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0. Introduction and formulation of main results

0.1. The main object of study in this paper is the class GP of generalized polynomials,
namely the class of functions which is generated by starting with conventional polyno-
mials of one or several variables and applying in arbitrary order the operations of taking
the integer part (sometimes called bracket function, or floor function), addition, and
multiplication. We will denote the integer part of a number a€R. or, more generally, of
a vector a€R!, by [a], and the fractional part of a, a—[a], by {(a)). Accordingly, given a
real or a vector-valued function f, the functions [f] and {(f)) are defined by [f](z)=[f(x)]

and (f))=f~[f]-
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The following description presents the class GP in a more formal way. For a fixed
deN let GPy denote the ring of polynomial mappings from either Z¢ or R to R, and
let GP={J;., GP,,, where, for n>1,

GP,=GP,_1U{v+w:v,w €GP, _1 }U{vw:v,w € GP,_1 }U{[v] : v € GPp,_1}.

Finally, let us call vector-valued generalized polynomials u=(u1,...,u;): Z4—=R!, or
R? =R/, with uy, ..., u; €GP, generalized polynomial mappings, or GP mappings.

In this paper we will mainly deal with GP mappings of integer vector argument,
that is, with GP mappings Z¢—R/'.

0.2. Ezample. If p; are ordinary polynomials of one or several variables, then [p1], p1[p2],
p1+p2[p3] and [[[p1]p2+ps][palps+ps) +p7[ps]® are generalized polynomials. Note that
if one identifies R/Z with [0, 1), then there is no distinction between {(p)) and pmod 1,

so that expressions like [p1]2{(pa[p3]+pa))> mod5 are generalized polynomials as well.

0.3. Clearly, generalized polynomials form an algebra, and the composition of two gen-

eralized polynomial mappings is a generalized polynomial mapping.

0.4. Generalized polynomials of a special type are featured in the following classical
result due to H. Weyl [We].

THEOREM. Given a (conventional) polynomial p(n):Zfzo a;n® such that at least
one of the coefficients ay, ...,ay is irrational, the sequence of values {{p(n)) }nen of the
generalized polynomial {p) is uniformly distributed on [0,1]. In particular, for any £>0
there exists n€N such that {(p(n))<e.

0.5. The following examples demonstrate various distribution phenomena which one
encounters when dealing with bounded generalized polynomials u: Z—R.

Ezamples. Let a and b be rationally independent irrational numbers.

2 are dense but not uni-

(1) The values of the generalized polynomial u(n)={an))
formly distributed on [0,1]. They are, however, uniformly distributed on [0,1] with
respect to the measure dz/(2+/7).

(2) The sequence ((—n+v/2[nv/2]), n€N, is dense and uniformly distributed on [0, 1]
with respect to the measure which is equal to dz/(2v/2z) on [0, 3] and to dz/(2v/22—1)

on [3,1]. (See §3.6 below.) On the other hand, one can show that the sequence
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{(—nv/2[nv/2]), n€N, is uniformly distributed on [0, 1] with respect to the standard
Lebesgue measure. (This fact is a special case of [Ha2, Proposition 5.3].)

(3) The sequence {(an)){(bn)), n€N, is uniformly distributed on [0, 1] with respect
to the measure —logx dz. (This follows from the fact that the vector-valued sequence
(({an)), (bn))) is uniformly distributed in the square [0,1]2.)

(4) The sequence 2 ({an))+ £[2((an))], n€N, is uniformly distributed on [0, ] U[2,1]
with respect to the (normalized) Lebesgue measure.

(5) For the sequence u(n)=[2{(an)]{(bn), n€N, the set Z={neN:u(n)=0} has
density 1, and the sequence of the nonzero values of u, {u(n):n¢Z}, is uniformly dis-
tributed on the interval [0, 1] with respect to the standard Lebesgue measure.

(6) The sequence u(n)=[(n+1)a]—[na]—[a], n€N, takes on only the values 0 and 1,
with frequency 1— ((a)) and ((a)) respectively; in other words, u(n) is uniformly distributed
on [0, 1] with respect to the measure (1—{(a)))dp+ (a))d1. (The generalized polynomial
u(n), often called nowadays the Beatty sequence, appears already in the work of the
astronomer J. Bernoulli IIT (see [Mar]), and is found, under different names, in a variety

of mathematical contexts, from symbolic dynamics to theory of mathematical games.)

0.6. The examples above indicate that a generalized polynomial can have quite intricate
distributional properties. Given a bounded generalized polynomial u, one would like at
least to know whether the sequence {u(n)},cz has some regular behavior. In particular,

one would like to know the answer to the following recalcitrant question posed in [BH4].

Question. Is it true that

1 N
: § : 2miu(n)
J\}1_>H<1>o N — c

exists for any generalized polynomial u?

A general result which we obtain in this paper (Theorem B below) not only implies
that the answer to this question is positive, but also gives a description of the measure
which, so to say, governs the law of distribution of the sequence of the values of a

generalized polynomial.

0.7. A more general version of Theorem 0.4, also obtained in [We], deals with vector-

valued generalized polynomials of the special form
pmodl=(pymodl,..,pmodl):Z— T =R'/Z!,

where p=(p1, ...,p;): Z—R! is a polynomial mapping.
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THEOREM. (Cf. [We, Theorem 18]) Let p: Z—R! be a polynomial mapping and
let p=pmod1: Z—T! be the corresponding generalized polynomial mapping obtained by
reduction modulo 1. There exist (disjoint, parallel, and isomorphic) subtori Sy, ..., Sk in

T! such that the sequence {p(n)}nen is uniformly distributed on S:Uf:1 Si.

0.8. When S consists of several components, that is, when k>2, we say that a sequence
is uniformly distributed on S if it is uniformly distributed on the components S; of S
with respect to the Haar measures ug,, or more precisely, is uniformly distributed on S
with respect to a measure u5:Zf:1 aips,, with aq,...,a;€(0,1). Here is an example.
Let a be an irrational number, and consider in T? the sequence

p(n)= (%n2 mod 1, namod 1, n?a mod 1), n€N.

Let So and Sy be the two-dimensional tori defined by So={0} xT? and S;={%} x T2
The sequence {p(n)}nen visits the tori Sy and Sy in the following order: Sy, S1, S1, So,
S1, 51, ..., and is uniformly distributed on SyU.S; with respect to the probability measure
,US:% u50+§ 1s,, where pig, denotes the normalized Lebesgue measure on S;, i=0, 1.

0.9. A frequently cited special case of the above theorem concerns the situation where the
components of p, the polynomials p1, ..., p;, are rationally independent. In this case the
sequence {H(n) }nen is uniformly distributed on T'. From our perspective, the case where
the p;’s are rationally dependent is more significant since it contains in embryonic form

certain elements of a general theorem pertaining to arbitrary generalized polynomials.

0.10. Identifying the torus T! with the unit cube K=[0,1)! (and not distinguishing
between pmod 1 and ((p))) allows one to view the subtori appearing in the formulation
of Theorem 0.7 above as sections of K by a finite system of parallel planes. One can now
rephrase Theorem 0.7 by saying that the sequence {{(p(n))) }nen is uniformly distributed
on a bounded piecewise linear surface in R!. The main goal of this paper is to obtain
a version of this fact for general GP mappings. But first we want to give a couple of
examples demonstrating some peculiarities of distribution of vector-valued generalized

polynomials.

Ezamples. Let a and b be rationally independent irrational numbers.

(1) The values of the GP mapping u(n)=({an)), {(an)?), n€Z, are dense on the
parabola segment S={(z,2?):2x€[0,1]} in R? and uniformly distributed on S with re-
spect to the measure dz.
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(2) The values of u(n)=({an), [2(bn)](2{an)?—1)—{an)?+1), n€Z, are dense
and uniformly distributed with respect to the measure dz on the union of two intersecting
parabola segments {(z,z?):2€[0,1]} and {(z,1—2%):2€[0,1]}.

0.11. While the examples in §0.5 and §0.10 indicate that too direct a generalization
of Weyl’s theorem cannot be hoped for, it turns out that the values of any bounded
generalized polynomial u: Z¢—R! are uniformly distributed, in a manner to be made
precise, on a piecewise polynomial surface (see §0.24 below). We will now discuss the
ideas behind the proof of this fact. Let us return for a moment to Theorem 0.4. There
are essentially two known approaches to the proof of this theorem. The original approach
of Weyl in [We| can be described as follows. First, Weyl establishes the equivalence of
the following conditions for a sequence {ay, }nen in [0, 1]:
(i) {an}nen is uniformly distributed on [0, 1], that is, for any interval [b,]C[0, 1],
#{n< N:a,€lb |}

I =c—b;
Nl—r>noo N ¢ b7

(ii) for any Riemann integrable function h on [0, 1] one has

1 & L
]\}%N;h(an)/o hdx;

(iii) for any meZ\ {0},

N
lim — y o ePmiman =
N—oco N

n=1

To prove the uniform distribution of the sequence {{(p(n)) }nen, Weyl uses the fact
that if for any m€N the sequence {an4m—an}nen is uniformly distributed modulo 1,
then the sequence {a, }nen is also uniformly distributed modulo 1. Since after finitely
many applications of the difference operator D,,p(n)=p(n+m)—p(n) the situation is
reduced to the case of linear polynomials, for which the condition (iii) above is eas-
ily verified, the result follows. (The difference trick described above is usually called
van der Corput’s difference theorem in honor of van der Corput, who efficiently applied
it in his work. See [vdC].)

0.12. A different approach to the proof of Theorem 0.4, which might be called dynamical,
deals with a special class of affine maps of a torus. This approach was introduced by
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Furstenberg in [F1] and [F2] (see also [H] and [C] for a similar treatment), and can be

described as follows. Let

p(n)= ao+ain+asn®+...+apn® =bo+bin+by (;) 4. +be (Z) € R|[n].

Consider the following affine transformation, called a skew product, of the k-dimensional
torus T =RF/Z*:

T(y1,y2, - Yk) = (Y1 4+bk, Y2 +y1 +br—1, o, Yo +Yp—1+b1). (0.1)

Let y=(0,...,0,b9) €T*. One can check by induction on n that
(T"y)r=p(n)modl, neZ.

One can now use the known properties of the dynamical system (T*, T') in order to charac-
terize the behavior of the sequence {{(p(n))) }nez. In particular, if ay, is irrational the sys-
tem (T*, T) is uniquely ergodic (with the unique 7T-invariant measure being the Lebesgue

measure on T¥), which implies (the one-dimensional version of) Weyl’s theorem.

0.13. Let us now return to generalized polynomials. While various modifications of the
technique based on the van der Corput difference theorem allow one to treat successfully
some special classes of generalized polynomials which are uniformly distributed with
respect to the Lebesgue measure (see [Hal], [Ha2] and [Ha3]), it seems not to be applicable
in the situations where the distribution law is not known in advance or is complicated. On
the other hand, the dynamical approach has much greater range of applicability. Indeed,
if a sequence {an}tnen in [0,1] is generated by a uniquely ergodic dynamical system
(X,T, ) (where X is a compact metric space, T is a homeomorphism X —X, and p
is a unique T-invariant measure on X) in the sense that for some Riemann integrable
function f: X =R and a point z€X one has a,=f(T"z), then, as a consequence of

unique ergodicity, one will have for any function he C(R),

N-1 N-1

. 1 . 1 ;
= | Mf(x))dp= | hdv,
X R

where v=f, (). Note that, due to the unique ergodicity of T', formula (0.2) holds for the

uniform Cesaro averages (N—M)~! ZnNz_Alf h(ay) (rather than for the more traditional

averages N1 25:1 h(a,)); this means that the sequence {a,}nez is well distributed
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(rather than uniformly distributed) with respect to the measure v on [0,1]. (See [F3]
and [Wa] for a discussion of basic properties of unique ergodicity, and [KN] for more
information on well distribution.) The phenomenon of well distribution of sequences
generated by uniquely ergodic measure-preserving systems takes place for actions of any

amenable group; in this paper we will mainly deal with Z?-actions.

0.14. The following example shows how a generalized polynomial can be generated by
a uniquely ergodic dynamical system. Let u(n)={an[bn]), n€Z, where a,beR; we are
going to obtain the generalized polynomial v “dynamically”. Let G be the group of 4x4

upper-triangular matrices with unit diagonal:

1 a2 a13 a4
0 1 Q2,3 Q24
G= ' " 1:a;,€R
0 0 1 as,4 di,j <
0 0 0 1
and let
1 mi2 miz mia
0 1 ma23 M24
= ’ T limy €L
0 0 1 mas | ME
0 0 0 1

Then X =G/T is a compact manifold, on which the group G naturally acts by left trans-
lations: g(¢'T)=(gg")T, g,9'€G. The elements of X can be identified with matrices

1 12 13 14
0 1 x23 Z24

r=|, 4 R where z; ; €[0,1).
0 0 0 1

We will call the x; ;’s, 1<i<j<4, the coordinates of x. Note that while the coordinate
functions x; ; are not continuous on X, the set of points of discontinuity of each of these
functions has measure 0 and therefore, each z; ; is Riemann integrable.

Let
0
b

ab € G,

Q

Il
S O O
S = O =

one checks that

o oo+

o = O 3
<
S
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Define a transformation T of X by Tx=gz, r€X. Let

100 0
010 0

— reXx:

=10 01 0| &
00 0 1

in order to write the sequence T"x “in coordinates” on X, we have to find, for each n€Z,

a matrix v, €I" such that g™+, has all its entries in [0,1). Multiplying g™ by

1 —[-an] -n 0 1 {(—an) 0 &n
o 1 0 —[m 0 1 0 (bn)
0 0 o] |0 e Lo 0 1 (e |
0 0 0 1 0 0 0 1
where &, =an[bn]—nlabn]. Finally, multiplying this matrix by
100 &) 1 (—an) 0 (anfonl)
010 0 . 0 1 0 (bn)
0 0 1 o |0 weobmin ooy
0 0 O 1 0 0 0 1

Thus, the (1,4)-coordinate (I™x)1,4 of the point 7™z is just ((an[bn]), and we have
obtained u dynamically as u(n)=(T"z)14, n€Z. (X, T) is not a uniquely ergodic system,

and the sequence {T"z},ez is not dense in X; let Y={T"z}, _,CX. One can show
that Y is a submanifold of X, and that the action of T" on Y is uniquely ergodic. (This
can be shown directly, but also follows from the general theory; see [Le] or [L2].) Thus,
u is generated by the uniquely ergodic system (Y, 7|y ). This implies that the sequence
{u(n)}nez is well distributed with respect to a certain Borel measure v on [0, 1]. (Namely,

v=(x1.4)«(py), where py is the unique T'-invariant measure on Y".)

0.15. In the example above, the group G of upper-triangular matrices with unit diagonal
is a nilpotent Lie group, I' is a uniform subgroup of GG, and X is, therefore, a compact
nilmanifold. It turns out that the class of dynamical systems which are generated by
translations on nilmanifolds provides the adequate framework for the study of generalized
polynomials. In this paper the term nilmanifold will stand for a compact homogeneous
space X=G/T’, where G is a nilpotent, not necessarily connected, Lie group and I is a
discrete subgroup of G. The group G acts on X by left translations, or, as we will often
say, by nilrotations. We will use the term nilsystem to denote any dynamical system of
the form (X, H), where X=G/T" is a (compact) nilmanifold and H is a subgroup of G
acting on X by nilrotations.
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0.16. Let us note that the skew product transformation (0.1) of the torus T*, which was
utilized in §0.12 to generate the generalized polynomial ((p)), where

p=bo+b1z+bs (;) 4oty <i)

can also be viewed as a nilrotation. Indeed, let G be the group of upper-triangular

matrices with unit diagonal

1 a2 a3 ... aix Qe+l
0 1 az,3 a2,k A2,k+1
0 0 1 as,k a3, k+1
0 0 0 1 Ak k+1
0 0 0 0 1

with a; ;€7 for 1<i<j<k and a; y+1€R for 1<i<k, and let I' be the subgroup of G
consisting of the matrices with integer entries. Then G is a nilpotent (nonconnected) Lie
group with X =G /T'~T* and the system defined on X by the nilrotation by the element

1 1 0 .. O br
0 1 1 ... 0 bg_

0 0 1 .. 0 bgo
g=f. . . - : €G
0 0 O 1 b1

0 0 O 0 1

is isomorphic to the dynamical system on T* defined by formula (0.1).

0.17. Nilsystems have some remarkable properties which will be relied upon in this
paper. First, they are known to be distal; see [AGH], [K1] and [K2]. (An action of a
group G on a compact metric space is said to be distal if for any distinct points x and y
of the space, inf ¢ dist(gz, gy) is positive.) If a group of homeomorphisms of a compact
space X acts distally, then X is a disjoint union of minimal sets, which are orbit closures
of points of X. While not every distal minimal system is uniquely ergodic, the minimal

components of nilsystems are (see [Le] or [L2]).

0.18. We are now going to formulate a theorem that establishes a connection between
bounded generalized polynomials and nilsystems. But first we need to introduce the
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notion of a piecewise polynomial function on a nilmanifold. Given a connected nil-
manifold X, one can define a bijective coordinate mapping 7: X —[0,1)* (see the formal
definition in §1.5 below). While the mapping 7 is not continuous, its inverse 7! is. (This
is clear in the case X =T*, where 7: T¥ —[0, 1)* is the standard coordinate mapping, and
is analogous in the general case.) Let us say that a mapping h: B—R! from a set BCR”
is piecewise polynomial if there is a partition B=L;U...UL, and polynomial mappings
Py, ..., P RF—5R! such that each £; is defined by a system of polynomial inequalities
and h|c,=Pj, j=1,...,r. We say that a mapping f: X —R! is piecewise polynomial if the
mapping fo71:[0,1)¥ = R! is piecewise polynomial. This definition does not depend on
the choice of a coordinate system on X (see [L4]). We say that a mapping of a non-
connected nilmanifold X is piecewise polynomial if it is piecewise polynomial on every
connected component of X. A piecewise polynomial mapping may be discontinuous, but
it is clearly Riemann integrable. (A function on a compact metric space X equipped
with a finite measure is Riemann integrable if and only if it is bounded and continuous

almost everywhere in X.)

0.19. THEOREM A. (i) For any nilmanifold X, any action ¢ of Z¢ by nilrotations on
X, any piecewise polynomial mapping f: X =R, and any point € X, the mapping

u(n) = f(¢(n)z), nez,

1s a GP mapping.

(ii) For any bounded GP mapping u: Z*—R! there exists a nilmanifold X, an er-
godic action ¢ of Z% by nilrotations on X, a piecewise polynomial mapping f: X =R,
and a point t€X such that

u(n) = f(p(n)z), neZd.

In other words, any mapping that is generated by a nilsystem and a piecewise poly-
nomial mapping is a (bounded) GP mapping, and any bounded GP mapping is generated

by an ergodic nilsystem and a piecewise polynomial mapping.

