Representation of
quasianalytic ultradistributions

Soon-Yeong Chung and Dohan Kim

Abstract. We give the following representation theorem for a class containing quasianalytic
ultradistributions and all the non-quasianalytic ultradistributions: Every ultradistribution in this
class can be written as

u=P(A)g(a)+h(z)

where g(z) is a bounded continuous function, h(z) is a bounded real analytic function and P(d/dt)
is an ultradifferential operator. Also, we show that the boundary value of every heat function with
some exponential growth condition determines an ultradistribution in this class. These results
generalize the theorem of Matsuzawa [M] for the above class of quasianalytic ultradistributions
and partially solve a question of A. Kaneko [Ka]. Our interest lies in the quasianalytic case,
although the theorems do not exclude non-quasianalytic classes.

1. A class of quasianalytic ultradistributions

We use the multi-index notations such as |a|=a3 +...4+an, 0*=071052 ... 9%~
0;=0/0z; for a=(a1, aa, ..., 0,) EN§ where Ny is the set of non-negative integers.
Let M,, p=0,1,2, ..., be a sequence of positive numbers, and let Q be an open
subset of R™. An infinitely differentiable function ¢ on Q is called an ultradifferen-
tiable function of class (M,) (of class {M,} respectively) if for any compact set K
of Q and for each h>0 (there exist constants h>0 such that)
10%¢(z)|
1.1 = = A
(1.1) 1612, 5, e ® s WM
is finite. We impose the following conditions on My:
(M.0) For any A>0 there exists a constant C >0 such that

p!<CAPM,, p=0,1,2,....

(M].) MESMP—IMP—Q—M p=1,2, -
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(M.2) There are constants C and H such that
My g <CHPYM,M,, p,gq=0,1,2,....

We call the above sequence M, the defining sequence and denote by £(az,)(2)
(E¢m,3(Q) respectively) the space of all ultradifferentiable functions of class (M)
(of class {M,} respectively) on .

If M,=p! then we obtain the class of analytic functions by Pringsheim’s the-
orem. The condition (M.1) can be naturally fulfilled by Gorny’s theorem ([Ma],
p. 226). Thus the condition (M.2) is the only significant condition.

The topology of such spaces is defined as follows : A sequence ¢; —0in €(az,) ()
(E{rm,1 () respectively) if for any compact set K of Q and for any h>0 (for some
h>0 respectively) we have

|0°¢; (<)l

sup ——————0

as j — oo.
)
veK,aeNy hl2IMy

As usual, we denote by £, () (£ M,,}(Q) respectively) the strong dual space
of Ear,) () (of Eqar,} () respectively) and we call its elements ultradistributions
of Beurling type (of Roumieu type respectively) with compact support in Q. Let
K CR" be a compact set. We denote by £/ m,)(K) (& M, (K) respectively) the set
of ultradistributions of class (M},) (of class {M,} respectively) with support in K.
In fact ueé’(’ M) (K) if and only if for any neighborhood Q of K there exist constants
h>0 and C'>0 such that

|0%¢(x)]
1.2 u(@)|<C  sup ——2, €& R").
(12 o< s BN g egun @

For each defining sequence M, we define for t>0

t* My
M(t) =suplog ,
P M,
1P M,
(1.3) M*(t)=suplog P__o_’
P »
— pltP M2
M(t) =suplog .
P M3
An operator of the form
e o)
(1.4) P@@)= ) aad®, as€C

|a|=0
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is called an ultradifferential operator of class (Mp) (of class {M,} respectively) if
there are constants L and C (for every L>0 there is a constant C>0 respectively)
such that

(1.5) lao| <CL /My, a€NG.

It is well known that if P(9) is an ultradifferential operator of class * then

(1.6) P(9):£.(Q) > E(Q)
and
(1.7) P(0):£.(Q)—EL(D)

are continuous where *=(M,) or {M,}. The condition (1.5) is equivalent to the
condition that

(18) IP(C)| < Cexp M(LIC]), CeC™

2. Structure theorems

In this section it will be shown that every ue&y M,,)(K ) can be written as an
infinite sum of derivatives of a continuous function modulo a bounded real analytic
function and that every ue& Mp)(K ) can be represented by the boundary value of a
heat function satisfying some exponential growth condition. The structure theorems
for ue&y,, }(K ) can be shown by similar arguments.

We deqlote by E(z,t) the n-dimensional heat kernel:
(47t)" /2 exp(—|z|2/4t), t>0,
0, t<0.

B ={

Lemma 2.1 ([M]). E(.,t) is an entire function of order 2 for every t>0. It
has the following properties:

(i) Jgn E(z,t)dz=1, t>0.

(if) There are positive constants C and a such that

|82 B(z,t)| < Clelg=(nHeD/2611/2 expl—alx|? /48], >0,

where a can be chosen as close as desired to 1 and 0<a<1.

