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Regularity conditions on parabolic measures

Pawel Kroger(?)

1. Introduction
We consider second-order parabolic differential operators of the following form:

1 < ”? 9
L= L——:— g
! 2 Zz axlaxj ot

Suppose that L is uniformly parabolic on [s, 00) X R™ for every $>>0, i.e., we suppose
that there exist positive constants C(s) such that for each (¢,z)€[s, 00) xR™

C(s)|¢)? < Z aij(t,2)&&; < =—~1¢|* for every £ € R™.

4,j=1

CU

We assume that the matrix (a;;(¢,x)); ; is symmetric for every ¢, .
Suppose that the coefficients of L are locally Hélder continuous on (0, 00) x R™.
Then the initial value problem

Lu=0 fort>s, wu(s,’)=h

is uniquely solvable for every s>0 and every bounded continuous function h.
The parabolic operator L; —3/8t generates a diffusion process with decreasing
time parameter. That process can be characterized by the property that

t— ’U(t, Xt)

is a supermartingale (or a submartingale, resp.) for every function v which is
continuously differentiable with respect to the time variable, twice continuously
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differentiable with respect to the space variables with bounded derivatives, and
which satisfies the inequality

3} d
(Lt—a)vSO (or (Lt—§>020, resp.)

(see [9, Theorem 4.1]).

The solution u of the above initial value problem can be written by means of
the transition probability measures Pr(t,x;s, ) of the diffusion process generated
by the parabolic operator L;—3/8t as follows (cf. [9, Chapter 3]):

u(t, z) = - h(y) Pr(t, z; s, dy)
(notice that our notation differs from the notation in [9] since we suppose that
t>s). The example of a singular parabolic measure given by Fabes and Kenig
(see [1]) shows that the transition probability measure Py (t,x;0, ) can be singular
with respect to the Lebesgue measure even if the coeflicients a;; are uniformly
continuous.

The aim of the present note is to show that Pp(t,z;0,-) satisfies nevertheless
certain regularity conditions. More precisely, we will give polynomial upper and
lower bounds for the probabilities Pr(t, z;0,U,(y)) for small ¢ and fixed ¢,z and y
where U,(y) denotes the open ball with radius ¢ and center y. The exponent of g in
the lower bound depends on the ratio of upper and lower bounds for the eigenvalues
of the matrices (a;;(s, 2)); ; for every (s,z) from a neighbourhood of (0, y).

The exponent of ¢ in the upper bound depends on the ratio of an upper bound
for the eigenvalues of (a;;(s, z)) and a lower bound for the traces of the restrictions
of (ai;(s, 2))s,; to (n—1)-dimensional linear subspaces of R™ for every (s, z) from a
neighbourhood of (0,y). We remark that the assumptions which are needed for the
proof of the upper bound are satisfied for a large class of parabolic operators which
are degenerated at the boundary.

We show by appropriate counterexamples that the exponents which occur in
the upper and lower bounds, resp., cannot be replaced by larger or smaller numbers,
resp.

The upper bound for the case of space dimension n equal to 1 was first obtained
by McNamara (see [7]). He also observed that an upper bound for the probabilities
Pr(t,z;0,U,(y)) yields a lower bound for the Hausdorff dimension of every Borel
set M with Pr(t,z;0, M)>0.

The lower bound is related to the value of the best constant in the Harnack
inequality in a neighbourhood of {0} x R™ (see [6] for the statement and a proof of
the Harnack inequality for parabolic operators in nondivergence form).
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For the sake of simplicity of the notation we restrict ourselves to the case y=0.
We obtain our estimates by comparison with appropriate solutions of the ro-
tationally symmetric problem
|z|

(1) (Lﬁ:;;” —%)u(t,x) =0 for all t,x with t>0 and T # 1y

where

fo10u(t, T) if

L,‘fj”?u(t, z)= Vits

%(01A+(02—01)8§/|xl)u(t,x) if \/li{-ﬂ——s
here r, and s are positive numbers and 83 /I stands for the second directional
derivative in the direction of z/|x|.

An elementary calculation yields that (t,z)— (t+s)~*2f(|z|/+/T+s), with
f:10,00)\{r«}—R twice continuously differentiable, is a solution of (1) if and only
if f is a solution of the following Sturm-Liouville equation with Neumann boundary
condition at 0:

> Ty

(2) a(r)f’+ (r-l—@)fq—)\fzo for every r €[0,00)\{r«}

where o(r)=0; if r<r, and o(r)=oq if r>7,.

The optimal value of 7, depends on g; and 5. It can, at least in principle,
be determined by the solution of an eigenvalue problem for the Sturm-Liouville
equation (2) with a free boundary at r, (cf. [6, Section 2] and Section 2 below).

Theorem 1. Suppose that we are given positive constants o1, 02, Ay, 7o and
a positive solution (t,x)—t=2f(|z|/v/t) of (1) for s=0, =Xy, and r,=r¢ (or
equivalently a positive solution f of the Sturm—Liouville equation (2)) with the ad-
ditional properties that f vanishes at least exponentially fast at infinity and that the
second derivative of f at r. exists and is equal to zero.

