Ark. Mat., 33 (1995), 323-341
© 1995 by Institut Mittag-Leffler. All rights reserved

Fredholm property of partial differential
operators of irregular singular type

Masatake Miyake and Masafumi Yoshino(?)

1. Introduction

In 1974 Kashiwara-Kawai-Sj6strand showed the sufficient condition for the
convergence of all formal power series solutions of the following linear partial dif-
ferential equations of regular singular type

(1.1) L(z,D)u(z) = Z aapDP(z%u(z)) = f(),

|ee|=18|<m

where m is a positive integer and a,g’s are complex constants. Here we use the
standard notations of multi-indices, D?=(8/0z;)?" ... (8/0z, )P, |a|=a1+...+an
and z%=z7" ...z3". They proved the following result.

Theorem 1.1. (cf. [4]) Suppose that the following condition

(1.2) Z anp2®2P #0,

lel=|8l=m

is satisfied for any 2€C™\{0}, where 2*=z7"...22" and 3#=7" ... 75", Then,
for any f(x) analytic at the origin all formal power series solutions u(z) of the
equation (1.1) converge in some neighborhood of the origin.

They proved results for somewhat more general operators than (1.1) admitting
perturbations.

Inspired from this theorem we shall study in this paper the Fredholm property
of regular and irregular singular type operators including (1.1) in (formal) Gevrey
spaces in a neighborhood of the origin of C2. We introduce a Toeplitz symbol in
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a natural way in connection with a filtration with respect to the Gevrey order.
Toeplitz symbols play an important role in describing interactions of multiplica-
tions by (rational) polynomials and differentiations. We reduce our problem to the
study of the Fredholm property of Toeplitz operators. Then we construct regular-
izers for these Toeplitz operators by use of a Riemann-Hilbert factorization condi-
tion for Toeplitz symbols associated with the differential operators (cf. (2.8), (2.9),
Lemma 3.5 and Section 5). Moreover, we can show that under these conditions the
index of these operators is equal to zero (cf. Theorem 4.1).

This paper is organized as follows. In Section 2 we state our main result
and its applications. In Section 3 we prepare lemmas which are necessary in the
proof of our main theorem. In Section 4 we reduce our problem to the Fredholm
property of Toeplitz operators on the two dimensional torus T2. The construction
of regularizers is done in Section 5.

2. Statement of the results

Let N be the set of non-negative integers and let C be the set of complex
numbers. Let C[[z]] be the set of all formal power series

Cl[=]] ——{u(x) u(z) = Z u,, g u,,EC}
nenz T
Let w; >0 (j=1,2) and s>0. We set w=(w;, w2). If we denote by
O({le1] <wi} x{|22| <wa})

the set of holomorphic functions on a domain {|z1|<w; } X {|z2| <w2} CC?, we define
the class G2, by
(2.1)

:{u<x)=zun”f7—’,fecuxnszunmi;;eomxn<w1}><{1x2|<w2}>}.

The space G5, can be regarded as a Fréchet space by the following isomorphism of
Fréchet spaces

(2.2) Cl[e]] 5 G, Boreltranst (12, | < w1} x {fza] < we}),

where the Borel transformation is defined by

(2.3) g3 Y u,, =Y u,,l !,s € O({|z1| <wi} x{|z2| <wa}).

nENZ ! neN?2
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We note that the space G, coincides with a formal Gevrey space, the class of locally
analytic functions and a class of entire analytic functions with finite order if s>1,
s=1 and s<1, respectively (cf. Lemma 3.1 which follows).

We denote by D7! integration with respect to z;, Dy 'u(z):= foz Yu(yr, z2) dys.
The operator D' is defined similarly. For 8=(81, 82) €Z?, we set Dﬁ=D{3 ’ Dg’,
where if §; <0 we understand that Df 7 :(Dj_l)'ﬁi.

Let P=P(z,D;) be an integro-differential operator of finite order with holo-
morphic coefficients in a neighborhood of the origin of C2,

(2.4) P(z,D;)= ) DPay(a),
BeZ?

where ag(z)’s are analytic functions of z in some neighborhood of the origin, and
the summation with respect to 8 is a finite sum.
By the Taylor expansion of ag(xz), we have

oo(@)= Y arpe”
Y

with a,s being complex constants. By substituting ag(z) in (2.4) we have the
expression

(2.5) P(z,D)= > a,sDfz".

veN2 BcZ2
For DPz7. we define the s-Gevrey order ord,D?zY of DPz7. by
(2.6) ordy Dz :=|B|+(1~5) (1|~ 16I)-
Then the s-Gevrey order of P in (2.5) is defined by

ord, Pi=sup{8+(1-5)(17|~18) ;245 20}

Here and in what follows we always assume that the s-Gevrey order of P(z, D) is
finite. This implies that P has polynomial coefficients in case s<1. In case s=1 we
further assume that for every G in (2.4) such that |3|=ord, P, the function ag(z)
is a polynomial in x.

