
ON WARING'S PROBLEM FOR CUBES. 
By 

H. DAVENPORT 
o f  M A N C t I E S T ~ R .  

Introduction. 

The object of this paper is to give a proof of the following 

Theorem. Almost all positive integers are representable as the sum of  four  

positive integral cubes. "More precisely, i f  E ( N )  denotes the number of  positive in- 

tegers less than N that are not so representable, then 

as N---* ~ , for any ~ > o. 

I t  was proved by Hardy  and Li t t lewood t t ha t  almost ~li positive integers 

are representable as the sum of five positive integral  cubes. The new weapon 

which is necessary in order to improve on this is provided by L e m m a  I below. 

I t  is no t  true tha t  a lmost  all positive integers are sums of three positive 

integral  cubes. This can be seen in two different ways. First ly,  since any cube 

is congruent  to o, I, or - -  I (rood 9), the sum of three cubes cannot  be con- 

gruent  to 4 or 5 (mod 9). Secondly, the number  of integral  solutions of 

x 3 + y'~ + z ~ H _N, 

x ~ y ~ z > o ,  

is easily found to be asymptot ical ly 

Itrt_4  3N 
6 \ \3II  

x P~rtitio Numerorum VI, Math. Zeitschrift, 23 (I925), 1--37. 
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as N--* ~ .  Hence  not  more than  o .  I 3 4  . . .  N positive integers  less than  N are 

representable  as the sum of three posit ive in tegra l  cubes. 

L e m m a  1. The number of solutions of 

(i) x~ + y~ + d = x~ + y~ + z] 

in integers xl,  Yl, zl, x.2, ye, z~ subject to 

4 
P <= x i ,  x 2 <= 2 P, p 5  G Y l ,  Zl ,  US, Z2 '<~ 2 t )~ (~) 

o ( d  + as P---* or for any e > o. 

Pro@ 1 The number  of solutions wi th  xi = x2 is 0 P ~  +~ , since the  number  

of choices for  xl ,  yl ,  zl is 0 p-5 , and the equat ion m = y ~ +  z~ has only O.(m ~) 

solutions for  given m. 

Hence  we consider only solutions with x~ > x~. W r i t i n g  x ~ = x ,  x l = x  + t, 

(I) becomes 

(3) 3 tx~ + 3 t2x + t 3 + y~ + z ~ = y ~  + z~. 

Since the lef t -hand side is grea ter  t han  3 P~ t, and the r ight-hand side is a t  most  
12 

I 6 P  ~, we have 
'2 

(4) o < t < 6P'~. 

For  any t sat isfying (4), denote  by r(t, m) the  number  of representa t ions  of 

an in teger  m by the  lef t -hand side of (3), subject  to (2) (where x2 = x, xl = x + t). 

Denote  by r(m) the number  of representa t ions  of m by the r ight -hand side of 

(3), subject  to (2). T h e  number  of solutions of (3) is 

ZZ"(~')"(t ,m) --< Z " '  ~ ,"(t,n,)~. 
t m m t 

The  first fac tor  on the  r ight  is 

Expos i t ions  of the  general me thod  (of which  the proof of th is  Lemma  is a par t icu la r  case) 

will appear  in the  Proc. Royal Soc., and in Acta Ari thmet ica .  
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~_j ~,r~(t,  m) ~ M,  
t m 

where M is the number  of solutions of 

(5) 3tx~+ 3 t~ xl  + Y~ + z~ = 3 tx~ + 3 t~ x~ + Y~ + Z~ 

in all the  variables, subject  to (2) and (4). 

The number  of solutions of (5) with x 1 = x,, is 

As for  the solutions with x~ 4= x.2, given Yl, z~, y. ,  z 2 with y~ + z~ --  y~--  z~ 4= o, 

the equat ion (5) determines  t and xl - -  x2 with only 0 (P~) possibilities, as factors  

of this number.  These then  de termine  x I and x~ uniquely.  Hence  the number  

of solutions of (5) with x 1 4= xe is 

()~P~ , �9 
Hence  

M - - O  +~ , 

and so the number  of solutions of (I) subject  to (2) is 

o + + o  

= 

which proves the Lemma. 

Notation. 