1. Assume that (a;;(t, x));; <o21 and trace(Il(a;;(t, x))i ;) > (n—1)oy for every
(t,x) from an appropriate neighbourhood of (0,0) and every orthogonal projection
IT on an (n—1)-dimensional linear subspace of R™.

Then for every to>0 and xg€R™ the following holds:

lim inf lnPL(tO,xO; 0, UQ(O)) > Ao.
0—0 IHQ

2. Assume that (aij(t,x))i ;=021 and (a;;(t,x)); ;<011 for every (t,x) from

an appropriate neighbourhood of (0,0).
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Then for every to>0 and xo €R™ the following holds:

In P, ;
lim sup n Pr(to, 2050, Up(0)) < Ag.
0—0 Inp

Remark. We will show in Section 2, Proposition 1 that given an arbitrary pair
01, o of positive numbers with 01 <oy (or o1>09, resp.), there exist always a
function f and positive numbers Ag, 79 such that the presuppositions of the first
part of Theorem 1 are satisfied (or that the presuppositions of the second part of
Theorem 1 are satisfied, resp.).

Estimates for that number A\g will be given in Section 2, Lemma 5.

Remark. A simple consequence of Theorem 1 and Section 2, Lemma 5 is that
for coefficients (ai;(t, 2)):,; such that lim 5)_(0,0)(as;(¢,2))i,; exists and is nonde-
generate the following holds: lim,_.o(In Py (to, zo; 0, U,(0))/In g)=n.

Remark. Suppose that n>3. Then it is easy to see that the assumptions
(a:j(t,2))i,; <021 and trace(Il(a;;(t,x))i;)>(n—1)o1 for every (¢,z) and every
{n—1)-dimensional orthogonal projection IT are satisfied for a large class of para-
bolic operators which are degenerated at the boundary {0} xR™ of the domain
[0,00) xR™. We notice that we can also generalize our results to processes of the
type constructed in [5].

Remark. Under the assumptions (a;;(t, )); ; <o21, (a;;(t,z)); ;=011 and the
additional assumption that the coefficients a;;(t,z) of L; are independent of the
time variable ¢, the parabolic measures Pr (g, x0;0,-) have a density with respect
to the Lebesgue measure (see [9, Lemma 9.2.2]). Furthermore, that density belongs
to LY(R™) for a constant ¢ depending on 4, 02, and n with ¢>n/(n—1) (see [2, Sec-
tion 4]). Hence, the following estimate holds: liminf,_o(In Py (o, zo; 0, U,(0))/In o)
>n—n/q. We are not able to compare this estimate with our estimates since it seems

to be difficult to give “good” bounds for q.

2. Existence and properties of a solution of an
extremal problem for a Sturm-Liouville equation

We claim that there exists a positive number 7, such that the smallest nontrivial
eigenvalue A of the following boundary value problem attains its minimal value if
01 <0z or its maximal value if o1 >09, resp. We will denote that value of r, by rg.
The corresponding minimal or maximal eigenvalue will be denoted by Ag.
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We consider solutions of the Sturm-Liouville equation (2) with Neumann
boundary condition at 0, the condition that the solution vanishes at least expo-
nentionally fast if the independent variable r tends to infinity, and the condition
that the solution itself and its first derivative are continuous at 7.

It is well known that the first nontrivial eigenvalue A of that problem has
multiplicity one and that the corresponding (real) eigenfunction does not change its
sign.

The proof of the above claim is based on a compactness argument and explicit
representations for the solutions of the following confluent hypergeometric equation
which can be obtained from (2) by replacing the independent variable r by z=r?/20;
for i=1,2 and by the substitution f(r)=y(z):

" (n—Do1+0;\ , A
(3) 2y +(z+720_i )y +2y—0.

We set p=1X and ¢;=(((n—1)01+0;)/20;)—3A for i=1,2 and every A>0. An
analytic solution y; on [0, c0) of the equation (3) with ¢=1 is given by the following
power series representation:

IR p(p+1) ... (p+k—1) (—2)*
(4) - Zp+q1)p+q1+1) Ap+qit+k-1) K

Notice that y; is up to a scalar factor equal to fol P~ (1—t)2 "L exp(~2t) dt if p
and ¢; are greater than zero (cf. [8, Section 3.1]).
The integral on the right-hand side of the following equation

(5) () = }f #P=1(t— 1Y%~ exp(—2t) dt

yields a solution of (3) on (0, co) for i=2 if we consider the integral along the real axis
from 1 to oo if q2>% and the integral round the contour consisting of the real axis
from +00 to 2, a circle with radius  and center 1, and the real axis from  to +oo
if g9 g%. It is known that 7> does not vanish identically (the proof for the case g2 <0
can be reduced to the case g2>0 by an iterated application of the transformation
Ya+——Ta—72). A simple consequence of the above integral representation for 7, is
that |72 (2)| <exp(—%z) holds for every sufficiently large positive z.