0.20. Remarks. (1) It is important to emphasize that the piecewise polynomial map-
ping f appearing in the formulation of Theorem A may be discontinuous, and that this
(rather mild) discontinuity of f is inevitable: not every bounded generalized polynomial
is of the form u(n)=f(T™z), where T is a nilrotation, z€ X and feC(X). Moreover, not
every bounded generalized polynomial can be represented as u(n)=f(T"x), where T is
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a (continuous) distal transformation of a compact metric space X, z€X, and feC(X).
Indeed, all points in a distal system are recurrent (see, for example, [F3, p.160]), and
thus the sequence f(T™z) with fe€C(X) cannot have nonrecurrent values, whereas some
generalized polynomials may (see examples in §3.4). The same argument shows that
not every bounded generalized polynomial is representable as f(T"x), where T is a
continuous uniquely ergodic transformation of a compact space X, feC(X), and the
unique T-invariant measure p on X is such that supp(u)=X.(') (It is not hard to show
that under these conditions the system (X, T) is minimal; see, for example, [Wa, Theo-
rem 6.17].) Finally, not all bounded generalized polynomials without isolated values are
representable as f(T"z), where T is distal and f is continuous; the simplest example of
such a polynomial is u(n)={({[an]b)) (see [Hal]).

(2) Also, not all bounded generalized polynomials can be obtained by using a skew
product transformation of a torus (like in the example discussed in §0.12 above), and
a Riemann integrable (not necessarily continuous) function thereon. Indeed, consider
the generalized polynomial u(n)={{an[bn])), where a and b are rationally independent
irrational numbers. Let X be a torus with the standard measure p and let T" be an
ergodic skew product transformation of X. Assume that there exist a Riemann integrable
function f on X and a point z€X such that u(n)=f(T"z), neZ, and let f=e2"i/
Then f (T"z)=e?"enlbn] neZ. One can show that for any character y on X one has
x(T™z)=e2"""(") where p is a polynomial. Using the method described in §3.6 below
one can check that for any ordinary polynomial p the sequence {(an[bn]—p(n))), n€N, is

uniformly distributed on [0, 1]. Hence,

N—oo

1 N
. . § 27i(an[bn]—p(n)) _
hm Nn 1@ wa nl=pin —0

Since T is uniquely ergodic (this follows from [F3, Proposition 3.10]), the sequence T™(x)

is uniformly distributed on X, and so
1N 1
F— — T Fimm n — T 2mian([bn] ,—2mip(n) _
/Xfxdu A}l_r}r(lxj—ng:l f(T"x)x(Trz) du A}l_}rr})o i 3216 e 0.

Hence, f is orthogonal to all characters on X, which contradicts the completeness of the

system of characters on X.

(1) On the other hand, it follows from [Ha1, Theorem 4.2.2] that every bounded generalized poly-
nomial can be obtained with the help of a uniquely ergodic system if the condition supp(p)=X is
dropped.
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0.21. In order to formulate corollaries of Theorem A we need to introduce some termi-
nology. A Folner sequence in Z¢ is a sequence {®x }35_, of finite subsets of Z¢ such that,

for any ne€Z<,

(A standard example of a Fglner sequence is provided by a sequence of (not necessarily
nested) cubes of increasing size in Z%.) We will say that a set ECZ¢ has density o and
write D(F)=« if
. |Eﬂ‘1>N|

lim —— =

N—o00 |(I>N|
for every Folner sequence {®y}%¥_; in Z9. When saying that a statement holds for
almost all elements of Z? we mean that this statement holds for all elements of Z% but
a subset of zero density.

0.22. Let w be a mapping of Z¢ to a compact metric space X endowed with a finite
nonzero Borel measure . We will say that the (multiparameter) sequence {w(n)}, cza is
well distributed on X with respect to p if for any open set UC X with u(0U)=0 one has
D(w HU))=pu(U)/u(X). When this is the case, for any Riemann integrable function f

on X and any Fglner sequence {®x}3%_, in Z? one has

. 1
Jm e 3 St | s

0.23. Let a set LCR?®, with nonempty interior, be defined by a system of polynomial
inequalities, and let P be a polynomial mapping R*—R!. We will call S=P(L) a
(parameterized) polynomial surface in R!. Let A be the Lebesgue measure on R?*; we will
denote by ps the normalized measure P, (A) on S, which is defined by
AP~LH(A)NL)

A(L)

for Borel sets A in R'. A piecewise polynomial surface S is a finite (not necessarily

ps(A) =

disjoint) union of polynomial surfaces, S :Ule S;, endowed with a measure us of the
k
form ps=3"; ; aius, for some oy, ..., a5, >0.

0.24. We are now in a position to formulate a corollary of Theorem A pertaining to well
distribution of bounded generalized polynomials. In order to keep the technicalities to a
minimum, we give here a somewhat simplified version of a more comprehensive theorem
to be found in §3.1 below.



DISTRIBUTION OF VALUES OF BOUNDED GENERALIZED POLYNOMIALS 167

THEOREM B. Let u:Z?—=R! be a bounded GP mapping. There exists a bounded
piecewise polynomial surface S such that uw(n)€S for almost all n€Z? and the sequence

{u(n)}peza is well distributed on S with respect to ps.

0.25. In particular, we have the following consequence.

COROLLARY. Let u: Z4—R! be a bounded GP mapping. For any f€C(R!) and any
Folner sequence {®n}_, in Z4,
1
lim

JNaret m Z f(u(n))

nedy

exists and s equal to fs fdus.

0.26. The following special case of Corollary 0.25 gives the affirmative answer to the

question formulated in §0.6.

COROLLARY. For any generalized polynomial u:Z¢—R and any Folner sequence
{ON}F_, in Z9,

. 1 . )
lim —— E e2miu(n)  opists.
N%m|®N

nedy

Note that the generalized polynomial « is not assumed to be bounded, but this does

not matter in view of the identity e2™#%(n) =g2mi{u(n))

0.27. From Corollary 0.26 one can deduce, with the help of the spectral theorem, the fol-
lowing two generalizations of the classical von Neumann’s ergodic theorem. (For proofs,
see §4.3 and §4.4 below.)

COROLLARY. Let U{,...,U}l, t€R, be commuting unitary flows on a Hilbert space H
and let uy, ..., up be generalized polynomials Z¢—R. For any Folner sequence {PN}3_,
in Z% the sequence

1 u (n) ug (n)
@ Z Ul e Uk

nedy

is convergent in the strong operator topology.
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0.28. COROLLARY. Let Uy,...,Uy be commuting unitary operators on a Hilbert space
and let uy, ..., ux, be generalized polynomials Z¢—Z. For any Folner sequence {®n1}3_,

w() | pruen)
|@N|ZU1 LUk

nedy

in Z¢ the sequence

s convergent in the strong operator topology.

0.29. We will now formulate one more corollary of Theorem B, which deals with the
existence of invariant means (also called Banach limits) on the algebra B of bounded
generalized polynomials Z¢—R. It follows from Theorem B that for any uc®B the

number

L(u)= lim flu
N—oo |(I)N| n€Z<I>N
does not depend on the choice of the Fglner sequence {®x}%_,. This fact implies that

all Banach limits agree on u (see [Lo] or [Su].) Consequently, we have the following result.

PROPOSITION. There exists a unique invariant mean on the algebra B of bounded
generalized polynomials Z¢—R. In other words, there exists a unique linear functional
L:%B8—R having the following properties:

(i) for any meZ, L(um)=L(u), where um,(n)=u(n+m), n€Z;

(i) L(u)=0 if u=0;

(iii) L(1)=1.

Let us also remark that the analogous fact holds for the algebra generated by
functions of the form fou, where u is a bounded generalized polynomial Z%—R' and

FEC(RY).

0.30. While Theorem B utilizes the unique ergodicity of (ergodic) nilrotations, the fact
that nilrotations are also distal provides additional information about the character of
distribution of GP mappings on piecewise polynomial surfaces. Given an infinite sequence
E={ni,ng, ...} (of not necessarily distinct elements) in Z4, let FS(E) denote the set of
finite sums of distinct elements of E: FS(E)={}, pn::FFCN and 0<|F|<oco}. Sets
of the form FS(E) are called IP sets in ergodic theory, and are intrinsically connected
with recurrence properties of distal systems (see [F3] and [B]). A set PCZ? is called
an IP* set if it has a nontrivial intersection with any IP set in Z¢. One can show that
any [P* set P is syndetic, that is, has the property that the union of finitely many shifts
of P covers Z¢. In fact, the property of IP*-ness is quite a bit stronger than that of
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syndeticity. For instance, while the intersection of two syndetic sets may be empty, the
intersection of any finite family of IP* sets is again an IP* set. (See [F3, Lemma 9.5].)
A set @ is called IPY if it is a “shifted” IP* set, that is, if it is of the form n+ P, where
P is an IP* set. While IP? sets do not have the filter property (the intersection of two
IP* sets may be empty), they still have some “regularity” properties and form a smaller
class than that of general syndetic sets. (See [B] for examples of syndetic sets which are
not IP*.) The relevance of IP* and IP* sets to the distal systems is revealed by the
following theorem.

TuEOREM. (Cf. [F3, Ch.9] and [B, Theorems 3.8 and 3.9]) Let ¢ be a Z%-action
by homeomorphisms of a compact metric space X. The action ¢ is distal if and only if
for any x€X and any open neighborhood W of x the set {n:¢p(n)xeW} is an IP* set.
If the system (X, @) is minimal (that is, the orbit {p(n)x},cze of every point x€X is
dense in X), then the action of ¢ is distal if and only if for any x€X and any open
WCX the set {n:¢p(n)xeW} is IP%.

0.31. Let u be a bounded GP mapping and let S be the piecewise polynomial surface
on which the values of u are well distributed. It follows from Theorem B that for any
nonempty open set WCS the set u='(W)={n€Z:u(n)eW} is syndetic. From the

distality of nilsystems we will deduce the following enhancement of this fact.

THEOREM C. For any nonempty open set WCS, u='(W) is an IP% set.

0.32. Let us say that a value u(n)€R! of u is IP*-recurrent if for any neighborhood W
of u(n) the set u=1 (W) is an IP* set, and is IP* -recurrent if for any neighborhood W of
u(n) the set u=1(W) is an IP* set. It now follows from Theorems B and C that almost
all values of u are IP*-recurrent. (Or, more precisely, u(n) is an IP*-recurrent value of u
for almost all n€Z9.)

0.33. For a given polynomial mapping u, Theorem C gives no information about whether

a concrete value of u is recurrent. This gap is partly filled by the following theorem.

THEOREM D. Let u be a GP mapping Z?—R! such that all polynomials occurring
in the representation of w have zero constant term, and let u=umod1l viewed as a
mapping to the torus T'=R!/Z!, that is, let @ be the composition of u with the natural
projection R'—=T!. Then 0€T! is an IP*-recurrent value of . (In other words, for
any >0 the set {n€Z?:||u(n)||<e}, where ||z| is the distance from x€R! to Z!, is an
IP* set.)
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(The expression “polynomials occurring in the representation of u” refers to the poly-
nomials occurring in the representation of the coordinates of u; for example, polynomials
occurring in the representation of u=([2[p1]+p2]ps, [p4][ps5], 3[ps][p7]) are p1,...,p7,2,3.

Below we will use the term “polynomials involved in u”; see a formal definition in §2.9.)

0.34. We will now briefly discuss an interesting Diophantine application of Theorem D.
The following theorem was obtained in [vdC].

THEOREM. Let u;: Z4T 1SR, i=1,...,k, be polynomials without constant term.
For any 6>0, the set of n€Z® for which there exist my, ..., my€Z such that

lui(n)—ma| <6, |ua(n,mq)—ma|<d, .., J|ug(n,mq,...mp_1)—mg|<d (0.3)
is syndetic in Z%.

Furstenberg and Weiss proved in [FW] that the set of n€Z? for which the system
(0.3) has a solution is IP*. This fact was further enhanced and generalized in [BHaM]. We

will derive from Theorem D yet another generalization of Furstenberg—Weiss’ theorem.

THEOREM. Let u;: Z¥—1 R, i=1,...,k, be generalized polynomials such that all
ordinary polynomials occurring in the representation of u; have zero constant term. For
any 6>0, the set of n€Z? for which there exist my, ...,m€Z satisfying system (0.3) is
an IP* set.

0.35. In conclusion, we would like to say a few words about bounded generalized poly-
nomials of continuous argument. We do believe that all the results above extend to this
case. We, however, cannot prove this here because of the absence in the literature of
the continuous version of Theorem 2.3, which is an essential ingredient in our proofs. A
version of Theorem 2.3 where the well distribution is replaced by the uniform distribu-
tion follows from the results in [Shl]; this allows one to obtain a continuous version of
Theorem B, which we will presently formulate. For a measurable set ECRY let us write
DB (E) =q if

lim LEQBT) =a

r—oo  A(B,) ’
where ) is the Lebesgue measure in R? and B, CR? is the ball of radius r centered at 0.
If w: R?— X is a mapping to a topological space X equipped with a nonzero finite Borel
measure (i, let us say that w is ball-uniformly distributed on X if for any open set U in X

with ©(0U)=0 one has
-1 _ U
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THEOREM B.. Let u: RY—R! be a bounded GP mapping. There exists a bounded

piecewise polynomial surface S such that u is ball-uniformly distributed on S with respect

to ps.

0.36. The goal of this subsection is to help the reader to navigate through this—
sometimes quite entangled—paper. In the course of proving Theorem A and in order
to derive its corollaries, we will formulate various modifications of Theorems A, B, B,
etc. The following diagram describes logical connections between the major theorems

and indicates the subsections where they appear:

A(0.19) = B(0.24)
1) T
A*(1.7) B* (3.1)
) T
A (10.4) — AT (1.14) == A** (1.17) = B™* (2.12) = C (0.31)
N
D (0.33) B, (0.35) —» B (4.11),

where “P—(@Q” means that () is a special case of P and “P=-@Q"” means that () is derivable
from P.

Here is a brief description of the structure of the paper. In §1 we introduce coordi-
nates on a nilmanifold and present another version of Theorem A, Theorem A*, which
says that any GP mapping is generated with the help of a coordinate mapping of a
connected nilmanifold and a sequence of polynomial transformations thereof. We then
formulate an extension of Theorem A*, Theorem A**, which deals with families of func-
tions more general than that of generalized polynomials, and ties the complexity of a
GP mapping with the nilpotency class of the nilsystem that generates it. The (long
and difficult) proof of Theorem A** is self-contained, and we postpone it until the last
sections of the paper, first focusing on applications of this theorem.

In §2 we describe how subnilmanifolds look in coordinates on a nilmanifold, and
use this information to derive from Theorem A a technical version of Theorem B, The-
orem B**. Theorem B** is used in §3 to obtain Theorem B*, a refinement of Theo-
rem B that contains some additional information about the distribution of the values of
a bounded GP mapping u on a piecewise polynomial surface S. In particular, it connects
the degrees and the coefficients of the polynomials that define S with the complexity of u
and, respectively, with the constant terms of the polynomials occurring in the representa-
tion of u. We then discuss exceptional values of GP mappings, and provide an instructive

example of computation of the distribution of the values of a generalized polynomial.
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In §4 we derive the rest of the results formulated in the introduction; in particular,
we prove Theorems C and D.

§85-10 are devoted to the proof of Theorem A**; in this proof we use the nilpotent
group of upper-triangular matrices with unit diagonal. In §5 and §6 we reduce the
problem to an algebraic one, namely, to proving that any generalized polynomial can be
produced by applying special algebraic operations to entries of an appropriately chosen
upper-triangular matrix. (The general algebraic version of Theorem A, Theorem A***,
is formulated in §10.)

In §87-9 we deal with elementary generalized polynomials (the generalized polyno-
mials produced from the conventional polynomials by using only multiplication and the
bracket operation (and no addition or subtraction)). The structure of an elementary
generalized polynomial can be described by a tree (an oriented cycle-free graph), and
we use a rather cumbersome induction over the set of trees to show that any elemen-
tary generalized polynomial can be “read off”, modulo “smaller” elementary generalized
polynomials, from an upper-triangular matrix.

In §10 we conclude the proof of Theorem A***, passing from elementary to arbitrary

generalized polynomials.

Acknowledgments. We thank H. Furstenberg and the anonymous referee for useful

comments and suggestions.

1. Coordinates on a nilmanifold and a reformulation of Theorem A

1.1. Let G be a nilpotent Lie group of nilpotency class D and let I" be a discrete uniform
subgroup of G. The compact homogeneous space X =G/T" is called a nilmanifold of
nilpotency class D. We will assume that G is connected and simply-connected, which

will suffice for our goals.

1.2. We will list here some facts about connected simply-connected nilpotent Lie groups;
for more details see [Mal].

For any ge€G there exists a unique one-parameter subgroup {g‘};cr in G such
that gt=g. Let G=G12G2D...2Gp2Gpyi1={1¢g} be the lower central series of Gj
then, for each j, G;/G;41 is a finite-dimensional R-vector space. G has a Mal’tsev basis
compatible with T, that is, an ordered set {eq, ..., e } CT" such that, for a certain sequence
1=k <...<kp of positive integers, (the images of) the elements ey, ...,ex,,,—1 form a
basis in G; /G441 for every j=1,...,D. If {eq, ..., e } is a Mal’tsev basis in G, then every
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element g€G is uniquely representable in the form g=ej* ... ej*, where the coordinates
ai, ..., ar are real numbers, with g€l if and only if aq, ..., a €Z.
For every i€{1,...,k} let D,€N be such that e;€Gp\Gp,+1.

1.3. In the coordinates (ay, ..., ax), the multiplication in G is given by polynomial for-

mulas: if g=e{" ...ef...ef* and h=e}* ...eb ... el*, then
gh:€?1+b1 “.e?i+bi+Pi(a1 ----- a;i—1,b1,...,bi_1) m6Zk+bk+pk(a1,-~~,ak—1,b1,~~~,bk—1) (11)
and
gt =el"t .. e?'it—'_qi(al""’ai’l’t) ezkt—‘_qk(al""’ak*l’t), teR, (1.2)

where, for each i=2, ..., k, p; is a polynomial in 2(i—1) variables with rational coefficients

which takes integer values on Z2(*~1) and ¢; is a polynomial in i variables with rational

coefficients which takes integer values on Z*. (See [Mal].)

1.4. For each i=2, ...,k one has degp,; <D; and degq; <D;. Moreover,

degp;(aP, ..., aka,bfjl, s ka’“) < D;.
It follows that if Sy, ..., Sk, R1,..., Ri are polynomials with deg S;<D; and deg R; <D;
for all i=1,...,k, then degp;(S1, ..., Sk, R1, ..., Ri)<D;, i=1,...,k. (See [L1]; in the ter-
minology of [L1] the multiplication in G is a continuous polynomial mapping of lc-degree
<(1,2,..,D).)

1.5. The coordinate mapping 7: G—R", g=e* ...e}* (a1, ..., ax), is a diffeomorphism
satisfying 7(I')=Z*. The “cube” Q=7"1([0,1)*)CG is the fundamental domain for X,
which means that for any g€ G there exists a unique y€T such that 7(gv)€[0, 1)¥. Indeed,
put vo=1¢, and if v;_1 €I is such that

T Ti—1 b; by .
gvi—i =€t e el ek, with xq, .., 221 €[0,1),

put Yi :’yi_le;[bi] . Then
[b4]

9% =gYi—1€; - =€l ... efi’llef"efff ..eff, with z;=b;—[b;] €[0,1).
For y=r, we therefore have gy=ei* ... ;" with xq,...,2,€[0, 1).

