in (8).

It remains to show that £ and &L are connected. Suppose for a contradiction
(without loss of generality) that £2 has more than one connected component, i.e. there
exist disjoint nonempty open sets U, VCR?*? such that E2CUUV. Since pp,(EL)=w is
connected, we have that pr,(UNEX)NpL (VNEL)#D. We claim that this is a contradiction.
Indeed, let X €UNEL and Y €VNEL be such that pr,(X)=pL(Y), and consider for any
fixed t€S? the function

g\ =K det(AX+(1=N)Y)=T(t)) = | AX +(1=N)Y)=T'(1)||2. (13)

Since det(X —Y) <0 and X —det X is quadratic, g is a strictly concave quadratic polyno-
mial. Therefore g(A)>0 for A€ (0, 1). Using the definition of &r we deduce that the whole
line segment connecting X and Y is contained in &p\I', which shows that X and Y are
contained in the same connected component of Er\T'. This is the promised contradiction.

Finally we show that ET(F)QE?:F. Note that certainly FCETQO%, and on the other
hand pL(gg ﬂgll)CpL (T"). Assume that there exists XE(ETQ ﬂé?)\I‘ and let Y €I be such
that pr,(Y)=pr(X). Then in particular det(X —Y)<0, so that for any fixed t€S* the
function ¢ defined above in (13) is strictly concave, and also ¢(0)=¢(1)>0. But then
q(A)>0 for Ae(0,1), implying that AX+(1—N)Y €Ep\I". This contradicts the fact that
pr(Er\T')NpL(I')=9, and so we deduce that agﬁalzf. O

The main result in this section is the following theorem, showing that quasiconfor-
mal envelopes of elliptic curves provide separating sets for homogeneous gradient Young

measures.

THEOREM 3. Let I':S'—R2?*2 be a K-elliptic curve and let Er be the K-quasicon-
formal envelope of T for some K=1. If v is a compactly supported homogeneous gradient

Young measure with supp v CEr\T', then

suppr CEX  or suppv CEL.
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As explained in the introduction, the idea is to use the fact that the set & corre-
sponds to elliptic equations, to project the generating sequence of the Young measure
onto the set &r. This is done by solving an appropriate Riemann—Hilbert problem. Then

the result follows from the analogue separation statement for functions.

THEOREM 4. (Separation for functions) Let I': St —R2*2 be a K -elliptic curve and
let Er be the K-quasiconformal envelope of T' for some K>=1. Let u¢ W12(D, C) be such
that Du(z)€&r for almost every z€D and Re(u) is affine on the boundary OD. Then

either Du(z)eag almost everywhere, or Du(z)e@ almost everywhere in D.
Proof. Consider for any t€S' the mapping
u'(2) :==u(z)—T(t)z.
By the definition of £r, the mapping u satisfies, for any t€S?, the distortion inequality
|Du(z)— (1) |2 < K det(Du(z)~T(1)),
and hence u? satisfies

| Du'(2)[|? < K det(Du'(z)) for almost every z € D. (14)

In short, u! is a quasiregular mapping.
Furthermore Re(u') is affine on 9D for all t€S!. Therefore Proposition 1 implies

that u! is a homeomorphism, a quasiconformal mapping. In particular
u'(z1) #u'(z2) for all te St and 21, 2 €D with 21 # 2,

or, in other words,
w(z1)—u(ze)—T(¢t) (21 —22) #0.

Setting z1 =z and zy=2z4¢ for £>0 we obtain that

u(z+e)—u(z)
€

7& F(t)el

for all t€S!, z€D and >0 such that z+e€D, where e;=(1,0)€R? The curve I'(t)e;
can be identified with the orthogonal projection of the curve I' onto the rank-one plane
L={a®e;:a€R?}. Since I is elliptic in the sense of Definition 1, the curve p(T')CL=C
is a Jordan curve, forming the boundary of some bounded simply connected domain

wCC. Considering the map (z, )~ (u(z+¢)—u(z))/c on the connected set

A={(z,e):2€D,e >0 and z+¢c €D}
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and observing that u is continuous, we deduce that either

wew for all (z,e) €A, or
(z+ )f( ) ;
BT BT ec\o for all (z,6) €A,
9

Since u is quasiregular, Du(z) exists almost everywhere. Let €D be a point of differen-

tiability. Then
M_amu(z) = o(1),
where z=x+1iy. Therefore, from (15) we obtain that

Oyu(z)€w fora.e. z€D, or

(16)
O;u(z) € C\w for a.e. z€D.