Finally, we consider the function 72 which is defined by the right-hand side
of (4) with g2 in place of ¢;. It is known that yz(z)~z"? for large positive z
and ¢2#0,—1,... (see for instance [8, Section 4.1.1]). Hence, 7> and 72 form a
fundamental system of solutions of (3) if g2#0, -1, ....
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A standard application of Sturm’s Comparison Theorem yields that for every
A1 there exists an r; such that every solution of (3) has at most one zero in the
interval [ry,00) if A<A;. We aim to show that 7z has no zero in the open interval
(r1,00) if A<A;. Suppose that on the contrary ga(r)=0 for some r>7r; and A<A;.
Uniqueness theorems for ordinary differential equations of second order imply that
U5(r}#0. We notice that 7> and ¥ depend continuously on the parameter go if
42 Si. Thus, we can assume without loss of generality that g2 #0, —1, .... If we take
into account that |J2(z)|<exp(—1z) and that 32(2)~ 2P for z sufficiently large, we
obtain that there exists a (small) real number é such that 36y, has at least two
zeros in the interval (r1,00). This is in contradiction to our assumption on [ry, 00).
We can conclude that there exist scalar multiples yo of 3o with |yz| <|y2| for all p
and g such that every ys is nonnegative for z sufficiently large and such that y, and
its derivatives of arbitrary order depend continuously on the parameter p.

We set

©) 0=u(L)

?

for every A>0, i=1, 2, and every r with r>0if i{=1 and every r with r>0if ;=2. By
(4), it is easy to see that fl()‘) converges to 1 and its derivatives up to an arbitrary
fixed order converge to zero uniformly on every bounded interval if the nonnegative
number X tends to zero. The above integral representation for 2 yields that f2()‘)/ is
negative on [r,, 00) for every given 7, >0 if A is sufficiently small (take into account
that go>1 if 0<A<3).

We define a real function £ on (0, 00) % (0, 00) as follows:

7 F(\r,)= ()‘)/r* () re)— 0‘)/7‘* ) ry) for every A, r, > 0.
1 2 2 1

It follows from the above considerations that F(A, r,) is positive for every sufficiently
small A>0.

It can be deduced from Sturm’s Comparison Theorem that neither flo‘) nor fz(’\)
is nonnegative on |0, r,) or (ry, 00) for a given 7. >0 if A is sufficiently large. We con-
sider the smallest positive number A;(r,) such that fl(h(r*))(r*):o or fQ(Al(r*))/(r*)
=0. Notice that fl()‘) (r)= 10‘)/(7"):0 or f2(’\),(r)= 2()‘)”(7“):0 for an arbitrary >0
are in contradiction to uniqueness theorems for ordinary differential equations of
second order. Hence, elementary properties of zeros of differentiable functions im-
ply that flo‘) (r)>0 for every r, A with r<r, and A<A;(r.). Moreover, we ob-
tain that the condition fl()‘)/(r)——-O and fl()‘)”(r)ZO for some r with 0<r<r, and

!
A<Ai(ry) is in contradiction to (2) (take into account that fl(’\l(“)) (r)=0 implies
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that fl(’\l(”))(r)séO). By (4), f’\)( 0)=0 and fo‘) (0)<0. Hence, fl()‘)l(r)<0 for
every v, A with 0<r<r, and A<A;(ry).
'

The function f;” is a solution of a Sturm-Liouville equation and we can
deduce from Sturm’s Comparison Theorem that there exists an r; such that f, o
has at most one zero in [ry, c0) for every A with A<A;(r.). Recall that f. (A)( ) is
nonnegative for r sufficiently large and that lim,_, fz(’\)(r)—o for every A\. Hence,

()‘)/(r) is negative for r sufficiently large and every A with A<A;(ry). Again, we can
conclude that f()‘)( )<0 for every r>r, and A<A;(r.). In particular, we obtain
that £ (r,)>0.

Hence, F(A1(r.), r*)zfl()‘l(”)),(r*)fz(h(r*))(r*)<0 for every positive 7.

We can conclude that for every given positive number 7, there exists a A(ry)€
(0, A\1(7+)) such that F(A(r«),7.)=0.

Moreover, we have f(’\(r*))(r)>0 for every r€[0,7.], 1(’\(r*)),(r)<0 for every
re(0,r4), f: (’\(r*)) (r)<0 and £} (r)>0 for every re[r,, o).

Lemma 1. Suppose that f*1) and f2) are nonnegative solutions of (2) on
[0,00)\{r+} for A=A1 or A=)y, resp., and a fixed positive number r.. We assume
that both functions f for i=1,2 satisfy the boundary conditions i )( )=0 and
fO9) wanishes at least exponentially fast at infinity. Suppose that fO) and fO2)
are continuous at v, and that f(A")N(r*):(—l)icé}* for a positive ¢ and i=1,2 in
the distributional sense.