Let  ~ be a fixed small positive number.  W e  shall use e to denote  an arbi- 

t ra r i ly  small pos i t ive  number ,  no t  the  same th roughout .  The  constants  implied 

by the  symbol O depend only on ~ and e. c j , . . .  denote  positive absolute  con- 

stants,  c(r, h), el(h) denote  numbers  which depend only on the variables 

specified. 

W e  use the abbreviat ions 
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For  any large positive reM number  P we define 

r(~)= F ~(~x~), 
P ~ x ~ 2 P  

T 1 (a) = ~_j e (a xa), 
et <=~<=2p~ 

V (~) = T ~ (a) T~ (,) = ~ q (n) e (n a), 

so t ha t  0(n) denotes the number  of representat ions of n as 

w a + x a + ya + z 3, 
where 

4 4 

P<=w, x < = z P ,  P;~<=y, z < = z P  .~. 

Throughout  the paper, q and a denote positive integers sa t isfying a _--< q, 

(a, q ) =  *. We define 
q 

The funct ions 

period I. 

Sa, q "~ Z eq ( a x 3 ) ,  

x-= 1 

_pa ~ n =<(2P) 8 

I - . - ~  e ( ~ . ) ,  I1 (~) = E 3 
(P~)~ ~ ~ ~ (~ 1J~) ~ 

T*(a, a, q ) = q - l  Sa, q I ( a - -  q ) ,  

T~ (et, a, q) -~ q-l  Sa, q Il ( a -- ~) , 

V* (a, a, q) = (T* (~, a, q) T~ (~, a, q))e, 

A (n, q) = q- t  ~_j (Sa, ~)4 e~, (-- ha), 
a 

~ o  

(.) = ~ A (,., q), 
q = l  

R 

Z A (n, q). 
q = l  

| (R,  . )  = 

V(a) and V* (a, a, q) (for fixed a, q) are periodic in a with 
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Inequal i ty  for T* (a, a, q). 

2 
L e m m a  2. I Sa, q l < clq~. 
Proof. Landau, Satz 315.1 

Lemma 3. I f  I fll g ~, then, 

I(fl) = 0 (min (P, P-~lf l  1-~)), 

I~ (fl) = 0 (min (P~, P -  ~ I fl I-1)) . 

Proof. The inequality I ( f l ) - -O(P)  is trivial. 

~ e ( ~ n )  = o(1~1-1) 

for any hi, n,2. 

Lemma 4. 

Proof 

_also, if Ifll < = -  we have 
2 '  

nl 

Hence, by Abel's Lemma, 

3 P~__< n __< (2p)a 

= o (e-~  I fl I-'). 

a 
I f  u = -  + fl, where Ifll ~ ~, then q "Z 

T*(=,., q ) =  O(q-~ mi~ (P, e -~ l f l l -~ ) ) ,  

T~ (a, a, q) = O (q - ~  rain (p4_, p _ ~ l f l [ _ l ) )  ' 

Lemmas z, 3. 

Lemma 5. 

Proof Lemma 

(I937), 73--Io4. 

Approx imat ion  to T(a). 

I f  n ~ o iv any integer, then 

q 

Sa,,,,,,= Zeq(aX3 + n x ) =  O(q ~ +*(n, q)). 
x = l  

2 of Davenpor~-Heilbronn, Proc. London Math. Soe., (2), 43 

i Refe rences  to  L a n d a u  a re  to  Vorlesungen i~ber Zahlentheorie, (Leipzig  1927) , v o l u m e  I. 
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L e m m a  6. 

and let n =~ o be any integer. 

H 

f o 

~I. Davenport. 

Suppose that 

H ~ ~, q ~ H 1-~, fl ~ 0 (q-1 H-2-,~), 

Then 

d x ~  

Proof. After integration by parts 1 times, the integral becomes 

q _ _ ( q  Y~+~[e(--~qX-)Dh(e(f lx~))]:  
h ~ l  

H 
q n x  -t 

o 

where D h denotes  the  h-th different ia l  coeffieient, and [f(x)Jf--f(n)-f(o). 
is easily verified that  

D~ (e (~ x~)) = y ,  c (,', h) ~ ~ - h  ~ (~ x~). 