On the other hand 9,u(z)=Du(z)e1=pr(Du(z)), so that from (16) and Lemma 2 we
deduce that

Du(z) €& for ae. zeD, or

Du(z)e &L for a.e. z€D. O

Proof of Theorem 3. Let v be a homogeneous gradient Young measure satisfying
supprvC&r. Our aim is to show that v can be generated by a sequence of mappings
u;:D—C uniformly bounded in W'? such that Du;(z)EEr almost everywhere and
Re(u;) is affine on dD. To such a sequence we can then apply Theorem 4.

As explained in §2, we may assume that v is generated by a sequence {Dv;}52, for
uniformly Lipschitz mappings v;: D—C such that v;(z)=Az on ID for A=veR?**2. In
particular, since supp v C&r, we have that

lim [ distg.(Dv;)? =0 for all p < oc. (17)

Jj— Jp

Since {Dwv;}32, is uniformly bounded in L>(Q,R**?), the measurable selection
theorem ([20], see also [60, Proposition 2.12]) provides us with a sequence of measurable
functions Pj(z): D—&r such that

distg. (Dv;)(2) = |Pj(2) —Dvj(2)].
Lemma 1 implies that for every j and z there exists a k-Lipschitz function

HJ(Z,)(C—>(C
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such that P;j(2)€Gp, () Cér, where Gy, (-)={(w, H;(z,w)):w€eC} denotes the graph of
Hj(z,-) in CxC=R?*2, In particular, writing P;(z)=(p;(z)", pj(2)7), we have that
pi(2)” = H;(z,p;(2)")-

But then, for almost every z€D) we have that

020 (2) — H; (2, 0:v;(2))| <020 (2) —p;(2) " |+pj(2) " —H;(z,0:v;(2))|
=0zv;(2) —p;(2) " [+|H;(2,p;(2) ") — Hj(z, 0:v5(2))| as)
<10:v;(2) —p;(2) " |+klp; (2)" —0:v;(2)]
< 2diste,, (Dv;(2)).
Thus, if we define E, (2)=d-0;(z)— H, (2, 0.v;(2)), it holds that
jli_}rgo 1Ejllz2@) = 0. (19)

Next, we solve the following Riemann-Hilbert problem for w; e W12(ID, C), by appealing

to Proposition 2:

{ azwj_Hj(Z,az(Uj+wj))+Hj(Z,aZUj):—Ej7 n D, (20)
Re(w;) =0, on OD.
We obtain w; satisfying ||Dw;l| 12y <C(k)||Ej||L2), and hence, by (19),

j—oo

Now we claim that u;=v;+w; fulfills all the properties demanded. Firstly, from (20) we

see that u; solves the equation
Ozu;(2) = Hy(z, 0:u;(2)),

and thus Du;(2)€Gy, () C&r for almost every z. Since v; is linear on the boundary
0D, we find that Re(u;) is also linear on the boundary. Finally, since Du; —Dv;=Dwj,
by (21) we have that |[Du;—Duvj;|lp2—0 as j—o0, therefore the sequence {Du;}32,
generates the same gradient Young measure as {Dv;}52,, namely the measure v.

From Theorem 4 we deduce that for each j€N,
Duje&lae. or Dujeéflae. (22)

Then there must be an infinite subsequence j;— o0, as k— o0, such that Du;, 68_19 for
all k€N, or Du;, eéTIl for all keN. Since any subsequence generates the same gradient
Young measure v, we deduce in the former case that supp VCc‘:Q and in the latter case
that supp VCE_%. This completes the proof of Theorem 3. O
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We remark that in Theorem 3 we assumed that v is a compactly supported homo-
geneous gradient Young measure. Using a local version of the recent work of K. Astala,
T. Iwaniec and E. Saksman in [5] concerning the optimal LP-properties of nonlinear Bel-
trami operators in the plane, this requirement can be relaxed to the condition that v is
a homogeneous gradient Young measure generated by a sequence {Du; }‘;‘;1 uniformly
bounded in L4, for some ¢>2K/(K+1).