Then A <)\(7"*)<)\2.

Proof. For the sake of simplicity of the notation we restrict ourselves to the
proof of A\; <\2. Suppose on the contrary that A; >Aa. Without loss of generality
we may and will assume that f*)(r,)=f2)(r,)=1

We set g®=F3)"/ £ By assumption, g®(0)=¢®(0)=0. The Wronski
determinant of every pair of solutions of (2) on [0,00) is a scalar multiple of r+—
(1/r"= 1Y exp(—r?/201). Hence, the solution f(*<) of (2) on [0,7,) with FOI(0)=0
is uniquely determined up to a scalar factor. An elementary calculation shows that
gW(0)<g®’(0) (cf. (4)). Since g is a solution of the Riccati equation

-1
(8) Jlg'+g2+<r+(n—r)gl—)g+)\i=0

on [0, 7.) for the corresponding value of i, it can be deduced from comparison theo-
rems for ordinary differential equations of first order that g()(r, —0)<g® (r,—0).

Thus, the assumptions of the lemma imply that g (r,40)<g® (r.+0). We
aim to show that this leads to a contradiction. Since fzo‘) and f2()‘)l depend continu-
ously on A, we can restrict ourselves for the following considerations to the case that
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qél);éo, —1,... where qél)z(((n—l)al +02)/202)— 3 1. Let € be a positive number
such that

(9) gV (re+0)+e < g (r,+0)

and consider the unique solution & of the initial value problem h(r,)=0and A/ (r,)=c¢
for the equation (2) with A; in place of A. If we apply Sturm’s Comparison Theorem
to the functions (1) and h we obtain that h(r)>0 for every r with r>r,.

Recall that y, and y2 form a fundamental system of solutions of (3) and that
ly2(z)|<exp(—1z) and Ja(z)~z"P for large z. We obtain in particular that a solu-
tion of (3) that vanishes at infinity faster than every power of z is uniquely deter-
mined up to a constant factor. The function A is not proportional to the function
fP1). The functions f*) and f*2) vanish at infinity faster than every power of
r?=z. Hence, (f*1)+h)(r)>f*2)(r) for every sufficiently large r.

In view of (f)+h)(r.)=F*) (r,)=f*2)(r,)=1 and

fOO4p ! f(>\2),
(ﬂTwT)mw) =90 +0) 42 <g® (o +0) = Z5 (ro+0)
(cf. (9)) we can deduce from (f*1) +h)(r)> f*2) (r) for every sufficiently large r that
there exists an 74 >, with (fO) +h)(r)=F3)(ry) and (fO+h)(r1)> FOD ().

Hence,
!

(FOD +h) FO)
FOU 4R )z fA2) (r1).

Since (f()‘l)-l-h)l/(f()‘l)—i—h) and f()‘2)//f(>‘2) are solutions of (8), comparison
theorems for ordinary differential equations of first order lead to a contradiction.

Remark. A similar argument as in the proof of Lemma 1 shows that A(r,) is
the unique zero of A— F(A,r,) such that flo‘) (r)>0 for every r<r, and f2()‘),(7')50
for every r>r,. Hence, the continuity of F implies that the function r,—A(r,) is
also continuous.

In order to apply a compactness argument we aim to show that there exists
an 71>0 such that for every r, with r,>r; the inequality A(r2)>A(r.) holds for
every rg with r,—e<ry<r, and an appropriate positive ¢ if g1 <oy and similarly
that A(r2)<A(rs) holds if o1 >05.

The proof is based on the following lemma.

Lemma 2. Let 01 be given. Then there exists a positive number r1 such that

every function fl()‘)” for A>0 has at least one zero in the interval [0,71) (cf. (6) for
the definition of fl(’\) ).
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Proof. Using an argument similar to the argument used at the beginning of
the proof of Lemma 1, we can reduce the proof of the assertion of Lemma 2 to
the case of all positive A belonging to an arbitrary small neighbourhood of 0 (by

/
differentiation of (2) we obtain a linear equation of second order for f ; therefore

the function f; " /h V' satisfies a Riccati equation; that equation replaces (8)). In
view of |7, Lemma 1], we can restrict ourselves to the case n>2.

We have fl('\)”(r):2zy§’(z)+y’1(z) for z=2r? and y(2)= 1(’\)(r). The power
series representation of —(n/\)y] is given by the right-hand side of (4) for p=3A+1
and g;=1n—1\. Moreover, the function (1/A)y} and its derivative with respect to
z depend continuously on A for A>0.

Therefore it is sufficient to prove that there exists an z; >0 with 2z1y{(21)+
Yo(21)=0 for the function yo defined by the right-hand side of (4) for p=1, g1 =3n.

Since yg is up to a scalar factor equal to fol (1—t)2 1 exp(—=2t) dt and since
by definition yo(0)=1, we obtain that yo(z)>0 and y;(z) <0 for every z>0. Sup-
pose that 2zy{(z)+yo(z)>0 for every z>0. Hence, by Gronwall’s Lemma, yo(z)>
(1/4/Z)yo(1) for every z>1.