For g€G we define x(g9)=gv€Q and 7(9)=7(x(g))= (21, ..., x1)€[0,1)¥. The map-
ping 7: G— [0, 1)* factors to a one-to-one mapping X —[0,1)*, which is a diffeomorphism
on 77((0,1)%) but is discontinuous at the points of 771([0,1)¥\ (0,1)*). The mapping 7
transfers (the completion of ) the Haar measure on X to the Lebesgue measure on [0, 1)¥.
For 1<i<k let 7; be the ith coordinate of 7. We will refer to 7=(74, ..., 7x) as a coordinate

mapping of X or a coordinate system on X.
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1.6. Let us note the following fact.

LEMMA. Any piecewise polynomial mapping h: B—R' of a bounded subset BCR¥
is the restriction to B of a GP mapping w: RF—R!.

Proof. Recall that a mapping h: B—R! is said to be piecewise polynomial if B is
partitioned, B=L;U...UL,, so that for each j=1,...,7 the set £; is defined by a system

of polynomial inequalities:

ﬁj = {t eB ij,l(t)7 -~y Djnj (t) > O,qu(t), < 45,m; (t) > 0}7

and Pj=h|,, is a polynomial mapping. Let M be such that |p;;(t)|<M and |g;(t)|<M
for all j and ¢ and all t€ B. For any number ¢ with |¢|<M, one has

[ c} {1, ife>0, 1+[c} {1, if ¢>0,
— | = 1 — =
M 0, if e<0, M 0, ife<0.

Thus, if we define a GP mapping w as

(L)

then, for t€ B, w(t)=P; if and only if teL;. O

It follows that the composition of a bounded GP mapping with a piecewise polyno-

mial mapping is a GP mapping.

1.7. We will now formulate a modification of Theorem A, which, on one hand, is more
natural, and on the other hand, will be easier for us to prove. The idea is to obtain a
generalized polynomial as a coordinate function along the orbit of a point of a nilmanifold
under a polynomial action of Z¢ instead of a conventional action.

A polynomial mapping w: Z%— G to a nilpotent Lie group is a mapping of the form

w(n):gfl(n) gt ™ neZd where gi, ..., gr€G and pi, ..., pr are polynomials.

THEOREM A*. A mapping u: Z¢—[0,1)! is a GP mapping if and only if there exist
a connected nilmanifold X=G /T equipped with a coordinate system 7=(T1,...,7k), @

polynomial mapping w: Z4—G, and indices i1, ...,i;€{1,...,k} such that

W= (Tiy s ey Ty ) oW
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1.8. We will now explain how Theorem A can be derived from Theorem A*.

To prove (i), assume that u(n)=f(¢(n)x), n€Z?, where f:Y —R! is a piecewise
polynomial mapping of a nilmanifold Y =H/A, ¢ is a homomorphism Z¢— H, and €Y.
Let m: H—Y be the natural projection and let g€ H be such that 7(g)=x; then the map-
ping w: Z¢—H, w(n)=¢(n)g, n€Z, is polynomial. The function f is the composition
f=het, where 7 is a coordinate function on Y and h is a piecewise polynomial function
on R*. By (the if part of) Theorem A*, v(n)=7(¢(n)r)=7(w(n)) is a GP mapping.
Thus, by Lemma 1.6, u=hev is a GP mapping.

To prove (ii), assume that a GP mapping w is represented in the form

u(n):(7_1'17'~"Tiz)(w(n))a nGZd,

as in Theorem A*. Let m: G— X be the natural projection. It is shown in [L3] that one
can find another connected nilmanifold X =G / I with a continuous mapping 7: X—>X ,a
homomorphism ¢: Z?—G, and a point Z€X such that 7(w(n))=n(¢(n)z) for all neZ<.
It is also shown in [L3] (and, as well, follows from the results in [Le] or [Sh2]) that the
closure Y=¢(Z%)Z of the orbit of & under the action of ¢ is a (not necessarily connected)
subnilmanifold of X. Hence, w(n)=(7i,, ., 7i,)(n(¢(n)7)), n€Z. Moreover, the action

¢ is ergodic on Y, the mapping (7;,,...,7;,)on is piecewise polynomial on )Z', and hence

f=(7i,, .., 7i,)°n|y is a piecewise polynomial mapping from Y (see [L4]).

1.9. As a matter of fact, we need an extension of Theorem A* which is applicable to vari-
ous classes of polynomial mappings to GG: continuous polynomial flows, polynomial map-
pings with zero constant term, etc. We will therefore consider a more general situation.
Let A be a ring of real-valued functions on a set Z. We will call any mapping w: Z—G of

g1 gar®

the form w(z)= .gr 7, z€Z, with g1, ..., g-€G and oy, ..., a. €A an A-mapping.

If {ey,...,ex} is a Mal’tsev basis in G, then, since the multiplication in G is polynomial,
any A-mapping w: Z—G can be written in terms of this basis: w(z):efi(z) ...eZ;“(Z),
z€Z, with o, ..., ), € A. We will denote the set of A-mappings to G by G(A).

When A is the ring of polynomials Z% — R, the A-mappings to a nilpotent Lie group

G are just polynomial mappings.

1.10. For DeN we denote by 9p(A) the set of mappings 5: Z—[0,1) such that there
exist a nilmanifold X=G/T" of nilpotency class <D equipped with a coordinate system
(T1, s Tk), WEG(A), and 1€{1, ..., k} such that S=T;cw.
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1.11. Let A be a ring of real-valued functions on a set Z. We will call the minimal
algebra of real-valued functions on Z which contains A and is closed under the operation
of taking the integer part the bracket extension of A, and denote it by B(A). More
precisely, v€B(A) if one of the following holds:

(i) veA,;

(ii) v=wv1+wvy, where vy, v2€B(A);

(iii) v=v1v9, where vy, v2€B(A);

(iv) v==[w], where weB(A).(?)

We define

B°(A)={ueB(A):Ran(u) €[0,1)} ={u—[u] :ueB(A)}.

1.12. The complezity of veB(A), cmp(v), is defined by

1, ifve A,
emp(v) = max{cmp(vy),cmp(va)}, if v="1v1+va,

cmp(vy)+cmp(ve), if v=vqv9,

cmp(w), if v==4[w].

(Note that cmp(v) is not uniquely defined and depends on the representation of v in terms
of elements of A. This will not affect our arguments, since we will deal with concrete
representations of generalized polynomial rather than with polynomials themselves. We
refer the reader to §6, where a formalism for dealing with representations of generalized

polynomials is introduced.)

Examples. 1If p;€ A, then

cmp(p1) =1, cmp([p1])=1, cmp(p1[p2]) =2,
emp(p1[p2]+p3) =2, cmp(p1[pa[ps]]) =3, cmp(pi[p2][ps]) =3,

emp(p1 [p2[pa]+pal+ps[ps]) =3 and  cmp(p1[p2[ps]+pa][ps]+pe) =4

When v=(v1, ...,v;) is a GP mapping, we define cmp(v)=max{cmp(v;)}._;.

(?) Here is the clarification of how this definition should be understood. Put Bg(A)=.A; then
put By (A)=Bi_1(A)U{vi+v2:v1,v2€BL_1(A)}U{viva:v1,v20€Bg_1 (A)}U{x[v]:vEBL_1(A)} for
k=1,2,..., and finally let B(A)={7_, Br(A).
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1.13. From the definition of complexity we immediately have the following result.

LEMMA. Let p be a polynomial in k variables, let ni,...,nx €N, let
degp(zi?, ..., x%) =n,

and let vy, ..., v, €B(A) satisfy cp(v;)<n;, i=1,....k. Then cmp(p(vy, ..., vg))<n.

1.14. For DeN we define
Bp(A)={veB(A):cmp(v) <D} and BY(A)=DBp(A)NB°(A).(3)
THEOREM A%*. For any ring A of real-valued functions and any DEN,
Np(A) =By (A).
The inclusion B9, (A)CHp(A) of this theorem will be proved in §§5-10.

1.15. Proof of the inclusion Mp(A)CB%(A). Let X=G/T be a nilmanifold of nil-
potency class <D with a coordinate system (7i,...,7%), and let weG(A); we need to
show that moweBp(A) for all i=1,...,k. Let {ey,...,ex} be the Mal’tsev basis in G
which induces the coordinates 7, ...,7, on X. Define 0g: Z—G, 0p=1¢. Assume that
oi—1: Z—7T is already defined so that

:egl(z) egi’l(z)eﬂ"’(z)...ef’“(z), zZ€Z, (1.3)

w(z)oi—1(z) e i

with £1(2),...,&—-1(2)€[0,1), 2€ Z. Define o;: Z—T by
oi(z)= oi_l(z)ei_[ﬁi(z)], Z€Z.
Then
SBEIZ 8 effll(z)efi(z)efﬂl(z) LB sz (14)

with & (2)=0;(2)—[Bi(2)]€[0,1), z€ Z.

Now put x(w)=wa. Then Ran(x(w))CQ=7"1(]0,1)%), so that 7;cw="7;ox(w) and
we have 7;ow="7;ox(w)=¢;, i=1, ..., k. We have to show that &, ..., €BY(A).

Assume, by induction on 4, that in formula (1.3), &1, ..., &i—1, Bi, -, O €B(A) and, in
the notation of §1.2, cmp(¢;)<D;, j=1,...,i—1, and cmp(B3;)<Dj, j=1, ..., k. Then {;=
Bi—[8i]€B°(A), and cmp(&;)=cmp(3;)<D; <D, so €B%(A). By §1.3, the functions
Cit1, -5 C in formula (1.4) are polynomial expressions in &1, ...,&—1, G, ..., Bk and [G;],
hence (it1, ..., (R €B(A), and by §1.4 and Lemma 1.13, cmp((;)<D;, j=i+1,....k. O

w(z)oi(z) =w(z)o;—1(2)e

(3) Let us clarify this definition as well: Bp(A) consists of the elements of B(A) that have a
representation with cmp < D.
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1.16. Let us now consider vector-valued functions. For a ring A of real-valued functions
on a set Z and D,l€N, we denote by 4, (A) the set of mappings 3: Z—[0,1)! such
that there exist a nilmanifold X=G/T of nilpotency class D equipped with a coordinate
system (71, ...,7%), w€G(A), and i1, ...,5;€{1, ..., k} such that =(7,,...,73,)ow.

LEMMA. B=(B1, ..., 31) €NK(A) if and only if B;€Np(A) for all j=1,...,1.

Proof. If 3= (B4, ..., 31) €M (A) then Sy, ..., B€NpH(A) by definition.

Assume that for each j=1,...,1 one has §;€9p(A), that is, assume that there exist
a nilmanifold X ;=G /T'; of nilpotency class <D with a coordinate system (7;1, ..., 7jx; ),
w;€G(A) and i;€{1, ..., k;} such that §;=17;, cw;. Define G=G1 x...x Gy, =T x...xT,
X=G/T=X;x..xX; and w=(w1,...,w;): Z—G. Then X is a nilmanifold of nilpotency

class <D, weG(A), (111, ..., T.k,) is a coordinate system on X, and we have

B=(B1,es B1) = (T1iys ooy 13y ) ow O

1.17. In light of Lemma 1.16, Theorem A%* implies its multidimensional extension.

THEOREM A**. For any ring A of real-valued functions and any D,l€N,

Np (A) = (B (A))"-

2. Coordinate representation of a subnilmanifold

and primitive GP mappings

2.1. We keep the notation of §1. Let m: G— X be the natural projection, 7(g)=¢gl'€ X.
Any closed (not necessarily connected) subgroup of G is a simply-connected nilpotent Lie
group. A subnilmanifold of X is a closed subset Y of X of the form Y=n(bH)=br(H),
where H is a connected closed subgroup of G and be(G. Thus, Y is a translate of
m(H)=H/(I'NH) and, hence, has a natural structure of a nilmanifold.

An element g€@G is said to be rational if g" €l for some n€N. Given a coordi-
nate system (7q,...,7%) on G, the coordinates of a rational element g€G are rational,
71(9), s T(9) €Q. (See [L4].) We will say that a subnilmanifold Y of X is rational if it
is of the form Y =n(gH) with rational geG.

2.2. We remind the reader of some of the terminology introduced in §0.
(i) We say that a set ECZ? has density a and write D(E)=q if
. |Eﬂ(1>N| .

1 LE——
N |Dy]
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for every Fglner sequence {®y}3_, in Z9.
(ii) Let ECZ® with D(E)>0 and let w be a mapping from E to a topological space X
endowed with a finite (nonzero) Borel measure p. We say that the sequence {w(2)}.cr

is well distributed on X (with respect to u) if for any open set UC X with p(0U)=0 one
has D(w~! (U))/D(E) =pu(U) /(X).

2.3. The following theorem is proved in [L3] and [L4],

THEOREM. Let w:Z%—G be a polynomial mapping. There exists a subgroup Z of
finite index m in Z¢, with cosets Z\(=Z2), 2y, ..., Zm, such that for each i=1,...,m the
sequence {m(w(2))}.ez, s well distributed on a subnilmanifold Y; of X with respect to the

Haar measure on Y;. If w(0)=1¢, then the subnilmanifolds Y1, ...,Y,, are all rational.

2.4. In light of Theorems A* and 2.3, in order to describe the distribution of the values
of a bounded generalized polynomial, we have to determine how a subnilmanifold Y of
X looks in coordinates on X. It is shown in [L4] that if Y is a subnilmanifold of X and
7 is a coordinate mapping of X, then, up to a subset of Y of zero measure, 7(Y) is a
piecewise polynomial surface. This clearly implies Theorem B. However, if we want to
get information about the degree and the coefficients of the polynomials defining this
surface we need to study 7(Y') more carefully.

2.5. Let {ey,...,ex } €T be a Mal’tsev basis in G and let 7: G—RF be the corresponding
coordinate mapping. Let H be a closed connected subgroup of G such that I'MH is uni-
form in H, and let {cy, ..., cs } CHNT be a Mal’tsev basis in H. We have a diffeomorphism
7 H—=RS, &' ¥ (y1, ..., ys), with f(TNH)=Z5.
One has H={c{" ...c¥% },,, .. y.cr, and by formulas (1.1) and (1.2),
S1(y1,--Ys S yeesYs
H= {ell(yl ve) -~-ekk(y1 Y )}yh-u,ysER’

where, by §1.3, S1,..., S are polynomials on R®. By §1.4, deg S;<D;, i=1,..., k. Since
e1,...,es€l’, the polynomials Sy, ..., S, take on integer values on Z® and hence have
rational coeflicients. In the commutative diagram

Idy
H——C

[k

R® H )]_:{lc7
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the immersion Ry =707 1: R*—RF is (S, ..., Sk), and so is a polynomial mapping with
rational coefficients. In other words, H appears in coordinates on G as an s-dimensional

rational polynomial surface of degree <D.

2.6. Let geG, g:el{ . ek ; the coset gH can be written as

b br S1(Y1,---,Ys) Sk(Y15e-5Ys)
gH ={ey" ...e;fe; - by €R

_ g Ri(y1,sys) Ri(y1,--5Ys)
*{61 - Fyr,ys€R

where, by §1.3 and §1.4, Ry, ..., R are polynomials with deg R;<D;, i=1,...,k, and
coefficients in the ring R generated by Q and by, ..., b;. In the commutative dlagram

Id

| ]
l Ry
RS b )Rk’

the immersion R,py=7<(gi 1)=(Ri,..., Rx): R*xZ"—RF is therefore a polynomial
mapping of degree <D with coefficients in fR.

2.7. Now let Y be the subnilmanifold m(¢H)CX. Let :Y —][0,1)® be the coordinate
system on Y which corresponds to 7j|g and let 7: X —[0,1) be the coordinate system

on X corresponding to 7. In the commutative diagram

Y C X
0.1)* 2 [0, 1)%,

1

the immersion Ry =7on~" is the composition of ﬁy:RgEhoJ)S: [0,1)*—R* and of the

“projection” F=romoF L RF—[0,1)k,
G——X
1)k

b

Rk*>0

Let Q=7"1([0,1)%)CG, then G is represented as the disjoint union U,er Q- For

v€T let C,,=7(Q7), then R* is the disjoint union |J, < C,. Let M,: R*—R* be defined
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by M, (z)=7(7"1(z)v); by formula (1.1), the mapping M, is polynomial with rational
coefficients. Then C, =M, ([0,1)*) and #|c, =M,-1]c. .
Let 71, ..., 75 €L be such that Ry ([0, 1)S)§U;.V=1 C,, and let

L;=RyY(C,,), j=1,..,N.

Then [0,1)® is the disjoint union Ujvzl L;. Let je{l,...,N}. The restriction of Ry on
Ljis Rj=M,-1°Ry|r,, which is a polynomial mapping with coefficients in R, and L;
is defined by L, :Rj*l([071)k)ﬂ[0, 1)°. Since the coordinates Ry, ..., Ry of Ry satisfy
deg R;<D;, i=1,...,k, by §1.4 we have degR; < D.

2.8. We arrive at the following result.

PROPOSITION. Let Y=n(gH) be a connected subnilmanifold of a connected nilman-
ifold X of nilpotency class D, and let 7: X —[0,1)* and n: Y —[0,1)® be coordinate sys-
tems on X and Y. The mapping Ry =7on~1:[0,1)*—[0,1)* is piecewise polynomial
in the following sense: there are one-to-one polynomial mappings Ri, ..., Ry:R*—RF
of degree <D such that the sets ﬁj:’Rj_l([O, 1)*)N[0,1)%, j=1,..., N, partition the cube
[0,1)%, and for each j=1,...,N one has Ry|c;=R;. The coefficients of Ri,...,Rn are
contained in the ring R generated by Q and the coordinates of g.

2.9. We now return to generalized polynomials. Let u be (a fixed representation of)
a generalized polynomial; the conventional polynomials occurring in the representation
of u will be called polynomials involved in u. More precisely, the set I(u) of polynomials

involved in wu is

{u}, if u is an ordinary polynomial,
I(u)=1< I(u;)UI(ug), if u appears in the given representation as uj+ug or ujusz,
I(v), if u=+[v].

In view of the constructive definition in §0.1, I(u) is defined for any representation of

any generalized polynomial.
Ezample. The polynomials involved in py[p2+[ps]ps] are p1, pa, p3 and py.

When u=(uy, ...,u;) is a GP mapping, the set of polynomials involved in u is

I(u)=I(u1)U...UI(u).
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2.10. Let u: Z¢—R! be a bounded GP mapping; we will assume that Ran(u)C[0,1)".
Let D=cmp(u) and let A be the ring of real-valued functions on Z¢ generated by the
polynomials involved in u, so that u€(8%(A))!. By Theorem A**, one has ueM’,(A).
This means that there exist a nilmanifold X =G /T of nilpotency class <D with m: G—X
being the natural projection, a coordinate system 7=(7y,...,7%): X —[0,1)*, weG(A),
and nq,...,n€{1,...,k} such that u=(7,,,...,Tn,)emow. Let o(T1,.... k) =(Tny, e, Tn,),

then u=goromow:

uw:Z? 2G5 X T 0,1)F 2= 10,1)".