The following lemma can be shown by similar arguments as in Proposition 2.1
of Matsuzawa [M], or as in Theorem 4 of Neymark [N].
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Lemma 2.2. Let K be a compact subset of R™ and Q be a bounded open set
containing K. For every ¢€&y,) let

()= [ Bla—u.)0(0) dv.
Then ¢ converges to ¢ in Ey,)(S2) as t—0+.

For each defining sequence M, we impose the following condition:
(C) There exists a positive integer k such that

2
1iminf<%) >k,
p—oo \ my

where my=M,/Mp_1, p=1,2,....

Remark 2.3. (i) Let m,=p(logp)®, a>0. Then M,=my...m, satisfies (C).
Thus the defining sequence for this standard quasianalytic class satisfies (C).

(i) The Gevrey sequence M,=p!®, s>1, satisfies (C).

(iii) Furthermore, if M, satisfies the strong non-quasianalytic condition (M.3)
in Komatsu [K1] then it satisfies (C). In fact, (M.3) is equivalent to the fact that
for some integer k>0

(M.3") lim inf %2 > k.

p—oo My
Thus the condition (C) is equivalent to the fact that N, =M satisfies (M.3) (see [P],
p- 300).
The following lemma will be very useful later on. For the details of the proof
we refer to Komatsu [K1], Lemma 11.4 and Matsuzawa [M], Lemma 4.1.

Lemma 2.4. Let L be an arbitrary positive number and let

(2.1) PO=0+0? T (1455 ). cecn

my
(i) If M, satisfies (M.1), (M.2) and (M.3) then P(0) is an ultradifferential
operator of class (Mp).

(ii) If M, satisfies (M.1) and 372 M1 /My <oo then for any e>0 there exist
Junctions v,weC§*(R) such that

(2.2) suppv C [0,¢], suppw C [e/2,¢],
(2.3) lv(t)| < Cexp[-M*(L/t)], t>0,
(2.4) P(d/dt)v(t) = 6(t)+w(t),

where § is a Dirac measure.

Now we are in a position to state and prove the main theorem of this paper.
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Theorem 2.5. Let M, be a defining sequence satisfying (C) and uEE{MP)(K).
Then there exists an ultradifferential operator P(d/dt) such that for some C>0 and
L>0

(2.5) P(d/dt)=>_ap(d/dt)*, |ax| <CL*/M}
k=0
and there exist o bounded continuous function g(z) and a bounded real analytic
function h(x) such that
(2.6) u=P(A)g(z)+h(z)

where g(z)€C>®(R"\K), P(A)g(z)+h(z)=0 in R"\K, and A 1is the Laplacian.
Proof. Let U(z,t)=uy(E(zx—y,t)). Since E(z,t) is an entire function of z for

each t>0, U(z,t) is well defined and entire analytic for each t>0. Furthermore

Uz, t) satisfies

(2.7) (6,—A)U(z,t)=0 in R}

where RTt'={(z,t)eR"*1:zeR"™, t>0}. Let K;={zcR™d(z, K)<6}. Then
u€E&(y; y(K) means that for any 6>0 there exist h>0 and C'>0 such that

|6y E(z~y,1)|

Uz, t)|<C su t>0.
U 9) yexé,feNg hlel Mg,
By Lemma 2.1 (ii) we have for t>0
1/2
a!t——|a|02la|/h2|a| lw_y|2
U(z,t)| <Cisup sup exp[—*—]
(2.8) (@, )] <Gy o |: M|2(,| yeKs 8t

< exp[]VI(s/t)—d(m,Kg)2/8t]
for some £>0. Let Q be a bounded open neighborhood of K and
G.0)= | Bla—u,t)ola)d, € o,

Then by Lemma 2.2 we can easily see that

(2.9) G(t)— ¢ in &y, (), ast—0+
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and

(2.10) /U z,t)¢(z) dz = uy (G(y, 1))

by taking the limit of the Riemann sum of the left hand side. Thus it follows from
(2.9) and (2.10) that
U(z,t)—u ast—0+

in the following sense:
(2.11) lim / Uz, t)plz)de=u(d), @€Eum,)-
t—0+ Q

Now let szMg. Then N, is also a defining sequence satisfying (M.3) and
Z;ozl Np_1/Np<oo by (C) and (M.0). Then applying Lemma 2.4 to the sequence
Np,=M? we can choose an ultradifferential operator P(d/dt) such that for some
C>0 and for some Lg

(2.12) P(d/dt) = ax(d/dt)*, |ax| < CLE/M}

and choose v, weC§°(R) such that

(2.13) suppv € [0,2], suppw C[1,2],
(2.14) |v(¢)] < Cexp[-N*(L/t)], t>0,
(2.15) P(d/dt)v(t) =6(t)+w(t).
Here we note that N*(¢)=suplog p!;i[]yg M(t)
Let ’ ?
(2.16) Uz, t)= /oo Ulz,t+s)uv(s)ds.
0

Then it follows from (2.8) that

(2.17) U(z,t)| <Cy /Oooexp[M(H%> —M@)] ds.