This is in contradiction to fol(l—t)ql‘1 exp(—zt) dt§f01 exp(—zt)dt<1l/z (re-
call that ¢y =31n>1).

Lemma 3. Assume that we are given /\1 and r1>0 with F(A1,71)=0 (cf. (7)

for the definition of F'}. Suppose that f( o (r1)>0.
Then there exists an £>0 with A(ra)<A1 (=A(r1)) for every ro€lri—e,r1) if
o1<02 and A(rz)>A1 for every ro€[ri—e, 1) if 01>02.

Proof. The definition of F yields that flo‘l)(rl) (Al)( 1)— 2()‘1)/(7"1) A (py)=
0. Moreover, we have f()‘l)( 1)>0, fl()‘l)(rl)<0 fo‘l)(rl)<0, and fz()‘l)('rl)>0.
Since fl()‘l) and fé)‘l) are both solutions of an equation of the form (2) with oy

or o9 in place of o(r), we can conclude from fl(’\l) (r1)/f (’\1)( 1)= 2(’\1)l(r1)/f2(’\1) (r1)
that

!

LI 8

)
" £ )

Thus,

a 1 1 1” 1
oo FArlowm =AM 0 ) = ) 1 ) 20

if 01 <09, resp. The assertion of Lemma 3 is now a consequence of Lemma. 1.
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Lemma 4. Suppose that f1(>‘) is decreasing on [0,7.] (or that fz()‘) is decreasing
on [y, 00), resp.) for a positive number A.

(A)// h X
2 as at most two zeros in

n
Then flo‘) has at most one zero in [0,7.] (or
[rs, 00), resp.).

Proof. It can be deduced from the power series representation for the cor-

14
responding solution of the equation (3) that fl()‘) (0)<0. Hence the assertion of

the lemma is established once we have shown that fi('\)”(rl): fi(A)”(rz)zo and
ff”"'(rl)zosz*)'"(m) for r1,re with 0<ri<re<r, and i=1 or r,<r;<rs and
1=2 leads to a contradiction. The derivative g of fi(A) satisfies the following Sturm—
Liouville equation:

(n—1)o (n—1)o;

W o0+ (T )0+ (- B ) ) =0

on (0,7,) for i=1 (or on (r.,o00) for i=2) (recall that ¢ is by definition constant
on each of the intervals [0,7.] and (r.,0)). By assumption, we have g(ry)<0 and
g'(r;)=0 for k=1,2. By uniqueness theorems for ordinary differential equations,
g(rr)#£0 for k=1,2. Since ¢"'(r1)>0>g¢"(r2), we can deduce from (11) that A+1—
((n—1)01/r3)>0>A+1—((n—1)01/r3). This is in contradiction to r; <rs.

Proposition 1. Let 01 and g9 be positive numbers.

Then there exist positive numbers Ao and rg such that the Sturm-Liouville
equation (2) with r.=rg, with Neumann boundary condition at 0, and the condition
that the solution vanishes at least exponentially fast at infinity has a positive solution
Jo which is twice continuously differentiable on [0, o).

Moreover, we have f/(r)<0 if r<ro, f§ (r)>0 if r>ro, and f3(r)<0 for everyr.

Proof. We restrict ourselves to the case o1 <oz, the remaining cases o1 >03 and
01=03 can be dealt with in a similar way.

By Lemma 2 and Lemma 4, there exists an r; such that fl(’\(r*))”(r*)>0 for
every r, with r,>7r;. Thus, we can conclude from Lemma 3 that r.—A(ry) is
increasing on [ry, 00).

On the other hand, we can obtain (at least in principle) an upper bound for

A(ry) from Sturm’s Comparison Theorem if we take into account that fl()‘(“)) is

AT«
fz( (re))

nonnegative on [0,7.] and that is nonnegative on [r.,00). Thus, we can

14
conclude from (4) that fl()‘(r*)) (r)<0 for every r€[0, r,] and every sufficiently small
positive 7,. A similar argument as in the proof of Lemma 3 shows that r,—A(r.)
is decreasing in an appropriate neighbourhood of 0.
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Since F' is continuous, there exists a nonnegative number rg such that r,.— A(r.)
attains its minimal value at r,=ry. We set Ag=A(rg).

By Lemma 3, we can deduce that the inequality fl)“’)”(ro)go holds. It can
be shown in exactly the same way that fl()“’)”(ro)zo. Hence, fl(’\O)”(ro)zo. Notice,
that we have in particular r¢£0.

We also have f§A°)'/(r0)=0 (cf. (10)). We set fo(r)=F29(r) if r<ro and
Jo(r)=( (’\0)(7"0) / fQ(’\O)(rg)) f2()‘°)(r) if r>rg. This establishes the existence of a
twice continuously differentiable positive solution fo of (2) on [0, 00).