Since w is a polynomial mapping, by Theorem 2.3 there exist a subgroup Z with cosets
Z1(=2), 2, ..., Zm in Z% and connected subnilmanifolds Y7, ..., Y;, of X such that for
each i=1,...,m the sequence {m(w(z))}.cz, is well distributed on Y;.

Fix i€{1,...,m}, and let n;: ¥;—[0,1)* be a coordinate system on Y;. Then by the
proof in §1.15, v;=n;emow|z,: Z;—[0,1)° is a GP mapping of complexity <D, and we

have u| z, =goTon; ' ov;=0oRy, cv;:

u|gi:Zi&>Yi - X

NN

0,1)* =2 o,
[

[t

J

,
)P
0
0,1)!

Since the coordinate mapping 7; maps the Haar measure on Y; to the Lebesgue mea-
sure A on [0,1)® and is continuous on an open subset of Y; of full measure, {v;(2)}.cz,
is well distributed on [0,1)° with respect to A\. By Proposition 2.8, there exist a parti-
tion [0, 1)S:U§V=i1 L; ; and polynomial mappings R; 1, ..., R; n;: R*—R" of degree <D
such that Ry, |, ;=R ; and Ei,j:R;]-l([O, DH*)N[0,1)%, j=1,...,N;. For je{1,...,N;} let
Z; j=v; (L ;)CZ; and let P; j=poR; j; then P; ; is a polynomial mapping R*—R' of
degree <D and ul|z, ;=P; jovilz, ;:

i ’Pif
u|gm. : Zi)j U—> ﬁ@j —]> [0, 1)l.

The coefficients of the polynomials R, ; (and thus, of the P; ;’s) belong to a certain ring
of real numbers which we will now describe. Let 7: G—R¥ be the coordinate mapping
of G corresponding to the coordinate system 7 on X, and let Tow(z)=(a1(2), ..., ax(2)),
2€Z?, where ay, ...,y are polynomials from A. Then 7(w(0))=(a;(0),...,ax(0)), and
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1(0), ..., @ (0) belong to the ring § generated by Q and the constant terms of the poly-
nomials involved in u. Define w’(2)=w(0) 'w(z), so that w’(0)=1g. By Theorem 2.3,

the components Y7, ..., Y, of {m(w'(2)):2€Z?} are rational subnilmanifolds of X, that is,
Y/=n(g;H;), where the g;’s have rational coordinates. Thus, the components Y7, ..., Y,
of {m(w(2)):2€Z7} have form Y;=w(0)Y; =7 (w(0)g; H;), i=1, ..., m. By Proposition 2.8,
the coefficients of the R, ;’s, i=1,...,m, j=1, ..., IV;, are contained in the ring generated
by Q, the coordinates of the g;’s, and the coordinates a4 (0), ..., ax(0) of 7(w(0)), and so
are contained in §.

2.11. Let us say that a GP mapping v: Z—R?, where Z is a subgroup of Z¢, is primitive
if v is representable as a composition v=necmow, where w: Z— H is a polynomial mapping
to a nilpotent Lie group H, m: H—Y is the projection mapping to a connected nilmanifold
Y =H/T’ such that m(w(Z)) is dense in Y, and : Y —0, 1)* is a coordinate system on Y.
If v is primitive, by Theorem 2.3 the sequence {m(w(z))}.cz is well distributed in YV
with respect to the Haar measure, and thus the sequence {v(z)}.cz is well distributed

on [0,1)® with respect to the Lebesgue measure.

Ezxample. If a and b are rationally independent irrational numbers, then the GP map-
ping v(n)=({an), (bn), (—an[bn]))), n€Z, is primitive. Indeed, let

1 a2 a3 1 mi2 migs
H= 0 1 a2,3 1A cR s A= 0 1 m2.3 1My g cZ s
0 0 1 0 0 1

Y be the connected nilmanifold H/A with the “natural” coordinate system

1 z12 213 1 z12 213
7 0 1 x23 =(x1,2,%1,3,%2,3), Where 0 1 x23
0 0 1 0 0 1

is the representation of €Y with all z; ;€[0,1), and define the polynomial mapping
w:Z—H by

1 an O
wn)=[(0 1 bn], neZ
0 0 1

Then one can show that m(w(Z)) is dense in Y, and we have v=nomow.

2.12. We can now summarize the content of §2.10 in the following way.
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THEOREM B**. Let u: Z¢—R! be a bounded GP mapping and let § be the ring gen-
erated by the constant terms of the polynomials involved in w. There exist a subgroup Z of
finite index m in Z* with cosets Z1(=Z2), Z, ..., Zm, an integer s€ N, primitive GP map-
pings vi: Z;—[0,1)%, i=1,....m, of complexity <cmp(u), partitions [0, l)S:U?’:il Lij,
i=1,...,m, where each L, ; is defined by polynomial inequalities of degree <cmp(u) with
coefficients in §, and polynomial mappings P; j: R*—R!, i=1,...,m, j=1,...,N;, of de-
gree <cmp(u) with coefficients in §, such that for Z; j=v;*(L; ;) one has

uZi,j:,Pi,jo’Uiy izl,...,m,jzl,...,Ni.

3. Proof of Theorem B and exceptional values of GP mappings

3.1. Let us recall that a polynomial surface S in R! is the image under a polynomial map-
ping P: R*—R! of a subset £ of R* defined in R® by a system of polynomial inequalities
0<R;<1, j=1,..., k, and having nonempty interior. The degree of S is the maximum of
the degrees of P and of R;, j=1,...,k; the coefficients of S are those of P and of R;,
j=1,....,k. The measure us on S is the normalized image of the Lebesgue measure |,
under P, defined by us(A)=AP~1(A)NL)/N(L) for Borel sets ACR!. Theorem B**

implies the following, more precise version of Theorem B.

THEOREM B*. Let w:Z?—R! be a bounded GP mapping. There exist bounded
polynomial surfaces Sy, ...,S,CR! of degree <cmp(u) and a partition Zd:Z*UUf=1 E;
such that D(Z,)=0 and such that for every ic{l,....,k}, D(E;)>0 and the sequence
{u(2)}2eg,; is well distributed on S; with respect to us,. The coefficients of S, ..., Sk
belong to the ring generated over Q by the constant terms of the polynomials involved

m u.

When the set Z, in the assertion of Theorem B is fixed, we will call the values of «
at the points of Z, exceptional, and the other values of u regular. The theorem then says
that the regular values of any GP mapping u lie and are well distributed on a piecewise
polynomial surface (whereas the exceptional values, which do not affect the distributional

behavior of u, are out of our control).

Proof. We keep the notation of §2.12. Fix i€{1,...,m}. For each je{1,..., N;} the
set £, ;C[0,1)° is defined by a collection of polynomial inequalities, and thus either the
interior LY, of £; ; is nonempty, A\(£;;)>0 and {v;(2)}.ez, ; is well distributed on £ ;
with respect to the Lebesgue measure, or Lf; is empty, A(L;;)=0 and Z; ; has zero
density in Z;. Let us assume that £?,,..., L7, #@ and L ,,...,L%, =, and define
Ziv=2; r,+1U..UZ; n,. Then Zi,*UU;;1 Z,; j is a partition of Z;, the set Z; . has zero
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density in Z; and for each j=1,...,7; the sequence {u(2)}.cz, , is well distributed, with
respect to jus, ;, on the polynomial surface S; ;=P; ;(L; ;) of degree <cmp(u). Finally,
we put Z*:U;il Zi s O

3.2. Remark. The values of u are well distributed on the piecewise polynomial surface

S= | Si= U PiuiLip);
=1 m

i=1,....m =1,...,

J=1,,m J=1,..m

as well, we can take

S= |J Pii(Ly).
i=1,....,m
j:l,...,ri

We then see that, in Theorem B, one may assume S=f(V'), where V is a dense open

subset of a nilmanifold Y and f is a piecewise polynomial mapping Y =R/, continuous
on V.

3.3. COROLLARY (of the proof). In the notation of Theorem B*, the set Z, is contained
in the set W=w"1(0) of zeroes of a generalized polynomial w:Z*—R, with D(W)=0.

Proof. Note that, in the proof of Theorem B* in §3.1, for any i€{1,...,m} and j>r;
the set £;; is contained in the set of zeroes of a nonzero polynomial S; ; on R*. Put
Si:H;\f:’imH S;i,; and define a generalized polynomial w by w|z, =S;°v;, i=1,...,m. For
each 4, since S; is a nonzero polynomial and {v;(z)}.cz, is well distributed on [0, 1)® with
z,)71(0) has zero density in Z;. O

respect to the Lebesgue measure, (w

3.4. Here are some examples of generalized polynomials with exceptional values.

Ezamples. (1) Let a be an irrational number and let u(n)=[1—{an))]. Then u(n)=0
for all n#0 and u(0)=1 is an exceptional value of w.

(2) Let a€R be such that the set S,={neN:0<{{an))<1/n} is infinite. (For in-
stance, a=Y o, 2-(2"=1) works since, as it is easy to check, 22" ~teS, for all neN.)
Let b be any irrational number. Define u(n)={([1—{([{an)n]b)]an)), n€N. Then

[ {an)) €(0,1/n) for n€Sq,
u(n){ 0 for n¢ S,.

The regular values u(n), n€N\S,, of u are all equal to 0, whereas the exceptional values

u(n), n€S,, form a sequence converging to 0.
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(3) In the notation of the preceding example, let now u(n)={[1—{[{an)n]b)]cn)),
ceR. One can show that, varying the parameter ¢, one may achieve any a priori given
distribution (with respect to any a priori chosen Fglner sequence) of the sequence of

exceptional values u(n), n€S,, in [0,1].

3.5. A converse of Theorem B also holds, namely, for any piecewise polynomial surface
in R! whose domain is a cube, or a finite union of cubes, there exists a GP mapping whose
values are well distributed on this surface. Indeed, assume that a piecewise polynomial
surface S is defined by a piecewise polynomial function h:Q—R!, where QCR?® is a
cube, or a finite union of cubes. Choose a GP mapping v: Z— @ such that the values
of v are well distributed on @ with respect to the Lebesgue measure. (Say, if Q=[0, 1]*,
we can take v(n)=({ain), ..., {asn)), n€Z, where ay,...,as are rationally independent
irrational numbers.) Define u=hov; by Lemma 1.6, u is a GP mapping, and the values

of u are well distributed on S.

3.6. Let us demonstrate the calculation of the distribution of the values of a generalized
polynomial by carrying it out on one simple example. Let a be an irrational number;
consider the generalized polynomial u(n):<<%a2n27cm[om] >>, n€Z. We are going to
generate u by a nilsystem.

The group

1 b
G= 0 c|:a,b,ceR
0 1

o = Q

of 3x3 upper-triangular matrices with unit diagonal is a connected simply-connected

nilpotent Lie group, and
1 m k
I'= 0 1 I |:mkleZ
0 0 1

is a discrete uniform subgroup of G. Let X =G/T" and m: G— X be the natural projection.
Let

11 0 10 1 10 0
e1,0= 0 1 0 ) €1,3= 0 1 0 and €23 = 0 1 1
0 0 1 0 0 1 0 0 1
Then {62,3, €1,2, 6173} is a Mal’tsev basis in G such that
1 a b
65,36%,2611,3 =0 1 ¢], abceR.
0 0 1
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Thus, in the Mal’tsev basis {es 3, €12, €13} the coordinates of a matrix

1 b
A=10 c|leqd
0 1

o = Q2

are 7(A)=(c,a,b). The fundamental domain in G is

1 a b
Q= 0 1 ¢ |:abcel0,1)y,
0 0 1
and for a matrix
1 a
A=10 1 ¢ | €@,
0 0 1

1 a b 1 0 0 1 —[a] O 1 0 —[b—ald]
x@=[o0o 1 ¢|lo 1 =d|lo 1 o]lo 1 0
0O 0 1 0 O 1 0 0 1 0 O 1
1 (a) (b—alc)
={0 1 (e
0 0 1
For the polynomial sequence
1 an %(12%2
wn)=[0 1 an
0 1

in G we will therefore have 73(w(n))=((3a’n*—an[an]))=u(n), n€Z.

Consider the subgroup

1
H= 0
0

o = Q

a :a€R
1

of G; we have w(n)eH for all n€Z. Since I'NH is uniform in H, Y=n(H) is a one-
dimensional subnilmanifold of X. Define the coordinate mapping 7: H—R by

1.2
504

o~ Q

1
n 0
0

— Q

so that (TN H)=Z. The mapping Rg=7¢7"1: R—R3 has form Ry (y)=(2y, 2y, 2y?).
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Let n: Y%[ 1) be the coordinate mapping corresponding to 7, then the sequence v(n)=

n(m(w(n)))=
and so, 7r( (n)) is well distributed on Y with respect to the Haar measure on Y.

Let C=[0,1)*. Then Ry ([0,3))CC. Define Ri=Ruly 1y=(2y,2y,2y?). For

2

)={3an)) is well distributed on [0,1) with respect to the Lebesgue measure,
)

1 1 0
¥y=(0 1 1
0 0 1

one has
1 1 1 0
M,(c,a,b)=7 0 1 01 1 =(c+1,a+1,b+a),
0 1 0 0 1
and so

Cy=M,(C)={(c,a,b):1<c<2, 1<a<?2and a—1<b<a},

and Ry ([3,1))CC,. Define Ry=M y-1°Rulp1 1y, Ra(y)= (2y—1,2y—1,2y% —2y+1).
Let P; and Py be the third coordinates of R and Ra, respectively: P;(y)=2y? and
Pa(y)=2y>—2y+1.

We have arrived at the following: the interval [0,1) is partitioned into £q= [O, %)
and Lo=[%,1), a mapping P:[0,1)—[0,1) is defined by P|z, =P, and P|z,="P>, that is,

292, if ye [0,1),
P ={2, foelo2)
y*—2y+1, ifye [5,1)7

and we have u(n)zP(«%an»), ne€Z. The sequence {%an}nez is well distributed on

[0,1) with respect to the Lebesgue measure dy; hence, u(n), n€Z, is well distributed on

[0,1) with respect to the measure

dx
— if z€[0,1),
24/2
Ry if = 1).
01 r€[z.1)

4. Proofs of Theorems C, D, B, and other results from the introduction
4.1. The following theorem (cf. Corollary 0.25) clearly follows from Theorem B*.

THEOREM. Let u: Z?—R! be a bounded GP mapping. For any f€C(R!') and any
Folner sequence {®n}5_, in Z4,

A}linoo |<I’N| Z flu ezists and equals ZD / fdus,.

nedby =1
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4.2. COROLLARY. (Cf. Corollary 0.26) For any generalized polynomial u:Z%—R. and
any Folner sequence {®N}3_, in Z4,

4.3. The proofs of the following two propositions (Corollaries 0.27 and 0.28) are similar;

we confine ourselves to the proof of the first of them.

PROPOSITION. Let UL, ..., UL, teR, be commuting unitary flows on a Hilbert space H
and let uy, ..., uy be generalized polynomials Z¢—R. For any Folner sequence {®n1}35_,

in Z¢ the sequence

uy ( u(n)
Vle z{: LH Uﬁ

nedy

is convergent in the strong operator topology.

Proof. An application of the spectral theorem reduces the problem to the case where

H=L>*(Q) for some measure space §2 and
(Ujg)(@) =e*m i), g€ L3(Q), j=1,...k, z€Q,

where f; are measurable real-valued functions on 2. Then, for any g€L?(Q) and 2€9,

k k
j i Sk i(n)fi(x Tiug (N
<H Uf’“”g) (H 2miug(n) f;(z) >g(x)_62m§:j1uj( ) fi( )g(x) — e2mita( )g(m)7
i=1 =1
where u,(n)= ZJ L [i(@)u;(n), neZ?. By Corollary 4.2, the sequence

1 Tiug (N
o 3

nedy

converges pointwise on ), and thus in H=_L?(). O

4.4. PROPOSITION. Let Uy, ...,U; be commuting unitary operators on a Hilbert space

and let uy, ..., uy, be generalized polynomials Z—Z. For any Folner sequence {®n}35_,

ui(n) uﬂn)
@N‘ >t

ned N

in Z¢ the sequence

is convergent in the strong operator topology.
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4.5. The following proposition can be viewed as a “measure-preserving” version of the

“unitary” result contained in §4.3.

PROPOSITION. Let G be a connected nilpotent Lie group, let X=G/T" be a nilman-
ifold with w: G— X being the natural projection, let A be the algebra of generalized poly-
nomials on Z?, and let weG(A), that is, w(z):gqfl(z) ...g;“(z), 2€Z, with g1, ..., g, €G
and uy,...,u,. being generalized polynomials. Then

. 1
fim_ o > S((2)

N—o0
z€dN

exists for any f€C(X) and any Folner sequence {®n}_, in Z%.

Proof. Let 7: X—[0,1)* be a coordinate system. By Theorem A*™* u=toemowe
B(A)*, and in the case under consideration B(A)=A. So, u: Z?—[0,1)* is a GP map-
ping. Let feC(X); since 7~ is continuous, f=for ! is a continuous function on [0, 1)*.
By Theorem 4.1,

1 1 R
lim —— m(w(z)))= lim —— u(z
G 2 S = i e 3 (o)

N—oo N—oo
zedbn zedbN

exists for any Fglner sequence {®x}3_, in Z%. O

4.6. We now move the discussion to the recurrence properties of generalized polynomials
dealt with in Theorems C and D of the introduction. Given a mapping u from Z¢ to
a topological space X, we will say that a point x€X is an IP*-limit of w if for any
neighborhood W of z the set u=!(W) is IP*, and that z€X is an IP* -limit of u if for
any neighborhood W of z the set u=!(W) is IP*. The following fact is proved in [L3].

PROPOSITION. Let X=G/T be a nilmanifold, m: G— X be the natural projection and
w:Z1—G be a polynomial mapping. Then w(w(0)) is an IP*-limit of the mapping Tow.

4.7. COROLLARY. If Y=mow(Z?), then every point of Y is an IP% -limit of mow.

Proof. For any 2z’ €Z the point 7(w(2)) is an [P*-limit of the mapping 7ow’, where
w'(2)=w(z+2"), and thus for every open set WCY the set (mow)~}(W) is an IP* set. [

4.8. THEOREM C. Let u:Z*—R! be a bounded GP mapping and let S be the piecewise
polynomial surface on which the values of w are well distributed. Then for every open
set WCS, u (W) is an IP% set. In other words, every point of S is an IP* -limit of wu,

and in particular, every regular value of w is IP’ -recurrent.
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Proof. By Theorem A, u is representable in the form u=forow, where w:Z%—G
is a polynomial mapping to a nilpotent Lie group G, m: G—X is the projection to a
nilmanifold X=G/T', and f: X —R/! is a piecewise polynomial mapping. Let Y:W;
then Y has a dense open subset V' such that f is continuous on V and S=f(V). (See
Remark 3.2.) If W is an open subset of S, then U= f~1(W)NV is a nonempty open subset
of Y; by Corollary 4.7, (mew)~H(U) is an IP% set, and so u=(W) is an IP* set. O

4.9. THEOREM D. Let u be a GP mapping Z*—R' such that all polynomials involved
i u have zero constant term, and let @ be the composition of uw and of the natural
projection R'—=T"!. Then 0€T! is an IP*-limit of 1.

