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I. Introduction. 

i . i .  The object of the present paper is to treat the problem of the re- 

presentation of large positive integers in the form a x Z + b y S + c z Z + d t  2 (where 

a, b, e, d are given positive integers) by means of the method introduced into 

the analytic theory of numbers by G. H. HARDY and J. E. LITTLEWOOD. s In  

my dissertation s I have proved an asymptotic formula for the number r(n) of 

representations of a positive integer n in the form alx~ +a~x~+ "'" +a,x~, if 

s>---5. The proof of this formula is merely a direct application of the method 

mentioned above without any new idea. The result is 

(I .  I I )  
I 7~ ~s 

r ( n ' - - F ( ~ S )  V 'a- l~ . , .  . . . .  .+,) + o +.) 
ae 

for every positive ~ .  Here S(n) is the singular series. Obviously this formula 

is of no use for the form ax~+byZ+czZ+dt~,  where s = 4 ,  so that  in this case 

the approximation of the error term must be improved, if possible. The principal 

i An account of the principal results of this paper has been published in the 'Verslagen 
van de Koninklijke Akademie van Wetenschappen', Amsterdam, 31 Oct. '25. 

2 For the li t terature on this subject I refer to the article of BOHR-CRAMI~R (Die neuere 
Entwicklung der analytischen Zahlentheorie) in the 'Enzyklopaedie der Mathematischen ~Vissen- 
sch aften'. 

a 'Over bet  splitsen van geheele positieve ge t ,  lien in een sore van kwadraten', Groningen, 
x924. 



408 H. D. Kloosterman. 

result of this paper is, that this improvement is possible. The proof is difficult 

and a very deep analysis is necessary. 

i. 2. A great number of special cases of the form ax2+by2+cz~+dt  ~ have 

been considered by LEGE~D~E, JACOBI, LIOUVlLL~., EISEI~STEIN and others. 1 In 

some simple cases it has been possible to express the number of representations 

in terms of the sum of the divisors of the number in consideration or in terms 

of other simple arithmetical functions. A great number of results of this kind 

has been obtained by LIOUVlLL~. z The principal object of these writers was 

the solution of the following problem: to determine, whether a given positive 

integer is representable in a given form or not. This can also be expressed in 

such a way, that they distinguished between two classes of forms, namely 

I ~ forms, that  represent all positive integers; 

2 ~ forms, that do not represent all positive integers. 

Another classification is the following: 

A. forms, that represent all positive integers with a finite number of ex- 

ceptions at most; 

B. forms, for which there is an infinite number of positive numbers which 

can not be represented. 

The latter classification is arithmetically more essential than the first. Thus, 

the form x2-~ y~+ 5z2+ 5t~ does not represent the number 3. But this is not a 

consequence of any important arithmetical property of the form x ~ +y~+  5 za+ 5 t2, 

but merely a consequence of the facts, that 3 is < 5  and is not a sum of two 

squares. Now LIOUVlLLF~ has proved, that all other positive integers can be 

represented in the form x ~ + y2 + 5 z2 + 5 t~. Therefore, if we neglect the trivial 

exception 3, we may say, that  the form xZ+y~ 5 t~ is capable of repres- 

enting positive integers. 

From the asymptotic formula for the number r(n) of representations of n 

in the form axE+by2+czZ+ dt 2, that will be obtained i n  this paper, a solution 

can be derived of the following 

_Problem P. To determine which forms ax~+by~+cz2+dt  2 belong to class 

A and which forms belong to class B. 

I t  has been proved by Rx~xl~UZXN s, that there are only 55 forms, which 

L. E. DICKSON, 'H i s to ry  of the theory of n u m b e r s ' ,  Vol. I I I  (I923), Ch. X. 

I n  m y  paper  'On t he  r ep resen ta t ion  of n u m b e r s  in t h e  form ax2+ by2+cz~+dt 2', ~roc. 
London Math. Soc., 25 (x926), t 4 3 - - 1 7 3 ,  I have  proved some  of L~OUVILL~'S fo rmulae  and  some  new 

fo rmulae  by m e a n s  of m e t h o d s  due  to HARDY and  MORDELL. 

a PrOc. Camb. Phil. Soc., 19 (1917), I I - - 2 x .  
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belong to class I ~ , that  is to say, represent all positive integers. In the same 

paper  he also determined all values a and d for which a(x 2 +y~ +z ~) § d t ~ belongs 

to class A, that is to say, represents all positive integers with a finite number 

of exceptions. 

I. 3. The first object is the proof of the following 

Main theorem. I f  r(n) is the number of representations of n in the form 

ax ~ + by ~ + cz ~ + d t ~, then 

7~ ~ t 17 +~\ 
(~. 3I) r(n)--  V a b c d n S ( n ) +  Oini~ ] 

for every positive e, where 

oo 2n~ip 

~(n)= ZAq, A q = q - ' Z ' S a p ,  qSbp, qScp ,qSdp ,  qe q , A I =  i ,  
q~l p 

and where p runs th~;ough all positive integers, less than and l~'ime to q. 

The proof of ~his theorem is given in section 3. A large number of lem- 

ma's, leading up to what is cMled the 'fundamental lemma' is necessary for the 

proof. I have collected these lemma's in section 2, which is the most difficult 

part of the paper. 

The ideas which lead to a proof of (I. 31) can be explained as follows. 

A straightforward application of the Hardy-Littlewood method wouldgive (i. 31) 

with the error term 0(n 1+~) (see I. II), which is not sufficient. The approxi- 

mation of this error term must therefore be improved. How this error term 

appears in the form of a series 

(,. Z 
q P 

where ~ runs through the positive integers, less than and prime to q. 

Y Zlu.,ql 
q P q P 

If  we write 

we obtain the error term O(nl+~). I t  may therefore be expected, that, if we write 

q lo q p 

5 2 - - 2 6 6 1 .  .data mathematiaa. 49. I m p r i m 6  le 6 octobre  1926. 
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something better can be obtained. 

tion to the sum 

For this it is necessary to find an approxima- 

(I. 33) ~ 'Up ,  q 
P 

which is better, than the approximation, given by 

P P 

or, as we shall say, it is necessary to find a non4riviM approximation for the 

sum (I. 33). This non trivial approximation is given by the fundamental  lemma, 

proved in e. 6. For the proof of this lemma the method of section 5. 43 is 

very important. A similar method has already been used by HAR~r and LITtrLE- 

WOOD who applied it to obtain non trivial results abou~ the corresponding sums 

which occur in the general Waring's problem. They refer to these results in 

their first memoir on Waring's problem 1, but, having been unable to apply them 

in the manner which t h e y  desired, have never published their analysis. I am 

much indebted to Messrs. HARDY and L:[TTLEWOOD for the suggestion that  a 

similar method might prove valuable in the present problem. 

I. 4. In  order to draw any conclusions from (I. 3I) it is necessary to in- 

vestigate the singular s~'ies S(n) first. This investigation is given in section 4. 

By combining the results of section 4 with elementary arguments, I s tudy the 

solution of problem P i n  section 5- 

i .  5. Notation. The notation, introduced in  this section, remains valid 

throughout the paper. Other notations to be introduced afterwards are only 

valid in the section, where they are introduced, if it is not explicitly stated 

otherwise. 

n is a positive integer. 

a ,  b, c, d are the positive integral coefficients (>--I) of the quadratic form 

ax2+ b y ~ + c z ~ + d t  ~ (x, y, z, t integers, positive, negative or zero). 

r(n) denotes the number of different sets of values of x, y, z, t, for which 

n ~ a x  ~ § by ~ + cz ~ + d t  ~. 

The ordinary Hardy-Littlewood machinery of the Farey-dissection of order 

A new solution of Waring's problem, Quarterly J. of pure and applied math., vol. 48 
(t919), p. 272--293. 

2 Two representations n=ax~+by~+Cz~+dt~ and n=ax~+by~+cz~+dt~ will be con- 
sidered as the same if and only if xl=x~, Y~=Y2, zl=z~, t~-~t2. 
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(i. 5I) 

will be used. Le t  F denote the circle 

1 

Iwl=  " 

in the complex w-plane. Then we divide F into Farey-arcs ~p, q in the following 
p'  p "  

manner.  I f  -p is a t e r m  of the Farey-series and - , ,  ~ are the adjacent  terms 
q q q 

to the r ight  and left, then  the intervals (q> I) 

( I .  5 2) jo I p I 
q q(q+q")' q + q(q+q,~--~ 

will be denoted by jp, q. 

denoted by j0,1 and jl, 1. 

arcs ~p,q if  the intervals jp, q are considered as intervals of variagion of - -  

where 0 ~--arg w, and if the two extreme intervals are joined into one. 

On ~p,q we write 

(I. 53) w = e  q W = e x p  2 i l_~iO . 
n 

( ) The intervals o, and I N + I '  I will be 

We  n o w  obtain t h e  Farey-dissection of F into the 

0 

I f  w describes ~p,q, then  O varies between two numbers --O'v, q and Op, q. Then 

(x. 54) 
27/: ~ ~p ~ 27/: 2~/: , 27g 

q(q+2V)-- 'q q-N' q(q+N) g O v ' q < q N "  

W e  have 

where 
n = l  

Y w" (Iwl< 

r sgands for an arbitrary positive number,  not  always the same. 

K is a constant,  depending on a, b, c, d, r only, not  always the same constant,  

where it occurs. 

O(f) denotes a number,  whose absolute value is < Kf .  
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B is a number  depending on q, a, b, c, d only, which is bounded for all 

va lues  of q. I t  does not  always represent the same funct ion of q, a, b, c, d. 

I f  Z and M are two integers, we denote by (L, _71/) the greatest  common 

divisor of L and M.  

Wherever  the letter j0 occurs, i t  will always denote a positive integer, such 

tha t  (p, q ) = I .  We denote by X' a summation,  where p runs t h r o u g h  all in- 

tegers, for which 

(I, 55) o < p < _ q - - i ,  (p, q ) = I ,  

if q > I .  For  q = I  the only value of p is I .  A summation,  where p is subject 

to other restrictions, except (I. 55) will be denoted by the same symbol 2~', but 

the additional conditions will be writ ten explicitly under  the symbol 2~'. 

For  s ~  a, b, c, d only (not for other letters) I write 

8 = (8, q) .~q, q = (S, q) q~, q~ = 2"~ Q~ (Q~ odd). 

/ ] A  
I f  M is an odd positive number  and (L, M ) =  I,  then  ~M} is the symbol 

/3 is not  a quadratic residu of 21//; = I . 

din means: d is a divisor of n; d § n means: d is not  a divisor of n. 

~',  also, when a suffix is a t tached to it, is a prime number. 

The RA~rA~Ua~ sum t is defined by 

I f  (q, q ' )=  I ,  then 

Also 

(i. 56) 

2npz~i 2npr~i 
Cq(n)=2~'e q ~ - ~ ' e  q 

cq , ( . )  = eq 

~l(n, q) 

where /, denotes the ar i thmetical  funct ion of !~[SBIllS. 

1 'On certain trigonometrical sums and their applications in the theory of numbers', Trans. 
Camb. Phil. Soc. 22 (I918), 259--276. The formula (I. 56) has already been given by J. C. KLUY- 
VER, 'Eenige formules aangaande de getallen kleiner dan n e n  ondeelbaar met n', Versl. Kon. 
Akad. v. Wetensch., Amsterdam, I9O6. 
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F u r t h e r ,  we wr i te  (if r is an  in teger)  

q--1 
w l z p ~ i j  2 ?vzr i i  t Sp, q ,~= / ~ e x p !  - + 
~=o \ q q ! 

F o r  v ~ o  (rood q), this  is t he  GAuss ian  sum Sp, q. 

F o r  abbrev ia t ion  I wr i te  

{ SPq} = Sap, q Sbp, q Sep, q 8dp, q. 
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2: P r e l i m i n a r y  l e m m a s .  