The inequality f1(>‘°)”(0)<0 (cf. the first step of the proof of Lemma 4) and
Lemma 4 imply that fl’\")”(r)<0 if r<ry. Hence, fl‘*f’)’”(ro)zo. If we take into
account that fl()‘o)/ and fz()‘o)/ are solutions of (11) on (0,7.) or (r«,o0), resp.,
and that fl(’\o)/(m)——— 20‘0)/(7"0) and 1(’\0)”(7'0): ]‘2()‘0)”(7"0):07 we can conclude that
f2(>‘°)m(r0)20. Hence, by Lemma 4, fQ()‘O)H(r)ZO if r>rg.

The last part of the assertion of the proposition was already shown before
Lemma 1.

Remark. An immediate consequence of Proposition 1, Lemma 4, and the
uniqueness up to a scalar factor of solutions of (3) that are regular at the ori-
gin is that the positive number 7 such that r,—A(r.) attains its minimal value if
g1<0s (or its maximal value if oy >03) is uniquely determined.

Now we aim to give a (rough) estimate for Ag in terms of oy and o5.

Lemma 5. Suppose that \g satisfies the conditions of Proposition 1.

Then
%SAO<%+1 if 01 <09
and
ﬂon>w+1 if 01> 0.

02 02

Proof. Suppose that o1 <os.

We aim to show first that Ag<((n—1)o1/02)+1. Our proof is based on
Lemma 1. We set Aa=((n—1)0y/02)+1. Now, we define a function f(*2) on [0, 00)
by f*2)(r)=exp(—r?/203) if r>¢ and

AN 72\ exp(—¢€2/203)
7OV () =y (271) Rl

if r<g; the function y; is defined by the right-hand side of (4) for pE%)\Q and

g=3n—21X2 and the positive number & will be chosen later.
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Thus, f*2) is a solution of (2) on [0, 00) with f*2)(0)=0 and such that f(2)
vanishes at least exponentially at infinity. Once we have shown that f (Az)/,(e) =00
in the distributional sense for every sufficiently small positive e, the assertion follows
from Ag=inf,, 0 A(r«) <A(e) <Az (the last step is a consequence of Lemma 1). The
proof can be completed by the observation that for £ small the following holds:

FO ey = Sy ( e? )M __if‘EJFO(g)

alyl 201 y1(e2/204) T ooan
< —Ui = O (e+0)+0(e).
2

(We remark that the number ((n—1)o1/02)+1 can be obtained as the smallest
nontrivial eigenvalue of an eigenvalue problem for an operator whose coefficients do
not depend on the time variable; see [2, Section 4].)

Next, we show that under the above assumption the second part of the assertion
holds, i.e. we show that Ao >noy /o9 if 1 <o3. Let & be an arbitrary positive number.
We set
|z[?

R e
02

) fort>0, zeR™.

Then (we write » for 2/+/%; the number 7o was defined in Proposition 1):

t 01,02 _ _~ _ U(T) 2_ ]‘ 2
v(t,x)( ro Bt)v(t’x)_ 2(0’2+5)2r 2(0‘2+6)T

(n—1)o1+0(r) noy
B 2(oa+e) +2(0'2+€) <0

(recall that o(r)=01 if r<r, and o(r)=09 if r>r,). On the other hand, for

u(t,z)=t"/2f, m for every t >0, zeR"
Vit

we obtain that
L7 2u(t,x) =0 for every t,x.

Using a similar integral representation for 3> as in (5) for a contour in the complex
plane that contains a circle with center 1 and sufficiently small positive radius,
we can show that given an arbitrary positive number ¢ the function y; can be
estimated from above by exp(—(1—6)z) for every sufficiently large 2. Hence, there
exists a positive constant C such that Cv(1,z)—u(1,2)>0 for every x€R™. The
maximum principle yields that Cv(t, z)—u(t, ) >0 for every >1 and z€R"™. Thus,
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we can conclude that Ag>no1/(o3+¢). Since € was an arbitrary positive number,
)\0 Z noy / g9.

The inequality Ag<noi/o2 for o1>>02 can be proven in a similar way if we
take into account that for every positive number § there exists an z; such that
y2(z)>exp(—(1+06)z) for every z with 2>2z. Because the author could not find a
good reference, a sketch of a proof is given.

We will restrict ourselves to the case when §<1. The estimate 0<yz(2)<
exp(—(1—06)z) for large z and the fact that (exp((1—26)z)y2(z))’ satisfies a Sturm—
Liouville equation for which every solution only has a finite number of zeros yield
that z+—exp((1—26)z)y2(z) is decreasing on |21, 00) for a sufficiently large z;. Hence,
0<y2(2) < —=(1/(1—-26))y2’(2) for sufficiently large z. We can conclude from (3) that
—(1—38)y2 (2)<y2"(2) <—(1436)y2’(2) for sufficiently large 2. The proof can be
completed by an application of Gronwall’s Lemma.

The inequality Ao>({(n—1)01/02)+1 for 01 >02 can be established in exactly
the same way as the corresponding inequality for o; <os.