For o ~ x ~ H ,  I h ~ r ~ h ,  we have 
3 

fir X3 r--h _~_ 0 (q--r H--r(2+3) Har--h) 

-~- 0 (q--h (q H--l +~)h--r H--h3) 

= 0 (q-h H--h ~), 
Hence, for o ~ x ~ H ,  

I t  

D ~ (e (fix3)) : 0 (ca (h) q-h H-h~). 

Using this in the above expression, the error term becomes 

0 \ h = i  ~] n ]] Cl(h) q--hH--h(~ -~- ~ ']  e l ( l )  q- - lH-- ld  

Choose 1 to be the least integer for which I -  16 ~ -  6. Then this error 

term is 
0 (q n -2  t t -~ ) .  
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L e m m a  7 ~. 
a 

I f  a = - + fi, where q <= P~-* and [fl[ ~ q-~ p-2- ,~  then 
q 

r ( . ) =  r* (~, . ,  q) + o (q,~ + 0. 

Proof  W e  have  

((;)  ) T (a) = ~.j ~,  e + fl (m q + h)' 
h = l  P - - h  2 P - - h  

q q 

h = 1 P - - h  2 -P--h 

q q 

By Poisson's  s u m m a t i o n  formula ,  

Z 
r 

P - - h  2 1  ) - h  

q q 

9 P - - h  2 t ' - - h  

q ~o q 

.(r f .(,(..q+h)"),x+ Z f .(,(x, 
n ~ - - o o  

P - - h  n ~ O  P - - h  
q q 

+ h) ~ - -  nx) d x  

2 P  2 P  

=q-, f ..(,x,)ax+ < .o(.,,) f 
P ~7 @ 0 P 

1 ) -  h 2"P--  h 
where  ~'  denotes  that  any term wi th  m - - - -  or - - - -  is counted  wi th  a 

q q 
I 

factor  - .  There  are at m o s t  two  values  of  h for  wh ich  such terms exist,  so the  
2 

presence of  the  dash only  introduces  an error 0 ( I )  in T(a) .  

Since  
2 2 5 

y .e  (~ y) = ,,-.~ e (~.) + o ( . . )  + o ( . -  :~1~ I) 
2 

= . . e ( ~ . )  + o ( ~ - ~ )  + o ( p - ~  I ~ I) 

_ _ 2  
= ~, :, e ( ~ . )  + o ( p - x )  

for  n ~ y _ - - < n +  I , . P 3 _ - - < n ~ ( z P ) 3 ,  we  have  

' A n  a l ternat ive  m e t h o d  of proof  is g iven  in  Landau,  Satz  329 to Satz  337. T h e  less  pre- 
cise resu l t  obta inable  by  a s ingle  part ia l  s u m m a t i o n  w o u l d  in  fact also suffice, but  then  the  proof  

0f L e m m a  I I w o u l d  be m u c h  more  compl icated .  

]7 - -3932 .  Acta mathematica. 71. Imprim6 le 8 rnai 1939. 
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s~y. 

H e n c e  

2 P (~ p)B 

f 3 
p pa 

= J(~) + o 0 ) .  

2 P 

n ~ o  P 

= T* (~, ~, q) + O( , )  + z ,  

P 2 P 

The conditions of Lemm~ 6 are satisfied for f and f ,  hence 
0 o 

say.  

By 

A l s o  

2:wi 
n + o  

n+O 

I 

2 7 ~ g  

Lemma 5, 

= o e - ~  q~ +~ ~ d y ,  (.~d)-~ 
. d l q  m = l  / 

�9 = o ( ~ + ~ ) .  

Inl > q~ 

_ e ( 3 ~ 3 ) ~  . - l&, , , ,qe~(_  . p )  
InI > q~ 

( ,) -I- 0 n-- l[  Sa, n,q 
\n=l  



wher~ Ilxll 
L e m m a  7- 

L e m m a  8. 

L e m m a  9. 

Proof. 