4. Rank-one convex hulls

In this section we consider compact sets of matrices whose rank-one convex hull is dis-
connected. Our aim is to show that for such sets it is possible to find an elliptic curve

(in the sense of Definition 1) separating the set, so that the ideas of §3 apply.

Definition 2. Let K CR?*? be a compact set. A continuous, closed curve
r:8' - R
is said to be separating for K if
K CUp:={X eR**?:det(X—T(t)) >0 for all t € S*},

and K is contained in more than one connected component of Ur.

In [52] it was shown that if a compact set K CR?*? contains no rank-one connections
and no T}, configurations, then such a separating curve exists. To pass from this result
to general compact sets we consider the connected components of K. If X and Y are
contained in different connected components of K¢, then rank(X —Y)>1. Therefore
the idea is to treat the set of connected components of K™ as a “set without rank-one
connections”. With this point of view, the proofs in [52] can be repeated with minor
modifications, since the essential information used for sets without rank-one connections
is not really det(X —Y'), but only the sign of det(X —Y"). In addition to finding a sepa-

rating curve we will need to show that in fact a separating curve exists which is elliptic.

THEOREM 5. Suppose K CR?*2 is a compact set such that K™ is not connected.

Then, possibly after changing sign('), there exists an elliptic separating curve for K.

Proof. The proof is split into several parts:
(I) Prove that (up to changing sign) the set K admits a nontrivial decomposition
of the type K=K;UK>, where K; and K» are disjoint compact sets with det(X —Y)>0

() Changing sign corresponds to considering K’={XJ:X €K} with J= ((1) _01 )
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for X€K; and Y € K5, such that whenever X1, Xo€ K7 and Y7, Y€ K5, the four-point
set {X1, Xo,Y7,Y2} is not a Ty configuration;

(IT) Use Theorem 4 in [52] to find a separating curve in the sense of Definition 2,
corresponding to the decomposition K=K;UKj;

(III) Show that if a separating curve exists, then there exists another separating
curve for K (possibly corresponding to a different decomposition), which is elliptic in the
sense of Definition 1.

(I) Sign-separation.

We start with the following equivalence relation on K: let X ~Y whenever X and
Y are contained in the same connected component of K. Let K=K/~ denote the
quotient space, equipped with the quotient topology, and let 7: K — K be the canonical
projection. With some abuse of notation we will write X =7(X) to denote the equivalence
class of X €K, and also the connected subset of K™ containing X. Note that K is a
totally disconnected, compact Hausdorff space.

Notice that a T, configuration has a connected rank-one convex hull, therefore to
obtain (I) it suffices to find a nontrivial decomposition of K into disjoint compact sets
K7 and K, both consisting of equivalence classes for ~, such that det(X—Y)>0 for
XcK; and YE€Kj,. In other words we need to find a decomposition of K into compact
sets which are sign-separated.

Let X and Y be two distinct elements of K, and let Xo€X and Yy€Y. Observe
that det(Xo—Yp)#0, since otherwise the line segment [Xy,Yy] would be contained in
K™, contradicting the assumption that X and Y are disjoint connected components of
Krc. Assume for example that det(Xy—Y)>0. We claim that in this case det(X —Y)>0
for all X€X and Y €Y. Indeed, let X;€X and Y; €Y. The function Yr+det(Xo—Y) is
continuous and does not vanish on Y, hence det(Xo—Y)>0 for all YeY, by the con-
nectedness of Y. In particular, det(Xo—Y;)>0. But then, by a similar argument,
det(X —Y7)>0 for all X€X, by the connectedness of X. This forces det(X;—Y7)>0,
proving our claim.

The above argument implies that the function s: K x K —{—1,0,1} defined by

S(X.T) = { signdet(X —Y), if )E;é):/, where X € X and Y €Y,

0, if X=Y,
is well defined, and that s(X,Y)#0 for X#Y. By viewing s(X,Y) as a discrete version
of det(X—Y), we can roughly speaking treat K as a compact set without rank-one
connections, and therefore apply the ideas of §6 in [52].