2. z. L e m m a  1. I f  s is a positive integer, then the sum S,p, q, ~ vanishes 

identically or a positive integer v" can be found, which is independent o f  p ,  such 

that either 

(2. I I )  Ssp, q , , ~ e x p  2 ~ i p ' v ' ' .  S,p,q, p p ' + I - - o ( m o d q )  
q 

or 

(s, 2) 2zr ip ' v " .  Ssp,4q, l~p'+ I=--0 (rood 4q).  (2. 12) Ssv, q,, - -  2(~', 8) exp 4q  

F o r  we have  

lqow wr i te  

T h e n  

q--1 (2~rgi_spj ~ 2~rgivjl  
Ssv q �9 = ~ exp + �9 

' '  ~=o \ q q / 

J = J l + g q s ,  j l = o ,  1 , 2 , . . . q , - - I ;  t----o, 1, 2, . . ., (s, q ) - - I .  

qs -1  (s, q)--I 
x-~ [2 ~ i sqp f l  2 " " 2 z~ivlt 

(2. 13) ~'sp, q,*' = ~ exp | --  + _~_~v_~31) ~ exp (s, q) 
jl=o \ qs ~=0 

This  is o,  if  (q, s) + v. T h e r e f o r e  we m a y  suppose  fu r the r ,  t h a t  (q, s) [ v. W r i t i n g  

we find f rom (2. I3), t h a t  

(2  

( q ) '  V--~- , 8  V,  

Ss , q., = (s, qi &qp. q,. ,'. 
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For any integer p "  we have 

qs--I  

S,q , ,q , , , , -~  Z e x p  ( z-zisqp('-j+- pi')~- 
j=o \ q~ 

1 _ 
+ q~ l 

-- exp + t q, q, / 

q .~- - I  

.= \ q, 
2 z i . i  (~; + 2 sqpp")l  " 

+ ~, / 

We now consider a few cases separately. 

I ~ q, is odd. Then let p "  be such tha t  

~; + 2 sqpp" ~ o (mod q,). 

Then we have 

p 

sqpp" + v_ ~__ o (mod q,) 
2 

or sqpp" + - -  v' + q' - -  o (mod q,) 
2 

according as v' i s  even or odd. Hence 

S, qp, q,, ,, = exp gip"v___' . S, qp, q, 
q, o r  Ssqp, qs,~, , ~ -  exp g / p ' ' ( v ' +  q'!" Ssqp, q, 

q, 

according as v' is even or odd and 

�9 pt I 

(2. xS) S.q,  q , , , , = ( - - i ) , " " e x p  zzp  " �9 

in both cases. 

Now let v" and p '  be such tha t  

Ssq p, qs 

Then 

and therefore 

tp 

v '~ - -4~ ,q iSq (modq , ) ,  x +pp '~ - -o (modq) .  

2 sqp" - -  v'p' (rood q,) 

4P' ( s -~)sq~P 'v'2~- 2v'sqp" ~--4sqp"v' I+qs2 (mod q.). 

pt 

P' (s-----q)V --p"v' I : q, (rood q,), 
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so t h a t  we find f r o m  (2. I4) a n d  (2. I5) , t h a t  

S~p q,, = (s, q) exp  2 zip'v'__l__ ~' 2 z r i p ' v "  q Ssqp, q, = exp  - -  �9 S,p, q. 
q 

415 

2 ~ . q, is even  a n d  v'  is even.  T h e n  le t  p "  b e  such,  t h a t  

.~t ~gt 
sqpp  + -- =--0 (moo qs). 

2 

T h e n  

SSqp, c/s , ~,' : exp  - -  
~ i v ' p "  

q, " ~ S q p ,  q s  " 

N o w  let  v" and  io' be  such  t h a t  

4 - -  (q ,  8) 8q ( r o o d  q , ) ,  I +pjo' ~ o (mod q). 

T h e n  

r V' 
P 2 ~ Sqp" (rood q,) 

a n d  t h e r e f o r e  

p !  P 

- -  --~ -~ sqp"  (rood q,), 

! 

p,  v" __ , ,v  (modq~),  

so t h a t  

S s p ,  q, 'r = e - x p  2.~ipv'.art-- ~sp,  q. 
q 

T h e n  

3 ~ . q, is even  a n d  v' is odd. T h e n  le t  p "  be such  t h a t  

2 s q p p "  + v' ~ sqp (rood 4qs). 

. Pp$ 
( 2  ~; ~Sqpp 

Ssqv, qs, , '  : exp  ~ -~  + - -  
q. I 

q,--1 

i=o q~ 
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But 

q,-- 1 
2 ~isQp(.i ~ +.i) exp - -  

j=o qs 

This is o if q , ~  2 (rood 4). 

qS- ~ 
( 2,risqp I 2~cisqp(2j+ I )  '~ 

= e x p  4q~ / ' Z e x p  . . . .  4q; = 
j=O 

q~ 
( 27giSqp-l" 2q#--I 2:;rf;iSqPJ $ "~ 2 'l;~Sq~2"[ 

= e x p  ~ I {j-~o e x p _  4qs j=oX~exp ...... ; . . . .  . [ =  

exp 2 ~isqp I 

But if q,---- 2 (mod 4), we have 

I (2z i (2p" - - I )Sqp+21r i .2p"v ' )  
SSqp, qs ,"  = 2 exp 4qs " ~Sqp, 4qs 

Now let v" and p '  be such, tha~ 

Then 

and therefore 

so that  we find 

a n d  

r p  

, ~_  v ( m o d 4 q ~ ) ,  I ( m o d 4 q ) .  v =Sq(s ,~ + p p ' = o  

(2p"--I)  8q ~-- Vtp' (mod 4q,) 

s r  
V P 2  P P , / (2p"-  ~)sa-,, p - p  sq ~ (moa 4q~), 

t p  

(220-- I)v' = p  ( ~  (rood 4q,), 

I 2z i# ' v"  
Oo#, q~ ,, = ~ e x p  - -  �9 Ooqv, 6q$ 

4q 

, 2~ip'~" s (*'q) (~' 2) 2~ip'r S~p q,  = ~ exp ' '  4q "P"q (s, 4q) --  Z(si 8) exp 4q . . . . . .  Ssp, ~q �9 

This cgmpletes the proof of the lemma. 

2. 2. Let ~t be an integer  such that  

O ~ { - - I  
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and let  v~, v-z, va, ~ be integers. Le t  px be determined by 

(2. 2 I) p(p~ §  + I ---- 0 (rood q), o < p ~  --< q. 

Then there  is one and only one Pl ~o every p .  W e  write 

(2. 22) 2 n z i p t .  ( ~ l = Z ' S a p ,  q,,xSbp, q,,28cp, q,,aSdp, q . , 4 e x p -  q- ] 
paglz 

L e m m a  2. I f  am 4= o, then it is always possible to find an integer v (de- 

pending on vl, v~, v~, v4, a, b, c, d, q, but not on p or P), such that either 

= ' p ( 2 g i u p  2~ivp'~ 
. ,  Y. {a}e p + , 

v,_<~ 1 q q I 
I + p p ' ~ o  (mod q) 

(where we have written u = - - n ) ,  or 

a~ = K ~ {S4eq} exp ( 2 z i u P  2 z i v P '  1 
P,<-I* ~ § ~ -]' I § P t ) ' - - o ( m o d 4 q ) ,  

(where we have written u-~--4n)  and where in the second sum the summation over 

P is defined by 

(P, 4 q ) = I ,  o - - < / ) - < 4 q - - I ,  JPl~<p, 

and where P1 is determined by 

P ( P ~ + N ) +  I - - o ( m o d 4 q ) ,  o < P ~ - - < 4 q .  

Consider first the  case, t ha t  none of the  numbers  qa, qb, q~, qa is ~ 2  (rood4). 

Then  it  follows f rom the  preceding section, tha t  e i ther  a l = o ,  or there  are in- 

tegers  Va, v~,, vc, va, such tha t  

�9 p 

Ssp, q,~j = exp 2 z ~ p  v~. Ssp, u ( s=a ,  b, c, d) 
q 

where j ~  I, 2, 3, 4 according as s : a ,  b, c, d. Then  we have 

�9 

: Z {SV} exp - -  + 
Pl~/z 

2 ~rip' (va + Vb + vc + v~)~ 

which is the s ta tement  of the lemma with v =Va +vb+~c + vg. 

53--2661. Acta mathematica, 49. Imprim4 le 7 octobre 1926. 
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A similar result  is true if one (or several) of the numbers qa, qb, qc, qa is 

__ ~.~_i (are) ~ 2 (mod 4), and (all) the corresponding ~ ' j -  (s, q) is (are) even. I f  however 

one (or more) of the numbers qa, qb, qc, qa is (are) ------ 2 (mod 4) and (all) the cor- 

responding v'j is (are) odd, then  we first make the following remark:  In  the sum 

~. '  the variable of summation is p.  However, we may also regard Px as the 
PJ  ~ 

variable of summation. For  this we let p~ run through the numbers I, 2, . . .  # 
and for those values of pl ,  for  which this is possible, we determine p by 

p (pl + N)  + i ------ o (rood q), o < p < q, 

and sum over the values of p,  obtained in this way. We now determine, if 

possible, to every /ol g /~  the number  P by the conditions 

P ( p l + N ) +  i ~ o  (rood 4q), o < P < 4 q .  

Then we have 

P------p (rood q) 

and therefore (writing P1 instead of Pl) 

el --- Z SaV, q,v, SbP, q,~2 S c p ,  q, ~ ,aSap,  q, n e x p  - -  

But i t  

ways true (s=a, b, c, d): 

follows from lemma I, t ha t  one of the three following equations is al- 

S~p,q,.~ = o ;  Ssp'q"i=exp2z~iP"V"--q " SsP'q~- I2 exp 2~iP"V~q S.p, 4 q, 

�9 i 

S~e q'v = K e x p  �9 S s p  4:q, 

' 4 q  ' 

[i + P / ) "  ~ o (mod q)] ; 

[I + P P '  ~ o (mod 4q)]. 

Since P'=--P" (mod q), we have always 

�9 p 
2~rz_P ~s 

Se~,q,~j = o or Ssp, q,+j = K e x p  �9 S,~,4q, 
4q 

from which the s ta tement  of the lemma follows. 
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The lemma can also be expressed in the following form: 

Lemma 2*. We have always 

al = Ka.~, 

where a~ is a .nero of the type 

(2. 23) 

where 

I + p p ' ~ o ( m o d q ) ,  u = - - n ,  

and where the q, occurring on the right hand side of (2. 23) is either the same as 

that, occurring in a 1 or it  is four times the q occurring in a~. 

Therefore, if we want to calculate a~ for large values of q, we need only 

consider a~. 

2. 3. Let  V(P, ff, s) be defined by 

( p , q , s ) = I  if q s = o d d = Q s ;  

--: o if qs - -  2 (mod 4); 

=exp(~sqpQ~zi) if q , = 2 ~ Q ~  and g~ is odd > z ;  

=I+exp(~sqpQ~z i )  if q ~ = 2 ~ Q ,  and tt~ is even ->2, 

and ~(p, q) by 

~(p, q ) - - ~ ( p ,  q, a, b, c, d ) - -V(P,  q, a)v(p, q, b)v(p, q, e)V(p, q, d). 

Lemma 3. We have 

{Sq'} P 

This follows from the well known values of the Gaussian sums (See: BXCH- 

~A~N, Die analytische Zahlentheorie 2 (t894), I46-- I87) .  

Now let  q =  2g Q (Q odd) and let  G be the smallest multiple of (a, Q), (b, Q), 

(c, Q), (d, Q). Then we define the number  1/ as being 8 G; 4 G ;  2 G; G, ac- 

cording as 81q; 41q, 8 + q ;  21q , 4 + q ;  qodd .  Then obviously we have 

(2. 3I) A]q and A < K .  

As an immediate consequence of lemma 3, we have 
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Lemma 3*. We have 

A 

]a2]<_Kq~l~'exp(2qU--P + 2~ivp't]. 

p ~ ). (rood A) 

For we have 

and therefore 

Hence 

Q = (Q,s) q. 

(~ ) (~) (i-~,S)) (s:a,  b, c, d, 

P 

and therefore 

Also we have 

QaQbQcQa]=(QaQ-bQ Q,)" 
~(p+ A, q)-~ ~(p,q) 

and therefore it follows from lemma 3, that  

A 

a2 -- B qS ~_j Qa Q~Qc Qd ~ (;~' q) ~-~' exp \ q--- + -  

p ~- ). (rood A) 

from which the statement follows. 

2. 4. The sum S(u, v; ~, _/1; q). 
We shall show afterwards, that  the approximation for large values of q of 

the sum occurring on the right hand side of the formula of lemma 3*, can be 

reduced to the calculation for large values of q of the sum 

12~iup 2qVp') S(u, v; ]~, A; q)-- ~ ' e x p  \---q- + 
p =  ~ (rood A) 

But before performing the reduction, we shall first consider this sum S. The 

object of this section is the proof of lemma 4. The lemmas 4 b--4 e are special 

cases of lemma 4, from which the general lemma 4 will be deduced. 
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2. 4 I. Lemma 4 a. I f  Al[ql, A~[q~,  (q~, q~)= i ,  then 

S(u, v~; Z,, A~; q,)S(u,  v~; ;~, A~; q~): S(u, v~q~ +v~q~; ;~q~+ Lql, AIA~; q~q2). 

