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On absolute convergence o f  Fourier series 

By 1V[ASAKO IZUMI and SIIIN-ICIII IzvMI 

w 1. Le t  / be an integrable funct ion on (0, 2z) and periodic with period 2~, 
and  its Fourier  series be 

oo  

l(x) "" a~ + ~ (a n cos nx  + bn sin nx),  

~n~=l (l~nl +lbnl)< ~ ,  then  we say t h a t  the  Fourier  series of / converges ab- 
solutely and we write / C A .  If  /E  A, then  / mus t  be bounded and continuous.  

We define the  modulus of cont inui ty  of / b y  

~,(a; 1) = sup l ( ~ ) - l ( x ' ) l  
Iz-z I<0 

and  the  integrated modulus  of cont inui ty  of I b y  

~v(~; 1) = 0<~<~sup \j0([~=l/(x+h)--l(x)lVdx) " 

for p ~> 1. I t  is known t h a t  co v (~;/) < o~(~;/) and lim~_~o r (~;/) = co(~;/). 
Concerning absolute convergence of Fourier  series there are two famous theo- 

rems, one is due to  S. Bernstein and the  other to  A. Zygmund.  
Bernstein 's  theorem ([1], p. 241; [2], p. 154) reads as follows: 

n~l~ ~ ;! < ~ ,  

then / E A .  

This was generalized h y  O. Szs ([2], p. 155) in the following form: 

~=~o~  ; !  < ~ ,  

then / E A .  

Zygmund ' s  theorem ([1], p. 242; [2], p. 160) ~ reads as follows. 

1 The condition of this form was first formulated by E. ttille and J, D. Tamarkin [3]. 
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Theorem III .  I1 ] is 01 bounded variation and 

then l E A .  

We shall prove a "br idge"  theorem between Theorems I I  and  I I I .  For  this  
purpose we need the no t ion  of r -bounded  var ia t ion  which is defined as follows: 
] is called of r -bounded  var ia t ion  when 

3 M > 0 : /(x~) - -  l (Xi-1)I  r < M 
i= 

for all divisions 0 = x 0 < x 1 < ... < x~ = 2~. The case r = 1 is ordinary  bounded  varia- 
t ion  and  the case r-~ ~ means  boundedness  of ]. 

Theorem 1. Let l < p < ~ ,  1 / p + l / q = l  and 1-~<r<2p. 11 / is o I r-bounded 
variation and 

1 - .~\ l - r /2p ~ ,  ~ (cor+a-r)q(:z//n;/)) < oo, 

then 1 E A. 

If  r = 1 and  p-~  1 (consequently q-~ ~ ) ,  then  Theorem 1 reduces to Theorem I I I .  

If  r-~ ~ and  p-~  ~ such t h a t  r ip  ~ 0 (for example r = Vpp), t h e n  the  theorem 
reduces to  Theorem II ,  since q-> 1 and  r + (2 - r) q = 2q + r(1 - q) = 2q - q(r/p) ~ 2 
and  the  boundedness  of / is necessary for / E A .  Thus  Theorem 1 is a bridge 
between Theorems I I  and  I I I .  

If  we consider the cases r = p = q = 2  and  r = 3 ,  p = q = 2  in Theorem 1, t hen  
we get the  following corollaries. 

Corollary 1. 11 I is ol 2-bounded variation and 

then 1 E A. 

Corollary 2. I /  ] is o/ 3-bounded variation and 
4 

then I e A. 

F u r t h e r  we prove the  following theorems. 

Theorem 2. 
l~ td/(O. I1 

then / E A. 

Suppose that / is even and o/ bounded variation and put g(x)= 

f ~(t;g) l ~  dt< ~ -  ~ ,  
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This  is n o t  c o n t a i n e d  in  T h e o r e m  I I I .  :For e x a m p l e ,  l e t  

1 
/(x) (logtz/)) '"z/x "'~ on (O, ze), /(x) = / (  - x) on ( - g ,  0), 

1 
t h e n  o ( t ; / )  - 

(log (2ze/t)) ~ 

a n d  h e n c e  

Vo( ; 4: 
There fo re  t h e  c o n d i t i o n  of T h e o r e m  I I I  is n o t  sa t i s f ied .  B u t ,  t h e  cond i t i ons  of 
T h e o r e m  2 a re  sa t i s f ied .  F o r ,  

t / ' ( t )  --  2 - 2t(1 + O(t)) 
(log (2 z / t ) )  3' g(t) - (log (2~ / t ) )  3 

a n d  t h e n  x Ct 
~o(t; g) -<< (log (2~/t)) 3' 

][ ~(t; g)log ~ ~t < c f" ~t 
~ 3o t (log (2z / t ) )  2 < c~. 