To be concrete, for n€N let Xy, ..., Xny() be a (1/n)-net for K, and consider the
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image
K'={X1,... Xy} =m{X1,.... Xnem)},

where N'(n)<N(n) (with strict inequality if 7(X;)=mn(X}) for some j#k). Associated
with K™ there is a complete graph of N’(n) vertices, where we color each edge XY
according to the sign of s(X,Y). In this graph we call ©-path connecting X,Y €K™ a
sequence X;€K™, j=0,...,1, for some [, where Xo=X, X;=Y and s(X;, X;11)=—1 for
all j (similarly we can speak of a @-path). For such a path we say that the length is .

Since Xl,...,XN/(n) are disjoint connected components of K™, in particular the
associated graph does not contain the sign configuration (A) in Figure 1, where dashed
lines denote det(X; —X) <0 and solid lines det(X; —X)>0.

Figure 1. Sign configuration (A).

Indeed, by [52, Theorem 2], four matrices whose associated graph is of this type
always form a Ty configuration, and the rank-one convex hull of a T, configuration is
connected. This leads to the following observations:

(1) If there is a ©-path between X and Y, then there exists also another ©-path
between X and Y of length at most 2, i.e. where [<2;

(2) Moreover, the whole graph cannot be both @- and ©-connected. In other words,
it cannot happen that for any two points X and Y there exists both a ®- and a ©-path
between them.

The first observation follows by contradiction on assuming that the minimal path
has length 3 at least, as in this case we will find the sign-configuration (A). The second
observation follows by induction on the number of vertices in the graph. The details can
be found in Lemma 5 and Proposition 3 in [52]. In particular, because of the second
observation, we may assume without loss of generality(?) that there is a subsequence

ng— 00 with the corresponding decomposition

K™ = KM UK,

(?) This is the point where the signs are fixed.
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such that
s(X,Y)=1 forall X € K" and Y € K3*.

Since each connected component of K™ is compact and K™ is finite, we deduce that
there exist ¢; >0 such that

det(X—Y)>¢p forall Xe€ X and Y €Y with X € K{'* and Y € KJ*. (23)

As k— o0, either ¢ >c¢>0, or (for a subsequence) c;—0.

Let us consider first the case when there exists ¢>0 such that
det(X—Y)>c forall Xe X and Y €Y with X € K]'* and Y € K3*

for all k. Since K is compact, there exists >0 such that det(Xl—Yl)E%c whenever
| X—X1],|Y-Y1|<6, X€X and Y €Y with X€ K" and Y € KJ*. Fix k large enough so
that ng>1/4, and let

K ={X€eK:|X—-X;|<J for some X; with X; € K]},
Ky={X €K :|X—X;|<J for some X, with X5 € K)*}.

By definition, K7, KoCK are closed sets and K=K;UK> because K™ arises from a
(1/ny)-net. Also, det(X —Y)>1cforall X € Ky and Y € K> by the choice of k. In turn this
implies that K1NKy;=9, and therefore K=K;UK> yields the required decomposition.

Now consider the case when in (23) the constant ¢ —0 as k—o00. In this case we find
sequences Xj, Y, €K, with X, € K["* and Y, € KJ*, such that det(X;—Y;)—0 as k—o0.
By taking further subsequences, we may assume that X — P and Y;—@ in K, so that in
particular det(P—Q)=0. But then P~@Q, so that Q=P. We claim that s(X, P)=1 for
all X+#P. Indeed, if there exists R€ K with R#P and s(P, R)=—1, then det(P—R)<0
and det(Q— R)<0 (since Q€ P), and so, for some >0,

det(Py—R1) <0 whenever [P—P;|<é and |[R—R;| <9,

(24)
det(@Q1—R1) <0 whenever |Q—Q1]|<d and |R—R;1| < 9.