Lemma 6. Suppose that fo€C?[0,00) satisfies the conditions of Proposition 1.
Assume in addition that 01<0,.
Then fo(r)>(1/r) fi(r) for every r>0.

Proof. The assertion is obvious if r>rg or if 03 =c5. Therefore we suppose that
r<rg and that o1 <os.

We set z=1r2 and fo(r)=y(z). Thus, we obtain that f§ (r)—(1/7) f5(r)=v"(2).

By Lemma 5, we have A\y<n and therefore qIE%n—%)\0>O. Hence, y1(2)=
C fol tP~1(1—t)2 =1 exp(—zt) dt for a positive constant C (cf. [8, Section 3.1]). This
completes the proof.

3. Proof of the main result and applications

The objective of this section is to prove Theorem 1 and to give several related
results which can be shown by similar methods.

Proof of the first part of Theorem 1. In view of well-known localization argu-
ments (see [9, Section 6.6]), we may and will restrict ourselves to the case where the
assumptions of the first part of the theorem are satisfied for every (¢, z)€[0, 00) x R™.
We will furthermore suppose that o1 <o since the assertion is trivial if o; =02. We
claim that

t (t+s)_>‘°/2f0(\|/%;)
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is a supermartingale with decreasing time parameter ¢ for the diffusion process
t— X, with differential generator L;—0/0¢t and for every positive s.
By Section 2, Proposition 1,

(12) trace<(aij (t, 7)) (3 2:0; fo (\/ﬁl—s >)”)
<o (o (e ) o0 4 ()

for every s,t,x with |z|/v/t+s>r0.

The estimate trace(II(as; (¢, x));,;)>(n—1)o1 for every (n—1)-dimensional or-
thogonal projection II implies in particular that trace((a;;(¢,2)); ;) >nos.

By Section 2, Proposition 1 and Lemma 6, 0> f§/(r)>(1/7)f5(r) for every r
with r<rg. Thus, we can conclude that

(13)  trace ((a/ij (t,2))i, (322% fo < \/lgg > )i,j)
< <gl 0(%) +oy(n—1) \/E—sfo (\/'ﬁ—s ))

for every s, ¢,z with |z|/vt+s<ro.
By (12) and (13),

_2 —Xo/ |z| ))
(Lt 8t> ((t+5) 2fO <—_’—t-|-s
71,02 __ a )\0/2 |x| )) —
< (Lro,s 8t> ((H—s) fo <__\/t—}——s =0
for every s, t,z.

This establishes the claim. Hence,

E{ T (pj%' )] = <t0+8>‘*°/2fo<—\%);

E:, . denotes the expectation operator with respect to the diffusion with differential
generator L;—3J/0t starting at (to,zo). The corresponding probabibility measure
will be denoted by Py 4,.

We can estimate from above the right-hand side of the last inequality by a
constant C. Since fy is decreasing, we obtain from Chebychev’s inequality that

Fo(1)Psy 20| Xo] < /5] <Cs*/?  for every positive number s.
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This completes the proof of the first part of the theorem.

Proof of the second part of Theorem 1. Now, suppose that the assumptions of
the second part of the theorem are satisfied and that o1 >05.
It can be shown in a similar way as above that

(14) t|—>(t+s)—>\o/2f0(xl/‘z_(%)

is a submartingale with decreasing time parameter ¢ for every positive s.

We notice that the analogue of Section 2, Lemma 6 does not hold if g1 >0¢2. The
analogue of (13) is nevertheless correct since the presupposition trace(II(a;; (¢, x)): ;)
>(n—1)o; for the first part of the theorem was replaced by the “stronger” presup-
position (a;;(t,)); ;j<o1l.

Since (14) is a submartingale,

Eto,xo[ X2, (|\/§|)]2(t0+8)_/\0/2f0(\/|:0—0%)

for every positive s. Since fy is decreasing on [0, c0), we obtain that

b o ()

for every s with 0<s<tg.
On the other hand,

Fto [fo (% )] < 1o(0) P (t0, 20:0,0,(0)) 4 fo (%)

for every positive ¢ and s.
We can conclude that

Py (to, 703 0, U,(0)) > A°/2f0(‘x0|/\/_)—f°<%)}

- fo(O){ (2tg)Po/2

for every positive p and every s with 0<s<tg.
Let a positive number € with e<1 be given. We set s=p2(1+¢) for every o with
max{g?; ¢} <to. Thus,

Py (to,20;0,U,(0)) > {(1+e)/\of0(|w0|/\/—) fo(Q_s)}

fo(0) (2t9)*0/2
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for every sufficiently small positive p. Taking into account that f vanishes at least
exponentionally fast at infinity, it is easy to see that

. fole™®)
lim otrerso O

Hence,

1 follzol/vE0) (14e1re
250 @ ¢

for every sufliciently small positive p. The assertion is herewith established because
€ was an arbitrary positive number with e<1.