T h e o r e m  3. Suppose that / is an odd/unct ion o/bounded variation and vanishing 
at 0 and ~.2 I /  

log  ~/( t / I  < ~ 

and t a f d(/(t) - / ( t  + h ) ) l < Ch ~ (1) 
2 h  

/or some A > I  and some a ( 0 < ~ < l ) ,  then /EA. 

The  c o n d i t i o n  of t h e  t h e o r e m  is s a t i s f i ed  b y  the  o d d  f u n c t i o n  / such  t h a t  

1 
/(x) (log (2~ /x ) )  :+~ (e > 0) 

in  t h e  r i g h t  n e i g h b o u r h o o d  of t = 0 a n d  is v e r y  s m o o t h  o the rwise .  

w 2. Proo/ o/ Theorem 1. W e  h a v e  

/ (x  + h) - ](x - h) ,,~ 2 i (bn cos nx  - an s in  nx) s in  nh, 

1 We denote by  C an absolute constant, different in different occurrences. 
2 The continuity of ] a t  the point g is contained in the last assumption (1). 
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and then, by the Parseval formula, we get 

_1 [[(x + h) - [(x - h)] ~ dx  = 4 ~ q2n sin 2 nh where ~2 = an2 + bn.2 
:7~ n = l  

We have to prove that  ~ Qn < oo. 
Now we write 

2=r+(2_p)=r+2q-r(q-1)p P q =-+pr (2-r)q+rq 

and let us consider the sum (cf. [1], p. 242) 

[/(x + k g / N )  - / ( x  + (k - 1) ~/iV)] 2 dx 
k = l \ J 0  

= ~ . x + k z r  N -  . x + . k - 1  re N ~+ dx  . 
k = l  \ J O  

By tISlder's inequality, this is less than 

I/(x + k~/ iV)  -- /(x + (k--1)  ~/iV)i:  dx 
k ~ l  

= I/(~ + ~ / N )  - l(x + (k 

2v~ (~§ (~/~v;/))~'-~,  

where Vr=sup  (~.~=1 II(x~)-/(x,-~)]~) 1~, sup being taken about all divisions 0 =  
x o < x 1 < ...  < x n = 27~. Therefore 

N 
2 �9 2 T~Yg Z 0n sm 2N ~ C(eo~+(2-r)q (7~/N;/))2-r / , .  N-l/, 

n = l  

and then 
lq ~ 

2 2 l + l / q  . ~.n qn <<.oiv (o~+(~_t)~(~/iv, l)) ~-~'. 
n = l  

n k Vnn ~ n  k 2 ~ t  Let  us put  ~0n=~kffi 1 ~k, then ~0n<r,~z.k_l gkj by the Schwarz inequality 
and then 

~n < Cn 1§ "2~ (~o~ § ~ (~/n; /) )~-~12~. 
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Now 
N N 

n f f i l  n = l  

~ , - 1  I <~ C ~1 ~ (m, +(2_,) q (~/n; 1))1-,,2, + CN1/2 q (mr +(2-,)q (z~/N; 1))1-,/~, 

t : - i  1 <~C Z ~ (eo,+(2_,)q(z~/n; 1))1-,/2~, < C 
n = l  

tl 

for all h r. Thus  we have  proved  t h a t  ~ Qn < c~. 

w 3. Proof o/ Theorem 2. Let  l(x),,, ~ an cos nx, t hen  

f: ; 2 /(x) cos nx dx = ___2 sin nx d/(x). an = "~ z~n 

We shall p rove  t h a t  

 lfo I lanl =-2 _1  i n dl(z) 
n ~ l  :Tg n ~ l  Tb 

is finite. Mow we write 

f~  sin nxd/(x) = f~/~ sin nxd/(x) + f .~n sin nx~ dg(x) = In + Jn. 

Then  

n i l  nffil ~b k ~ n  J zt/(k+l) Ibx 

= �9 I dl(~)l  = 2: k /  x I~tl(~)l < c I dl(~)l  < ~ .  
k f f i l  n = l  J r # ( k + l )  k = l  J n / ( k + l )  

We shall e s t imate  Jn.  We  suppose first  t h a t  n is odd, t hen  

Jn = f:: sinnX d (x) = ~ i  ~ f(k+~)~,/, sinnXx rig(x) 
:~ x g j k~/n 

n- 1 i'd, In dg(t + k 7~/n) 
= 2 ( - 1 ) k J o  s i nn t  

(n-1)/2 f:ln . /dg(t+2k~n) dg(t§ 
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We have 

( n - l ) / 2  

k = l  

(ztln Sill n t  
J0 2k--u/n (dg(t + 2 k ~ / n )  - dg(t + (2k - 1) ~/n))  

f: /n t sin nt 
-- (t + 2k g / n ) .  2k 7e/n (dg(t + 2k~z/n) - dg(t + (2k - 1) 7~/n)) 

zef [ / "  s innt  ~ / n ) d g ( t + ( 2 k _ l ) z t / n )  ] 
n ( t + 2 k z t / n ) ( t + ( 2 k - 1 )  

( n - l ) / 2  

2 
k = l  

I 2 3 __ 1 2 -- Jn  -- (Jn.k ja .  -- Jn.k -- J~.k) - J ,  

J l ' k  = 2 ~  j'~/" sin nt [dg(2kx~/n + t) - dg(2kg/n - (7t/n - t))] 

Ib f ~/n 
- 2k-zt sin nt d [g(2kxt/n + t) - g(2kxt/n - t)] 

- 2k= n2 f[ /n  cos nt [g(2k~t/n + t) - g(2kz~/n - t)] dr. 