Take k sufficiently large so that ni>1/d and |Xj—P|,|Yr—@Q|<d. Then there exists a
matrix X in the (1/ny)-net for which | X — R| <4, and so (24) implies that det(X —X})<0
and det(X —Y;)<0. Therefore s(X,Xj)=-1 and s(X,Y;)=—1. On the other hand,
either s(X, X;)=1 or s(X,Y;)=1, depending on whether X is in K|"* or in K}*. This

is a contradiction, from which we deduce that

s(X,P)=1 forall X #P. (25)
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Let us point out here that the decomposition PU(K\ P) would give a sign-separation,
but K\ P might not be compact. To get a decomposition into compact sets we need to
work more.

If s(X,Y)=1 for all X#Y, then any nontrivial decomposition of K™ into two closed
subsets (such a decomposition must exist by the assumption that K* is not connected)
yields a decomposition for K as required.

Otherwise there exist X1, Xo € K, with X, # X5, such that s(X{, X2)=—1. As in the
proof of [52, Proposition 3] we consider

CCs(X1)={X € K : there exists a ©-path from X; to X},

with the only difference that now the ©-path is defined in K to be a finite sequence
X1, X2, ..., Xy=X such that s(X;, X;+1)=—1. We recall (see observation (1) above)
that if such a path exists between two elements of K, then the shortest such path has
length at most 2. Using this fact, we also deduce that CCg(X7) is compact, and since
there exists X, with X;#X5 and s(X |, Xo)=—1, CCs(X}) is also open (relative to K).
The proofs of these facts are again precisely as in the proof of [52, Proposition 3]. Finally,
(25) impies that P¢CCq(X1), so that

K1:CCG(X1) and KQZK\Kl
give the required nontrivial decomposition.

(IT) Ezistence of a separating curve.
So far we have proved that if K'° is not connected, then K admits a decomposition

K=K, UK, into nonempty disjoint compact subsets such that (without loss of generality)
det(X—Y)>0 forall Xe K; and Y € Ko,

and moreover, whenever X1, Xo€K; and Y7, Y2 € K>, the four-point set { X7, X, Y7, Y5}
is not a Ty configuration. In turn [52, Theorem 4] implies that there exists a continuous
curve I': S' 5 R?*2 with the properties that

(i) det(X —T(t))>0 for all X€ K and all teS?;

(ii) the projection I'* of " onto the conformal plane is a Jordan curve;

(iii) the projections of K7 and K5 onto the conformal plane lie in different compo-
nents of C\I'".

Since K and T' are compact, the conditions (i)—(iii) are preserved under small
(CO-)perturbations of the curve I'. Therefore in particular we may assume that I' is
a Lipschitz curve, so that |['(t)—T'(s)|<L|t—s| for all ¢,s€S!. Furthermore, again by

compactness, there exists >0 such that

det(X—T'(t))>§ forall Xe K and teS'.
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(III) Ezistence of an elliptic separating curve.

Our aim is to prove the existence of a separating curve for K, which is elliptic in
the sense of Definition 1. In the following it will be more convenient to parametrize the
closed curves with the unit interval [0, 1], so that T': [0, 1] —=R?*2 with T'(0)=I(1).

In obtaining ellipticity, it turns out to be rather difficult to control which particular
subsets of K the curve “separates”, and for this reason we fix elements X;€K; and
X5€Ks. For a closed Lipschitz curve I': [0, 1]—R2?*2 consider the projection I'": [0,1]—C

onto the conformal plane and for any point z€C let

1 dw

LF(Z) - Tm r+ F—W

be the winding number of the curve I'* at the point z. It is not difficult to check that
I'—r(z) is continuous on the set of closed Lipschitz curves I': [0, 1]—R?*? with respect
to the sup-norm topology, and moreover that z+—up(z) is an integer-valued function on
C\T'* which is constant on each connected component of C\I'*. For C'-curves this is
classical, see for example [45]. To pass to Lipschitz curves we argue by density using the
weak* continuity of I'—¢p(2) in WH°°([0, 1], R?*2). We will consider closed curves which
“separate” X7 and Xs in the sense that cp(z7)#ir(z3).