We shall define the Toeplitz symbol associated with P(z, D) by

2.7 Lew(z8):= > 0apz® Puw*Pe>, £eR2
|81+(1—s)(|a}-|Bl)=o0rds P

We define the torus T2 by T2={(z1, 22);2;=€"%, 0<8;<2m, j=1,2}. Then we
have the following result.
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Theorem 2.1. The operator P:G3,—GS is a Fredholm operator of indez zero
in the sense that the mapping has finite dimensional kernel and cokernel of the same
dimension if the following conditions are satisfied:

(28) Ls,w(z7£)7é0 V(zl,z2)ET2, V£€R2, l£|=17 £207

(2.9) indy Ly o =indp Ly 5 =0.
Here indy Ls o, (resp. indg L ) 4s defined by

1
(210) ind; Ls,w =5 f dlog Ls,w (Cla 22, §)
2mi Jiyj=1

Remark. We note that the right-hand side of (2.10) is an integer-valued contin-
uous function of z; and £. Because the sets {2,€C;|z2|=1} and {¢€R?;|¢|=1} are
connected, the integral (2.10) is constant. Hence the right-hand side is independent
of z; and £. We denote this quantity by ind; L, ,,. We similarly define indy Ls,,,.

As a corollary to this theorem, we can give another characterization theorem
for convergence of formal power series solutions, different from Theorem 1.1.

Corollary 2.2. Suppose that n=2 and let L(z,D) be the partial differential
operator given in Theorem 1.1. Let the Toeplitz symbol Ly o, (2;€) when s=1 satisfy
the conditions (2.8) and (2.9). Then every formal power series solution u(x) of the
equation (1.1) for any function f(z) analytic at the origin converges at the origin.

Proof. From Theorem 2.1, the mapping £:GL—G. is a Fredholm operator
of index zero. Let H, be the set of homogeneous polynomials of degree n€N.
Then L(z,D) maps H, into itself. Therefore, the finite dimensional kernel of
the mapping £:Gl —Gl is spanned by homogeneous polynomials. This shows
that £ is invertible on H,, for sufficiently large n. It follows that the mapping
L: Cl|z]]—C|[z]] is also Fredholm of index zero. Therefore we see that there exists
N such that for every f€Gl (resp. feC[[z]]) satisfying f=) poy fns fn€Hy, the
equation L(z, D)u(z)=f(z) has a unique solution u=3y oo r Un, Un€Hy,, UG,
(resp. u€C|[z]}). Therefore, the mapping £: C[[z]]/Gs,—C[[z]]/GL, is a bijection
which implies the conclusion. O

We shall apply Theorem 2.1 to a Cauchy—Goursat-Fuchs problem in G,
(2.11) P(z,D)u=fegG,, u=0(z"),

where y=(v1,72) €N2, |7|=m and the condition u=0(z") means that u(z)/z7€G},.
Here the operator P(x, D;) is a differential operator given by (2.4) and m is an order
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of P. If we set u=D_"v then the problem (2.11) is equivalent to the following
equation

(2.12) P(z,D,)D;"v=f.

Hence we obtain the equation (2.4) with 3 replaced by 8—v. We have the following
corollary.

Corollary 2.3. Assume that s=1. Suppose that there exists a 3 with |B|=m
in the expression (2.4) such that ag(0)#0. Define Ty(2):=3)5,_m ag(0)z7 P75,
Suppose that the convez hull of the image of the torus T? by the map 2T, (2) does
not contain the origin for some w. Then the problem (2.11) has a unique solution
in GL., for small >0, where sxw=3wy, »xws).

Remark. We want to show the unique solvability of (2.11) under a so-called
spectral condition. Indeed, if the spectral condition

(2.13) la;(0)1> Y lag(@)jw?

|Bl=m.B7#y

is satisfied, then the convex hull of T;,(T?) does not contain the origin. In order to
see this, we take a real number 4 such that e®a.(0)=|a,(0)|, we have, for zeT?,

€T, (2) = |ay (0)|+€% Z ap(0)z7 PP,
By

Hence by (2.13) we have Re e?T,,(z)>0. By Corollary 2.3 we have the assertion.