For  we have 

(2. 4 1 I) S(u,  vi; Zl, A1,  ql) S(u ,  v2; ZR, A2, q2) = 

-~ Z' ~.~' exp(2~riu(piq~+p~ql) 2~i(vxpl'q~+v~p~'ql)) 1 
pl~21(modAt) p~2z(modA~) ~ ~ -]- qt q~ 

where the summation must  be ex~ended over those pt and p~ for  which 

(Pz, ql) : I,  o --< p~ < qz, PI - -  Z~ (rood A~); (p~, q~_) = I, O <~ P2 < q2, P2 ~ ~ (mod A~). 

(This has been denoted by dashes, jus t  like t h e  anMogous summations over the 

le t ter  p.  The same will be done for summations  over P). 

Now let 

P = plq~ + p~ql. 

Then P runs through all numbers  for  which (since A~ [qi, -//~ I q~ and (q~, q_~)~- I) 

(2. 412) o<_P<q~q~, (P,q~q~)=I, P-~;hqa+Y~o.qt(modA~A~). 

Further ,  let /~  be determined rood q~q~ by 

I + P F  ~- o (mod ql q~). 

Then 

and therefore 

or  

Hence  

- -  I ~-- P P '  - -  _P' (Pl q~ + P~ql) (mod q~q~) 

! t I 

PlP~ ------ - -  t ~ P'p~ q= (mod q~), p~ P2 ~ - -  I ~ P P2 q~ (mod q~) ; 

]o1'----- P'q~ (rood ql), P~'~-P'ql  (mod q~). 

t Vlpl'q2 -{- i'~P~ ql ~ P '  (vlq~ -t- v~q~) (mod qlq~). 

This, together  with (2. 41I) and (2. 412) proves the  lemma. 

1 Of course the pl occurring here and the p~ of the lemma's 2, 2*, 3* have quite a dif- 
ferent meaning. 
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2. 42. L e m m a  4 b. Let 

q = ~ . , ~ . . .  ~ ,  

so that ~rl, v ~ , . . ,  v~ are the d~O:erent primes, which divide q. Further let 

(~, q) = ~, (~, q) = ~ , .4  = ~ ,  . . . ~ 

(where the ~ may also be o,  but are ~ the corresponding ~j). Then there are in- 

tegers v5, hi, such that 

(v~, % ~ ) =  ~ ~ ' = i ,  ~, . . .  ~) 

and 

(2. 421) 

F o r  the  p roo f  wr i te  

s ( u ,  v; ~, ~ ;  q) = ~ s ( . ,  v~; ~j, ~ J ;  ~ ) .  
j=l  

q ~ ~ , A ~ .  

Le t  t he  n u m b e r s  vl (mod "~,) a nd  V 1 (rood A1) be d e t e r m i n e d  by 

v ~--vlA~ + Vlv~]i, (mod q) 1 

and  let  ~ (mod W~,) a nd  e~ (mod A~) be d e t e r m i n e d  by 

~- X~A,, Q,~i, (mod q). 

F u r t h e r ,  wrRe  

..4 ~--- "~Y]l'//l" 

T h e n  we have  f r o m  l e m m a  4 a :  

Since 

S(u, v; z, ~ ;  q) = s(u, vl; ~1, ~ ' ;  ~ i  ') s ( . ,  v~; e~, ~1; A~). 

(Vl, ,fi~l) = I ,  ( V1, A1) = I ,  

t he  same a r g u m e n t  can  be repea ted ,  wh ich  proves  (2. 42I) .  

i It can be proved as follows, that vt, Vx. exist. Consider the system of numbers viAl+ 
+ VI~] ~1, if vx runs through all numbers, less than and prime to ~1  and V~ through all numbers, 
less than and prime to Ax. Then these numbers are all incongruent mod q and they are prime 

to q. Further the system consists of ~p(~)cp(A1) = (p(q) numbers. Therefore one of them must 
be -~ v (mod q). 
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2. 43. Lemma. 4 e. I f  q :  ~ ,  ,1 ~ ~:  (~ <_ ~), (u, ~ ) :  i ,  (v, ~ ) :  ~, then 

I s(.,  ~; z, ~; q) I < Kq~. 

Consider the expression 

a~= ~ '  ~'lS(u, v; Z,_~; q)l', 
2 u 

where Z runs 

runs t h rough  

been denoted by dashes, just like analogous summations over p.  

then 2 = t only). 

a 3 is independent of v. To prove this, we write 

u p  ~ .t ~ ( n l o d  q) ,  I + P F  ----~ 0 (mod q) 

through all positive integers, less than and prime to A and u 

all positive integers, less than and prime to q. (This has again 

If  A : I ,  

in the expression, which defines S(u, v; )~, A ;  q). Then 

Hence 

P'u  -~ p' (mod q), P=~ uZ (mod A) .  

~ : Z'  ~ '  I~'exp ( ~ i ~  + 
2 U P~u2(moda)~  q 

z'z'lz'  I' 
u 2 P ~ u 2 { m o d A )  

Now we have (u ,q )~  I, so that  also ( u , A ) =  I. Therefore, if ~ runs through 

all positive integers, less than and prime to A ,  then (u2)1 does the same, so that 

u 2 P--=2 (rood A) 2 u 

= ~ '  ~ '1  S(,,u; Z, _//; q)l', 
2 u 

since, if u runs through all positive integers, less than and prime to q, then'(uv) 

does the same, v being prime to q. 

Now we have also 

Pl, P2, rgx, 

�9 , + ' , _ _ ~ q , ) ~  + 2 ~ v ( p l  p~- - zq  , 

I q 

I We denote by  (M) the n u m b e r  which is ~- M ( m o d  q) and for which  o ~ (M) < q. 
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where plY, p~, z~, ~ run through all positive integers, less than  ~nd prime to q 

which are ~ g (mod _4) and 

I + p i p i t  ==- 0 (mod q), I + :~j~j' ~ o (mod q), (j = I, 2). 

Therefore,  summing over u and writ ing 

? P H - - p l  + p e - - ~ - - ~ ,  H'  =p~' +p~ ' - -~  --rc~ , 

we have 

aa = ~ '  ~ ' e x p  2 ~ i v H '  . e q ( H ) :  
~pj,rej q 

= _ _ . ~ - t  ~ '  ~ , '  exp 2 ~ i v H '  
q 

P j , ~ j  
1 H~0(mod~0"-- ), =l~O(modq) 

Z! 
+ q~Cq) ~ '  exp 

Z p j  , rrj 

H~--~ 0 (rood q) 

2 z i v H '  

We now sum over all positive integers v, less than and prime to q. 

is independent  of v, we get  

where 

Since a~ 

= - Z' + Z' = 

pi,-j x ~j,~i 
H--~-- 0 (rood ~ff.~--l), ~-I= 0 (rood q) H~- 0 (mod q) 

= ~ 2 ~ - ~ N 1  __ ~ff~--l~ (q )N2  __ ~ - - 1  ~ (q)_N" a + (~  (q))UN4 ' 

N I = ~ ' N i ~ ) ;  N(~a)=number of solutions of H ~ o  (m04~ff~--l); H'~---0 

(mod ~ - 1 ) ;  H ~  o (mod q); H '  ~ o (mod q); P l ,  P2,  Tgl, 9'/:] ---- )~ (mod A).  

N 2 = ~,'/V~); N~ ~) = number  of solutions of H------o (rood ~ - 1 ) ;  H ~ o  (mod q); 

H '  --~ o (mod q); pl, p~, ~ ,  ~ ~- ~ (mod M). 

N B ---- ~ '  _~);  ~ ) =  number  of solutions of H - -  o (mod q); H' ~ o (rood q~-l)  ; 

H '  ~ o (rood q); ~ ,  1o2, ~t, ~ ------ ~ (mod .,4). 

~ ----- ~ ' /V~) ;  N~ ~) = number  of solutions of H ~  o (rood q) ; H '  ~ o (mod q); 

Pl, P2, ~rl, ~r~ ------ ~, (mod A) 

See footnote 1 on p. 4 2 L  
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Therefore 

(2. 43 I) q~(q), as <-- ~'2='-2N~ + (q~(q))eN4. 

We shall prove 

_X4 = O(qe), ~Vl = 0 ( ~ + ' ~ ) .  

In  the first place, we have 

N, _< N/ ,  --< N,', 

where 

N 1' = number  of solutions of H ~  o (rood ~ 1), H '  ~ o (mod ~ - ~ ) ,  H ~  o 

(mod q), H' ~ o (mod q); 
N ~ ' =  number  of solutions of H ~ o  (mod q), H'-------o (rood q). 

Consider first Na', tha t  is to say, the  number  of solutions of 

Px +Pc ~ z~ + ze (mod q), p / + p c '  ------- z l '  + ze' (rood q). 

The second congruence relation gives 

~rl z~e (P~ +P~)~Io,pe (z~ + ze) (rood q) 

and the first 

~rl zc.* (P, d-P~)------ ~ r jq  (zq + rc~) (rood q). 

Therefore 

(plp.~--fl:l fl:2)(Tg I "~- 7t'2)---- 0 (mod q), 

Therefore we must  have either 

p~ +p~ ~ o (mod q) 

or  

(P lPe- -Zl~e)  (Pl 3v:Pe)- 0 (mod q). 

and ~l + ~ ~ o (mod q) 

:PiPs - -  7q 7~.~ (mod q). 

In  the first case Pl and zx are determined, if Pe and ~r e are given, so that  there 

are at  most  O(q e) solutions. In  the second case, we have 

5~--2661. 

and 

jo 1- j9  e ~ +_ (zq-- ze) (mod q). 
Acta mathematlea. 49. Iraprlm6 le 7 octobre 1926. 
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Hence,  if ~1, 7e~ are given, then only two sets of solutions Pl, P~ are possible, 

which gives again O(q ~) solutions at most. Therefore N~=O(q~). 

In  the same way, considering N / ,  we find, tha t  there are a t m o s t  0 ( ~  ~-2) 

solutions mod W~-x, or 0(W 2~+~) solutions mod q ( = ~ ) .  Hence  N ~ =  0(W2~+2). 

The inequali ty (2. 43 I) now becomes 

qD(q) . a 3 ~ K ~  ~-~ . ~2~+ 2 + K .  q2 . q~ <_ Kq4. 

Since 

~0 (q) = ~D "~-1 (ZO'--I), 

this gives as<--Kq 3 and 5 fortiori: 

I S (u, v; ~, _/1; q) ] < Kq~. 

Now 

But 

2. 44. Lemma 4 d. I f  _/llq, (u, q)=- i ,  (v, q) -~ i ,  then 

S(u, v; ;t, _/1; q)-~ O(q~+~). 

For it f011ows from lemma 4 b and lemma 4 c, tha t  

IS(u,  v; ~, A ;  q)] --< Krq ~. 

K r < 2 K" ~< {(I + ~1)(I + ~ ) ' ' '  (I +~r)} K. 

is the number  

therefore  

2. 45. Lemma 4 e .  

(I + ~ l ) ( I  -~-~o)''" (I -~-~r) 

of divisors of q and is therefore O(q~). 

S (u, v; ~, -//; q) = 0 (q~ +~). 

I f  A ] q , (u, q) = I, then 

s (u, v; z, A;  q) = o (q~ +~). 

W e  write again 

q = ~ '  ~ i :  " ~ = "~ 'A , ,  

Hence  K " :  O(q ~) and 

A = ~ w ~ , . . .  w~, = w ~ .  
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(v, q ) =  (v, ~ ' ) ( v ,  ~ i ' )  ... (v, ~ , ) =  (v, ~ ) ( v ,  A~). 

I t  is possible to determine numbers v~, V~ and E,, Q~ by the congruences 

v--vxA~ + V~?~ (mod q), Z ~ , A ~  + QL~ ~ (mod q). 

Then 

and (lemma 4 a) 

(v~, ~ri, ) = (v, ~ ) ,  (V~, A,) = (v, A1) 

S(u, v; Z,-/1; q)= S(u, v,; Jq, "6y],; "t;gi, ) S(u, ~2"1; el , - / / , ;  A1). 

427 

(v, q) =' : '  q:ff~ r ~ _ ~ ] 1 ~ ,  . . .  r 

(where the numbers ~j' may also be o), so tha t  

(v)', ~a~J) = ~ ' J  (j = I, 2 , . . .  r). 