Also 

L e m m a  10.  
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~ 2 i  sin n ( h - - 2 P )  
. . . . . . . . . . . . . . . . . . . . . . . .  2~7~ --e(e(zP)~) ~'eq(ah3) ~ n q 

h = l  n = q ~ + l  

q ~ 2 i s in  n (h - -  P)  2 ~  --e(~V3) y~e,,(~h "~) Y ,~ q 
h = l  n = @ + 1 

+ o ~n-~q~+~(n, q) 
\ n = l  

(1140 = 0  rain I, + ~ m i n  I,-~-i;--~[---p 
q~ ~ h=l q 

,2 I }  

d 

denotes the min imum of Ix ~ n I for  all integral  ~. This proves 

a 4 (2+3) 
I f  a : - + fl, where q <= P~ (1-~) and I fl I < q-1 p -  ~ , then q 

T~ (a) --  T~(a, a, q) + 0 (q~ + ~). 

I f  q <= pi-~, and I fll ~ q-~ p-2-,J', then 

T(~)- O(q-~ min ( i ' , / '~1~1-')) .  

By Lemmas 7, 4, 

T(a )=  O(q~+O + O (q-�89 min (P, P-~lfll-i)). 

ql+~ ~ p ,  ql+~ ~ / ~ - 2  Ifll-1 ' 

I f  q <~ P 4(~-6), a~d Ifll ~ q_~ p-~(2+6), then 

Tl(a)--  0(q - ' }  min (p t ,  p-~l~l-1)). 

T h e  F a r e y  D i s s e c t i o n .  

We divide the interval  o ~ a ~ I into "Farey  arcs", tha t  is, into intervals 

surrounding each rational point  _a with q <= p2+,)'. 
q 

a 

Tl~e Farey arc surrounding q 
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ex t ends  f r o m  a + a~ to  a + a~ whe re  al and  a2 - - - - ,  - -  - -  a re  the  F a r e y  f r ac t i ons  of  o rde r  
q + qL q + q2 qt q2 

/~+~ n e x t  less t h a n  and  nex t  g r e a t e r  t h a n  a - .  These  F a r e y  a rcs  cover  precise ly  
q 

the  i n t e rva l  o _--< a < I, w h e n  we cons ide r  the  a rc  s u r r o u n d i n g  

and  so to  p r o j e c t  in to  the  l e f t - hand  side of  the  in terval .  

F a r e y  a rc  s u r r o u n d i n g  a h a v e  the  f o r m  
q 

c~=-+fl ,  q 

_I to  h a v e  pe r iod  I, 
I 

The  po in t s  of  the  

whe re  I < ~ , <  i ,  I < ~ e <  I 
2 2 

I f  q_--__ p,~(1-a), we call  t he  arc  a m a j o r  arc  s , and  d e n o t e  i t  by  ~a,q. I f  

p~(~-a) < q ~ p 2 - ~  we call  t he  arc  a m i n o r  arc, and  deno t e  i t  by  m,,q. T h e  

a g g r e g a t e  of  the  m a j o r  arcs  is de no t e d  by 9)~, a n d  t h a t  of  t he  m i n o r  a rcs  by m. 

T h e  Major  Ares .  

L e m m a  11.  2fl.(o)- V*(.,a,q)l~d'~=O(P3+~). 

Proof. The  cond i t ions  of  L e m m a s  4, 7, 9 are  

P.~ (~-~) < P~-~,  h e n c e  

(6) 

(7) 

The  cond i t i ons  

q-1 19-  ~(2+0') 

(8) 

(9) 

T (a) - -  T* (a, a, q) = 0 (q~ + ~), 

sat isfied on ~)~,q, s ince 

T(a), T*(a, a, q)~- O(q-~min(P, p - ~ [ f l ] - l ) ) .  

of  L e m n m s  4, 8, IO are sat isf ied on ~J~a,q, s ince q - ~ P - ~ - ~ <  

, hence  

r~ ( 6 ) -  ~,~(~, c,, q) = o (q~ § ~), 

T1 (~), T;( . ,  a, q) = 0 (q- ~ # ) .  

i This- violates the usual convention connecting the upper bound for the denominators of the 
major arcs with the order of the Farey dissection. It  corresponds, however, to the fundamentally 
different ways in which the arcs are treated. 
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By (6), (7), (8), (9), 
. �9 _ _ ~  8 

T ~ Tf -- T .2 T t  '~ = 0 (q~ +~ q -  } min  (P, p - 2  [fl [-2) q s p:, 

t 4 - -  
+ q~ +~ q s P s  q ~ rain (P~, P -~  [ ~[-2)). 