Proof of Corollary 2.3. By making the change of variables z;—wiz;, zo—woxo
if necessary one may assume that w;=wo=1 in (2.11) or (2.12). We shall show
(2.8) and (2.9). The Toeplitz symbol L; ,., of the operator P(z,D)D;7 is given
by L1 sw=Tw+0(5). Condition (2.8) is clear. To prove (2.9) let us fix 20, |22|=1.
Because the convex hull of the curve z; 3T L; .0(2,€) does not contain the origin
it follows that indj L1 ,,=0. Similarly we can prove indy L1 ,,=0. Hence the
operator PD;7 given by (2.12) is a Fredholm operator.

In order to show that PD_” is injective we may assume that there exists co>0
such that ReT,,(2)>co>0 for any z€T?. We write the operator PDZ7 in the
following form

PD;’Y =Q0+Q1++Q]+,

where (; maps homogeneous polynomials of degree v to the ones of degree v+j. If
we know that Q0:=E| Bl=m 98 (0)D2-7 is injective, the operator PD;" is injective.
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Indeed, for u=2?';0 u; €G3, with u; homogeneous of degree j such that PD;7u=0
we have that 0=PD_"u=Qouo+(Qou1+Q1ug)+.... It follows that Qoup=0, i.e.
u9=0, and inductively we have u; =us=...=0.

Suppose that a homogeneous polynomial u=} u,xz" /7! satisfies Qou=0. If we
set A=Y u,e’™®, we have Qou=3_ (Y5 as(0)unsp—~)z"/n! and

— (Qo, u) = (T, ()8, ) = / T ()|l do,

where (-,-) denotes the usual inner product in a finite dimensional space and (-, - )
denotes the inner product in L2(T2). Because ReT,,(2)>co>0 it follows that #=0.
Hence @ is injective. O

3. Preliminary lemmas

We define the class G2, (1) (u€R) by

61 Gi={u D ol = (;Quﬂw"i/sﬁ)z)lﬂmo},

where the factorial is understood as the gamma, function, r!:=I'(r+1) for r>0 and
where we set (|n]—p/s)!=1 if |n|—pn/s<0. The class GS,(u) is a Hilbert space with
the norm ||-||.

Lemma 3.1. Let the class G5, be defined by (2.1). Then we have

(3.2) G, =proj }iTrngl(u)

for every u.

Proof. Suppose that u(x)€GE(u) for any r=(r1,r2) such that r; <w; (j=1,2).
Then we have |u,|<Mr~"(|n]—(p/s))!* for some M >0 independent of 7. Therefore
we have, for |z;|<r; (j=1,2),

|| .y Ul —p/8)¥
Z' "Ill ||s— Z | I I l's .

Clearly, the right-hand side converges for |x;|<r;. Because r<w is arbitrary we
have u €G3,
Conversely, suppose that u=)_ u,z"/n!€Gs. Then we have

U(z) :=Zunﬁ; € O({Je1] < 21} x {lz2] < 22})
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for any p<w. By Cauchy’s formula we have

- v
= ol = TP e e 1 5

Hence we have the estimate |v,)| <M ™" for some M >0. Because p<w is arbitrary
we have ueG2(p) for any r<w. 0O

Let X; (j=1,2) be a positive number and set X=(Xj, X,). We denote by
O(|z|<X) the set of holomorphic functions on {x€C?;|z;|<X;, j=1,2} and con-
tinuous on its closure. For a(x)€O(|z|<X), we put |laf x :=max,, <x, la(z)|-

Lemma 3.2. Let s>1. Assume that a(x)€O(|z|<pw) (0>1). Then for any
U(z)€G;, (1), we have a(x)U(z)eG5, (1) and there exists a constant C depending
only on p such that

(33) ol <c( ) lall U1l

Proof. We put a(z)=3 a,z” /y'€O(|z|<pw). Then by Cauchy’s integral for-
mula, we have |a,|<|lall,o7!/(ow)?(yeN?). We put a(z)U(z)=3" Vsz?/B!. Then
we have s

Vﬁ = Z a7Uﬂ_7(,B_—-—f;’W'

0<y<p

Hence we have, for C; >0

wB 2 ull? B! w? 2
;('V”'am—u/s)!s) <l ”9‘"2< > 103y (ﬂ—v)!(lﬂl—u/é’)!s)

B M<y<B

, wP= 2
<Cilall?, Z( > 1Us- vlgmm)

0<y<B

< Clllallng(z Rl ) Z o (IU5—7|(]5|~Z+1|W>2

<Cl( )” lew Z '7’;0 I =~EaT '7| M/S)'5)2
<o (5% iz o
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Lemma 3.3. Let p=|8|+(1—-s)(|a|—|B|) be the s-Gevrey order of z*DP.
Then the map z®DP: G2,(1) —G2,(0) is continuous. Moreover, for every e>0 the
map

2*DP: Gy, (ute) — G5,(0)

is a compact operator.