We first consider those factors of the product  (2. 45I) (if there are any), 

for which ~'~ -~ o. Then (vj, ~jJ ) = I ,  so tha t  we have in consequence of lemma 4 c 

(2. 452) I s (u ,  ~;  *i, ~ ;  ~]~)l < K ~  ~j. 

In  the second place, we consider those factors of the product (2. 45I) 
(if there are any), for which gj' = g j .  Then 

(t~, ~a ) )  = "~)~J, or v j ~ o  (mod ~Y]J). 

W e  now write 

such tha t  

(2. 45 i) 

and 

S(u, v; z, A; q)= II s(u, us; z~, ~ ;  4 ; )  
j ~ l  

j ~ l  

Repeat ing the same argument ,  we find, tha t  there are integers vj, Aj ( j =  ~, 2, . . .  r) 
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Therefore  
2 x iup  s=s(u, ~; k, ~r?; ~]~)= E e~p 

I f  ~j=o, this is ~t(~]J), so tha t  we have again (2. 452). I f  ~ j # o ,  we may write 

so tha t  

p = z j + , , ~ ? ( , ,  =~ o,  , ,  ~,..., @ J - ~ -  , ) ' ,  

@-~-J-i 2~iuZi 2 ~ i u v  
S = Z exp ,~]j �9 exp ~ag*j-Cj' 

~ 0  

This is o, unless ~j = ~j, in which case 

2 ~iu):j 
S = e x p -  ~. , ~y 

so t ha t  still (2. 452) is t rue.  

In  the th i rd  place, we consider those factors of the product  (2. 45I) (if 
~t.  t there  are any), for  which o < ~ } < ~ j .  Wr i t e  v j = = ~ v j .  Then  

S - -  . ~ '  exp (2 ~iupz:. + 2@._~]~ivOffl. 

In  this formula  the number  p '  must  be de termined f rom 

I - { - p p ' - - O  (mod  ,~3.zj), 

but  the value of S is not  altered, if  we determine it  f rom 

I + p p '  =-- o (mod ~]J- CJ). 

We  now consider three cases separately.  Le t  first ~j = ~ j -  ~ .  Then  we may 

write 

p=Zj+,,~] J-~'j (,,=o, ,,2,..., @ - - I ) ,  

so that ,  if 

(~. 453) ~ +;~).'~-=o (mod # J - % ,  

I If Z3" ~-o (mod ~), then S would be o. 
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we have 

s =  e-p( ~r + : ~*v~Z~l 'ff~-~'l_ �9 ' ~ 2 7~ iu~  
~: �9 ~ exp ---~,:. . . . .  o. 

~ ~ ! ,_o 

Secondly, let ~j--~'j>~j. Then we may write 

where 

Wr i t i ng  

we find 

8= Z 

p : p l + ~ 5  j - ~ ' j  (~=0 ,  I, 2 , . . . ,  q:fffd-1), 

:0, ~ z; (rood ~?').  

i + P l P ' I  ~ o (mod '~P "~), 

exp 
�9 t p l  3 

2~_vjp l  .,~. e x p 2 ~ i u v  
~ 9 - ~ !  ~ - - . ,  - - o .  

3 I ~- -0 ~ffffJ 

Thirdly let ~j - -~ ' j  < ffj. Then we write 

p =;.j + ~ ) ~  (~-~ o, ~, 2 , . . . ,  ~ ]~-  :~). 

Hence, if Z'j is determined from (2. 453), we find 

S = e x p ( 2 ~ i u X i  2~iv,j~,_jl ~jJ--~J-1. : ~  + �9 ~ exp 2 ~riuv 
- o .  

Therefore (2. 452) is true in any case, so tha t  we get from (2. 45 t) 

]S (u ,v ;~ . ,  A ; q ) l < K ~ q  ~= 0 q ] + '  . 

z. 46 . Lemma 4. I f  ~l ] q , then 

') 
S (u, v; Z, .,4; q) = 0 (v, q)~ . 

429 

As in 2. 45 we find 
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(2. 461) 

where 

S(u, v; ~, A; q)= f i  S(u, vj; ,~j, ~ ;  v~J), 
j = l  

r r r r 

q = II  ~ ,  -/1 = H ~?, (~, q)= H / ~ ,  ~?), (u, q)= I [  (u, ~ )  
j = l  j = l  j = t  j = l  

For those factors of the product (2. 46I), for which both vj and u are 

prime to ~j, we have from section 2. 43 

3 . I_ 3 ~ 1 3 

IsI < K ~  ~j = K(u, ~.i), V~yi ~j < K(vj, . ~  ~jr 

The same result is true (section 2. 45) if only u is prime to ~j .  

to ~ ,  but not  u, we observe that 

I f  vj is prime 

if 

Hence (section 2. 45) 

8(u, v; ~, .,4; q)= S(v, u; ;(, .,4; q) 

I "4- ~ ' - ~ -  O (mod A). 

3 . 1 .2 

I S [ < K @  Cj<K(u,  ~]Y)'~i " 

3 . 1 3 

[ S [ < K ~ ~j < g (v, ~ ~ ~ ,.,,: j v.,j �9 

I t  remains to consider those factors of (2. 46I) for which 

(Vj, "6ff]3):fiL I ,  (U, "~J)  =~= I .  

Consider first the case, that  

Then, writing 

we have 

Further, let 

~>o, ~'>o, ~>-~ 

t ~ t .  - ,  
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Then, if ~'~ - - ~ ,  we have 

~_~,. 3_~, 
I SI  < K ~ J : K ~  ~. ~a~. ,J = K(v~, 3 3 3 

1 3 . 1 3 

Secondly, if ~'~ < ~j, we consider three cases separately. In  the first place, if 

< ~ - ~'~, w e  h a v e  

1,  - - 2 j  ( r o o d  , / ~ ' ) '  p:= Jj (mod ~;;j) l '~;J -- r -~--~- ~J / 

and therefore (since (v'~, ~ / -  ~'~ ) : i): 

Isl < K ~  ~: 
1 3 1 3 . 1 3 

In  the second place, if ~j = ~ j -  ~'j and 

, + xj ~'~ - =  o (rood ~ j ) ,  
we have 

~i,~p'\ (2 ~iu% ~ i v ~  I S = ~ '  exp [ 2 _ z i u ' p +  . . . . .  ~ - - , : e x p  - - -  + 

p<~J 
and therefore 

1 3 

IsI  < K ~ ] / -  9 = K~]'J < K ~ ]  CJ" ~ 9 
3 ~ 3 

= K(vj ,  ~ j )vo~  < K ( u ,  ~ ] J ) ~ j  7~j . 

In  the third place, if ~j > ~ j -  ~'j, we have 

[2~riu').j 2~riv'jg'1] . 

1 3 . 1 3 . 

ISI  <- K ~ ' i  < K(vi ,  ~ i ) ' ' ~  ~i < K ( u ,  ~]S)'  ~#. ~i. 

At  last, if (u, ~ ] J ) <  (vi, W]1), we write 

v i = v  t ~i~, u =  u" 

and proceed in the same way. Hence,  we have in any case 
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1 3 .  

I s l  < K(u, v~)~ ~ ~ . -~ ,  
1 3 

I sl < K(vi, ~. i  )7 ~ 'i, 

from which the remflts of ~he lemma follow by multiplication. 

2. 5. In  ~his section, we return to the sum al, defined by 2. 22. 

object of this section is the proof of 

Lemma 5. I f  .,4 [ q, ~ < q and 

whe~'e 

then 

P t ~  
p~). (rood A) 

i + pp'~--  o (mod q), p' -- iol  + _AT (mod q), 

7 1 

I~1 < K q~ + * (u, q)7. 

In  order to prove this, we shall consider the square 

(2. 51) o < ~ _ < i ,  0 - - < 7 <  i 

of a ~-p lane .  On the G-axis we take the points 

i 2 q - - i  
q q q 

, I .  

The 

In those points v t (v~ = I 
q 

where 

, 2, . . . ,  q) for which (vl + N, q) = I ,  we erect an ordinate 

(uv + vv') 
q 

v' --~ vj + N (mod q), I + VV' ------ 0 (rood q). 

We thus get a number ~(q) of points, whose coordinates are (p running th rough  

all positive numbers, less than  and prime to q) 

(UP + vp')). 
q 
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All these points P are si tuated in the square (2. 5 I) .  

Let Mm be the number  of p ' s ,  for which 

D ~  m + m + i  
o < p t < / , ,  p ~ g ( m o d z / ) ,  < ' u *  v ~ ' , <  - ,  

- M -  q --~r 

where M is a positive int*ger and r e = o ,  I, 2 , . . . ,  M - -  I. Then 

Z 
P 

p t ~ ;  pz-:Jl (rood A); 
ra ~ ( u p + v p ' )  < nL-~ 1 

M q M 

§ Z (e p 
pL:~/~; p~z2 (rood A) ; 
m_ < {up + ~!p') < m + l  
M q M 

so that  

exp 2 ~ i u p  27~ p M q + - = M , ~ e  + 

a , = ~  exp ! { 2 z i u p +  . . . .  

lh~/*; p=--~ (modA) ~ q 

2 z i ( u p  + vp ' )  
exp - - -  = M ~ e  M-- + 0 

21~ p = ~ M m e x p ~ -  + 0 �9 
m = 0  

I t  remains to calculate 31, , .  

defined by 

I~ f(~, 7) 

For  this purpose we consider the funct ion f (~ ,  ,2), 

911, m +  
= i ,  if o < ~ < / z  

I .  
q' ~ < ~ < - M  ' 

I 
=2- ,  if (~,7) lies on the boundary of the rectangle o < g < ~ - ,  

q 
2 ~ f ( ~ ,  ?]) 

m m + i  
_~ < ~ < - - M - ;  

3 ~ f (~ ,  7)---- o, in every other point  of the square o < ~ - - <  I, o - - < , 2 <  I 

(if m - ~ M - - I :  in every other  point of the square o < ~--< I, o < 7 - -  < I). 

4 ~ f(~,  7) is periodic in ~ and in ~ with periods one. 

Then (since the number  of the points i9, which lie on the boundary of the 

m m + I  
rectzmgle o < ~ < ~/~' M < ~ < - -M--  is at  most  4) 

pT:). (rood A) q 

Now we have for all reel values of ~ and 7: 
5 5 - - 2 6 6 1 .  Acta mat/~matlca.  49. Im p r im 6  le 8 octobre  1926. 
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where  

+ : o  + a o  

h .. . .  ~ k=--~ 

ah, k ~ -  

or explicit ly 

- -  # ; 
ao, o - - ~  a / , , o - -  

1 1 

f f f ( ~  ~ ) e  - 2 g i ~ h  e -2~iv f l :  d~dv 
0 0 

i ( 2"~h" )( 
2~rihM e q - i  h + o ) ;  

2 7tik (ra +1) _ 2gik_m~ 
# M - - e  ao,~= 2~:ikq e - M ] ( k # o ) ;  

I . . . . . .  

ah, k : - -4~r -~ /~)~  e q - - 1  e M - - e  ( h 4 o ,  k 4 o ) .  

Hence  

(  ihp, 1 M m = Z '  Z Z a~,, exp\- q + q l +  0 ( I ) .  
p-- i (mod A) h = - - ~  k=--or 

For  this  sum we wrife ( / / b e i n g  a large posit ive integer) 

+H +H ( 

M ' n = Z  Z aa, k exp 
h=--H k = ~ H  

2gihN~ .~, [21rikup 
- I 2, exp I - 

_ _  + 2zip'(hq + kv)) + 

+ Z '  Z 
p-~-2 (modA) h=--~ 

+H 

Z + Z '  Z Z + 0 ( 1 ) = ~ l  + ~2 + ~ 8 +  0 (I)" 
Ikl>U ~.-.~(moda) IM>J~ ~=--~ 

W e  shall  consider  these three  sums separately.  

2. 5 I .  The  t e r n  h ~ - o ,  k - ~ o  of 2~ is 

ao, o I ~ - -  
;~_-i (moo a) q M p--a (moo A) 

I - -  q~/902 (q) 

s a y .  

The t e rms  k ~-~ o, h ~: o of ~1 toge the r  are 

2 ~riM 
- Z'  , 

h = - n  q ] q p~-~. (mod A) 
h:#O 
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the absolute value of which, as follows from lemma 4, is 

1 

h ~ H hi-<; 

<-- K q ~ + ~ log I-I ~_~ ~ = - 0  log . 