Let S be the set of curves I': [0, 1]—R?*? satisfying the following properties:

L'(0)=T(1),
IT(t)—T(s)|< L|t—s| forall t,s€[0,1],
det(X —T'(t)) =6 for all X € K and t€0,1],

wr(ay) # ().

From step (II) we see that S is nonempty, and from Arzela—Ascoli’s theorem it follows
that S is compact in C([0, 1], R?*2). For any '€ S, let I(T) be the length of the curve,

i.e. )
I(I) :/O IT(s)| ds.

It is clear that [ is lower semicontinuous on S, so that infg ! is achieved for some I'€ S.

We claim that for the minimizer I" we necessarily have that
det(T'(¢)—T'(s)) = 0.
Indeed, assume that I'€ S is a minimizer and that there exist tg <sg such that

det(T(to) —T(s0)) < 0. (26)
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For A€[0,1] let Zy=AT'(to)+(1—A)I(sg), and let X € K. Then
det(Z)—X) =det(T'(so) — X +A(I'(to) —T'(s0)))
=det(T'(s0) = X)+MI'(s0) — X, cof(T'(tg) —T'(s0))) +A? det(T'(s0) —T'(t0)),
so that, since det(I'(sg)—TI'(to)) <0, the function

A— F(N) ©det(Z,— X)
is concave. But f(0)>0 and f(1)>4, so that f(\)>d for A€[0, 1].
Now consider the two new closed curves I'; €C([0, 1], R**?), j=1,2, formed by con-

necting I'(tg) and T'(sg) with a straight line segment. More precisely, we define

T (t)_{l“(t), if t € [0, to]U[s0, 1],
BT UL (to)+ (1= AT (s0),  if t € (to, so) with ¢ = Ao+ (1—A)so,

and similarly I'z, oriented in such a way that [.= [ + [ .

The above argument shows that det(X —T';(¢))>4, for all X€K and teS?!, j=1,2.
Furthermore, it is clear that |T';(¢)—T';(s)|<L|t—s|. Finally, since tp(2)=tr, (2)+tr,(2)
for any z€C\(I'1UT'2), and since tp(z])#ir(z3), we have either v, (27])#er, (2z4) or
vry (#7) i, (23)-

Therefore, either I'y or I's satisfies the conditions for being in S. Notice also that
unless the straight line segment [I'(¢9), ['(sg)] is contained in T', then both I'; and T's have
strictly smaller length. Because I' was a length-minimizer, we deduce that necessarily
[['(t0),T'(s0)] is contained in T.

Now choose t; and s; so that

t; =min{t <tp:I is a straight line on [t1, so},

s1 =max{s >sg: I is a straight line on [to, 1]}

By the assumption (26), we have det(I'(¢;)—T'(s1))<0. If ;=0 and s;=1, then in par-
ticular T is a straight line segment, contradicting the requirement that cp(z7)#er(z3).
Therefore, we may assume without loss of generality that ¢;>0. By continuity, there
exists ta<t; such that det(I'(t2) —T'(so)) <0, but then the above argument again implies
that I" is a straight line on [t2, o], a contradiction.

We have shown that there exists a Lipschitz-continuous closed curve I': St —R2*?2
such that

(i) det(X—D(t))=4 for all X€K and all teS';

(i) det(T'(t)—T(s))>0 for all ¢,s€[0,1];

(iii) the projections of X; and Xa onto the conformal plane lie in different compo-
nents of C\I'".
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To obtain a separating curve which is elliptic in the sense of Definition 1, consider
for 0<k<1 the new curve

L(t) = (T* (), kT (1))

If 1—F is sufficiently small, then det(X —I'(¢))>0 for all X € K and t€S', by compactness

of K, and I'* still separates z7 and z}. Moreover,
T~ (t) =L (s)| <k|T(t)=T*(s)| forall t,seS,

and therefore T is K-elliptic with K=(1+k)/(1—Fk). O

5. Rank-one convexity versus quasiconvexity

Finally, we come to the main results in the paper. In order to state them in the strongest
form, we use the language of Young measures. As discussed in §2, Theorem 1 is equivalent
to Corollary 2, and we restate Theorem 2 as Corollary 3 below. In fact these results can

all be easily deduced from the following theorem.