Proof. We first show that for every s»<p the injection u: G2 (u)— G35, () is
compact. Let BCG3, (1) be a bounded set in G, (u). If we write u=3"_ u,z"/nl€
B, then for each fixed n the set {u,;u€B} is bounded. Hence, by the diagonal
argument, we can choose a sequence {u(*)}CB, u(k)(w)=2n u,(7k)z"’ /n! such that

for each 7, ug,k) —uy, when k—o0. Moreover we have that

2 2
MO (In|—n/s)P N
,EN(' O ra) < B e l,};N(* i)

(nl=s/5)"*

>N (|n|—/s)!? =0 (N—o0),

where K >0 is independent of £ and N. This proves that the sequence {u(®}
converges in G ().

In order to complete the proof we shall show that the map z®D?: G, (u)—
G%,(0) is continuous. By simple calculations

22 DP u "E_n‘ u ﬂf_-— u z—n
. D 2 = 2 Gyt~ 2 Ty
Hence we have
(3.5) .
U ———-wn _____77! = n—pB+a 1 (n—=p+a)! ’
X (o=l 7727 2,,3('“"'“’ A o)

If 5 is sufficiently large the term (n—(3+a)!/(n—pB)! can be estimated from above
by a constant times ||!*!. Therefore we have

(Inl—p/s)s  (n—B+a)! s(Bl=leD) =1 lel — r1o5(1BI—la)+Hal—u
3.6 _
(39 (Inl=18|+]al)ts  (n—p)! <Cln| Inllel = Cn|

for some constant C independent of 5. Because (|8} —|a])+]a|—p=0 by assump-
tion the right-hand side of (3.6) is bounded when |7| tends to infinity. By (3.4),
(3.5) and (3.6) we see that the map 2*DP: G2, (1) —G%,(0) is continuous. [J
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Let p(n) be a function on N2 such that
(3.7) lp(mI<Clnl™, VneN?

for some C'>0 and m>0 independent of 7. Then we define the Euler type pseudo-
differential operator p(d) on G2,(1) by

(38) p@yu=Y upm)a/nl, u= unz"/yl € Gl (w),

where we set 0=(01,02), 0;=2;(0/0z;), j=1,2. We note that if p(n)=n,+1n,, the
operator p(0)=0;+09; is a so-called Euler type differential operator.

Lemma 3.4. Let p(n) be a function on N? such that SUP|y >N |p(n)|—0 when
N —o00. Then the map p(0): Gy,(1)—G%,(1) is a compact operator for every p>0.

The proof of this lemma follows exactly the same arguments as the former half
of the proof of Lemma 3.3. Therefore we omit the proof.

In the following we give basic properties of Fredholm operators. Let H be a
Hilbert space with norm ||-||. We denote by L£L{H) the space of linear continuous
operators on H. An operator LeL(H) is said to be a Fredholm operator if the
range LH of L is closed in H, the kernel and cokernel of L is of finite dimension,
i.e., dim Ker L<oo and dim Coker L <oo, where Coker L=H/LH. We denote the
space of Fredholm operators by W(H). For Le ¥(H) we define the index of L by

ind L := dim Ker L —dim Coker L.
Let Coo(H) be the space of compact operators on H, and let I denote the identity

operator on H. Then the following two lemmas are well known (cf. [1]).

Lemma 3.5. An operator LEL(H) is a Fredholm operator if and only if there
exist linear continuous operators R1€ L(H), Ry€ L(H) and compact operators K, €
Coo(H), K2€Co0(H) such that

RL=I1I+K;, LRy=I1+K,.

Here the operators Ry and Ry are called left and right regularizers, respectively.

Lemma 3.6. The set U(H) is an open subset of L(H) and the indez is constant
on the connected components of W(H). If Le¥(H) and K €Cux(H) the operator
L+K is a Fredholm operator and ind (L+ K)=ind L.
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4. Proof of Theorem 2.1

Let m be an s-Gevrey order of P. In view of Lemma 3.1 it is sufficient to prove
that for any r<w the map

(4.1) P: G5 (m) — G2(0)

is a Fredholm operator of index 0. Then Theorem 2.1 is a consequence of the
following theorem.

Theorem 4.1. For any r<w the map (4.1) is a Fredholm operator of index
zero if the conditions (2.8) and (2.9) are satisfied.

In order to prove Theorem 4.1 we prove two propositions.

We set (n):=(1+|n|?)!/? and we denote by (8) the Euler type pseudodifferential
operator with symbol (). Let P be given by (2.5). Then we have the following
result.