The terms k =4= o, h----o of ~x together  are 

Z -[ e 2nik(m+i)M - -  e ~ Z '  exp ( 2~ i kup  + 2~ vpl , 
2 ~ i q k = - u k  ~_-a (rood A) ~ q 

k~O 

the absolute value of which (as follows from lemma 4), is 

1 1 
i 3 3 1 t1 (q~+E 1 H )  

< K ~_q . (ku,k q)i q~ +~ <:Kq ~ +' (u, q)i- ~ (k,kq)i _ 0 (u, q)' log . 

The terms k 4 = o ,  h ~ o of ~ together  are absolutely (as follows from 

lemma 4) 

1 
1 3 ,~ I H t t  H H I (ku, q)iq~+~ -+~ I (k, q)' 

" < K Z  Z ~  <--Kq' ' ( u , q ) ~ Z ~  Z k -- 
h ~ l  k ~ l  h ~ l  k - I  

Collecting the results, we find 

= 0 ( ~  +~ (u, q)~ log ~ / t ) .  

(2. 5 I I )  
1 

Z , =  ~ r (q) + q); log '  . 

2. 52. In  order to make an estimation of Z~ and Zs, we observe, tha t  

there  corresponds a point P of the square o ~  ~ g x ,  o - - ~ I  to every term of 

22 or ~3. We  now take a small positive number  ~0. Then we define the region 

RL (~0) as fo l lows :  

RI(~0) consists of the following strips of the square o ~ ~--~ I, o--~ ~ ~ I: 

I ~ O - - < ~ < ~ ) ;  2 ~ . ~----~)--<~--<flq q {- ~); 3 ~ . I - - ~ ) - -  < ~ - < I ;  4 ~ . O--<~--<~); 
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m m m + I  r n + x  
5 ~  - - - . M -  - - g '  < M M ~ P < ~ < 3 i  + ~0; 6 ~ ~--< + W; 7 ~ i - - I p ' < V ' ~  i .  

We shall denote by R_~ (~) tha t  part  of the square o < ~ --< x, o --< ~/< I, which 

remains, if Rx(~0 ) is taken away from it, so tha t  lr consists of six rectangles. 

Then, if (~, ~2) belongs tx) R~(~), we have 

Fur ther  it is easy to see, tha t  the number of points P, which are lying in 

1r is 0 (~0q). 

Wr i t ing  for abbreviation 

__P~ , (up  + vp')  
q q 

we have 

p ~ .  (m~xl A) 

2~ik 
- - e  

- - < K ~ '  
p~2 (rood A) 

" U -  - ~ ]  --  h=-| ~ \e 

h4=0 

(~-~)) + x 25' 25 ~,~ -~  - 
p~2 (rood A) Ik[>H 

2; k 
~.>II 

For those terms of this sum, for which the corresponding point P is in- 

side R~(ap), we have 

s in27rk ~ - - s i n21 rk  ~ - -  
K 

M < H~0 
k > H  ]C 

For the other 
1 

~p = H - L  

points the same expression is < K.  Therefore, if we take 

In  the same way, we find also ~ s  

+ o(q~)= o ( ~  

= o l J - l .  .ence 
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2. 53- I t  is now easy to complete the proof of lemma 5. 

from (2. 5II) and (2. 52I) tha~, if we take H = q :  

Hence 

(3 1) 
M . = q ~ O ~ ( q ) +  0 qu �9 

a 4 = ~  ~ ( q )  ~, e ~ -  + 0  (u,q)  ~ + 0 
~=0 

[q~-] M~- ~ 

We take 

q . e . d .  

Then it follows, that  

(q7 1) ( q ~ ) ( q ~ _  1) 
~ = 0 +~ (u, q)~ + o - o  +~ (u, q)~ 

2. 6. A combination of all results obtained now gives 

Lemma 6. (Fundamental  lemma). W e  have (see 2. 2) 

Z~ Sap, q,~,~Sbp, q,~,~Scp, q,.sSdp, q.~,4 exp ( 27f,~np~ 

F o r  we have  

2+g+~ u 
= n, q . 

For this sum has been denoted by a 1 formerly. Therefore the result fol- 

lows from the lemmas 2", 3* and 5 in connection wich (2. 31). 

. x. 

w h ~ e  

3. Proof of the main theorem. 

Lemma 7. On the arc ~p,q we have ( s = a ,  b, c, d) 

a(w~) = ~ + a)., 

$ ' = q  T. - i 0  y ,~ . . ,q , ,  exp 
�9 =1 s q  ~ - - i O  
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For, using the transformation-formula for ghe ,9-function, we find 

,9(w')---- Z u f " =  ~ exp \ q vZs -- iO = 

q--1 

-=--~ exp - -  
i=o 

q . ~  exp - - ( lq+j)2s  - - i O  = 

t ~ ( t  ) I q-1 2 g i p s j  ~ 
= q  s- n - i O - ~ ' ~ '  exp . . . . . . . . . . .  q 

1=0 

Since 
q--1 

exp 2 ~ips.] ~ 2 j ~ v  
�9 - -  �9 COS - -  

~=o q q 

I ( ( ) ) j  �9 I + 2 ~  cos-2:?z-V-.exp -- 
�9 =1 q sq ~ --  iO 

i + 2 Z exp .2 ~rip4 ~ 2.]~iv t 
q q / 

i=O 

the result of ~he lemma follows. 

3. 2. We have 

so that  

r ( n ) - -  I f 
2~ri 

1" 

4- 

+ 2 Z e x p \  q q ] ' 
./=0 

I + Z r ( . )  W n -~- ,9 (W a) ,.9 (W b) ,9(W c) t$(wd), 
n = ,  

,9(wa),9(wb),9 ( W e ) , 9 ( w d ) w - - n - - 1  dw = 

I :r f 2 ~ i  y ,  ~,' O(wO)~(wb),9(wO)O(wa)w-"-'dw. 
q = l  p ~p, q 

Therefore,  in consequence  of  l e m m a  7: 

f 2:,ri 
q = l  p ~. 

~P, q 

f I P 

q = l  p ~p,q 

+ ~ ~b ~ ~,~) w -'~-~ dw = J~ + J~. 
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Here  we  have  wri t ten  

The other  sums in the  second integr~nd have  similar meanings .  

3. 2 i .  Wri t ing  A = a b c d ,  we  have  

q~I  p $p, q 

Further,  wri t ing  

we  have  

(3. 2ii) 

2~t �9 2~t 2 z  
0 8 . . . . .  0 :  - - - - -  q (q+N) q (q+/V} q {q +q ' )  

f : f + f + f ,  
p,q O~--q(q+q~,,-) 0 q(q+.N) O=q(q+A') 

4 = 4 , , + 4 , , + 4 , , .  

w -  n-1 d w .  

3" 211 .  

where 

In  Jl, ~ we  write 

- ~ F  (we + o(i), 

W 

~ ' ( W )  = Z V W ' =  ( I - - , O ) ' '  

Therefore,  i f  V is the complementary  arc on F of  

then  

2It.  2 ~  
<_o<_ iV)' q(q + N) q(q + 

2 ~  

q ( q + N )  

{;}f ( , , , , ,  
Jl,~ ]/-~d" 2U i Z ' q  -4 S F we q ] w - n - l d w  

q : l  p 2 ~t 
0 

q (q+ Jr) 

q = l  p p 

-.}- 

q=l p q q 
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f ~ ,q} (~) 
~" - - - -  + i 0  2 z t i l ~ p  

+ K~_a q_ ,  e " , , e l - - ' * i o X " l S  e q + 0 = 

,/ 

= ~r' ( n ~  q-' ~v {*:}e-~q'~l) VT~" s ( . )  + o -~=~+, ' + 

c o  +o(~,q' f ~-~ [~'{*'*~ "-'a']) (') q=1 ~ + 0  2 qJ" + 0  ~ . 
, I n  

q N  

Hence ,  us ing  the  f u n d a m e n t a l  l emm~ wi th  /z = q - -  I, vl, v,, v3, v.i ~ o (mod q): 

71~ 2 
J"= = V ~  n s ( , )  + o 

o o  A r - -  

n ~ ,  (n, q)g (n, 
~7i+,~_, I + 0  N Z i-q)' q" + 0  - -  

q=N+l  q q=l qg 

I 1 ) 
: Vs ~/~8(T~) "at- 0 n Z ' i -  ~ _  1+ 1 

\ J l , ,d l+~ -~  " I s- 
qx q 1 

+ 

-~"  ( v j n S ( n )  + 0 n 1+" 

+ 0  n '~+ ~ i 6 -  - -  + 0 : 

.,, a - ~ l /  

, ) ( , . ,  ~oZ ~-~- +o ~,+ ,,,oZ~ ~- + o  
8In 

o r  

(3. z , , , )  J , , , =  ~ n S ( n )  + 0 n ~ + '  . 

3. 212. I f  o < N ~ < N ,  we have  

2 ~  

q (q+q') 

~ {~}j-(i ) ,  J ' , ' = K Z  Z'q-' s - i o  
q=l p 2s~ 

q (q+ 3/) 

2~ inp  

e q e - " ~  = 

N, 37 

= ~ Z  + ~Y,  = Z ,  + Z,. 
q= 1 q=N,+l  
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c~ 

(3. 2 1 2 I ) ] ~ l  t d~O gKN~q~(q- )=O(NN' )"  
q=, v ~ + O~ ~=~ q 

qS' 

2~ 
q (~%~,.) 

Z ,  = ~: z Z q- I Sq t Z - i o  ~-,.o ~ ~ eo = 
q~Nl + l "p ~u=q' +q-- N 

q (N+/x+I} 

2~t 
q (N+#) 

2V q-- i  z ,  / ==.., 
= K~_j q-~_j  --iO e-hi~ S p e q 

q,+q_NN# ( q )  

q (N+/z+l)  

N o w  we have p ' q - - p q ' =  i or 

(q' q- q ) p  q- I ~ 0 (mod q), 
and 

o<q'+ q - - N < _ q ,  

s o  that  q' + q - - N  is the number 101, defined in section 2. Therefore we can 

apply the fundamental  lemma and we find 

2~ 
q (N+/x) 

.N q--1 f dO 

2~ 
q~N+/~+l) 

2~ 
q {N+I) 

< K Z n~ - -  - - - ~  (n , q)u dO 

q=/~+l qt + h I , ~ + 0  ~ 

7 1 
2 + 8 ~ + r  - -  q (n, q)u 

2gg 
q (x+q) 
1 1 

<_Knl+ ~ ,  (n, q~_ < K n , + ~  ~++t ~_j 

( 1) 1 1 - 3  
g K n l + = ~ . j d  8d8 N - g _ - - 0  nl+=N1 . 

5 6 - - 2 6 6 1 .  A r i a  m a t h e m a t i e a .  49. Imprim6 1o 8 oetobro 1926. 

I 
1 1 + - -  
8 
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Combining this result  with (3. 212I) we find 

Taking 

we find 

(3. 2122) 

[ '] 
h - x =  n ~ , 

In  exactly the same way, we find also 

(3. 2123) o( ) J1, x = n i~+ '  �9 

3. 2x3. F rom (3. 2II),  (3. 2 I I I ) ,  (3. 2122), (3. 2123) it  follows t ha t  

z~ ( 1 7 )  
_ _  ,2 S ( , )  + O n ~ + ~ . (3.2~3x) J ,  - l / ~ - b c  d 

3" 22. The calculation of ar~ does not  differ essentially from tha t  of J r  

I t  consists of a number  of terms, which are of the same form as Jx, with the 

only difference, tha t  one or more of the functions ~a, 9b, ~e, ~d are replaced 

by the corresponding Oa, q)b, ~c or Sa.  All these terms of J2 can be t reated 

in exactly the same way. I give the complete proof for one of then only, viz. 

I = 2 I___Ziq=l~ ~ ,  9 a  ~b  ~)e O d  W - n - 1  d w .  