Pr(to,0;0,U,(0)

Corollary 1. Suppose that the assumptions of the first part of Theorem 1 are
satisfied fora differential operator Ly—0/0t, constants o1, g, Ag, ro With 01 <03,
and every (t,z)€(0,00) xR"™ (i.e., we suppose that the assumptions on (a;;(t,)); ;
are satisfied_uniformly on (0,00) xR™).

Then Py (t,z;0, M)=0 for every Borel set M with Hausdorff Ao-measure equal
to zero.

Proof. The corollary can be proved in exactly the same way as [7, Theorem 2]
if we take into account the following remark. The same argument as in the proof of
Theorem 1 yields that given (¢g,zg)€(0,00) xR™ and a positive constant R, there
exists a constant C' with Py, 5, [| Xo—y| <+/5]<Cs*/2 for every y with |y|<R and
every positive s.

Corollary 2. Suppose that the assumptions of the second part of Theorem 1
are satisfied in an appropriate neighbourhood of (0,0) for a differential operator
L,—38/0t and constants o1, 02, Ao, ro With 01>02. Let (to,zo)€(0,00) xR"™ and a
positive number € be given.

Then there exists a positive constant C' such that for every positive solution u
of the equation (Ly—3/0t)u=0 on (0,00) xR™ the following holds:

t
ulto, zo) > CtIFT%/ 2yt 2} for every t,x with 0 <t < 1tg, |z[* < -

Proof. By Harnack’s inequality (see [6]), there exists a positive constant C(g)
such that for every positive solution u of (L;—8/8t)u=0 on (0, 3t)xU \/m(O) and

every t with 0<t< %to the following holds:

(15) - u(8t,21) > Cr(e)ult, zg) for every zq,32 € U\/t—/-; (0).
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We notice that we can restrict ourselves to the case where (¢, ) belongs to an
arbitrary small neighbourhood of (0,0). Therefore we may and will assume that
the assumptions on (a;;(t,))s,; are satisfied uniformly on (0, c0) xR™.

A similar argument as in the proof of Theorem 1 shows that there exists a
positive constant Ca(e) such that

P\FER0/2
Pulto, 0 3.0, 77 ) 2 Ga(e) ()

for every t with 0<t< %to. Hence,

(14€)Xo/2
(16) u(to,zo)zoz(a(f)

inf u
€ {5t/4}xU, 72(0)
for every positive solution u of (Ly—8/9t)u=0 on (0, 00) x R™. The assertion of the
corollary is now an immediate consequence of (15) and (16).

Examples. We consider a positive solution f; of the Sturm-Liouville equation
(2) for real numbers Ao and rg such that the conditions of Proposition 1 are satisfied.
We claim that there exists a continuous function & on [0, 00) with ¢, <G (r) <o, for
every r>0 or with g7 > (r) > 09 for every r>0 and a solution j?of a Sturm-Liouville
equation of type (2) with & in place of ¢ and with similar boundary conditions as
in Theorem 1 such that the difference of the corresponding eigenvalues Ag and \is
arbitrary small.

Once this claim is established, we obtain by similar arguments as at the ends
of the proofs of the first and second part of Theorem 1 that for the diffusion process
with differential generator

e 6(5) )

the following equality holds:

InP ;
lim n L(thanov UQ(O))

=X
el0 Inp

(cf. [9, Chapter 7] for existence and uniqueness results for diffusion processes with
differential generators with continuous coeflicients).

We can conclude that the “exponent” A in the assertion of Theorem 1 cannot
be improved.

In order to prove the claim, we consider for every r with r<ry the function
o™ on [0, 00) with o(r)(s)zal for s<r, O'(T)(S)EG'Q for s>rg, and such that o(") is
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affine linear on [r, rg]. Given a number 7, the eigenvalue A(r) of a Sturm-Liouville
equation similar to (2) with o™ in place of o, with the same boundary conditions
as in Theorem 1, and the condition that the solution is continuously differentiable
on [0,00) can be defined as the zero of a function A— F()(),rp). That function
can be defined in a similar way as the function F(-, 7o) from Section 2. As in the
remark after Lemma 1, we can conclude that A(r) depends continuously on r. This
establishes the claim.

Finally, we consider a simple degenerated situation. Suppose that we are given
natural numbers n and k with 2<k<n. We set a,;(t,z)=1if i=j <k and a;;(t,z)=0
otherwise for every ¢,z. A similar argument as in the proof of Part 1 of Theorem 1
(cf. also the last remark in Section 2) shows that lim, ) inf In Py, (to, zo; 0, Up(0))/In 0
> Ap where )\ is given by Proposition 1 for o1 =(k—1)/{(n—1) and o2=1 (notice that
the presupposition (a;;(t,z))>C(¢)1 for a positive number C(t) is not satisfied in
this situation). On the other hand, it is obvious that

liﬁ)linf In Pr,(to,20;0,U,(0))/In o =k.
e

Hence, k> Aq.
Notice that Lemma 5 yields the estimate (n(k—1))/(n—1)<A¢<k.
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