Hence  

f l v(~) - v* (~, d q) 6~, Ct 

~ ta ,  q 

Hence  

1~ i = 0 (q -  ~ +2~ p y  rain (P~, p - 4  fl--2) dfl 
0 

+ q -  ~ + ~ P~ rain (p4, p--s fl-4) d fl 
0 

11 '2 13\ 
= 0  q-~+2~P 5 + q-~+2~PSJ. 

j (13 
]V(a)--  V*(a ,a ,q ) ]2da- -O P~ ~_j q.q 

Oft 4 
~ft q < p~,  ( l - - J )  

whence the  result. 
o(f 
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Weyl ' s  Inequa l i ty .  

x = l  

Proof Landau,  Satz 267, with  k =  3 ( K = 4 ) .  

Lemma 13. I f  P~-~ < q ~ P'~+~, and [fl[ <= q-~ p-2-~, then 

r (a) = 0 (P~ + ~'). 
Proof Let  

l 
l ~ x ~ m a  

By L e m m a  t2, if m~<(zP)~ ,  
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+ v: 

t 3 + l d + 4 ~ ) .  
= O ~ P ~  

By partial  summation,  if P~ = [(2 p)3] and P~-- -~-  [ - -p s ] ,  

2Pc 
T(~) = Z ( S n - -  S n - 1 ) ~ ( / ~ )  

n~_p 1 

P2-1 
= Z Sn(e(fli'l)-- e ( f l ( n  + I ) ) ) - -  Sp,_le(fl(iPl--i)) + ~'p,e(flP2) 

= 

since p31 fll =< q--1 pl--~ ~ I. 

L e m m a  14. I f  ~)4 (1--~) < q ~ p4 (2+~), and I fll <= q-1 P -  ~4 (2+,J') 

I'1 (a) = 0 (P.~ (} + ~)), 

, then 

Xinor  Arcs.  

Ill 

Proof (I) Consider ares ma, q for which 

(~_~) ~:--~. p5 < q ____ 

The conditions of Lemma 9 are satisfied, hence 

r ( ~ ) =  O(q-~ ,nin (e, P-~I~I-1)) 

The conditions of Lemma  I4 are satisfied, since q--l p--2--6 ~ q-lp-~(2+o'), hence 

r~(o) o (v!~ + ~). 

Thus, for the  values of q under  considerat ion,  
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lira, q 0 

1__* ~2+4e+1) 
= O~q ap5 

and the total contribution of the arcs corresponding to these q's is 

o( Z Zq -~e~+~§ ) 
q =< p l - - 8  a - 

.=0 f f + g  +4~ 

(2) Consider now values of q satisfying P~ '~< q ~ P=+~. On such ares, 

~(~)= o (v~ § ~) , 

by Lemma 13. Hence the contribution of these ares is 

1 

0 

The integral is precisely equal to the number of solutions of (I), subject to (2). 

Hence by Lemma I, it is 0 pTo + ~ , and the above contribution is 

(]ompletion of the  Analytical  Argument .  

[4 ] 
Let /~-~ /)5(1-~) , so that  the major arcs are those for which q~</~. In 

what follows, A, Q (and similarly A,, Q1 and As, Q-2) denote positive integers 

satisfying Q < R ,  A <  (2, (A, Q ) =  I. 
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1 

oYl ~ i~ <. 8> L e m m a  16. ~ V*(a,A, Q) d a = O  p - i ~  ,where, i fa i sonamajor  
Q 

arc 9~a,q, the term Q : q ,  A = a  is to be omitted from the sum. 
Proof. By Lemma  4, and the per iodici ty  of V* (co, A, Q), we have, fo r  any 

a , A , Q ,  

Hence  the  in tegra l  of the  L e m m a  is 

o 2 ~  ~  ~Jll ~ -  " ~  
.4 

-'}- Z Z Z Z S  -5 Q 1 - - 3  e 2  - ~  

Qt A~ Q2 A.~ 
Q1, A,~-Q2, A., 

where the first 

(o, i) excluding iliA,, Q~ and .~A, q~. 