Proposition 4.2. Let the operators Py and Qg be defined by

(4.2) Qo:=Po(0)™™, Po(z,Dy):= > aapDPz®.
181+ (1—8) (||~ |Bl)=m

Then Qo maps G2(0) into itself. Moreover Qg is a Fredholm operator of index zero
if and only if P: G2(m)—G=2(0) is a Fredholm operator of index zero.

Proof. We write P in (2.5) in the following form

P(z,D;)= > aapDPz+ > aapDPz?
(4.3) 1B81+(1—s)(la|~18)=m 1814+ (1~3)(lal—1B])<m
= Po(il), D)+P1 (I, D)

Because the s-Gevrey order of terms in P, is smaller than m, it follows from
Lemma 3.3 that the map Py: G3(m)—G%(0) is compact. Therefore by Lemma 3.6
one may assume that P=F,.

We note that, for k>0, n>0 and m>0

<2)ktmt" = (n+m)(n+m—1)...(n+m—k+1)t"+mFk
(4.4) ot A |

_ gnbm—k I(n+m+1)
I'(n+m—k+1)’

where I' denotes the gamma function. Similarly, if k<0 we have

(2 ktmtn: tn+m—k :tn+m—k I‘(n+m+1) ]
(n+m+1)...(n+m—k) T'(n+m—k+1)

ot
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Therefore if we define the Euler type operator pag(8) on G:(u) (1>0) by

2

(45) pes(n) = [ a2t
j=1

(nj+a;—B+1)’

we have, for a€Z% and feZ?
DPr%u=12"Pp,s(8)u for ue G(u) (1>0).
Therefore we have that

(4.6) Py(z,D) = > aapT* Ppas(d).
1B1+(1—5)(Ja] ~|B])=m

By Lemma 3.3 the operator Qo maps G2(0) into itself. Suppose that Qg is a
Fredholm operator. By Lemma 3.5 there exist regularizers R; a.nd compact opera-
tors K; (j=1,2) such that

(47) RiQo=I1+K,, QoR:=I+K>.

We have [+ Ky=QoR2=Py(0)"™R3. Hence (0) ™Ry is a right regularizer of P,.
On the other hand we have

I+K1=R1Qo=R1Po(0)™™ = R1(0) " Po+Ra [Py, (0)™™].

If [Py, (8)"™] is a compact operator, it follows that R;{0)™™ is a left regularizer
of Py. Hence Py is a Fredholm operator. We can similarly prove the converse.
Moreover, since (3)~™ is a bijection we have ind Py=ind Q.

It remains to prove that [Py, (0)™] is a compact operator. Because P, is a
sum of operators of the form z7p,g(8) (y=a—p) it is sufficient to consider the case
Po=z"pap(0). We note that the operators p,p(d) and (0)™ commute. Because
[27, (8)~™]=27(8) "™ (8) ™27, we have, for u=¥, uyz" /1€ G2(1)

(48 [27, () ™lu=2") " una"((m) ™™~ (y+m) ")/l
n
By Taylor’s formula we have

49) ()" —(y+n) " =m /0 (87 n+s7) ™2 ds =: Cy ().
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It follows that A, (n):=(n)™C,(n) satisfies
(4.10) sup |[A,(n)]—0, N -—o0.
[nlzN

Therefore we have
(4.11) [Po,(0)" ™ =[x, (0) "1pap(0) =27(0) "™ A4(0)pap () = Po(9) ™ A,(9),

where A, (8) is an Euler type operator with symbol given by A, (7). It follows from
(4.10), (4.11) and Lemmas 3.3 and 3.4 that [Py, (8) ™| is a compact operator. O

Next we shall show that the Fredholmness of the operator Qo: G2(0)—G2(0) is
equivalent to that of a certain Toeplitz operator. Let T2 be a two dimensional torus
and let us take the coordinate (e%1,e2)eT?. Let u=Y" u,z"/n!€G2(0). We set
vy :=unr"/|n|!'*. Then u€G:(0) if and only if the sequence {v,} is in I3 :=12(Z2),
the set of square summable sequences on Z2 , where Z is the set of non-negative
integers. Because the space I and the Hardy space H?(T?) are isomorphic, it
follows that u€G3(0) if and only if }°, v,e®7 is in H?(T?). Because H?(T?) is
a closed subspace of L2(T?), the space of square integrable functions, there is a
projection 7 from L2(T2) onto H?(T?). By the correspondence between the spaces
G:(0) and H?(T?) the Euler type operator p(d) in (3.8) on G2(0) also defines an
Euler type pseudodifferential operator p(D) (D=i"'0/86) on H?(T?). We denote
by Aa(D) the Euler type pseudodifferential operator with symbol Aq(n):=7n%|n|~1¢!
(n70) and X,(0)=0. We define a Toeplitz operator on H?(T?) by

(412) T=nx > aapr® Pe@=PP ) (D): H2(T?)— H?*(T?).
[B1+(1=s)(ler] - | Bl)=m
The function (2.7) with w=r is called the symbol of the Toeplitz operator T'.