Proof. Let u: Z¢—R! be a GP mapping such that all polynomials involved in u
have zero constant term. Let A be the ring generated by these polynomials, then all
polynomials from A vanish at 0. Define v=u—[u]. Then Ran(v)C[0, 1)’

Utilizing Theorem A**) we can find a nilmanifold X=G/I" with the natural pro-
jection 7:G— X, a coordinate system 7: X —[0,1)*, a mapping w€G(A), and indices
i1,...,i1€{1, ..., k} such that v=(7;, ..., 7;,)emow. Since weG(A), we have w(0)=1¢. Let
o=7(1¢). Then wew(0)=o0.

Let o be the natural insertion [0, 1)* —T*=R¥/Z¥, that is, the restriction to [0, 1)*
of the natural projection R*—T*. Then co7: X —T* maps o to 0€ T* and is continuous
at o. Indeed, if a sequence {z;}32; in X converges to o, then a limit point of {7(z;)}%2,
may only be a vertex of the cube [0,1]*, and all the vertices of [0, 1]*¥ are mapped by o
to 0€T*.

The mapping %=umod 1=vmod 1: Z¥ =T is the composition of geremow and of

the projection o: TF =T, o(y1, ..., Yk)=(Yiys s Yiy ):

242G "5 X "0, 1) I TF 2Tl

By Proposition 4.6, o is an IP*-limit of mow. Hence, 0€T* is an IP*-limit of goTomow
and 0€T! is an IP*-limit of . O

4.10. THEOREM. (Theorem 0.34) Let u;: Z4H "1 =R, i=1,...,k, be generalized polyno-
mials such that all ordinary polynomials involved in u; have zero constant term. Then,

for any §>0, the set of n€Z? for which there exist my, ...,my€Z satisfying
lui(n)—ma| <6, |ua(n,mi)—me|<d, .., |ug(n,my,..me_1)—mg|<d (4.1)

is an IP* set.
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—[~u]. For n€Z? and ¢4, ...,e,€{—1,1}, define

ot () = (o, for ()] [0 ()] o [ )75,
By Theorem D, for any §>0 the set of n€Z? for which

dist(v;" """ (n) mod 1,0) < §

K2

for all i=1,....k and e1,...,ex,€{—1,1} is an IP* set. For any such n we now construct
a solution of the system (4.1) in the following way.
We have either ((uq (n)))g() or (<u1(n)>>g1; in the first case we put e1=1, and in the
second case we put £;=—1. Define mj=[u;(n)]°*; then, in both cases, |u1(n)—mq|<d.
We now have v5' (n) =us(n, m1) and either {(us(n, m1)>>g0 or {(uz(n,m)) gl; in the
first case we put eo=1, and in the second case we put eo=—1. Define mo=[ua(n, m1)]*?;
then, in both cases, |ua(n, m;)—ma|<d.

Next, we have v5"“*(n)=uz(n, m1, ms) and either

0 [
{uz(n,my,ma)) =0 or (us(n,mi,me))=1;
in the first case we put e3=1, and in the second case we put e3=—1. Define
€3.

m3 = [Uz(n,ml,mz)] ;

then, in both cases, |us(n, mi, ma)—mg|<d. And so on, inductively. O

4.11. The following is a refinement of Theorem B,.

THEOREM B?. Let u:RI—R! be a bounded GP mapping. There exist bounded
polynomial surfaces Sy, ...,SpCR! of degree <cmp(u) and a partition Rdzz*LJUf:1 E;
such that Dp(Z.)=0 and for every i€{1,...,k}, Dp(E;)>0 and u
distributed on S; with respect to us,. The coefficients of Si,...,Sk belong to the ring

B, 18 ball-uniformly

generated over Q by the constant terms of the polynomials involved in wu.

To prove this theorem one just has, in the proof of Theorem B*, to switch from Z¢
to R? and to substitute Theorem 2.3 by the following theorem, which is a special case
of results in [Sh1].
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THEOREM. Let X=G/T be a nilmanifold, m: G—X be the natural projection, and
let w:R4—G be a polynomial mapping. There exists a connected subnilmanifold Y of X
such that m(w|rae) s ball-uniformly distributed on Y with respect to the Haar measure
onY.

5. Legal orders and reduction formulas

We now proceed to the algebraic part of the paper, which will lead us to the proof of
Theorem AY*.

5.1. We remind the reader that A stands for a ring of real-valued functions on a set Z;
B(A) is a bracket extension of A, that is, the minimal ring of functions containing A and
closed under the operation of taking brackets; B°(A) CB(A) consists of functions with
range in [0,1); and 91(.A) is the set of functions which can be generated by a nilsystem,
that is, functions of the form 7ow, where w is an A-mapping from Z to a nilpotent Lie

group G and 7 is a coordinate on the nilmanifold X=G/T".

5.2. It was shown in §1.15 that 91(A4) CB°(A). To establish the inclusion B°(A) CN(A),

stated in Theorem A%*, we will use the group of upper-triangular matrices with unit
diagonal. For deN let

1 CL172 al,d
0 1 az.d

Mg = . ) ta;; €R
0 0 1

My is a connected simply-connected nilpotent Lie group, and

1 ni2 ... nig
0 1 n2.d

Iy= . ) n; ;€L
0 0 1

is a discrete uniform subgroup of M.

We will refer to elements of My as to upper-triangular matrices. Dealing with ma-
trices from M, we will often ignore their diagonal and subdiagonal entries and therefore
assume that their entries are indexed by the pairs (7, j) with 1<i<j<d.
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5.3. Let A be a ring of real-valued functions on a set Z. The set of A-mappings Z— My
is then the set

1 a172 alyd
0 1 az.d

Md(A): . . . . :ai’jEA
0 0 1

of upper-triangular matrices with entries from A. Let B(A) be the bracket extension
of A; for any matrix P€ M4(.A) there exists a unique matrix x(P)e€ My(B(A)) which is
equal to P modulo I'y and takes values in the fundamental domain of M, with respect
to I'y. Our goal is to show that for any u€%B(.A) there exist deN, a Mal’'tsev basis in My,
and a matrix PeMg(A) such that the (1, d)-coordinate of the matrix x(P) in this basis

is u—[ul.

5.4. For 1<i<j<d, let E;; be the upper-triangular matrix with unit diagonal whose
only nonzero entry above the diagonal is 1 at the (4, j)-th position.

The set {E; j h<i<j<a is a Mal’tsev basis in My compatible (see §1.2) with 'y, and
for a€R we have that Ef; is the upper-triangular matrix with unit diagonal whose only
nonzero entry above the diagonal is a at the (7, j)-th position.

5.5. At first glance it seems that with respect to the Mal’tsev basis {Ei’j}lgiqu the

coordinates of a matrix

1 ai,2 ai,d
0 1 az.d

€ My
0 O 1

are its entries a; j, and that the corresponding fundamental domain for Mg/T'; is the
set of matrices with all a; ;€[0,1). However, this is not true, or, more precisely, is only
true for a specific ordering of the Mal'tsev basis {E; ;}1<i<j<d- Indeed, if an ordering
is such that for some 1<k<n<I<d the element E} , of the basis precedes the element
Ey, 1, then the (k,l)-entry of the product [],<; ;<4 Efjj computed with respect to this
ordering contains, in addition to aj;, a summand of the form ay na,,;. Therefore, the
coordinates of a matrix in the Mal’tsev basis {Ei,j}lgiqu are equal to its entries only

if the elements of the basis are ordered as follows:

(Ei-1,d,Ea—2,4-1,Fa-2,ds Ea—3,d—2, s E2,4, E1,2, ..., E1,4).
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Denote the corresponding order by <, that is, let (¢,7)<(k,l) if i>k, or if i=k and j<I.

Then the product [[; ¢, ;<4 Eza”

;) computed with respect to < equals

1 a2 ... a4
0 1 az.d
0 0 1

5.6. The set of elements of B(A) which can be obtained with the help of the Mal’tsev
basis {F; j}1<i<j<a in My ordered by the order < defined in §5.5, is restricted to nested
elements, that is, the elements of B(.A) whose representation does not contain products
of brackets. Here is a rigorous definition: an element u€B(A) is nested if either u€A, or
u=x=[v], where v is nested, or u=«[v], where v is nested and a€.A, or u=u; +uz, where
uy and ug are nested. (Example: for o; €A, ag|asas]+ayfas+ag)]+ar]as] is nested
and g [as][as] is not.)

Given a matrix

1 1,2 a1,d
0 1 a2.d

P= : : .. : EMd(‘A)’
0 0 1

the matrix x(P) (introduced in §5.3) is computed in the following way: for 1<k<I<d,
if integer-valued functions m; ; €B(A) have already been defined for all (4, j)<(k,{), we
put P, ;=P H(i7j)<(k,l) E:r;” (where the product is computed with respect to <), §f7’jl be
the (i, j)-entry of Py, and myg=—[¢]. Then x(P)=P] ;) Ei; .

By induction on (k,1), assume that Ef”jl:am for all j<k and that ff”jl are nested
for all j>k. Then

& it j #1,
BTG e m = 6 —aunlgi), =1
which is equal to «; ; if j<k, and which is nested if j>k.
This gives us the following proposition.
PROPOSITION. For PeMy(A) all entries of x(P) are nested elements of B°(A).

The converse is also true: any nested element of B°(A) is obtainable as an entry of
X(P) for a suitable P. We omit the proof.
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5.7. For a matrix P€ M, we will now compute the coordinates of x(P) with respect to
the Mal’tsev basis {E?JJ H<i<j<ds €, €{—1,1}, taken in an arbitrary order <. Actually,
< cannot be completely arbitrary, since the elements Ef L]’ taken in accordance with the
order < must form a Mal’tsev basis in My in the sense of §1.2. We will say that a linear
order < on the set {(7,7) }<i<j<a is legal if (4, j) =< (k,1) whenever (simultaneously) i>k
and j<l.

Let < be a legal order on {(7, ) }1<i<j<a and let ; je{—1,1}, 1<i<j<d. Let

1 a1’2 alyd
0 1 az,d

P: : : . : eMd’
0 0 1

€i,j%i,
% ’

2;,5 €4, where the product is computed in accordance with the order <; we will call z; ;

we will call a;,; the (7, j)-entry of P. P is representable in the form P=[],, ;<, E

the (4, j)-coordinate of P. (Note that although the integers z; ; in the formula for P
may take negative values, the signs ¢; ; are not superfluous: the bases {E; ; }1<i<j<a and

{Ef;] tgicj<a are different, and may produce different generalized polynomials.)

5.8. We start with finding recurrence formulas connecting the entries a; ; and the coor-
dinates z; ; of P. For indices (k,1)=<(i, ) let Hfjl be the (4, j)-entry of [T, o) <) Epiiome
and let Hi,j=9f:§. Then

k,l__ n,j
92»7]» - z : oi,n9"7j+ § ai,nen,ja

(n,3)=(k,0) (n,5)= (k1)
(n,5)=(én) (n,3)>(@n)
bg=0i5= D Olagt D ainbuy.
(n,5)= (i) (n,3) (@)

and z;,j=¢;,j(ai;—0i;)-

5.9. Now let x(P) be the matrix in the fundamental domain of M, corresponding to P,
that is, Xx(P)=P[[1<;<j<a E:rj” with all m; ;€Z, so that X(P)=[,<,;<a E?]”x” with
all z; ;€[0,1). We will compute the coordinates x; ; of x(P). For an index (k,1) let

pPa=P [ EI”.
(i:)< (.1

Then

1

k,
p=( T mym)eiie( 1 #)

(i,5)= (k1) (@,3) > (k,0)
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for some & ; and vZ ], and one has

My =—€kaleriée] and g =er (i +mu) = ribe— (€188 1]

For (i,7)= (k1) let (bfjl be the (i, j)-entry of Py, and ¢”:¢2; For (i,7)=<(k,1) the
(4, j)-entry of Py is ¢; j+m; ;, thus

QI) _az,g+ Z ¢ mn,j+ Z (¢i,n+mi,n)mn,j

(n,g)=(k,1) (n,5)=<(k,1)
(n, J)-<(z n) (n,5)>(im)

and
Gij=ai;+ Z O M+ Z (Gin 10 )M 5
(n,j)=(i,n) (n,3)=(i,n)
For (i,7)=(k,1) let wﬁ’l be the (i,j)-entry of H(”H(k ) Erd" and 4 j= w”, then
&i,j=0i,j— Vi For (i, 7)< (k,1) the (i, j)-entry of [T, o <n) Er is ¢y j+my j, thus
1/’57’; = Z qu;{sn,jxn,j“i’ Z (¢i,n+mi,n)€n,jxn,j
(n,g) = (k1) (n,7)=(k,1)

(n,5)=<(i,n) (n,5)>(i,m)

and

big= >, Uilengtagt D (Gintmin)en T

(n,5)=<(i,n) (n,5)- ()

For (k,1)=(i,j) we define fﬁ’jl:gbfj —wf,’jl and compute

kil g
Ei=aii+ Y olImat Y (Gintmin)mag

(n,g)= (k1) (n,g)= (k1)
(n3)=(1m) (n3)- )
- Z ’(/)z ngn,]xn,j Z (¢i,n+mi7n)5n,jxn7j
(r,5)= (k1) (n,5)=(k,1)
(n,5)<(in) (n,5)>(4,n)
=ai;+ Y, (=08 enlen ibn gl =0 (Eng—enjlEni€ns))
(n,3)=< (k1)
(n,5)=<(,n)
+ Y (Bin—cinleinin])(=enjlen i€n il — (Enj—enilEn i€nil))
(n,5)= (k1)
(n,7)>(2,n)
=ai;— Y. Elenjlenibnil— D U6
(n,3)=< (k1) (n,3)=< (k1)
(n,5)=<(i,n) (n,5)=<(%,n)
- Z Pinén,;i+ Z €i,nl€in&inlén,g-
(n,5)= (k1) (n,5)=(k,1)

(n,5)>(im) (n,5)>-(i,m)
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In particular,

Gi=aij— Y, &lenjlenibnsl— Y, UMb,

(n,5)=(in) (n,5)=(im)
- Z Pinén,i+ Z €in[€in&inlén.j
(n,5)>(i,m) (n,5)>-(i,m)

and ;i ;=¢;;8i,;— [€i,;8i4]-

6. Bracket algebra

6.1. Once the above formulas have been obtained, we find ourselves in a purely algebraic
context. The nature of entries of our matrices is no longer important to us, and we may
assume that they are elements of an arbitrary commutative ring .A. Moreover, we prefer
to use the abstract algebraic language because we are going to deal with neither numbers
nor functions, but with abstract expressions built from the elements of A by applying
the operations of addition, multiplication and taking brackets. We will now introduce

the necessary algebraic formalism.

6.2. Given a set S, we denote by 3[S] the free commutative ring generated by the set

{[u]:ue S}, that is, the commutative ring of formal finite sums of the form

l

> Euia] o [im,]

=1

with 120, m; €N and u, ; €S, where the cancellation of equal summands appearing with
opposite signs is allowed.

For commutative rings R and Q) let R+(Q be the commutative ring freely generated
by R and @, that is, R«Q=R®Q®(R®Q), with multiplication defined by

rq=r®q, r(regq)=(rr)®q, q(req=re(qq) and (1Mq)(req)=(r1r)®(qq)

for r,r1 € R and ¢, ¢ €Q. We will write rq for r®q.

6.3. Let A be a commutative ring. We are going to construct an algebra 9, which
we will call the bracket algebra over A. We put Bo=X[A]; if By is already defined,
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let B?=%[B;] and By11=By*BP.(*) Let BP=J;~, BP and B={J;~,By; a mapping
[-]: B—BP is naturally defined. Let I be the ideal in B generated by the sets

{[v]-v:veBP} and {[ut+v]—[u]—v:ueB and v e BP};

we define =B/ and B*=BP/(INBP). The mapping [-]: B—BP is well defined,
identical on B and satisfies [u-+v]=[u]+v for any u€B and vEBP. The elements of B

will be called bracket expressions over A.

6.4. As an abelian group, B is generated by the expressions of the form a[vi] ... [vp],
where a€ A, m>0, vy, ..., v, €B, and of the form [vq] ... [uy,], where m>1, vy, ..., v, €B.
We will call such expressions monomials. The monomials of the form [v1] ... [v,,] span BP;
let B* be the subgroup of B spanned by the monomials of the form afv]...[v,,] with
acA. Then B=Bt®BP, and Bt is an ideal in B.

6.5. For u€B we define t(u)€B* and b(u)€BP so that u=t(u)+b(u). From the defi-

nition of Bt and BP we clearly have the following result.

LEMMA. For ui,us €8 one has

t(U1+U2) :t(u1)+t(u2), b(’LL1+’U,2) :b(u1)+b(u2),
t(U1UQ) :t(ul)t(ug)+t(u1)b(u2)+b(u1)t(u2), b(u1u2) = b(ul)b(u2),
t([u1])=0 and b([u1])=[t(u1)]+b(uy).

6.6. We will say that an expression

l

k
Zai[vi}l] [Ui,mi]"‘z +uiq] ... [win,], with a; € A and w; j,v;; €B, (6.1)
i=1 i=1

representing an element of 9B is reduced if (i) all v; ;, u; ; belong to B* and are represented
in the reduced form; (ii) the monomials v;=[v; 1] ... [Vi.m,], for i=1,..., k, are all different,
so that no combining of like terms is possible; (iii) equal monomials u;=[u; 1] ... [Ui n,]

for i=1,...,1, have identical signs, so that no cancellation is possible. Every expression

(%) Note that elements of $[By], as defined in §6.2, have no integer coefficients, so that no confusion
of elements of B}C’ with elements of A®B}c’ may occur, even if A contains integers. For example, an
expression of the form, say, 2[v] should not be interpreted as [v]+[v], but only as 2®[v].
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u€%B is uniquely representable in the reduced form.(’) When we are free to choose
an expression representing an element of B we will assume that this is the reduced

representation of the element.

6.7. For ueB we define [u]'=[u] and [u]'=—[-u].

6.8. We will now transfer the formulas obtained in §5.9 to the “abstract” environment
we introduced. For deN, let My(A) be the group of upper-triangular matrices with unit
diagonal and entries from 4. We will call an upper-triangular matrix with unit diagonal
e=(gij)1<icj<a With g, ;€{—1,1}, 1<i<j<d, a sign matriz.