The  first sum is 

Q 2 Q - 1 .p--2~d' [ 

= 0  5 QQ 5 Q3 pa(2+,~) 

r 

----- 0 ~ q- 6 + 3 3 -[- ~ ~ (1--~) 

(+~) = 0 +i~+a~ . 

Alrl 211 ) - ~ ~ -  ~ ~ , 

in tegra l  is over (o, I) excluding ~A, q, and the  second is over 

For  the  second sum, we observe that ,  for  any a, e i ther  

II M 11 [I LI II ~11 A 1 I A 1 A 2 A~ ~llA~ ~ - ~  >~ Q~ Q~ or ~--~ >_-- 

We can suppose wi thout  loss of general i ty  t h a t  the fo rmer  holds. 

not  on ~A~, Q., we have 

II ~ - ~ , ,  >-- ~ Q~-I .D---2--d. 

Since a is 
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Hence  

fll 
and the sum is 

0 

A 1 

p _  24 
T 

( ii, tl ) Q, G 

0,~ 0,~ 

where <A1 Q ~ - A 2  Q,> 

(rood Q1 G). 
A~ uniquely.  

Lemma 17. 

P,'oqs 

denotes the absolutely least residue of A 1 Q ~ - A 2  Q1 

Given Q1, Q~, n, the re la t ion  <A l (2~-  .A~ (21)~ n determines  A1, 

Hence  the  above expression is 

o r -~ ,  +* + 2'~_ 9 q .=~ 
Q1 q~ n : l  / 

( _ ~  ~ , , ,  ) 

1 

f l , ( o ) -  z >', ,,(o, A, e).,~,o= o(,,'+,'o+'). 
o q A 

I f  a is on a major  arc ~ , q ,  

i ,~(o)_z z ,~,(,~,_~, Q)I =< i,(o)_ ,~,~o, ~, ~)1 + i z z  ',~,(~, A, Q)I, 
q A e A 

and if  c~ is on a minor  arc 

q A (2 A 

where the dash has the same meaning  as in the  enunc ia t ion  of L e m m a  I6. 

Hence  the resul t  follows f rom Lemmas  I I, I5, I6. 

Lemma 18. Z (e (,,) _ ,g, (n) ~ (R, n)) 2 =  O(p,+~o+ 3,r) i) 

where, fin" 3 P~ <= n <~ 15 p3, ~ (n) satisfies 

3 3 
c~ P~ < ~ (~) < e.~ P~. 

1 8 - - 3 9 3 2 .  Aeta mathematica. 71. I m p r i m 6  le 8 m a i  1939. 
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Proof. 

H. Davenport.  

L e t  
I 

911 ~ ~q,2 j ~/3 ~ TI 4 

where n~, n~, ha, n~ are summed  over  all r ep resen ta t ions  of n as n~ + n, + n a + n a 

subjec t  to 

---<-ns, n 4 ~  2P:~ . 

By the  definit ion of I ,  /1, 

A 0 
A)) 

q A n 

q A n 

H e n c e  

and  

Thus  

This  shows t h a t  the  first asser t ion  of L e m m a  I8 is a consequence  of L e m m a  17. 

As regards  the  m a g n i t u d e  of ~ (n ) ,  i t  is obvious t h a t  if 3 P ~  n_--< I5 p3, 

na and  n 4 can be chosen arb i t ra r i ly ,  and  t h a t  the  n u m b e r  of r ep resen ta t ions  of 

n - - n  3 - n  4 as n 1+n.2  lies be tween  c ~ ( , , ~ , 8 - - n ~ )  and c ~ ( n - - n ~ - - n ~ ) ,  t h a t  is, 

be tween  c6P s and c 7Ps.  Hence  

I ~)3{ (2 ~D~)3 (2 p_~_)3 }._~./ 12~2 

3 
> e 2 / ) . ~ ,  

and similarly,  
3 

The Singular Series. 

L e m m a  19. _For all n, q, 

Proofi By L e m m a  2, 

1 

_ !  
JA (n, q)] < q-4 ~_j (clq~)4< Csq 3 

a 
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L e m m a  9.0. I f  (qt, q~) = i, then A (n, q~ q~)-- A (n, q~) A (n, q2). 