Wri t ing  again 

we have 

2~ 2r~ 2z 
0 . . . . .  O~ 0 q (q+2V) q (q+N) q (q+q') 

f = f + f + f ,  
--gP, q 0 2~ O= 2~ 0 

q(q+q") q{q +~) q (q+ ~') 

(3. 221) I =  I1 + I2 +Is.  
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3. 221. We have, 1 being a positive number,  which c a n  be taken 

arbi trary small: 

27g 
q (q +-~') 

) = I ,  -= K ~.~ q - '  x - '  | n - i O  e"'odO Z Z 
q = l  2 ~  ~s ~ I  v 4 = l  

q (q+N) 

( ~_j'Sa v, 
P 

q Sbp, q Sop, q,,, Sap, q,,,e +(:_,o)]- 
q (q+ 2q) 

iz, i _< K y ' q_,  / dO 

, o~ZZ q = l  ~-~ "JI-  * ' i t--1%=1 

0 

q S b p ,  q S e p ,  q,,~s Sav, q,,,e 

1 

1 
- + l  

qn 2 

= K Z q- ' f  + Ky, q-, 
1 

- - - I  0 - - - l  
O < q < n  2 O < q : ~ n  2 

exp ( ~r~n 

2 g  2~  
q ( q + ~ )  q (q+~)  (+ ~'Zq-'j= 
I ~--~ 

q_ln--- ~- +z n2 <q~- 

= ~ + ~ + ~ s a y .  

Applying the fundamenta l  lemma with # = q - - I ,  v D v~-------o (rood q), we find 

1 

Z,--< K ~ ,  q~(n. q)~ n s | | 
~__, a qCq + N) ..:.~ ..:. y' exp ( -  K,~'(.:  + ,:)) = 

O<q~.n 2 

1 

2~ 2 < K ~ ,  q~ (n, q)~ --  -------q-- n - -  
1 1+~  
- - - - I  q 1 

0 < q  ~ n 2 n~  --1 

q 

= o (~, o=p ( -  ~+ , ) ) - -  o ( ~ + ' ) .  

d t  ~ 
+ t' y' ~ e~p (-- K(4  + 4)) 
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1 
- 1 1 1 

1 ~,  (n, q ) ~ < K n ~ + l + , ~ , ~ i 6 _ 8  - 
<_ K.n~  +l+~ ~ - -  qt 

1_ t qS ,~ ! ,~ z _ t 
O < q l ~  - - -  

1 ( 1 ) :  
<-- Kn~+Z+~n 2 = 0  n i~+~ = 0  n i~+~ , 

since l can be taken  a r b i ~ r y  small.  

1 
8 

2~ 
q (q+5') 

1 

+ ' o' y '  ~ e,~p ( -  K(,:  + ,:1) 
I-z qX ~ + "S = 1  "4 = 1  

n 2 <q'<N 

0 

2~n. 

q i q + ~  
1 1 

< Kn,+,~=j (n_, q)~ f dt (n, q)-4 l__t ql+~ J ~  <- KnX +~ t - -  
Z 1+-- 1__l q s 

n 2 < q q >  n 2 

0 

Collecting the results of this section, we find 

(1, ) 
I~ = 0 n i~ + "  . (3"  2 2 1  I )  

3 "  2 2 2 .  W e  have  

N 

I a = K Z q - ' Z ' S a v .  q S b , , q e  
q=l  p 

2~ 

q(q + q') 

q --  iO e"~ 
2~ 

q (qLkSg 

Z Z S c ' q ' . S d ' ' . ' , e x P  -- , i  
I's=1 •,=1 q - -  i 0 

+ 

- -KZ + E Z = Z ,  + Z, say 
q=l  q = N l + l  
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2rg 

::=/~Z q-'Z'S~ S',~e ~ Z --iO e.oeo 
n=Nl+l p t~--q'+q - N  2z~ 

q {N+/~ +11 

Y,  Z S . ,  ,, ., S~., ~,., eYp , , 
%--1 ,a=l  q - -  iO 

Therefore,  changing the order of summution und upplying the fund~.men- 

tul lemmu us before: 

'2~ 
q (N+t~) 2 jo_  

q=N~+l tz--1 

2 ~  

q(N+/~+l) 

1 
K ~ ,  (n_,. _ q ) i  

2~ 
q (2v+l) 

0' 
'2 ;g  

q iN+q) 

1 

Z . _ - g  <_ K n l +  ~ (n, q - - 0  nl+~N1 . 
1+ q=N~+l q s 

(n, q)~ 2] ~ e,~p (-- I; ('4 + <)) 

I t  is e ~ i l y  seen, thu t  

Z, = 0 ( N & ) .  

Therefore ( 1) 
(3. 222~) I~ = O ( N N ~ )  + 0 n~+ 'N~-g  (2;. ) - ' -  0 + ~  �9 

In  the same way we find: 

I L 7 +~) 
(3" 2222)  I 1 ----- 0 ~n TM . 

3. 223. From (3" 2 2 1 ) ,  (3" 221I ) ,  (3" 222I ) ,  (3" 2222),  w e  find 

1 17+A 
I =  0 ~n TM J. 
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The same arguments  are valid for the other terms of J~. 

(3" 223I) 

3. 3. Main theorem. 

Therefore 

(,,) 
J~----O n ~ §  . 

I f  r(n) is the number of r~resentatio,r~ of the positive 

integer n in the form a x  ~ + by 2 + ez 2 + dt  ~, then 

7g2 ( 17 ) 
r(n)---- aV-~c~/nS(n) + 0 n i~+ '  . 

The proof follows from (3. 2131) and (3- 223I). 

4. The  s ingu lar  series .  

4. x. In  order to draw any conclusions from the main-theorem a detailed 

discussion of the singular series is necessary. This discussion is very complic- 

ated. A large number  of cases must  be considered separately. However, the 

calculation, does not  present any essential difficulty. Therefore I shall indicate 

the general lines only, and the results to which they lead. I shall begin by 

making some remarks, to which the calculations have lead me. 

Let  n~(j~- i, 2, 3 , . . . )  be a sequence of increasing positive integers, tend- 

ing to infinity, if j--* ~ .  Then there are three possibilities: 

I ~ There is a number  K > o, such tha t  

(4" I I) S(ni) > K 

if nj is sufficiently large, or at  any rate 

(4" I2) n~8(nj) > K 

(for every positive ~) if nj is sufficiently large. 

2 ~ . We  have 

(4. I3) S(ni) = o 

for an infinity of integers, belonging to the sequence n i. 

3 ~ . We have 
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K 
(4 .  8 ( . j )  - 

for  an  infinity of  in tegers  be longing to the  sequence ~i . '  

I n  the  case I ~ the  main  theorem gives 

where we have wri t ten  

I n  par t icular ,  i f  the  

r 2 

r(ni) r .;:::~jS(~i) (j--) ~) ,  
V J 

d = a b c d .  

condit ion I ~ is satisfied for  all posi t ive integers,  we may  

conclude, t h a t  there  is only a finite n u m b e r  of integers,  which cannot  be re- 

presented  in the fo rm ax~+byS+cz~+dt ~. Such a conclusion is not  possible in 

the  cases 2 ~ . and  3 ~ . I t  m igh t  be expected,  t h a t  there  is an  infinite n u m b e r  of 

exceptions,  if  2 ~ . or 3 ~ . is true.  Simple a rguments ,  which  are a lmost  trivial,  will 

show, t h a t  this conjecture  is t rue  in the  case 2 ~ . I n  the  case 3 ~ . the  conjecture  

will appea r  to be general ly  t rue,  but  not  always,  and  the  proofs  are not  as 

t r ivial  as the analogous  proofs  in the  case 2 ~ . However ,  i t  may  occur  (as it  

will appea r  in the  fol lowing pages), t h a t  a sequence of in tegers  ni can be found, 

for  which (4. I4) is .true and yet  there  is only  a finite n u m b e r  of in tegers  (or 

even: no integer) which cannot  be represented  in the  form. 

4. 2. The  calculat ion of the  sum of the  s ingular  series is effected by the  

methods,  g iven by HARDY and LITTLEWOOD. I t  depends on the  fact ,  t ha t  

AqAq' : Aqq' i f  (q, q') -~ I .  

F r o m  this p roper ty  it  results,  t h a t  

(4. 2 I) S (n)  = H ~ "  

where 

ZW = I + A~r + A ~  + A~* + ... 

and  the  p roduc t  mus t  be ex tended  over  all  pr ime numbers .  

~ Of course i t  is also possible, that  S(nj) tends to zero, but not as quickly as I ,  if 
nj 

. j - - .  Qv" But the discussion of the singular series shows, that  in this case, we can always find 

another  sequence,  for w h i c h  the  condition 3 ~ holds. 
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4. 3. First  let ~" be an odd prime, which does not  divide any of the 

numbers a, b, c, d. Then, writ ing 

we find 

(4. 3 l) Z~r= I-- ~2 I--~- ~q- ~q-...q- ~ �9 

We now write 

n = l m ,  

where 1 contains the factors 2 and those odd prime divisors of n, which divide 

one of the numbers a, b, c, d at  least and m is odd and prime to d .  Then, 

writ ing g (11 for the product of g~ and those factors g~ of (4. 2I) for which 

divides one of the numbers a, b, c, d a t  least and Z (2) for the product of those 

factors Z~ of (4. 2I), for which ~ is odd and prime to d ,  we have 

(4. 3 2) S ( n )  = g(1)g (2) 

and, as follows from (4. 31 ) 

{diem I (~--)} Hi( (~) I } z(~) = ~ �9 x - b -  ~ , 

where ~ runs through all odd prime numbers, which are prime to d ,  which 

has been denoted by I I ' .  The product I I '  does not  depend on n. Further ,  it  

is easy to determine the behaviour of the sum 

for large values of m. For we have 

i 

where ~ is the exponent of the highest  power of ~ ,  which divides m, so tha t  

~ I. Hence 
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~ -- ~ -  - ~ - ,  

where T(m) is the nmnber of positive integers, less than and prime to m. 

it is well known, that  

~o (m) > K K 

m log log m log log n 

Therefore 

K 
(4. 33) I x(~l > log log n 

4.4 I t  

prime to J .  

449 

Now 

remains to consider Z~ and those factors Z$, for which ~o" is not 

Let first ~ be an odd prime, which divides J .  Then I write 

(4. 4I) a~'6~t~actl, b - ~ b b l ,  c ~ t * c c l ,  d ~ " ~ t * d d x ,  

where al, bl, c1, dl are prime t o  w. I suppose that  

(4. 42) ~a ~ [Zb ~ ~c ~ ~d ,  

which is not an essential restriction. 

Then there is plainly an infinite number of integers, which canno~ be 

represented in the form 

(4. 43) n = a x  ~ + by 2 + c~ ~ + d t  ~ 

if / ~ a -  I. For it follows from (4. 43) that  

. ~ o (rood ~). 

There is also an infinite number of integers, which cannot be represented in the 

form (4. 43) if 

[lSa : O,  [l.~b ~ I .  

For then it follows from (4. 43), that  

n = a . ~  (rood ~), 

so that the integer ha',  where 
57--266]. Acta mathematlca. 49. Imprim$ le 9 oetobre 1'926. 
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a a ' - -  ! (mod ~ ) ,  

mus t  be a quadra*ic residu of W. 

There fore  we m a y  suppose 

#a = ~ b ~ O ,  I..I.r ~d �9 

W e  now subst i tu te  in the  expression for  

A.~ = . - , ~  Z '  Sap, ~ S~., ~ S~, ~ S~p,.~ * - - - -  
P 

2 n T t i p '  

~0"2 

the  explicit  values of the  Gauss ian  sums. Then,  summing  over  Z, the  fol lowing 

resul ts  can be ob ta ined  by s t r a igh t fo rward  calculat ion:  

I ~ . I f  

t ic>--  I ,  ~ d > 2 ,  = ( - - I )  2 

the  fac tor  Z~ vanishes for  an  infinity of values of  n, in par t i cu la r  for  

if  ~c > 2 and  for  

if  #c = i. 

2 ~ . I f  

we have  

n = Wnx ,  (nx, w ) =  I 

n = ~ n x ,  (nt, ~ ) =  I,  ( ~ ) = - -  I 

o + 1  

m = g a  = l ,  = = ( - -  1) 2 , 

K 
n 

if  n runs  t h rough  all powers  of "~. 

3 ~ . F o r  sets of values of a,  b, c, d, different  f rom those, ment ioned  in 

I ~ and  2~ we have 

; r  K 

fo r  all values of  n. 

[ shall  not  give the  proofs,  bu t  I shall  work out a p roof  only in a very 

special  case. Le t  us suppose f o r  example,  t ha t  
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/re---~ 1,  /.ta = 2 ,  = - -  I) ~ , n ~ - W n i ,  ( n l ,  w ) =  I ,  - - -  - -  I .  

Then the wellknown formulae for the Gaussian sums give the following results 

(p is prime to ~).  

8,,v, ~ = i ' $%v, ~ = i 

and therefore  

) ( 1  a b  ~ - 1  __ 
(4. 44) A ~ =  ~ - I) --~ e~r(-- n) --~ ~ le~( - -  n). 