Given a matrix

1 ai,2 ai,d
0 1 az,d

P= : : .. : € Md(A)’
0 0 1

a sign matrix e=(e; j)1<i<j<d, and a legal order < (see §5.7) on the set {(7,7) h<i<j<ds

we define ¢; ;, 1 ,&;; and (bf”}, fj,gﬁje% for (i,7)=(k,!) inductively by

i =ai;— > Ol = D> (G —[€in]T ) [En ],

(n,3)<(k,l) (n,3)<(k,0)
(n,j)<(i,n) (n.j)>-(i,n)
i =07 =a;;— Z O [En )7 — Z (D0 —[&i,n]" ™) [n, g7,
(n,j)<(i,n) (n,j)=(i,n)
wﬁ’f = Z 7/’:# (fn,j - [gnyj]en’j )+ Z (¢Z,n - [gi,n]Ei’n)(fn,j - [gmj]e"’j ),
(n,g)<(k,0) (n,3)<(k,0)
(n,j)<(i,n) (n.j)>=(i,n)
Yig=0il= 3 i) D (G —[En]T ) En [ 1),
(n,j)<(i,n) (n,g)>=(i,n)

(5) Here is how the reduction can be done. First, one reduces the expressions for all the elements
v; ; and u; ; of B appearing in (6.1) (which can be done by induction on the length of the expressions),
and takes their BP-parts out of the brackets. Next, if a monomial [v;1]... [vi,m;] appears in (6.1)
more than once, the corresponding summands should be combined by adding coefficients. Finally, if a
monomial [u; 1] ... [u;,n,] appears in (6.1) twice with opposite signs, the corresponding summands should
be canceled.
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Bkl kil g » g
§ =0~V =ai;— Z 5?73 [€n 77 — Z 1/’27557%3'

(n,3)= (k1) (n,3)= (k1)
(n,5)=(i,m) (n,5)=(i,n)
+ Z [fi,n]gi’ngn,j_ Z ¢i,n£n,ja
(n,3)=< (k1) (n,3)= (k1)
(n.j)>(in) (n.j)>(in) (6.2)
Gij=0ii—Vij=ai;— Y Gl Y e
(n,5)=(i,m) (n,5)=(i,n)

+ Z [gi,n]ai’"éhn,j_ Z (bi,ngn,j.

(n,5)>(i,m) (n,5)>(i,n)

When it is not clear from the context for which matrix P, sign matrix ¢ and/or
k.l

order < we are computing the elements ¢;;, 1/):-“ ’jl and Sf ’jl7 we will write

k,l k,l k,l
¢; i (Poe, <), v (Pe,<) and & (Pe, <).

Notice that in formulas (6.2) the elements &; ; are computed in terms of the ;. ;’s with
i<r<s<j. Therefore, when computing &; ;, we may restrict ourselves to the submatrix
of P indexed by {(r,s)}icr<s<j- We will say that the (r, s)-entry does not affect the
(i,)-entry if r<i or s>j.

6.9. Our goal is to prove the following result.

PROPOSITION. For any ueB*t there exist dEN, PEMy(A), a sign matriz € and a
legal order < on the set {(i,j) hi<i<j<d such that t(&1,a(P, e, <))=u.

Let us remark that this proposition does not yet imply Theorem A%*, because it says
nothing about the nilpotency class of the group needed to obtain an element u€®Bt. We
will later formulate and prove a stronger statement, Theorem A*** in §10.4, from which

Theorem A%* will follow.

7. Elementary bracket expressions and ordering of trees and bushes

7.1. We will say that a bracket expression pe®B is elementary if it is constructible
from elements of A without using addition or subtraction. More precisely, p is elemen-
tary if either p=a[p1]... [pm], where a€ A, m>0 and p,...,p, €B are elementary, or
p=[p1] ... [pm], where m>1 and p1, ..., p,, €B are elementary.(®) We will denote the set

of elementary elements of B by €.

(6) Here is how this definition should be understood: we put Eg=.A, and then let Ex=E;_{U
{a[p1] ... [pm] m=0,a€A,p1, ..., pom EEr_1 }U{[p1] ... [Pm]:m>=1,p1,...,pm €EEr_1} for k=1,2,..., and
finally, @:U,;’Q:O Eg; then € is the set of elementary elements of 8.
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Ezample. p1[p2[ps]][pa] is elementary, whereas p1[pa+ps] and p1[p2]—ps3 are not.

7.2. Elements of € can be described by oriented graphs labeled by elements of A. The

following examples illustrate what we mean.

Ezamples. a
pi=a: *q  p2=ailas]: Zf p3 = aiaz][as] 1 \{Ias pa = ailas|as]]: %i
ps=arfaslas)ladlaslasl]): S a=larfaa]las])[aslaslacar] - N %i

(While we do not base our proofs on this graphic representation of elements of &,

the reader may find it useful for the visualization of the exposition.)

7.3. We will now subdivide & into two subsets, €=¢tUe¢P, where
¢P=¢nB® and ¢*=¢nBh

Elements of &* have the form p=alpi]...[pm] with a€ A, m>0 and py, ..., pm € €,
and will be referred to as trees, with root a and branches py, ..., Pm-

Elements of P have the form p=[p;] ... [pm] with m>1 and py, ..., p,, €€, and will
be referred to as bushes, with branches p1, ..., pm-

In Examples 7.2, the elements pq, ..., p5 are trees and ¢ is a bush.

7.4. In the proof of Proposition 6.9, we will use a cumbersome induction based on
the structure of the trees representing the elements of €. We will now introduce some

parameters of trees and bushes, that is, of elements of €.

(i) The complexity cmp(p) of p€ & is the number of its vertices, that is,

1, ifpe A,
1+cmp(py)+...4+cmp(py,), if p=alpi]...[pm] € €, with a € A and
cmp(p) = —

cmp(p1)+...+cmp(py,), if p=[p1]...[pm] € P, with p, ..., p,, € €L
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(ii) The height hgt(p) of pe€ is

0, ifpeA,

1+max{hgt(p;)}™,, if p=a[p1]...[pm] € €, with a € A and
ht(p) = {hgt(p:) }i2y [p1] ... [pm] e

max{hgt(p;)} ™, if p=[p1]... [pm] € €P, with pq, ..., p,, € €L

(iii) The number of branches brn(p) for p€ P is defined by

0, ifpcA,
brn(p) =4 m, if p=alpi]...[pm] € €, with a€ A and py, ..., p, € €,
m, if p=[p1]... [pm] € €P, with py, ..., p,,, € EL.

Ezamples.

p1=a1[a2][a3[a4][as}]:a2§23 cmp(p1)=>5, hgt(p1)=2, brn(p:)=2.

po=arlazlaslas)lasllaslarl]: o8 cmp(p2)=7, hgt(pz)=3, brn(ps)=2.
as

po=arlalfaglfas] s N cmp(ps)=4, hgt(ps)=1, brn(ps)=3.
as

q1= [a1[azas]]][a4] : %?%4 cmp(qi)=4, hgt(q1)=2, brn(gq)=2.

ao=lmfaslasasfas]): N Ja,  ompla)=5, hgtlaz)=1, brn(g)=2.

7.5. The following result can be checked directly.

LEMMA. (a) For pe€*, cmp([p])=cmp(p), hgt([p])=hgt(p) and brn([p])=1.
(b) For p,qc¢€P or pcet, gc¢P cmp(pg)=cmp(p)-+cmp(q).

For p,q€ @, cmp(pg)=cmp(p)+cmp(q)—1.

(c) For p,qe€® or p,qe€®, hgt(pg)=max{hgt(p), hgt(q)}.

For pe¢t, geeP hgt(pq)=max{hgt(p),1+hgt(q)}.

(d) For p,q€€, brn(pg)=brn(p)+brn(q).
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7.6. We now introduce an order on the set of trees ¢ and, independently, on the set
of bushes €P; trees will not be comparable with bushes. Strictly speaking, these will be
linear orders on the set of nonlabeled trees and bushes; for elements p, g€ &t or p, g EP
having the same graph structure we will assume p<q and g<p.

For p, €€t or p, gc¢P we will write p<gq, or p=0(q), if

e cmp(p)<cmp(q), or

e cmp(p)=cmp(q) and hgt(p)>hgt(q), or
e cmp(p)=cmp(q), hgt(p)=hgt(q) and brn(p)>brn(qg).
If cmp(p)=cmp(q), hgt(p)=hgt(¢) and brn(p)=brn(q)=m, write p=a[p1] ... [pm] or
p=[p1] .. [pm], with a€ A and p1, ..., p,, EEY, s0 that py >... 2p,y, and write ¢g=b[q1] ... [¢m]
or ¢=[q1] ... [gm], with b€ A and qi, ..., ¢, €EY, so that ¢1>...>¢,. Then p<gq if there
is ¢ such that p1<qi,...,pi—1<¢i—1 and p;<gq;; in this case we will say that the list of
branches of p is smaller than the list of branches of q.

Ezxamples.

v b P L Y Y
Bushes: .<$..<¥T<&<¥/ﬁ<y<ﬁ.<\ﬂ.

7.7. We will now obtain several technical lemmas describing the properties of the intro-
duced orders on &t and ¢P.

LEMMA. (a) For g€, [o(q)]=0([q]).

(b) For q,re@, with hgt(q)>hgt(r), o(q)r=o0(qr).

(c) For qe€ and re€*, qo([r])=o(q[r]).

(d) For ge€ and re€® with hgt(q)>hgt(r), o(q)o([r])=o0(q]r]).

Proof. (a) Let p=o0(q), that is, p€ €* with p<q. We have

cmp([g]) = cmp(q), cmp([p]) =cmp(p), hgt([q]) =hgt(q) and hgt([p]) =hgt(p),

so if cmp(p) <cmp(q), or cmp(p)=cmp(q) and hgt(p) >hgt(q), then [p]<[g]. We also have
brn([¢])=brn([p])=1, so if both cmp(p)=cmp(q) and hegt(p)=hgt(q), then [p]<[q] if and
only if p<gq.

(b) Let p=o(q) (that is, if g€ ¢* then p€ &t and p<g; if g€ ¢P then pc &P and p<yq).
If cmp(p) <cmp(q) then cmp(pr)<cmp(gr). If cmp(p)=cmp(q) and hgt(p) >hgt(q), then
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cmp(pr)=cmp(gr) and hgt(pr)=hgt(p)>hgt(g)=hgt(gr). If cmp(p)=cmp(g), hgt(p)=
hgt(¢) and brn(p)>brn(q), then cmp(pr)=cmp(gr), hgt(pr)=hgt(p)=hgt(q)=hgt(qr)
and bron(pr)=brn(p)+brn(r)>brn(q)+brn(r)=brn(gr). In all these cases pr<gqr.

If cmp(p)=cmp(q), hgt(p)=hgt(q) and brn(p)=brn(g) then

cmp(pr) =cmp(qr), hgt(pr)=hgt(qr) and brn(pr)=Dbrn(qr),

and we pass to the branches of pr and gr. Since the list of branches of p is smaller than
the list of branches of ¢, the list of branches of pr is smaller than the list of branches
of qr, and so pr<gqr.

(c) Let p€ €P and p<[r]. If cmp(p) <cmp([r]) then cmp(gp) <cmp(q[r]) and gp<g]r].
Assume that cmp(p)=cmp([r]), then cmp(gp)=cmp(g[r]). In this case hgt(p)=hgt([r]),
so hgt(gp) =hgt(g[r]). We have

brn(g[r]) =brn(q)+1 < brn(g)+brn(p) = brn(gp).

If brn(p)>1, then brn(g[r])<brn(gp) and gp<q[r]. Otherwise p=[s] with s<r, and the
list of branches of gp=g¢[s] is smaller than the list of branches of g[r].

(d) By (c) and (b), we have o(g)o([r])=o(o(q)[r])=0(o(g[r])) =0(q[r]). 0

7.8. LEMMA. If q,r€€t s, tc€P r=£0, hgt(q)>hgt(r) and cmp(gst)<cmp(q[r]), then
gst<qlr], o(gs)t<ql[r], [gs]t<[q[r]] and o([gs])t<]g[r]].

Proof. Let pe€®, p<gs. Then cmp(pt) <cmp(g[r]); assume that cmp(pt) =cmp(q[r]).
If hgt(p)>hgt(q), then hgt(pt)>hgt(q)=hgt(qr]) and pt<g[r]. If hgt(p)=hgt(q), then
we must have brn(p) >brn(gs)=brn(q)+brn(s), and so,

brn(pt) > brn(g)+brn(s)+brn(t) > brn(g)+1=brn(q[r]).

It follows that pt<ql[r].
Next, cmp([gs]t) <cmp([q[r]]), hgt([gs]t) >hgt(q)=hgt([g[r]]) and

brn([gs]t) >2>1=brn([g[r]]),
so [gs]t<[q[r]]. By Lemma 7.7 (c), o([gs])t=0([gs]t) <[g[r]]. O

7.9. LEMMA. If q,7,t€€t sc&P, r#£0, hgt(q)>hgt(r) and cmp([gs]t) <cmp(q[r]), then
lgs]t<qlr] and o([gs])t<q[r].
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Proof. In this case we have hgt([gs]t) >hgt(q)+1>hgt(q)=hgt(g[r]), so [gs]t<q[r].
By Lemma 7.7 (c), o([gs])t=0([gs]t) <q[r]. O

7.10. LEMMA. If q,r,te€t acA, r#0, hgt(q)>hgt(r) and cmp([q]t)<cmp(alg[r]]),
then [glt<algly]] and o([q])t<alglr]).

Proof. We have hgt([¢q]t) >hgt(q)+1=hgt(a[g[r]]). If cmp(t)>1 then brn(¢)>1, so
brn([¢]t) >2>1=brn(a[q[r]]) and so, [g]t<alg[r]]. If cmp(t)=1 then

cmp([q]t) = cmp(q)+1 < cmp(q) +cmp(r)+1 = cmp(alg[r]]),

and again [¢]t<alg[r]]. By Lemma 7.7 (c), o([g])t=0([q]t) <alg[r]]- O

7.11. LEMMA. If q,7,t€€t sc¢P acA, r#0, hgt(q)>hgt(r), cmp(s)<cmp(r) and
cmp([gs]t) <emp(a[g[r]]), then [gs]t<alg[r] and o([gs])t<a[q[r].

Proof. We have hgt([gs]t) >hgt(q)+1=hgt(alg[r]]). If cmp(t)>1 then brn(¢)>1, so
brn([gs]t) >2>1=brn(a[q[r]]) and [gs]t<a[g[r]]. If cmp(t)=1 then

cmp([gs]t) = cmp(g)+cmp(s)+1 < cmp(g)+cmp(r)+1 < cmp(alg[r]]),

and again [¢s|t<a[g[r]]. By Lemma 7.7 (c), o([gs])t=0([gs]t) <alg[r]]. O

8. Components of bracket expressions

8.1. We start the proof of Proposition 6.9 by treating first its simplified version. This
simplification is achieved by dealing with, instead of elements of %, a new sort of
bracket expressions. Such “new” expressions are obtained from the “old” bracket ex-
pressions by treating the bracket mapping [-] as an additive function, that is, by assum-
ing that [u+wv]=[u]+[v]. This will be done by letting every element u of B correspond
to an unordered list c(u) of “components of u”, which we will write as a formal sum,

c(u)=p1+...+pr with p1,...,pr€C.

8.2. Let G be the set of formal sums of the form c=p;+...4+p; with py,...,pr€E&; the
order of the summands in c is not essential, but no combining of like terms is allowed. For
two elements c=p;+...4+p; and c;=q¢1+...4+q; of &, the sum c+ci1=p1+...4+pm+q+
...+q €6 and the product cci=p1g1 +...+p1q1+-.. +DPmq1 + .-+ pmq €S are naturally de-
fined. We also define [c]=[p1]+...+ [Pm]-
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8.3. Now let u€®B; we define c(u) €S in the following way: if u=a€ A, we put c(u)=a; if
ug A and u=3""_ ai[vi1] o Wim,)+ 30y £win] o [ n,], with a;€ A and w; j,v; ;€BE,
is the reduced representation of u, we define

k l

c(u) =Y a;e(vi1)] . [e(vim)]+ > _[e(uin)] ... [e(tin,)].

i=1 i=1
When c(u)=pi+...+pk, we call p1,...,pr €€ the components of w.

Ezamples. (1) Let u=aq[az+as[a][as]]+as[ar+as]—[as][ar0+a11[a12]], a;€A. To
compute c(u) we simply “open brackets”, and ignore the “—” before the b-part of u:

c(u) = ar[az]+aias[as][as]]+aslaz] +ag[as] +[ag][a10] +[ag)[a11[a12]]. (8.1)

Warning: although the right-hand side of (8.1) looks like “a bracket expression”,
that is, an element of B, it is just a notation for an unordered list of elements of €! In
what follows, it will be always clear from the context which interpretation of a bracket-like
expression is intended.

(2) For u=[ay+az[as]] —[a1—az(as]], a; €A, c(u)=[a1]+[az[as]]+[a1] +[—az[as]].

8.4. We will write ct(u) for the “tree part” and cP(u) for the “bush part” of c(u), that
is, ct(u)=c(t(u)) and c®(u)=c(b(u)).

Ezample. In the example (1) above,

c*(u) = a1[az]+as [as[as][as]]+as[ar] +ag[as] and  c®(u)=[ao][a10]+[ao][a11[a12]]-

8.5. From Lemma 6.5, one deduces the following result.
LEMMA. For any ui,us, u€*B,
ct(ur+ug) =ct(ur)+ct(uz), cPlug+uz)=cP(uy)+cP(uz),
ct(ugug) = c(ur)ct (ug) +ct(uy)eP (ug) +cP(uy)et (uz), P (uius) =cP(uy)cP(uz),

c([u]) =0 and, if c*(u)=pi+...4pm, c([u])=cP([u])=[pi]+...+[pm]+cP(w).

8.6. Given c=p1+...+p,, €6, we define
cmp(c) = max{cmp(p;)}i~,, hegt(c) =min{hgt(p;)}/~; and brn(c) =min{brn(p;)}*;.

For u€®B we put cmp(u)=cmp(c(u)). (This agrees with the definition of cmp given
in §1.12.)



208 V. BERGELSON AND A. LEIBMAN

8.7. Let PeMy(A), e=(ei;)1<i<j<a be a sign matrix, < be a legal order on the set
{(i,5) hr<icj<as and let ¢, 50, €51€B be defined by formulas (6.2). The following

lemma can be easily proved by induction on j—i.
LEMMA. For any 1<i<j<d and 1<k<I<d with (k,1)=<(i,j) one has

k.l k.l k.l .
Cmp(¢i,j)a Cmp@/’i,j ), Cmp(fi,j )< j—i.

8.8. Given c=p1+...4pn €6 and c1=¢; +...+q €S, we will write c<c; if max{p;}*, <

l

max{qj}ézl, and c<cy if max{p; }]; <max{q;};_;. If c<p (that is, p1,...,pm <p), we

will also write ¢; =0(p).

9. Tree growing and induction over elementary bracket expressions

9.1. If (J1,<1), ., (Ji, <k) are linearly ordered sets, then ((Ji,<1), ..., (Jg, <)) will
stand for the linear order < on JyU...UJ, which coincides with <; on each J; and
satisfies J; <J; whenever i<j. If J; is a one-element set, J;={m,}, we will write in this
definition m, instead of (J;, <;) that is, <=((J1, <1), e, My oey (Ji, <k))-

9.2. Given a tree p€€® we will now construct a matrix P,€M4(A), d=cmp(p)+1,
and a legal order <, on {(7,7)}i<i<j<d such that p appears as “the principal part”
of &,4(Pp, <p) (see Proposition 9.4 below for the exact formulation). Our computations
will not be affected by the choice of the signs ¢; ;, and we will take ¢; j=1 for all 4, j.

If cmp(p)=1, that is, p=a€.A, we define

1 a
ne (1),

Now let pe€* with cmp(p)>1 and assume that for all g€ € with cmp(q) <cmp(p)
a matrix P, and an order <, on the set of entries of P, have been constructed. Let
d=cmp(p)+1 and m=brn(p). Represent p=a[p1] ... [pm] so that a€A and py, ..., p, € €
satisfy hgt(p1)>...2hgt(p,,). We distinguish between two cases.