THEOREM 6. If v is a compactly supported homogeneous gradient Young measure,

rc

then (supp v)* is a connected set.

Proof. Let K=suppv and assume for a contradiction that K'® is not connected.
Then Theorem 5 implies that there exists an elliptic separating curve I': St —R?*2 for K.
In particular, since K CR%*2 is compact, there exists >1 so that, with & denoting the
K-quasiconformal envelope of T, we have K C&r, and moreover E2NK and ELNK are
both nonempty compact sets. But this gives a contradiction with Theorem 3, which says
that either supp ycng or supp VCaL Recall from Lemma 2 that agﬂgllzf. This proves
the theorem. O

COROLLARY 1. (Incompatible sets) Disjoint compact sets K1, Ko CR?**2 are incom-
patible for homogeneous gradient Young measures if and only if they are incompatible for

laminates.

Proof. Since laminates are also homogeneous gradient Young measures, it suffices
to prove one direction, namely that incompatibility for laminates implies incompatibility
for homogeneous gradient Young measures. So assume that K; and Ky are incompatible
for laminates. We claim that in this case (K;UK5)* is disconnected. Once we prove
this, the corollary will follow from Theorem 6.

Let Pe(K;UK5)*. Then there exists a laminate v with supprCK;UK, and
barycenter v=P. Since K; and K> are incompatible for laminates, supprCK; or
supprCKs. Thus PeKI® or PeK3. This shows that (KjUK)**=KUK3. On
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the other hand, if P€ K{°NK3°, then P=v; =15 for laminates v; with supp v; CKj, but
then I/:%(V1+I/Q) is a laminate where supp vNK; and supp vNKs are both nonempty,
contradicting the incompatibility. Hence (K;UK>)"=K}°UK}° is disconnected. O

COROLLARY 2. (Compactness) If KCR?*2 is a compact set without rank-one con-
nections and contains no Ty configuration, then K supports no nontrivial homogeneous

gradient Young measures.

Proof. First of all, [52, Theorem 1] implies that K*™*=K. Let v be a homogeneous
gradient Young measure with support supp vC K. Theorem 6 implies that (supp v)*® is
connected. On the other hand, (supp v)"*C K™=K, and hence (suppv)' is a compact,
connected subset of R2*2 with no rank-one connections. But then [48, Lemma 3] implies
that v=45. O

COROLLARY 3. (Structure of quasiconvex hulls) If v is a compactly supported ho-
mogeneous gradient Young measure, then (suppv)9© is a connected set.

If KCR?*? s a compact set and KqCCU;;l U; for pairwise disjoint open sets U,
then K°NU;=(KNU;)%.

Proof. Let v be a compactly supported homogeneous gradient Young measure, let
K =suppv, and suppose that K9° is not connected. Then there exist disjoint open sets
U, and Us, with K9CU;UU,, such that UjNK%*#g for j=1,2. From Theorem 6 we
know that K™ is connected, so let us assume without loss of generality that K*™*CU;. In
particular K CU;. Furthermore, let XqeUsNK9°.

Then there exists a homogeneous gradient Young measure pg with barycenter

1 Xo=Xo and support supp po C K. But then also the new measure

p=%(po+0x,)

is a homogeneous gradient Young measure. Applying Theorem 6 again, we find that

(supp )™= (supp poU{Xo})™ is a connected set. On the other hand,
(supp poU{X0})™ C (supp poU{Xo})% C (KU{X(})9 = K9,

since Xo€ K9°. This shows that Xy and supp pg are in the same connected component
of K9°. In particular, since Xy€Us,, we have that supp po CUs. But this contradicts the
fact that supp pg CK CUs.

To prove the second part of the corollary, let X € K9°NU;. Then there exists a
homogeneous gradient Young measure v with =X and supprCK. Since (suppv)9°
is connected and X € (supp v/)9°, necessarily (supp v)4°CUj, and hence supprCU,. But
then X € (KNU,;)%. Conversely, if X €(KNU;)9°, then there exists a homogeneous gradi-
ent Young measure v with #=X and supp vC KNU,. Again, connectedness of (supp v)%°
implies that (supp v)4°CUj, so that X €U;. O
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