Again 

Sap, ~ -~ "~ff , Sb p, ~ ~ "6Y , 

' ~  

&,v, # ~  v f i  i 4 , Sap, ~,  = ~ 2 .  

Hence 

(4. 45) A ~ =  ~ 5 i ' a~,(n) ,  

if for positive integral  values of a, we define 

2 n ~ i p i ,  (4. 46' aq(n) ~ ' ( P ) e x p  ( q / q - v ~ .  
p 

In  the  same way we find for a odd --> 3 

(4. 47) As= _ ,{ff-2~+~-/3 \ !m_--l)* 

and for a even --> 4 

(4. 48) A ~  = ~r i , 

In (4- 46) we write 

p = p '  + V~ff ( p - -  I ,  2 , . . . ~ f f - -  I; V = O ,  I, 2,...~ffr I). 
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Then  

~--1 27~,~ip' "/Ya--l--1 __ 2nziv  

a~o~(n)-- ~_j ( ~ ) e  v,* z~ ~ e ~ - i  
p '= l  '*'=: 0 

This is 0, unless a = 2, in which case 

i ' 
p ' ~ l  

Therefore ,  if we combine this resul t  with (4. 44), (4. 45), (4. 47) and (4. 48), 

we have 

~ | | I C . ( _ _  ,,) § _[ ~__ CI .1~ ~--1 ~ - - I  I 
Z Z ~ =  I - -  Tff\  Zff l ( - - - I )  2 - :  I -  ~ - - - ~ f f - - - O .  

The o ther  results can be obtained in very much the same sort  of way. 

4. 45. The  calculat ion of %s is still more elaborate,  t han  tha t  of Z~ 

( ~  odd). I write 

a=2~ '~a l ,  b = 2 ~ b b l ,  c = z ' r  d = 2 " a d ,  (al, b~, c~, d~ odd) 

and I suppose 

~[~a ~ ~b "~ ~Uc ~ ~$d, 

which is not  an essential restriction. Then,  if /~a--> I the form a x S +  b y e +  

+ cz ~ + d t  ~ represents  even integers only. F u r th e r  if 

we have 

~ a ~ O ,  ~ tb~  2, 

a x  * + by ~ + cz ~ + d t  ~ - a x  * (mod4) ,  

so tha t  in this case the  form a x ~ + b y ~ + c z  2 + d t ~ does not  represent  integers  

which are - - a  + 2 (rood. 4). Therefore  we may suppose 

~ t a = O ,  ~ b - ~  I. 

Then we have the following results. 

x ~ The fac tor  Z~ vanishes for  an infinity of values of n, if 
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~a~ ~[~b~ ~c~ ~ d ~ O ~  I~ I~ ~ 3; 

O, I~ 2~ --> 4;  

o, I, ~ 3, -> 3; 

O, O, ~> 2, ~> 2; 

o, o, o ,  > 3  and a~b--- -e  (mod 4). 

2 ~ The  fac tor  Z~ behaves for  

n =  2~nl (n, odd) 

in the following cases: 

K 
z._, ~ ~ 

#,~, /~b, /~e, # , ~ = o ,  I, I, 2 and a +  d l - - b  l ' e l - 4  (mod 8) or 
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b 1 + e~ + 2 a ~ a  + d~ + 2 b 1 ~ 4  (mod 8); 

o, I, 2, 3 and bl + d ~ - - a + e  1--_4 (rood 8) or 

b l + d x + 2 a ~ a + c l + 2 b ~ - - 4  (mod 8); 

o, o, I, odd and a +  b ~ c  1 + d l ~  4 (mod 8) or 

a + b + 2ex----~c t + dl + 2 a ~ : 4  (rood 8); 

o, o, o, ~} and a ~ b ~ e ~ d ~  ( m o d e )  and 

o, o, o, a +  b +  c +  d 1 ~ 4  (rood 8). 

3 ~ . I n  all other  cases we have 

z ~ > K > o  

for  all values of n. 

4- 6. I f  we now collect the results of the sections 4. 2, 4. 4, 4. 5 and 

combine them with the mMn-theorem, we find the fol lowing result. 

I f  the set of positive integers a, b, e, d, is such that 

I ~ I t  is not of the type stated in I ~ or 2 ~ of section 4. #;  

2 ~ There is no prime for which i ~ or z ~ of section 4. 4 is satisfied; 

3 ~ There "is no odd prime which divides three or four of the numbers a, b, c, d; 

4 ~ . At least one of the numbers' a ,  b, c, d is odd; 

5 ~ A t  least two of the numbers a, b, e, d are not divisable by 4; 

then 
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K 
S(n) > log- log n > o 

for  sufficie~tly large values of ~, so that we arrive at the conclnsiou that 

7r, ~ 

r (n )  ~ n S (n ) .  

In  particular, there is only a finite number of integers, which cannot be represented 

in the form 
ax  z + by ~ + cz 2 + d r  ~. 

5. Problem P. 

5. ~. I t  is now natural to ask, what can be said of the representation of 

integers by forms, which do not satisfy the conditions of the theorem just ob- 

tained, in particular whether there is an infinite or only a finite number of in- 

tegers which can not be represented. One might expect, that  there is an in- 

finite number of exceptions in these cases. But that  this can not always be 

true, is already shown by the simple remark, that  the form x ~ + y~ + z ~ + t ~, 

which represents all positive integers, falls under 2 ~ in section 4. 5. Yet a 

more detailed examination shows (as will appear later on) that  generally there 

is an infinite number of exceptions in the cases still to be considered and that  

there is only a limited number of forms, which do not satisfy the conditions 

of the theorem of section 4. 5 and yet represent all positive integers with a finite 

number of exceptions at most. 

Though the methods, by which these results can be obtained, are quite 

different from the analytical methods of this paper, I shall give a short account 

of them. 

5. 2. I f  the coefficients a, b, c, d are such, that they satisfy the conditions 

z ~ of section 4. 4 for  some prime ~r or i f  they satisfy one of the conditions i ~ 

of  section 4. 5, then there is an infinite number of integers, which cannot be repre- 

sented in the form ax  ~ + by~ ~ - cz ~ + dt  ~. 

The proofs of these statements are quite simple. Let us suppose for in- 

stance, that  c and d are divisable by ~ ,  that  a and b are prime to ~ ,  and that  

__(_ 
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Then the numbers 

cannot be represented in the form a x S - + b . ~ + c z 2 + d t S .  

show, that  the supposition 

(5. 20 ~ l v ~ : a x  ~ + by" + c z  ~ + d t  ~ 

To prove this, I shall 

leads to a contradiction. 

In the first place it would follow from (5- 2I), that  y is prime f~ ~ .  For 

if y were not prime to ~r, it would follow, that  a x  ~ must be divisable by 

and therefore also by ~`-, since (a, ~)~--I .  Therefore a x`-+ b y ` - + c z ~ §  ~ would 

be divisable by ~2, which is not true. Therefore y (and also x) must be prime 

to w'. 

I now consider three cases separately. 

I ~ ~=--t  (rood 4)- Then exactly one of the numbers a and b must be 

a quadratic residu of ~.  We may suppose 

Then we can determine numbers m and v by 

Then 

m * : a  (mod ~r), v y ~ m x  (rood ~). 

o ~ - - a x  ~ q- b y ~ - - m ~ x  2 § by~-~y~(v  ~ § b)(mod ~) 

and therefore, since (y, ~ ) ~  x 

--b:=v~(mod~). 

Therefore -- b would be a quadratic residu of ~ .  But then + b would also be 

a quadratic residu of w', since ~ I  (rood 4), contrary f~ (5. 22). 

2~ ~ 3  (mod4) and 

Since a and b are quadratic residus of ~ ,  they are also quadratic residus of ~2. 

Therefore we can find integers m~ and m s such that  
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a--= m ~, (mod ~ ) ,  b - -  m~ (mod ~ ) .  

Then 

(5. 23) a x  2 + b y ~ - - ( m t x )  ' + (m~y) ~ (mod ~ ) .  

The left hand side is divisable by ~ (as follows from (5- 2 I ) ) .  Hence also the 

right hand side is divisable by ~ .  But a sum of two squares which is divisable 

by ~ ,  is also divisable by ~ (since ~- - -3  (rood 4)). Therefore it would follow 

from (5. 23), that  

a x  ~ + b y ~ o  (mod ~ )  

and this is in contradiction with the supposition (n~, ~ ) =  I. 

3 ~ ~- - -3  (mod 4) and 

Then 

: 

I 

Therefore we can apply the same argument as in the preceding case, if we de- 

termine numbers m~ and m~ such that  

- -  a :--m2~ (rood ~ ) ,  - -  b---m~ (mod ~ ) .  

The other statements can be proved by similar methods. The precise re- 

sulte are as follows. 

If  (in the notation of section 4. 4) 

C ~- ~ffCl, (Cl, ~ff) = I ,  ~ff'! d ,  (a,  ~ff) = (b, ~) = I, = ( - -  I)  2 , 

then the numbers 

nl~ff , (h i ,  ~ f f ) =  I ,  (~--I._~'- / ~ - - - -  I ,  
\ ~ I  

cannot be represented. 

For the cases, mentioned in I ~ . of section 4. 5, we have (in the notation 

of that  section): 

I ~ If  /~a, ~b, /~c, ~a =O,  I, I ~-- 3, then the numbers 

n - - - - a + 4 ( m o d 8 )  or n----a+ 2bl + 4 ( m o d 8 )  
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can not  be represented,  according as 

b, + c~ _: o (mod 4) 

2 ~ I f  Pa,  Pb, lZc, / Z d = O ,  I, 2, 

represented,  where 

nl - b l  Jr 4 (mod 8) or 

according as 

0. 

or b 1 + e 1-~-2 (mod 4). 

>- 4, then the numbers  

n:-_--b~ + 2a  + 4 ( r o o d 8 ) ,  

a-~ c 1-- - -o(mod4)  or a + c l =  2 (rood4). 

I f  /~,, pb, Pc, p , t : o ,  I, ~ 3 ,  >--3, then  the  numbers  

n ~ _ a +  2b I + 4 ( m o d 8 )  

can not  be represented.  

4 ~ . I f  /~,z, pb, pc, / ~ , l : o ,  I, >--2, >---2, then  the  numbers  

2n l(n~odd) or n ~ a +  2(rood4)  

can no t  be represented,  according as 

�9 a + b - :  o ( r o o d  4)  o r  a + b------ ~ ( r o o d  4).  
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2u~ can not  be 

5 ~ I f  p , ,  pb, Pc, Pd ~ O, O, O, >- 3, and a ~ b - - c  (rood 4), then  the  numbers  

n : - = a +  b + c + 4 ( m o d  8) 

can not  be represented.  

Y. 3. W e  now consider the  case 2 ~ . of  section 4. 4. 

the  fol lowing result.  

I f  a, b, e 1, dl are p r i m e  to ~ ,  

(?) e l > I ,  d , > 1 ,  -~ = ( - - I )  ~,  

Then  we can prove 

For  the proof  we shall  require  ghe fol lowing lemma,  the  proof  of which 

can be le f t  to the  reader :  

58--2661. Acta mathema~ica. 49. Imprim6 le 9 octobre 1926. 

a x  e + by e + v~(clz e 4- dl te). 

and  ~ is  an odd posit ive integer, then v ~  can not be represented in the f o r m  
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Lemma: Let  ~ be the highest power of  v~, which divides A X e +  B Y  ~, 

where A, B ,  X ,  Y are integers, A and B are prime to v~ and 

I , ,  

Then ~. is even. 

By means of this lemma we shall show, that the supposition 

(5. 3 I) " t Y ~ - a x  ~ + bY z + ~ ( c l z  z + d , t  ~) 

leads to a contradiction. 

In the first place, if (5- 3 I) is true, i t  follows from the lemma, that  

(5. 32 ) clz z + dl t  j =V O, 

since ~ is odd. 

In  the second place we shall prove 

(5. 33) 
For if 

we would have 

a x  ~ + by s ~ o. 

a x  z + by ~-~ o, 

~ - 1  = clz~ + dltZ. 

Now let ~ be the highest power of ~ ,  which divides z 2. 