Case 1. m=1 (“extending the trunk”). Put ¢=p;, then p=a[q] with cmp(q)=d—2.

q:\t\; = alq]: !

a
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Let
1 bi2 ... biaa
0 1 v b2
Pq = : : . ) S Md_l(A)~
0 0 1
Define
1 —a 0 0
1 —a O 0
0 1 b2 b1,d-1 0
P,=|0|0 1 bra-1 | =1 € My(A),
: ’ Py
’ 0
0| O 0 1

shift the order <, so that it is defined on I,={(1, j) }2<i<;<a instead of {(7, j) hi<i<j<d—1,
and put

<p=((I4,=4),(1,2),(1,3), ..., (1,d)).
(In plain words, the entries of P, go first then follow the entries of the first row of P,.)

Case 2. m>2 (“adding a branch”). Put ¢=a[p1]... [pm-1] and r=p,,, then p=g¢|r]

with hgt(g) >hgt(r). . .
q:’\i\\%, T:V == q[r]:w

Let dy=cmp(q)+1 and dy=cmp(r)+1, then d=cmp(p)+1=d;+d2—1. Let

1 bl,g bl,d1 1 C1,2 Cl,do
0 1 b?,dl 0 1 C2.dy
Pq =1. . . . S Md1 (A) and P,.= . . .- . € Md2 (A)
0 0 1 0 0 1
We define
1 C1,2 C1,ds 0 0
0 1 .. ceap| 0 .. 0
. . PT
Pp = 0 0 1 b1,2 del = c Md(A)
0 1 .. bog P,

0 0 0 0 1

That is, P, occupies the submatrix of P, indexed by I,={(i,j)}a,<i<j<a and P, oc-
cupies the submatrix of P, indexed by I,={(4,j)}i<i<j<d,- Shift the order <, so
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that it is defined on I, instead of {(4,7)}1<i<j<d;, and let <; be any legal order on

J:{(iyj)}lgig(b—l,d2+1<j§d- We define the order <p on {(i,j)}1<i<j<d to be
=p= ((Iq\{(an d)}a <q)7 (IT7 _<7')7 (d27 d)a (']v <J))'

(That is, first the entries of P, excluding by 4, appear, then follow the entries of P,, then
follow b1,4,, and finally all other entries of P, follow.)

9.3. LEMMA. Let pe€®, d=cmp(p)+1 and 1<n<d. Then the submatriz Q of P,
indexed by {(i,7)}n<i<j<a s equal to Py and <,|g==¢ for some t€€*. If brn(p)>2,
so that Case 2 takes place, that is, p=q[r] with q,r€€*, hgt(q)>hgt(r), cmp(q)=ds,
cmp(r)=dz, and if 1<n<ds, then Q is equal to Pyq) and <p|g==[] for some s€€*.

Proof. In Case 1, that is, when p=a[q], @ is a submatrix of P, and we are done by

induction on cmp(p):

1 —a O 0

0 1 b2 b1,a-1
Pp = 0 0 1 b27d71

0 O 0 1

Consider Case 2, where p=q[r], di=cmp(q) and do=cmp(r). If n>dy, then Q is a

submatrix of P, and we are done:

1 C1,2 C1,dy 0 0

0 1 o ¢4 0 o 0
Pp: 0 0 1 bl,g b17d1
0 1 .. bog

0 0 0 0 1

If n<ds, consider the submatrix R indexed by {(¢,7) }n<i<i<ds:

1 C1,2 C1,do 0 0
0| 1 .. ca 0 .. 0
Pp - 0 0 1 bl,g b17d1
0/ 0 .. 0 1 .. bog
0| O 0 0 1
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R is a submatrix of P, and, by induction, R=P; and <4|r=~, for some se¢t. The
matrix () and the order <,|g are obtained from P,, <,, Ps and < in the way described
in Case 2; hence, Q=P; and <,|g==<; for t=¢[s]. O

9.4. PROPOSITION. For any p€€® one has c¢*(& a(Py, <p))=p+o(p).

Proof. We will prove this proposition by induction on cmp(p). We strengthen our
induction hypothesis and will simultaneously be proving that ¢® (& 4(P,, <,))<[p] and
that c®(¢1,a(Pp, <p))<[p).

If cmp(p)=1, that is, p=a€ A, we have

and &1 2=¢1 2=p.

If cmp(p)=2, then p has form a[b] with a,beA.

ay: 1°

In this case, P, and <, are constructed in accordance with Case 1:

1 —a O
P,=10 1 b
0 0 1

and <,=((2,3),(1,2),(1,3)). By formulas (6.2), 5173:0—55’3[52,3]—1/)3’352,3. We have
§f:§:—a, &2,3=b and 11 2=0, so that & 3=a[b]=p. Also, 1,3:—61?:3[52,3]:@[19] and so,
Cb((i)l’g):O.

Now let pe € with cmp(p)>3; put d=cmp(p)+1. We consider several cases.

Case la. p=alblq]], where a,be A and ge€*.

Let
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then

1 aip 0 0 0 1 —a O 0 0
0 1 as 0 .. 0 0 1 —b 0 0
0 0 1 azsa ... aszaq 0 0 1 cp C1,d—2
Po=10o 0o 0 1 .. a4 0 0 0 1 Coda
0 0 0 0 1 0 0 0 0 1

1 —a 0 O 0

1 —-b 0 0

= EMd(A)
P

We will identify P, with the submatrix of P, indexed by I,={(, j) }3<i<;<a and shift <,
so that it is defined on I, instead of {(¢,j)}1<i<j<a—2. Then

<p=1(I4,=¢),(2,3),...,(2,d),(1,2), ..., (1,d)).

The entries (i, §)¢1, do not affect the entries from I, therefore the elements gbf]l (Pp),
wf’ ’jl(Pp) and Eﬁ ’jl(Pp) with (¢,7)€I, are equal to the corresponding elements qi)ﬁj(Pq),
kil k.l
wi,j (Py) and gi,j (Py)-
From formulas (6.2), we have

d—1
d ,d
gld——Z£;Ln gnd Zw?,ngn:d'
n=2

One checks by induction on n that for any ne{3, ...,d} and (k,) €I, one has ¢]f7’i:wf’,ll:
€L =0. Tt follows that

ZflngnHZwlnfnd—

We have ¢'5=—a and 9}5=0, hence & g=a[s4)€BE, and so, ¢P(£1,4)=0. By
our induction hypothesis, c(&2.4)=>b[g]+0(b[g])+o([b[¢]]). By Lemma 7.7 (a) and (c),
ct(&1,q)=c"(al&2,q])=alblq]]+o(a[blg]]) =p+o(p). We also find that

P1,a=— Z¢1nfnd — 675 [62.4] = alé2,a] € B,

and so, cP(¢1,4)=0
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Case 2a. p=q[r] where ¢,r€€* cmp(r)>2, and hgt(q)>hgt(r).

e

Let dy=cmp(q)+1, do=cmp(r)+1,

1 b172 517,11 1 C1,2 Cl,do
0 1 bz@l 0 1 C2,do
P=(. . : €My, (A) and P.= . : € Mgy, (A),
0 0 1 0 0 1
then
1 a2 Qai,dy 0 0
0 1 a2 do 0 0
Pp — 0 0 1 Ady,do+1 Qdy,d

0 0 0 1 Ady+1,d

0 O 0 0 1

1 61’2 Cl,d2 0 O

0 1 c2,d, O 0

- 0 O 1 b1,2 bl,d1 (S Md(A)
0 0 0 1 ba.a,
0 O 0 0 1

Let Iy={(i,J)}ar<i<i<ar Ir={(i, ) hr<icjca, and J={(i,J) hr<i<ds -1, dat1<j<a- We will
identify the matrices P, and P, with their images in P, indexed by I, and I,., respectively,
and, in particular, will index the entries of P, by I, instead of {(%, j) 1<i<j<d,- We then

have <17:((161\{(d27 d)}’ <(1)7 (ITv <7")a (d27 d)a (Jv <J))'

The entries of P, do not affect the entries of P, and vice versa. Thus, the elements
QSZ’%(PP), wzkjl(kP]l,) and ﬁf”jl(Pp) with (i7j2l€IT are ;lqual to thekiorresponding ngfj(P,«),
Y;; (Pr) and &7 (P), and the elements ¢;7;(F), ¥;7; (Pp) and &7 () with (4, j) €1, are
equal to the corresponding gi)fjl (Py), wk"l(Pq) and §§3l(Pq). From formulas (6.2), we have

,J
d—1 d—1 do—1 do—1
Ela=— Y &0nad— Y. Vinat Y [Ernlbna— D brnbnd
n=ds+1 n=ds+1 n=2 n=2 (91)

+ [El7d2]€d27d _qbl,dzfdz,d'
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By our induction hypothesis, ¢(&1,q4,)=r+o0(r)+o([r]) and c(&q,.a)=¢+0(q)+o([q]). By
Lemma 7.7 (a), c([1,4,])=[r]+o([r]). By Lemma 7.7 (b), (c), and (d),

c([€1,0:18a5,a) = glr]+o(g[r]) +o([g][r]) = p+o(p) +o([g][r])-

Since hgt(g) >hgt(r), we have hgt([q][r]) =hgt(q)=hgt([¢[r]]); since brn([g][r]) >Dbrn([g[r]]),
we have [q][r] <[q[r]]=[p] and so, c([£1,d,]€d..0)=P+0(p)+o([p]).

We will now show that the components of all other terms on the right-hand side of
formula (9.1) are smaller than p or [p]. By Lemma 8.7, the complexity of these terms do
not exceed d—1=cmp(p).

We start with the sums

d—1 d—1
,d ,d
Y. &t and Y0 U
n=ds+1 n=ds+1
Fix any (k,1)el \{(d2,d)}. Since for (i,j)€l, one has (k,1)<,(i,j), we obtain from
formulas (6.2) that qbfj:ff”jl:q,j and ;zdfj:o. In particular
k.l k.l k.l

Cmp((;ﬁi’dz), Cmp(¢¢,d2)a Cmp(fi’d2) <1
for any i€ {1, ...,da—1}. Next, since (k,1)=<,(n, j) for any (n, j)€J, the entries (n, j) with
n<ds do not participate in formulas for qﬁf;, wf”jl and ffjl with (i,7)€J. By Lemma 8.7,
one has cmp(¢y, ), cmp(¥y,,;), cmp(&,, ;) <n—j, and one checks by induction on j that
for any (i,7)€J, cmp((bfj),cmp(wf”jl),cmp(fﬁ’jl)éj—dykl. In particular, for any ne
{d2+1,...,d—1} one has cmp(gf’g),cmp(wf’g)én—dg—i—l, and since dg=cmp(r)+1>3,
we obtain cmp(ff’ff[gnyd]), Cmp(z/J?ﬁﬁn,d)<n—d2+1+d—n<d—1:cmp(p).

Now turn to the sums

do—1 do—1
Z [gl,n]gn,d and Z (bl,ngn,d-
n=2 n=2

Fix n€{2,...,do—1}. By Lemma 9.3, the submatrix of P, indexed by {(¢,7)}n<i<j<ds
has the form Py, for some s€€* with cmp(s)<cmp(r), and by induction hypothesis

¢(&n,a) = qls]+o(qls]) +o([gls]])-

By Lemma 7.8,

c([e1n])ct (Ena) =o(alr]) =o(p) and  c([1,n])e” (Ena) = o([alr]]) = o(p) +o([p).

We also have by Lemma 7.8 that cP(¢1 ,,)ct(&n.0) =0(q[r]) and cP(¢1.,)cP (n.0)=0([q[r]]),
and by Lemma 7.9 that ct(¢1.,)cP(&n.0)=0(g[r]). By Lemma 8.7, cmp(&,,.4) <d—n and

)
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emp(¢1,,)<n—1, so cmp(ct(¢1.n)c(€na)) <d—n+n—1—1=d—2<cmp(p). Summariz-

ing, €*(¢1,nn,a)=0(qlr])=0(p) and ®(¢p1.n&n.a)=0(lalr]])=o([p])-
Now consider the term ¢1,4,&4, 4. Again, we have cmp(c®(¢1,4,)c*(€4,,4)) <cmp(p).

By our induction hypothesis, ct(ﬁdZVd):quo(q), cb(5427d):o([q]) and cb(gbl,dQ) o([r])-
By Lemma 7.7 (b) and (d),

P (91,a,)¢" (Eazia) = 0lg[r]) = 0(p) and € (¢1,4,)c”(€z,a) = 0([a][r]) = o([p])-
By Lemma 7.7 (c),
(61,4,)€” (€t ,0) = € (d1,,)0([a]) = 0(c* (d1,,)[d])-
Since hgt(c*(¢1,4,)[q]) >hgt(q)+1>hgt(p), we have c*(¢1,4,)[g]=0(p) and so,
c*(¢1,4,)€" (Eaz,a) = 0(p)-

Hence, c*(¢1,4,€d,,0)=0(p) and €®(¢1,4,E,,4)=0([p])-
It remains to check that cP(¢1 4)<[p]. By formulas (6.2),

da

¢1,d:* Z ¢1n£nd Z(Qsl,n*[fl,n])[gn,d]'

n=dat1 =2
Again, for n€{dz+1,...,d—1} one has cmp(¢}’1)<n—dz+1 and so,
emp(¢}5[6n.a]) < d—1=cmp(p).
For ne{2,...,dy—1} one has c([¢,.4])=[q[s]]+o([¢[s]]), and, by Lemma 7.8,
(a1, nlén,al) +cP([€1,0]€n,a]) = olalr]]) = o([p])-

For n=dy one has ¢([¢.a])=lal+o([q]), e®(arn)=0([r]), and e([&xn])=[r]+o([r]); by
Lemma 7.7, ¢®(a1,n[én,a]) +¢®([€1,n][6n.a]) = d][r]+o([g][r]) =o([p)).

Case 1b. p=alq|r]], where a€A and ¢,r€E* with hgt(q)>hgt(r).

I

r
q
alq[r]]: a
Let dy=cmp(q)+1, do=cmp(r)+1,
1 b1,2 bl,d1 1 C1,2 Cl,do
0 1 b2,d1 0 1 C2,do
Pq: . . . . EMdl(A) and P,.= : : . . GM@(A),
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then
1 ai,2 0 0 0 0
0 1 az.3 a2 do+1 0 0
0 0 1 as,do+1 0 0
P =

p 0 0 0 1 Ady+1,dy+2 Ady+1,d
0 0 0 0 1 Ady+2,d
0 0 0 0 0 1
1 —a 0 0 0 0
0 1 C1,2 C1,dq 0 0
0 0 1 C2,d2 0 0
0 0 0 o 1 bio o bia | a(A)
0 0 0 .. 0 1 .. |bog
0 0 0 0 0 1

Let Io={(i,J)}azr1<i<i<dr Ir={(i,J)}ocici<dotr and J={(i, )} o<i<ds, dov2<j<a- We
will identify the matrices P, and P, with their images in P, indexed by I, and I,
respectively, and will index the entries of P, and P, by I, and I, respectively. We then
have <,=((I,\{(d2+1,d)},<q), (Ir, <), (d2+1,d), (J, <), (1,2), ..., (1,d)).

The entries of P, do not affect the entries of P, and vice versa. Thus, the elements

gbi;’;l(Pp), @Z)f]l(ka) and §fjl(Pp) with (i,jlzlelr are ke;mal to thekiorresponding d)ﬁ’;(Pr),
Vi (Pr) and &7 (P), and the elements ¢;;(F,), ¥;7; (Pp) and &7 (F,) with (4, j) €1, are
equal to the corresponding (bf’j(Pq), z/;i’jl(Pq) and ff)’jl(Pq).

From formulas (6.2), for ne{3,...,d} and 1<k<I<d with (k,1)=<,(1,n), we have

k,l >
¢)1,n = Z (b?l’jrr? [gm,n]a
m=2,....,n—1
(m,n)=<p (k1)

== > U Emn—[Emn)), 9.2)
m=2,...,n—1
(m,n)=<p(k,l)

glf,’vlz = Z (£T£ [gm,n]+wTr’:£m,n)
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So,

by == > b@m)b(Emn)),

m=2,...,n—1
(m,n)=<p (k1)

b(lﬂf,fl) = Z b(wlr,l;r?)(b(fm,n) _b([gm,n]))v

bt == > (bEb([Emal) +DET )b (Em.n)),
(D)

and, by induction on n, b((b’f:fl):b(w’f,’fl):b(ﬁf’fz):O. Hence, ¢’f7’fwz/}f’7ll,§f’,ll€%t. In

particular, ¢ (¢ 4)=

From formulas (6.2),

d—1
.d
§1a= Z Ean.d] Z Y nEn.a-
n=2
We have fi’g:fa, 1/1%7’3:0, and, by the induction hypothesis,

c(§2,a) = qlr]+o(glr])+o([glr]])-

By Lemma 7.7 (b), ¢(&}'3[62,a)+&2,a015) =alq[r]] +o(alalr])) =p+o(p).
We will now show that

<Zf [€n.d] +Zw1n§nd> (p).

First, fix n€{3,...,d2}. By Lemma 9.3 and the induction hypothesis,
¢(&n.a) = qls]+o(qls]) +o([als]])
for some s€&* with cmp(s)<cmp(r). By Lemma 7.11,
c(€rme((€n.d)) = olalglr]]) =o(p) and  e(¥])e®(én.a) = o(alg[r]]) = o(p).

Also, emp(e(¥]7))ct(€n,a)) <cmp(p), so that e(¥])ct(&,.q)=0(p).
Now, put n=d>+1. By our induction hypothesis,

c(&n,a) = q+o(q)+o([q])-
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By Lemma 7.10,
(&0 [en.a)) =olalglr]]) =o(p) and e(¥]9)e®(n.a) = o(alg[r]]) = o(p).

Also, cmp(c(wf’,‘f)ct(fn,d))<cmp(p), so that c(w?)’g)ct(fn’d)zo(p).

Finally, let n€{d2+2,...,d—1}. In formulas (9.2), for any (k,1)€I,\{(d211,d)}, if
(m,n)=<,(k,1) then we must have m>ds+1, and, by induction on n, we conclude that
ff’fl:wf’flzo. In particular, glﬁzz/)f’j:o. Hence, gfﬁ[gn,d]wiﬁgn,d:o.

Case 2b. p=b|q|[a], where a,be A and g€ E*.

q a
blg][a] b
Let
1 cip2 C1,d—1
0 1 . C2,d—2
Pq i : - : € Md*2(A)a
0 0 1
then
1 ai,2 0 0 0 1 a 0 0 0
0 1 az,3 0 0 0 1 -—b 0 0
0 0 1 as. 4 as,d 0 0 1 C1,2 C1,d—2
Pob=lo o 0o 1 .. aa|=]00 0 1 .. crao
0 0 0 0 1 0 0 O 0 1
1 0 O 0
1 -b 0 ... O
= GMd(.A).
Pq

After redefining <, so that it is now defined on I, we have

<p=1(Ig,=¢),(2,3),...,(2,d-1),(1,2),(2,d), (1,3), ..., (1,d)).