Writing ~o(t)=co(t; g), we get 

j1 n 2 f~Jn I ~, k I ~< ~ re(t) dt, 

(n-1)12 ['ztln 
I al l  <~ 2 I J=.kl <~ C n ' l ogn  co(t) dt 

k = l  

and then 
oo l'nln 

1 i jll < c g nlog n | o~(t) dt 
n = l  • n ~ l  J O  
odd 

= C ~ l n  l~ n ~=1 0=/(~+1, ~ dt 

= C co(t) dt ~ n log n 
k = l  Ja / ( /~+l )  n = l  

oo / ' a / k  

~< Ck~, ~ k2 log kj.~(~+~)~o(t) dt 

r162 (=/~ ~o(t) l o g ~ d t  

= J0 -V log 5- 
by the assumption. 
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Secondly we have 

n fffln 

n 

2kz  

and then  

t sin nt 
t + 2 k z / n  [dg(2kz/n + t) - dg((2k - 1) z / n  + t)] 

= - - -  f : l ~ [  t s i n n t  ~' 2 " (t ~ k ~ / n )  [g( k z / n  + t) -- g((2k -- 1) z / n  + t)] dt 

I ~.~1 ~ . ,  , 

(n 1)/2 ( ~ )  ( ~ )  (n-1)12 j2  n 
IJ~l~< ~ I~.~l~<c ~, ~o, ~<Cn~o 

k ~ l  k= l  

and 

Finally, 

and then  

and 

n = l  n = l  
n odd 

J~. k = -~ f : / ~  sin nt 
n (t + 2kz /n )  (t + (2/~ - 1) z /n )  dg(t + (2]c - 1) z//n) 

= ~ - ; l n  s innt  
n t+21cz/n  d / ( t+(21c-1 ) z /n )  

Idl(t + (2k- i) z/~)l < ~ j (~_~)=,~ 

(n-1)/2 C k f ( k + l ) = l n  
IJ~l~< ~ IJ~..~l<-~ I4/(t)l 

k = l  Tb k = l  J k=ln t 

Id/(t) l, 

l l J~ l<c~ ~ t 
n= l  Tb n = l  k=l  Jk=/n  

n odd 

= c ~ t ~ t Idl(t) l < Idl(t) l < oo. 
~I n=k ,J k=ln k = l  

Hence we have -1 j~  < ~ .  
n= l  Tt, 

n odd 

For  even n, we get  the same estimation. Thus we have proved the theorem. 

w 4. Proo/ o/ Theorem ;1. We write / (x)~ ~ b~ sin nx, then  1 

f~= if:= bn = zl l(x) sin nx. dx = ~ sin nx [/(x) " l ( x  - z / n ) ]  dx 

1 Cf. [3], p. 533, Theorem (A), VT. 
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- cos n x  d [ / ( x )  - [ ( x  - g / n ) ]  
2 ~  - rt 

(f: ;) _ 1 + = ( b ~ + b ~ ) .  
2Y~n 

W e  shall estimate b~. Let  r = ~ / 2 A ,  t h e n  0 < r <  l .  W e  put  

bn = = In + jn ,  
[nr 

Since / is continuous at the origin, we have 

1 1 (~Z'ld/(~) ] 
J 0  

~ < 3 ~  1 ~ l ~/~ 
. =, n ~~ En.1 a ~/(~+~)I d/(x) I 

i ['~'/~ [~'"]+' 1 ~< 3 I dl(~)l ~ - 
~ = 1  J 2~[(k + 1) n = l  "~ f2u]k 

< C  ~ log (k+  1) Idl(~)l 
k = z d ~/(k + z) 

Cf:'l  g?]d[ (  )1 <~ o x < c~. 

Further -1 IJ. l  << -] Id(/(x)-l(~-=/,~))l 
n = l  Tb n = l  n /nr 

.=x n 1-~/---~ /.. x~x Id(l(x) - t ( ~ -  ~/~))1 

oo 
< c E  1 n= l  n---i~7~/2 ~ o o .  

Thus we have proved that  • I b:I/n < ~ .  Similarly we have 5 Ib~]/n < 
then ~ ]b~I < co. The theorem is now completely proved. 
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