Proposition 4.3. The operator Qq is a Fredholm operator of index zero if and
only if the Toeplitz operator T is a Fredholm operator of index zero.

Proof. By the isomorphism between G2(0) and H2(T?) the projection = in-
duces a projection on the formal Laurent series
(4.13) Y = Z upz’/n! for u= Z unz" /7!,
ne€zZ? nez?

where we use the same notation m as the projection on L? to H? for the sake of
simplicity. By the definition of p,3(0) in (4.5) we see that in the expression of
2% Pp,s(8)(8)"™u, u€G2(0) there appear no negative powers. Hence we have

Qo= 6aps*Ppas(8)(0) ™™

(4.14)
=Y aapz®~P (9)=DI=18D (5)~Plp, 4(5),
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on G£(0).
We shall study the operators nz7(8)(*~D1 (y=a—pB) and (8)~1Plp,s(8). Let
u=Y_ unx" /'€ G2(0). We set vy:=u,r"/|n|!*. Then we have

- z" s s Z7
wz (9) e~ Zu’lﬁ =z (9) (s~ Dl ZUWT "yt o

_ _ A att
= Z T 7 p|t# () =D

!
n+v>0,7>0 T

= vget (| = )1 (=) DI

xn
(n— 7)' PN

Therefore the map 7wz (8)(*~ VI [F 1% is given by

2z (@) =D [y V= v dnl=ht (s=1)n] N
(415) 7@ ug} = {oyyr P e I ey

for {v,}€l3.
We define the pseudodifferential operator A, (D) with symbol A,(n) b

[t m) GO ()t

(4.16) A= RE

Let S, be a multiplication operator by a function €%, S, 3" u, e =3y, el
Then it follows from (4.15) that the operator 77 (8)(*~D!7l corresponds to

(4.17) TSy A, (B)r.
We have, assuming 7+v>0,

falt* ) =D )t 5y = (ML (1)
(Inl+ D ! = Ay (m)+ry(n), Ay(m)= (! )

(4.18)

where 7, (n) consists of terms such that r,(n)—0 when |n|—ooc.
Indeed the quantity |n|!*(n)*"!(n|+|y])!~* tends to 1 when |n|—oc and 7 is
fixed. On the other hand, we get, assuming 7;+v; >0,

i+ oy _ (LY, o

with ¥;(n) satisfying ¥;(n) —0 when |n|—o00. By these estimates we have (4.18).
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It follows from (4.17), (4.18) and the definition of 7 that
(4.20) 78y Ay (8)rY =S, Ay (8)r" +7 R, (D)

where R, (0):=S,r,(0)r", with 7,(8) being the Euler type psedodifferential oper-
ator with the symbol r,(n). We note that by Lemma 3.4 wR,(d) is a compact
operator.

Next we consider the operator (8)18lp,5(8). Because we have

<a>-'ﬂ'paﬁ(a>zun”f7—’;=Zv,,r-"|nus<n>-'ﬁ'paa<n>f7—]',

the operator (8)~1Plp,(d) defines the pseudodifferential operator on H2 with the
symbol (n)~18lp,s(n). If n4+~v>0 we have

(n)"Plpag(n) = Xa(n) +7ap(n),

where 7o(n) satisfies that supy, >, [Fag(n)|—0 when n tends to infinity. Therefore
we can replace (0) "Plp,s(0) in (4.14) with Ag(8)+70p(d).
By (4.20) with y=a—f3 we get from (4.14) that Q, corresponds to the operator
T Z aaﬁ(Sa_gj\a_ﬂr"‘_ﬂ+Ra_g)(5\g+7~‘a/3)
(4.21) =7TZaagSa_ﬂTa_ﬁS\a_ﬁj\ﬁ-l-?TZKag
=7 Z aagSa_ﬁS\ar"“ﬁ+7r Z Kaﬂ,

where
(4.22) Kop= Sa_ﬁj\a_ﬁ’r‘a_ﬁfaﬁ+Ra_55\5+Ra_ﬁfaﬁ.

For each o and 3, Kop is a compact operator by the definition of symbols R4-g and
Top and Lemma 3.4. Because the sum ) a,gKog is a finite sum, the second term in
the right-hand side of (4.21) is a compact operator. Because A, —71%/|n|!®! defines
a compact operator the right-hand side of (4.21) is equal to 7" modulo compact
operators. Moreover we have ind Qg=ind 7. O

5. Proof of Theorem 4.1

In order to prove Theorem 4.1 we recall the following lemma.
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Lemma 5.1. Let A(#, D) and B(0, D) be classical pseudodifferential operators
of order zero on T? with smooth symbols. Then the commutator [A, B):=AB—BA
is a classical pseudodifferential operator of order —1. Especially, the commutator
[A, B] is a compact operator on L?(T?).