(since z=4 =o, t ~ o  in consequence of c~> I, d~>  I). Hence 

where 

z~ z~ t~ =~r-- 5 and t ~ - - ~ ,  

Then ~ - - I  >/~ 

are prime to ~ .  I t  is now easily proved, that  the relation 

elz~ + dlt', - - o  (mod ~) 

is in contradiction with the supposition 

Henee (5. 33) is proved. 
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Now let ~ be the highest power of ~ which divides a x  ~ + b y  ~, so that  

is even. Then (5. 32 ) and (5. 33) give 

Therefore we find from (5- 3 I) 

~>~. 

a x  ~ + by  2 + c i z  ~ + dl t ~ 

This equation would imply, that  ~ - 1  were the highest power of ~ which di- 

vides c l z  ~ + dl t ~ and this is in contradiction with the lemma, since $ -  I is odd. 

Hence the result, stated at the beginning o f  this section, is proved. 

5. 4. There are siinilar results, if the conditions e~ > I, d~ > I  of the 

statement of 5. 3 are replaced by the following conditions: 

I ~  C 1 = I ,  d I =[= I ,  d 1=~= 2. 

2 ~ . c I = I ,  d I = 2 ,  ~=~=  5. 

3 ~ e l : I ,  d r : 2 ,  ~Y=5.  

4 ~ c l = I  , d r : I ,  z~4=3 . 

5 ~ . e l : I ,  d l - -  I ,  ~ = 3 ,  a >  i ,  b >  i .  

6 ~ c t : I ,  d x : I ,  z 6 : 3 ,  a = I ,  b > I .  

In these six cases the numbers 

2 . ~ ,  5 .z~ ,  7 .5  z, 3 .~z ,  3~+~, 2 .3  ~+x 

respectively (where ~ is an arbitrary positive odd integer) can not be represented 

in the form (5- 31), which can be proved by arguments, similar to those of sec- 

tion 5. 3. 

I f  however 

we have the form 

e l =  I ,  d l :  I ,  " / ~ 3 ,  a =  I ,  b =  i ,  

x ~ + g ~ +  3z~-~ 3t2 

and it has already been proved by L I O U V I L L E ,  that  this form represents all 

positive integers. 

Hence: 

I f  for some prime ~ the condition 2 ~ of section 4. 4 is satisfied, then 

there is always an infinite system of integers, which can not be represented in 
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the form a x  ~ +  by ~+ cz ~ + d t  ~, unless this form is x ~ + y ~ +  3 z z +  3 t~, in 

which case every positive integer  can be represented.  

S . S .  I now proceed to the case 2 ~ . of section 4. 5 and I shall first con- 

sider the form (a, b, ct, d~ odd) 

(5" 5 I) a x  ~ + by ~ + 2(Cl z~ + d~tZ), a + b--e~ + d ~ - - 4 ( m o d  8). 

Here  we have:  

I f  a is odd >--3, then 2 ~ can not be represented in the f o rm  (5. 51) i f  c1> I, 

d l >  i .  

The proof  depends on the following lemma: 

I f  A and B are odd, A + B ~ 4  (mod 8) and 2~ is the highest power of  2, 

which divides A X 2 +  B y2,  then ~ is even. 

F ur the r  we have 

I f  e~ = 1 ;  d1=~ 3, 

the f o rm  (5. 5I). 

I f  a >  I, b >  I, 

(5. 5I). 

I f a = i ;  b~, 3, 

the f o rm  (5. 5I). 

The proofs of these results are consequences of the lemma, s tated at the 

beginning of this section. 

W e  thus have el iminated all forms of type (5. 5 i) with the exception of 

the following nine forms. 

i i ,  19; a odd >--3, then 5 . 2  ~ can not be represented in 

a even >--4, then 2 ~ can not be represented in the form 

I i ,  I9, a even >--4, then 5 .2~ can not be represented in 

x ~ + 3 y  ~ +  2z ~+  6 t  ~, x ~+  l l y  ~ +  2z ~ + 6 t  ~, x 2 +  i 9 y  ~ +  2z ~ + 6 t  -~, 

x ~ + 3y  2 + 2z ~ + 22t  ~, x ~ + l l y  ~ + 2z ~ + 22t  ~, x ~ + i 9 y  ~ + 2z  ~ + 22t  ~, 

x ~ +  3y  ~ +  2z ~ +  38t  ~, x ~+ i I y  ~ +  2z  2 +  38t  ~, x ~ +  i 9 y  ~+  2z 2 + 38t  ~. 

Now it is well known, tha t  x * +  3 y ~ +  2 z 2 +  6 t  ~ represents  all positive 

integers. 

Fur the r  it  can be proved, tha t  there  is only a finite number  of non-repre- 

sentable integers in the case of 

x ~ + 3y ~ + 2z  2 + 2 2 t  2, x 2 + 3y 2 + 2Z ~ + 38t  *, 

X 2 + I l y  2 -{- 2Z ~ + 6 t  *, X 2 + I9y  * + 2Z* + 6 t  ~. 
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Le t  us take  as a typica l  case the  fo rm 

x ~ +  2 z * + 6 t * +  I Iy* .  

W e  shall  first prove, t ha t  all odd numbers ,  except  5, can be represented  in this 

form. For  every odd number ,  which is not  of the  fo rm 8/~ + 5, can be repre- 

sented in the  fo rm x z +  2z ~ + 6 t  ~.1 I f  N : 8 t ~ +  5, and  ~ o ,  we take  y =  I. 

Then  N - -  I I ~ 8 ~ - - 6 ,  and  this can aga in  be represented  in the  fo rm x ~ +  

+ 2z 2 + 6t  ~. Hence,  every odd n u m b e r  _hr~ = 5 can be represented  in the  fo rm 

x* + 2z* + 6 t  ~ + I I y* and  therefore  also all numbers  of the fo rm 2 ~ . N (for 2 ~ . N 

is of the fo rm x * +  zz  2 + 6 t  ~ if a is odd). Since 2 o ~ 3  "~ 11 .1  ~ i t  now fol- 

lows, t ha t  5 is the  only num ber  which is not  of the fo rm x ~ + 2z* + 6t* + I Iy* .  

By means  of a result,  obta ined  by G. HUMBSRT ~, it  can be proved, t h a t  

there  is only a finite n u m b e r  of integers,  which can not  be represented  in the 

fo rm x 2 + I I y2 + 2g~ + 22 t ~. 

However ,  I have not  been able to solve P rob lem P for  the  forms  

(5. 52) x* + l I y  ~ + 2z ~ 4 38t  ~, x* + I9y* + 2z z + 38t  ~, x ~ + 19y ~ + 2z* + 22t*. 

The solution of problem P in the  cases 

~a, ~b, ~c, ~ a = o ,  I, I, e and a + d  l ~ b  1 + c ~ 4  (roodS); 

o, I, 2, 3 and  b l +  d l ~ a +  c 1 ~ 4  (mod8) ;  

o, o, i, odd and a +  b = c ~  + d ~ 4  (rood 8) 

can be studied in the  same way, but  differs in no point  f rom tha t  of (5. 5I) �9 

5. 6. N e x t  we consider  the forms  (a, b, cl, d~ odd) 

(5. 61) a x  ~ + by  e +  2(c~z* + djt~), a +  b +  2c~ :::c~ + d~ + 2a 4 (mod 8). 

Then,  if  

2~n~ = a x  ~ + by e + 2(ClZ ~ + d~t~), ~ ~ 4, n~ odd, 

then  also 2~-~n~ can be represented  in the same form. F rom this p roper ty  the  

results  of the  fol lowing table  can be deduced. In  the  second column I have  

wr i t t en  non-representable  numbers ,  if the  condit ions of the  first column are 

satisfied. 

S. RAMANUJAN, On the expression of a number  in the form a x  ~ + b y  ~" + e z  ~ + d t  ~, Proc. 
Camb. Phil.  Soc. ~9 (~9~7), footnote on p. ~4. 

Comptes Rendus, Paris, I7O (I92O), 354- 
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a >  I; b:> I; c~> I; d l >  x, 

a = I ;  c14: I, 3, 5; d14 = I, 3, 5, 

a = I ;  c ~ = 5 ;  b4 = I, 

a = I ;  c 1 = 5 ;  b = l ;  dr4= 5, 

a = I ;  e l = 3 ,  

a~--I ;  c t = I  ; dr:4: i , 9; b~=I,  9, 17, 

a - ~ I ;  e j = I ;  dr----- i , 9; b:4 =I,  9, 17, 25, 

a - - l ;  c ~ = I ;  b = I , 9  , I7; d j4 :  1,9, I7,25, 

2~(~ even); 

3. 2~ (~ even); 

3. 2~ (~ even); 

3. 2f (~ odd); 

2 ~ (~ odd); 

5. 2~(~ even); 

7. 2~ (~ even); 

7. 2~ (~ odd). 

We thus have eliminated all forms of the type (5. 6i) with the exception 

of the following 15 forms: 

{a, b, c, d} = (I ,  I, IO, IO), (I ,  2, 2, 9}, 

(I ,  2, 2, x7} , {I, 2, 2, 25}, (I ,  I, 2, I8),  

{I, 2, 9, I8), ( I ,  2, I7, I8),  (I ,  2, I8, 25} , 

( l ,  I, 2, 34), {I, I, 2, 5o), {i, 2, 9, 34), 

(I ,  2, 9, 5o}, {I, 2, 17, 50); 

(I,  I, 2, 2); 

{I, 2, 17, 34). 

I t  can be proved by the method used by RA~ANU~AN in his paper already 

referred to, that  the first 13 of these forms represent all positive integers. 

Bowever, I have not been able t~ solve Problem P for the form 

(5. 60 x 2+  2y ~+  I7 z*+ 34 t*. 

The solution of Problem P for the cases 

#~, #b, #c, # a = O ,  I, I, 2 and b~+ c t +  2 a - - a + d ~  + 2bl_~4 (rood8); 

o, I, 2, 3 and b~ + d l +  2 a ~ a  +Cl + 2 b ~ 4  (rood 8); 

o , o ,  I odd and a +  b + 2 e ~ z c ~ + d ~ + 2 a ~ - 4  (rood 8) 

differs in no point from that of (5. 6I). 

5. 7. The remaining forms to be considered are (a, b, c, d odd) 
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(5. 7 I) a x  ~+ by ~+ cz z + d t  ~, a ~ b ~ e - - - - d  (mod4), a +  b + c +  d----4 (mod8), 

and (a, b, e, d I odd) 

(5. 72 ) axZ+byZ+czZ+4dl t~ ,  a ~ b - z - c - - d l  (rood 4), a + b + e + d1-~-4 (rood 8). 

I shall first consider the form (5. 7I) �9 Then if 

2~nl ~ ax* + bY ~ + cz* + dt~, ~ >-- 3, nl odd, 

then also 2~-2nt is representable in the same form. From this property the 

results of the following table can be deduced. In the second column I have 

written, as before, non representable numbers, if the conditions of the first 

column are satisfied. 

a :>  i; b >  i; c >  i; d >  I; 

a =  I; b >  I; e >  I; d >  I; 

a = 1 ;  b = I ;  e @ I ,  5; d::# I, 5; 

a = I ;  b = l ;  e = l ;  dg= 1,9, I7,25 

a ~ l ;  b ~ I ;  e ~ 5 ;  d * 5 ;  

21 (~ odd); 
e~ (~ odd); 

3. z~(~ odd); 
7. 2~(~ even); 

3- 2i(~ even). 

We thus have eliminated all forms of the type (5- 7 I) with the exception 

of the following forms: 

x ~ + y~ + z ~ + d t  z, (d = I, 9, 17, 25), x~ + Y~ + 5 z~ + 5 t~. 

The form x ~ +  y~+  z~+  t ~ represents all integers and it can easily be proved 

that  the others have a finite number of exceptions only. 

Similarly, considering the case (5. 72), the forms 

x ~ + y ~ + z  ~ + d t  ~ ( d = 3 6 ,  68, IOO) 

x ~ + y ~ + 4  z 2 + d t  z ( d = 9 ,  I7, 25) 

x~+Y~+ 5z2+2otZ 

have a finit~ number of exceptions and the form xZ+ yZ+ 4z~+  4"t ~ represents 

all integers. The remaining forms of the type (5- 72) have an infinite number 

of exceptions. 
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5. 8. Final remarks. 

5. &.  The preceding pages contain the solution of Problem P for all 

forms ax e +  bye+ cze+ dt  ~ with the exception of (5- 52 ) an (5. 6I) and some 

other forms, related to these. 

5. 82. I t  has been stated by WARING 1, that ax  ~+ by 2 + c z  ~ + d t  ~ repre- 

sents every integer exceeding an assignable one, if a, b, c and d are relatively 

prime. The preceding pages show that  this statement is incorrect. 

t Meditationes algebraicae, Cambridge, ed. 3, I782, 349- 