Choosing L>¢, we can easily see that U (z,t) is uniformly bounded on Ri‘“:
{(z,t)eR™1:zeR™, t>0}. Thus U(z,t) is continuous on R It follows that
g(z)=U(z,0) is a bounded continuous function. Let

(2.18) H(z,t)=— /000 U(x,t+s)w(s)ds.
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Since suppwCI1,2], H(z,t) can be analytically continued to
{(z,t) eR™L:zeR™, t> —1}.

Thus h(z)=H(z,0) is a bounded real analytic function. On the other hand, (2.15)
implies that

(2.19) P(-A)YU(z,t) =U(z,t)—H(z,1).
Hence we can easily see that in the sense of (2.11),
u= tEI(I)l+ U(z,t)=P(—A)g(z)+h(x).
The condition (M.0) implies that for any L>0
M(t) < Lt+C.
Therefore, it follows from (2.8) that for ¢ K

u=P(-A)g(z)+h(z)= tl_i}& Uz, t)=0

which completes the proof.

Every distribution and hyperfunction with compact support can be represented
as the boundary value of a holomorphic function. Here we will give a similar result
for & M,,)(K ). In fact, this follows from (2.11) in the proof of Theorem 2.5. Thus we
will prove that every heat function with growth condition (2.8) defines an element
in €0y (K).

Theorem 2.6. Let M, be a defining sequence satisfying (C) and U(z,t) be an
infinitely differentiable function in R'f“l satisfying the following conditions:

(i) (6:—A)U(z,t)=0 in R},

(ii) for any 6>0 there exist C>0 and >0 such that

(2.20) |U(z,t)| < Cexp [M(e/t)—d(z,Ks)?/8t] in R}

Then there exists a unique element ueé’(Mp)(K) such that

(2.21) Uz, t) =uy(E(z—y,t)), t>0
and
(2.22) lim U(z,t)=u

t—0+
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in the following sense:

(2.23) w(®) = lim /Q Uz, )6(z)dz, ¢ € Eqr,y(R™)

t—04

where € is an arbitrary bounded neighborhood of K.

Proof. Consider the function, as in (2.16)

U(a:,t)z/ U(z,t+s)v(s)ds.
0
Then it follows from (2.17)—(2.19) that

(2.24) U(z,t) = P(-A)U(z,t)+H(z, t).

Furthermore, g(z)=U(z,0) and h(z)=H (x,0) are bounded continuous functions on
R?. Define u as

(2.25) u=P(—A)g(z)+h(z).

Since P(—A) is an ultradifferential operator of class (M,) by (2.12) u belongs to
E(n,)(K) and U(z,t)—u as t—0+. Thus the existence of u is proved.
Now define heat functions for ¢>0 as

Az, t) =g(z)*xE(z,t) = - 9(y)E(z~y,t)dy

and

B(a,t) = h(z)* E(z, t) = /R h(y)B(e-y,t)dy.

Then it is easy to show that A(z,t) and B(x,t) converge locally uniformly to

g(z) and h(z) respectively so that they are continuous on R}*" and A(x,0)=g(z),
B(z,0)=h(z). Then U(z,0)=A(z,0) and H(x,0)=B(z,0). Since they are bounded
on Ri“ we have by the uniqueness theorem of heat equations in Friedman [F]

U(z,t)=g(z)*E(z,t)

and
H(z,t)=h(z)xE(z,t).
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Then it follows from these facts and (2.24) that
uxE=[P(-A)g(z)+h(z)]«E
—A)U(z,t)+H(z,1)

which gives the relation {2.21). Also the uniqueness is easily obtained by (221)

For a compact set K of R™ we denote by M%2™¢ the totality of C* solutions
U(z,t) of the heat equation (9;—A)U(z,t)=0 in R} which satisfy the following
condition:

For any §>0 there exist C and £>0 such that

(2.26) |U(,t)| < Cexp [M(e/t)~d(x, Ks)?/8t] in R}

Note that M'2™¢ is a DF-space with the best constants C' as semi-norms. Then
we have the following theorem in view of Theorem 2.5 and 2.6:

Theorem 2.7. Let M, be a defining sequence satisfying (C). Then there exists
an isomorphism:

M€/, (K).
Matsuzawa [M] has proved similar theorems for the case of hyperfunctions

and ultradistributions of Gevrey class. Thus the above theorem is an extension of
Matsuzawa’s result for a class of quasianalytic ultradistributions.

Remark 2.8. We note that in Theorems 2.5 and 2.6 the conditions (2.20) and
(2.26) can be replaced by the following:
|U(z,t)| <Cexp M(e/t), t>0

and U{z,t) converges uniformly to zero in R"\ K5 as t—0+.

Remark 2.9. In this section we have proved theorems only for ueé’z Mp)(K ).
For uGSE M,,}(K ) we can prove similar theorems under the same conditions. But,
in fact (M.0) can be replaced by the less restrictive condition (M.0') as follows:
(M.0’) There exist constants A>0 and C>0 such that

PI<CAPM,, p=0,1,2,...

Finally, we conjecture that our assertions should also remain valid without
the condition (C), i.e., for the general ultradistributions, both quasianalytic and
non-quasianalytic.
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