This lemma is elementary in the theory of pseudodifferential operators and the
proof is a routine work. So we omit the proof.

Proof of Theorem 4.1. The proof below is done by arranging the argument
in [1, Sect. 8.23]. In view of Propositions 4.2 and 4.3 we shall show that the Toeplitz
operator (4.12) is a Fredholm operator of index zero if the conditions (2.8) and (2.9)
are satisfied. We define the closed subspaces Hi, Hy of L?(T?) by

(51) H1 :={u€L2;u=Zu<ei<0}, Hz:: {UGLZ;UZZUCEiCO}.
CIZO (220

By definition we see that H?(T?):=H;NH,. We define the projections m; and 7
by

(5.2) m1: L2(T?) — Hy, mo: L*(T?) — H,.

We note that the projection m: L2(T2)— H?(T?) is equal to 7,7, by definition. We
define the Toeplitz operators T,. and T., by

(5.3) T,.:=m Z anpr®PetP~20) (D)my: Hy — H;,
1Bl+1—3s)(laf=|BhH=m
(5.4) T, :=m Z aaﬁr“_ﬂei(ﬁ_“)e)\a (D)mg: Hy — Hs.

1B1+{(1—s)(le| - |BD=m

If we denote by L; - the pseudodifferential operator with symbol L, ,., our Toeplitz
operator T is given by T=mmeLs rmims.

If we fix the branch of log L, appropriately, the function b(z,£):=log L, (2, £)
is a smooth function of z=(e,e"2)cT? and ¢cR?, [¢|=1, £>0. We expand
b=>b(9) into Fourier series, b=b; +by+b3+by, where by, by, b3 and b4 are functions
such that the supports of their Fourier coefficients are contained in the regions I:=
{m =0, 120}, I1:={m <0, n2 20}, I1T:={n: <0, 12 <0} and IV:={m; >0, 1, <0},
respectively. We have a Riemann-Hilbert factorization of L ,

(5.5) Ly, =e"eb2ebeb = 41G0d3a4.

Because these regions are convex, the supports of the Fourier coefficients of G;
(7=1,2,3,4) together with their inverses are contained in I, II, III and IV, in this
order.



338 Masatake Miyake and Masafumi Yoshino

We want to show that T,. and T., are invertible modulo compact operators
and the inverses (modulo compact operators) are given respectively by

1

-1_ . -1 -1_ -1 —1
(5.6) T =ma] a; may; a3 71,

1. -1
a3 7l'2,

(6.7) T =martag ' mpa;
where we understand the equality sign modulo compact operators, and where a; and
aj"1 denote pseudodifferential operators on T? with symbols &;(6,£) and &;1(0,5)
with & being covariable of 8. In the following we write A=B if two operators A, BeL
are equal modulo compact operators.

By Lemma 5.1 the commutators of pseudodifferential operators a; and aj_l are
compact. We note that £, ,=aja2a3a4 since the principal symbols of both sides
coincide. It follows that

T+.7r1a1—1a217r1a2_1a§17rl = 7r1a1a2a3a47r1a1‘lazlwlaz—la;lm

E7r1a2a3a1a4aflag17r1a2‘1a§17r1

(5.8)

1 -1

-1 -1 -1 -
+mazaza104( —m1)a] ay Wiay a3 m

— -1 _-1
=T102a3M109 Qg "T1,

where we have used the relation (I —m)a; *ag 1w =0. Therefore the right-hand side
of (5.8) is equal to

-1, -1 -1, -1 _
1020305 Q3 Ti+miaga3(l—m)ay a3 w =7.

Here we have used the relation magas(l—m;)=0. Similarly we can show that
may'ay'maz ey 'm T, =m. Hence we have proved (5.6). By the same arguments
we can show (5.7).