The only difference between this case and Case la is that we switched the entries (2, d)
and (1,2). This change only affects the (1, d)-entry of P,, all other computations remain
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the same. From formulas (6.2),

Era=— Zflngnd Zgndw ([€12] = b1.2)€2.0,

$1a=— Zaﬁlngnd ([61,2]—¢1.2)[é2.a)-

We have checked in Case la that

Zf gnd+§j§ndwm—o and b(2¢>’f;‘f§nd) 0.

n=3 n=3

Since & 2=¢1,2=a and by our induction hypothesis c(&2,4)=0b[g]+0(b[q])+o([blq]]), we
obtain, by Lemma 7.7 (b),

c(&1,a) = c(([a] —a)&2,a) = blq][a] +o(b]q][a]) +o([b[g]][a]) +ablg] +o(ablq]) +o(a[blg]])
=p+o(p)+o([p])

and

c®(p1,0) = ”(([a] — a) [§2.4]) = [a] blg]] +o([al [blg]]) = o([p))-

Case 2c. p=q|r][a], where a€A and ¢,r€€* with hgt(q)>hgt(r).

Let dy=cmp(q)+1, do=cmp(r)+1,

1 bl,g b17d1 1 C1,2 Cl,do
0 1 b27d1 0 1 C2,do
Po=1. . . : €My, (A) and P.= . : € My, (A),
0 0 1 0 O 1
then
1 ai,2 0 0 0 0
1 a2,3 a2,dy+1 0 0
0 0 1 a3, do+1 0 0
P =
p 0 O 0 1 ad2+1,d2+2 ad2+17d
0 0 0 .. 0 1 o Qdyio.d
0 0 0 0 0 1
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1 a O 0 0 0
0 1 C1.2 C1,dq 0 0
0 0 1 oy, O 0

_ : : : .. : : : M '
00 0 . 1 bio o big |€ a(A)
00 0 .. 0 1 .. bag
o o0 0 .. 0 0o .. 1

Let Ig={(i, ) }ar+1<i<i<d: Ir={(i, ) }a<ici<datr, and J={(4, ) fa<i<ds, dot2sj<a- After
redefining <, and <, so that they are now defined on I, and I,., respectively, we have

'<P:((Iq\{(d2+1a d)}7 '<q)a (IT’ '<?”)7 (11 2)7 (d2+17 d)a (Ja "<J)a B3] (Ld))
The difference between this case and Case 1b is that the entries (d2+1,d) and
(1,2) are switched; this change of order only affects the (1,d)-entry of P,, all other

computations remain the same. From formulas (6.2),

d—
§1,a=— Z§1nfnd Zw?gﬁnﬁ- ([€1,2] = 1,2)&2,a,

P1,0=— Z¢1n Enal+([§1,2] = d1,2)[§2,4)-

We have checked in Case 1b that

<Z€?g£nd+z¢1nfn,d) alg[r]] <p and b(qulngnd) 0.

n=3

&

We have &1 2=¢1 2=a and c(&2,4)=q[r|+0(q[r])+o([g[r]]), thus, by Lemma 7.7(b),

c(([€1,2] = ¢1,2)62,0) = q[r][a] +o(q[r][a]) +o([g[r]l[a]) +aq[r]+o(ag[r]) +o(alg[r]])
=p+o(p)+o([p])

and

cP(([61,2) = ¢1.2) [€2.a) = [alr]][a] +o([qlr]][a]) = o([p))- H

10. From components to bracket expressions

10.1. We want to emphasize again that Proposition 6.9 (which has not been proven yet!)
does not imply Theorem A%*, because it says nothing about the nilpotency class of the
group necessary for obtaining an element u€9B*. Let us return to the notation introduced
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in the beginning of §5; we will compute the nilpotency class of certain subgroups of My,
deN.

We will say that a set T C{(i,7):1<i<j<d} is transitive if it satisfies the following
condition: (¢,7), (j,k)€T implies (i,k)€T. Given a transitive set 7 C{(i,7):1<i<j<d},

1 a2 ai3 ai,d—1 ai,d
0 1 az,3 az.d—1 az.d
0 0 1 as,d—1 as,d
My = . L ) . €Mgy: a; ;=0 whenever (i,j) ¢ 7T
0 0 0 1 ad—1,d
0 0 0 0 1

is a connected Lie subgroup of My, and {E; ;} ¢ j)er is a Mal’tsev basis in M7. We will
now determine the nilpotency class of M.

10.2. Let 7 C{(4,):1<i<j<d} be a transitive set. For (i,7)€7T let us define steps (4, 5)
to be the maximal length of a chain connecting ¢ and j in 7, that is, the maximal
integer m for which there exist ki, ..., ky,,—1 €{1, ..., d} with

(Z'a k1)7 (kla k2)7 eeey (k'm727 kmfl)a (km717j) S 7.

We also define step(7)=max{step;(i,7):(i,7)€T }.
LEMMA. The nilpotency class of My is equal to step(7).

Proof. We have
Ei,lv if ] = ka

E; i, Ex =
[Eisy Bl {1, otherwise.

It follows that the mth member of the lower central series

(MT)IZMT; (MT)m:[(MT)mthT]? m:273u“'a
of M7 is generated by {E; ;:(i,j)€7 and steps(i,j)=m}. O
10.3. We will say that an order < on the elements of a transitive set 7 is legal if

(i,7), (4, k)< (i, k) whenever (i,7), (4,k), (i, k) €7 . This definition agrees with the defini-
tion of a legal order given in §5.7 for the case T={(4,7):1<i<j<d}.
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10.4. We return to the bracket algebra B over a commutative ring A. For DeN,
we define Mp as the set of u€B*t such that there exist d€N, a transitive set 7 C
{(4,7):1<i<j<d} with (1,d)€T and step(7)<D, a matrix P€ M7(A), a sign matrix
e=(gij)1<i<j<a and a legal order < on 7 such that u=t(&; 4(P, ¢, <)). We then define

M= {ueB*:uecMp with D=cmp(u)}.

We will prove the following enhancement of Proposition 6.9, which implies Theorem A%*.

THEOREM A***. 9=:5¢.

10.5. LEMMA. If ueMp then —ueMp. In particular, ueIM implies —u M.

Proof. Let u=t(&1 q(P, e, <)) for deN, a transitive set 7 C{(¢,7):1<i<j<d} with
(1,d)eT and step(7)< D, a matrix

1 a2 ... aa-1 aid
0 1 . a2,d-1 as.d
P=|: = P eMz(A),
0 0 1 ad—1,d
0o o0 .. 0 1

a sign matrix e=(g; j)1<i<;j<a and a legal order < on 7. Define

1 —ai,2 —a1,d—1 —ai,d

0 1 az,d—1 a2,d
P=|: + : : (A)

0 0 1 ad—1,d

0 0 0 1

. o
and a sign matrix &'= (e} ;)1<i<j<a by

)

—&;4, ifi=1
g', .= 7 ’.
€, otherwise.

Using the identity [—u]~!=—[u]!, one checks from formulas (6.2), by induction on (4, j),
that, for any 1<j<d and (k,1)=<(1,7),
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and that, for any 2<i<j<d and (k,1)<(1,7),

015 (P2, <) =075 (Pe, <),
(P <) =l (Pe, <),
gz,jl(P/’g/, gi’jl(P,g’<).

<)

223

In particular, & 4(P',¢', <)== 4(P, e, <), so t(§&1,q(P, e, <))=—t(&1,a(P e, <))=—u

and —ueMMp.

O

10.6. LEMMA. If u€Mp, and v€Mp,, then u+vEMyaxip, D,y In particular, u,ve

M implies u+veM.

Proof. Let u=t(&,4(P,e1,=<1)) for di €N, a transitive set 73 C{(4,7):1<i<j<dr}

with (1,dy)€7; and step(7;)< Dy, a matrix

1 ai,2 a17d1
0 1 a2,d,

R= . . . . € M'Tl (A)7
0 0 1

a sign matrix €1 and a legal order <y on 7i, and let v=({1,4,(Q, €2, <2)) for d2o€N, a
transitive set 7o C{(4,):1<i<j<d2} with (1,d2) €73 and step(72) < D, a matrix

1 b172 b17d2
0 1 .. boa

S= : : .. : € MTZ (“A>’
0 0 1

a sign matrix €5 and a legal order <5 on 75. Put d=d;+d> and define

1 a2 ... aid, -2 a1,d; —1 bi2 biz ... biday—1 aid, +bi,4,

0 1 az.d, —2 az,.dy —1 0 0 0 az.d,

0 0 1 QAdy —2,d; —1 0 0 0 QAdy —2,d;
p_|0 0 0 1 0 0 0 Gdy—1.d,

0 0 0 0 1 b2,3 b27d271 bzde

0 0 0 0 0 1 o bsgy1  bsa,

0 0 0 0 0 0 1 bay—1,d,

€Md(A).
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That is, R occupies the submatrix of P indexed by Ir={(i, )} je{1.2,....d1 —1,d}, i<j, and
S occupies the submatrix of P indexed by Is={(i,7)}i jef1,d1,di+1,....d},i<;; the only
common entry of these submatrices is the (1,d)-entry, which equals a1 q, +b1,4,. We
will identify R and S with their images in P and redefine €1, <1, 71, €2, <2 and 7o
accordingly.

Put T=7T,UT;. Then (1,d)eT,

step(T) = max{step(7;), step(73)} < max{Ds, D},

and Pe M7 (A). Let e=(e; j)1<i<j<d be any sign matrix whose restrictions on Ir and
Is coincide with €; and €3, respectively; the “common entry” is €1 4=1. Let < be any
legal order on 7 such that the restriction of < on I and Ig coincides with <; and <o,
respectively.

When one computes §; ;(P, e, <) by formulas (6.2), the entries of R do not affect the
entries of S and vice versa, except the common (1,d)-entry, which accumulates values
from both R and S. More precisely, one checks by induction that if (i,j)¢IgrUIg, then
¢ (P) = (P) =& (P)=0; if (i,§)€Tr\{(1,k)}, then ¢/ (P), ¥j(P) and & (P)
are equal to the corresponding (bfj(R), YPHR) and fﬁ’jl(R); if (i,7)€Is\{(1,k)}, then

]

kel kol kol . . k,l kol g qy.
¢ (P), ;5 (P) and &7 (P) are equal to the corresponding ¢;;(S), 1;; (S) and &7 (5);
and finally, &1 4(P)=¢&1,4, (R)+£1,4,(S). Hence, u+v=t(£1,4(P)) €EMmax{D,, D0} O

10.7. LEMMA. If ueMp, and veMp,, then [ulv+ulv]—wweMp,4+p,. In particular,
u, vEM implies [ujv+u[v] —uveM.

Proof. Let u=t(1,q, (R, €1,=<1)) for di €N, a transitive set 73 C{(7,7):1<i<j<dr}
with (1,dy)€7; and step(77)< Dy, a matrix

1 ai,2 alydl
0 1 a2,d,

R= c MTl (A),
0 0 1

a sign matrix €1 and a legal order <; on 77, and let v=t(&1 4, (S, €2, <2)) for do€N, a
transitive set To C{(4,7):1<i<j<da} with (1,d2) €73 and step(72) <Dz, a matrix

1 b172 bl,dz
0 1 .. boa
S= . . . . € MT2 (A)7
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a sign matrix €2 and a legal order <5 on 75. Put d=d;+ds—1 and define

1 ai,2 ai1,dq, 0 O
0 1 e Q2.d, 0 0
P=|l0 0 .. 1 bia ... bira, | € Mg(A).
0 0 0 1 b2,dy
0 0 0 0 1

That is, R occupies the submatrix of P indexed by Ir={(4,j)}}1<i<j<d, and S occupies
the submatrix of P indexed by Is={(%, )}, <i<j<a; we will identify R and S with their
images in P and redefine €1, <1, 77, €2, <2 and 73 accordingly.

Let 7 be the transitive subset of {(i,7):1<i<j<d} generated by 7; and 7o, that
is, the minimal transitive subset containing 7;U73. Then one checks that (1,d)e7,
step (7)) <step(71)+step(72)<D1+Dy and Pe M7 (A). Let € be any sign matrix whose
restrictions on Ir and Ig coincide with € and €9, respectively, except for €1 4, and €4, 4,
which we put equal to 1. Introduce two different orders < and <’ on {(4,7)}1<i<j<a in

the following way. Let <; be any legal order on J={(4, j) i<i<d,—1,ds +1<j<d; let
<= ((73\{<17 d1>}7 '<1)’ (%\{(dla d)}7 '<2>7 (1’ dl)’ (dlvd)’ (TﬂJa '<J))

and
<'= ((,Tl\{(lv dl)}7 <1)’ (,TQ\{(dlv d>}a <2)7 (d17d)7 (1’ dl)a (Tﬂj, <J))'

(In plain words, first the entries of R excluding a; 4, appear, then the entries of S
excluding by 4, follow, then a; 4, and by 4, follow, then all other entries of P follow; the
order <’ is obtained from < by switching the order of a; 4, and by 4,.)

The entries of R do not affect the entries of S, and vice versa. Thus, for both <
and <’, the elements (bfj(PL wﬁ}l(P) and ff”jl(P) with (i, j)€lg are equal to the cor-
responding gbfjl(R), wf)’jl(R) and ff)’jl(R), and the elements gbfj(P), wf,’jl(P) and §§’}(P)
with (4, j)€lg are equal to the corresponding ¢Z’;(S)7 wﬁ’jl(S) and ff]l(S) The difference
between the orders < and <’ only affects the last, (1,d)-entry of P. Since with respect
to <’ the entry (di,d) precedes (1,d;) and does not affect it, §f7léf(P, <"N=&1,4, (P, <)

and z/;ild’f(P, <) =114, (P,=<’). From formulas (6.2) we now have

§1,a(P, <) =&1a(P, <) = [€1,a, )7 Eay . a— D1,0y Edr . a+E€0,d, [Edy )0 01,0, 6y
=[1,a,)8a1,a+E1,d, [§ay,a) = (D1,0, — V1,4, )6dy,d
=[61,a,)8a1,a+E1,d, [§ay,a) — 1,4, 8ds a-
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Hence,
t(&1,a( P, <)) —t(&ra(P, =) =t(61,a(P, <) —&a(P, <))
= [6(§1,0, )1t (€ ,a) +D(E1,0,)E(€ay )
+t(&1,a,)[6(€ay,a)] +1(€1,a,)D(Eay )
—t(&1,a,)t(Eay.a) —t(€1,0,)P(Eay,a) —B(E1,d, )t (Eaya)

= [u]v+u[v]—uv.
Since t(&1,a(P, <)), t(§1,4(P, <)) €Mp, +p,, by Lemmas 10.5 and 10.6, we have

[ujo+ufe] —uv = t(¢1,a(P, <) —t(€1a(P. <)) € Mp, + 1, O

10.8. From Lemmas 10.5, 10.6 and 10.7, we derive the following result.

LEMMA. If u,v, [u]v,uveM, then u[v]€M.

10.9. Let ~ be the minimal equivalence relation on the set of trees ¢t for which r[s]~[r]s
for any r, s€®t. Graphically, two trees are equivalent if they are obtainable from each

other by changing of the root vertex:

rfs): W ~ [r]s:\t’"\%\%’

RN R B I

10.10. LEMMA. Let u,v€B* and c([u)v)=p1+...+pm. Then c(u[v])=q1+...+qm with
q1~P1s -y qm~Pm-

Ezxamples.

10.11. Let © be the set of equivalence classes for ~. We define an order on () in the
following way: for wy,ws€Q we write w; <ws if min(w;) <min(ws).

For pe@® we denote by w(p) the class in Q that contains p, and for ue®B*t let
w(u)=max{w(p):pec(u)}.
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FEzample.

wlzw(w><w2=w< > since min(w)= } <min(wy)=

10.12. We need more notation. We define the number of pluses, nop, of elements of B*

in the following way:

nop(a) =0 forac A,
nop(afvy] ... [um]) =nop(v1) +...4+nop(vy,) for a € A and vy, ..., v, € BE,

nop(u; +uz) =nop(ui)+nop(uz)+1 for uy, ug € BE.

Note that nop(u)=0 implies ue €*.
The minimal depth of a plus, dop, of elements of B\ & is defined by the following

rules:

dop(uy +ug) =0 for uy, ug € BT,
dop(afvy] ... [vm]) = 14+min{dop(vy), ...,dop(v,,)}  for a € A and vy, ..., v,, € BE.

Ezample. For u=aj[az[as[as+as]]] one has nop(u)=1 and dop(u)=3, whereas for

v=a|as[as[as+as]]][ag+ar] one has nop(v)=2 and dop(v)=1.

10.13. Proof of Theorem A***. We will use induction on ; fix we) and assume that
veEM for any veEB* with w(v)<w.

We will first show that wNIMM#@. We will use induction on nop(u) and dop(u) of
elements u €M for which c(u)=p+p1+...4+pr with pew and w(py), ..., w(pr) <w.

First of all, such an element u exists. Indeed, let p be the minimal element of w.
By Proposition 9.4, there exists u€M such that c(u)=p+p1+...4+pr with pq, ..., pp<p.
Since p is the minimal element of w, we have w(py), ..., w(pr) <w.

If nop(u)=0 then u€€* and so p=u€MNw. Assume that nop(u)>0. If dop(u)=0
then u=wu;+us. Assume that w(u;)=w, then w(ug)<w. By our induction hypothesis,
us €M, and hence, u; =u—us €M, by Lemmas 10.5 and 10.6. Since nop(u1)<nop(u), by
induction on nop(u) we have peMl.
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If nop(u)>0 and dop(u)>0, represent
u=alvi][ve] ... [m], with a €A and vy, ..., v, € B,
so that dop(vy)<dop(v;) for i=2,...,m, and thus dop(u)=dop(v1)+1. Define
v=alva] ... [Um],

then w=[v1]v. Since cmp(v; ), cmp(v), cmp(v1v)<cmp(u), by our induction hypothesis
we have vy, v,v0€M. Thus, by Lemma 10.8, v'=v;[v]€M. By Lemma 10.10,

c(u)=q+q+..+q with w(q)=w(p)=w and w(g)=w(p;) <w, i=1,.... k.

Since dop(u') <dop(v1)<dop(u), by induction on dop(u) we have geM.

We will now show that every element of w belongs to 1. Indeed, if ¢e9MNw and
q=r[s] with r,s€ €t then, since by the induction hypothesis r,s,rs€9, Lemma 10.8
states that [r]s€M.

Now, let u be an arbitrary element of B* with w(u)=w. We will show by induction
on nop(u) and dop(u) that w€M. If nop(u)=0, then u€E*, so u€w and uEM is proved.
Assume that nop(u)>0. If dop(u)=0, then u=wu;+us; by induction on nop(u), we have
u1, u2 €M and, by Lemma 10.6, u€M. Assume that nop(u)>0 and dop(u)>0. Represent
u=[v1]v so that dop(u)=dop(v;)+1. Define v'=v1[v]; then w(v')=w(u)=w and

dop(u") < dop(vy) < dop(u).

By induction on dop(u), we have v’ €9 and, since cmp(v1), cmp(v), cmp(v1v) <cmp(u),

by our induction hypothesis vy, v, v1v€9. By Lemma 10.8, ueIN. O
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