We shall show that the left and right regularizers R of T:=nL, 7 is given by
(5.9) R=n(T;'+T ' ~LDm,

T

where £ is a pseudodifferential operator with symbol L. First we recall that
w=m1my. By (5.6) we have
(5.10)

7rT_:,17l'[,s,r7T=7T17T2T_:.17T17T2£3,,,-7r17l’2

-1 -1

=mmel mLs  mme—mme Ty (I —m2)Lg r 1o
— -1 -1, -1 -1

=MW —MM20; Gy W10y a3 W1 (I —72)Ls rm172

=7r17r2—7r17r2a1”1a21(7r17r2 -+ (I—ﬂz))az“laglm (I —m9)Ls rm1ma.
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Similarly it follows from (5.7) that

(6.11)
7rT.:17r£s,.r7r = 7r17r2T111r17r2£3,,.7r17r2

-1 -1
=7T171'2T.+ 71'2[:3’.,-71'27!'1—71'171'2T+ 71'2(.[—11’1)55,.,-71'17!'2
— -1_-1 -1 _-1
=M T —MT2a] Ay Toly az To(l—my)Ls r 7172

= 7r17r2—7r17r2a1—1a2_1(7r17r2 +71'2(I—7r1))a21a;17r2(I—7r1)£s,r7r17r2.
On the other hand, by using L7 1L, =1 we have
_wL;,l,WES,rw = —m Mo L,y M1 TpLg,r M1 Ty = —T1Tp —mime Ly (Mo —I) Ly pmyma.
By using that
mmy—I =my(me—I)+(m —mo— (71 —I)(ma—I)

we have

-1 - -1
—mLy L m = —my Mo — MM Ly my(Ta—1) L4y p 1o
-1
(512) —7T17r2£s’,.(71'1—I)ﬂ'zﬁs’wﬂ']_ﬂ'z

+71'1772£s_,} (m1=I)(we—I)Ls rm1ma.
By adding (5.10), (5.11) and (5.12) we have

RT =mimy —1r17r2a1_1azl(7r17r2 +my (I—7r2))a2"1a§17r1 (I—mo)Ls pm1ma
—mimeal tay (myma+mo(I—m1))ag tag tna(I— 1) Lo pmyma
—7r17r2£s_}7r1 (mo—I)Ls rmymo —7r11r2£;; (m—I)moLs pmyimo

+7r17r2[,s_,} (m=I)(ma—I)Ls ry17a.
‘We note that

71'17T2+7T1(I--7r2) =I—(7r1—I)(7r2—I)—7r2(I—7r1),
7l'17l'2+7r2(.[—1'l'1) =I—(7l'1—I)(7T2-I)—7T1(I—-7r2).

Therefore we have

(5.13)
RT —myms Ewlwzal_lazl((wl—I)(ﬂ'g—I)+7r2(I—7r1))a;1a§17r1 (I—mp)Ls pmymo

+7r11r2E;’,1.(7r1 —I)(T(z—[)[,s,rﬂ'lﬂ'z

+7r17r2a1_1a2_1((7r1 —-I)(7l’2—I)+7T1(I—71'2))0,21(13_17!'2(I—Wl)ﬁs,rﬂ'l’lrg.
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‘We shall show that the operators
(6.14) mmyp(mi~I)(ma—I), wo(I—m)emi(I—ms), mi(I—m2)pma(I—m)

are compact, where ¢ is an appropriately chosen smooth function. To this end,
let u=), uae*®eL? and (€)=Y 5 @p(£)e*? be Fourier expansions of u€ L% and
p€eC*. Because ¢(6, D) is a pseudodifferential operator of order zero with smooth
coefficients it follows that the Fourier coefficients ¢pg(£) are rapidly decreasing in 3
when || — oo uniformly in £. We have

(5.15) mmap(my—I)(mg—Iu= Z( > @ﬁ(ﬂ)ua> it

p€l a+B=p,aclll

In view of the definitions of I and III we see that, in (5.15), § satisfies that
|B)=|p—a|>|p| because p€I and —acl. It follows that, for n>1

Wl Y lea(llual <3181 es(p)lual < o

o+ B=p,0€lll

for any p because |pg(p)||B|™ is bounded in x4 and 8. Hence the Fourier series
(5.15) in p converges uniformly with respect to u€L?. In view of the proof of
Lemma 3.4 this shows that mmo@(m; —I)(mg—I) is compact. The compactness of
other operators will be proved similarty. Therefore we see that R is a left regularizer
of T. We can similarly show that R is a right regularizer of T. Hence we see that
T is a Fredholm operator.

It remains to prove that ind T'=0 if (2.8) and (2.9) are fulfilled. By the fac-
torization (5.5) we set ¢,=e*P1ett2ethset (0<t<1). Clearly ¢; (0<t<1) is a one
parameter family of symbols satisfying (2.8), (2.9), ¢o=1 and ¢ =L, ,, which is con-
tinuous in ¢ in L°°(T?). Because the operator norms of Toeplitz operators S; with
symbol ¢; are continuous with respect to L* norm of ¢; it follows from Lemma 3.6
that the index is constant. Hence it is equal to zero. In view of Proposition 4.2
and 4.3 we have proved Theorem 4.1. 0O
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