Proof  Landau ,  Satz 282. 

The following nota t ion  corresponds to tha t  of Landau,  pp. 280- -302  , in the 

case k = - 3 ,  s = 4 .  

For  any prime p and any positive in teger  l, let  N ( p  ~, n) denote  the n u m b er  

of solutions of 

x~+x~ + x~ + x]=--~(modp~), o ~ x ~ < p t ,  

in which not  all of the x's are divisible by p.  

For  any prime p let  7 = I if p > 3 and 7 = 2 if  p ~ 3. Le t  Po = P r .  

L e m m a  21. Let  3 Q + a be the exact power to which p divides n, where 

o <=a<~ 2. Let  

1 0 = m a x ( 3 0  + a +  I, 32 +7) .  
Then 

A (m pl) = o i j  l > lo, 

and 

~o~0 v ~ O  

where, i f  q = o, the sum over v is to be read as zero. 

Proo f  This is the ease k = 3, s = 4 of Landau ' s  Satz 293. 

Corollary. I f  p X 6 n then A (n, p ' )  = o j b r  v > I. 

tha t  

L e m m a  22. I f  p # 3  then N(P0,  n ) > o f o r  all n. 

Proo f  By Landau,  Satz 300 and Satz 3Ol (with s = 4), it  suffices to prove 

i f  1 ) = 2 ,  

I f  p > 3 ,  

4 ~  P- -20  1 (3,1) - -  I) + I .  
1 0 - - I  

P o - -  i (3 ,  ff  - -  i )  = - - - -  2 2 -  i (3 ,  i )  = 3 .  
p ~ I  2 - - I  

P ~  I (3, p - -  I)~--~-(3,1)- I ) ~  3" 
p - - I  
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L e m m a  23.  

Proof. I 

H. Davenport. 

I f  p = 3  (so that P 0 = 9 )  then N(Po, n ) > o j b r  all n. 

3 + 83 + o 8 + o 3 ~ o ( m o d 9 ) ,  

m .  13 q- (4 -- m). o ~ --  m (mod 9), for I ~ m ~ 4, 

m .  8 ~ + (4 - ~ ) "  o ~ - =  - ~ ( m o a  9) ,  f o ~  I ~ m ~ 4" 

L e m m a  24. For any prime p and any n, 

zp (n) >-_ p-6.  

Proof. (I) Suppose p s X n ,  so tha t  q = o .  By Lemmas 2I, 22, 23, 

z~(-) Po3N(Po,-) 
PTo 3 

p-6.  

(2) Suppose pain , so tha t  Q ~ ~. By Lemmas 2I, 22, 23, 

z~ (-) > p;-3 :V(Po, o) 

> / , 7 o  ~ 

p-6.  

L e m m a  25. For  a,y prime p, 

__3 
[ A ( n , p ) [  < cgp '~ i fpr 

IA(,, ,p)] < egv - 1 / f P l "  

Proof. Landau,  S~ttze 317, 318. 

L e m m a  26. l#br any prime p, 

)~p (n) > I - -  Ciop - 1  i f  p [ n .  

Proof. Landau,  Sg{ze 32o, 322. 

L e m m a  27. The series 

(n) = ~,  A (n, q) 
q~l 
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is absolutely convergent, and 

(,) > c~, (log log ,.)-~-'. 

Proof By the first half of Lemma 26, the product  

I I  zp (.) 
P 

or 

is absolutely convergent;  hence ~ A  (n, q) is absolutely convergent, and ~ (n )= -  
q== l 

I [Z; (n)"  By Lemmas 24, 26, 
p 

Z p  ( , t )  > 2) - 6  ~ ( I  - -  (~10~) ( I  - -  ~10~9 -1)  

p \ p  = 2 Clo / ~ 2 Cxo 1o 

e l a H ( I  ~e lop  -1) 
p > 2 C i o  

pl n 

> i i  (i 
pin 

> ell (log log n) -~-" . 

Lemma 28. For ~j ~ i, 

Z A (n, q ) ~  0 (7- '~ n~) �9 . 
q ~  

Proof Any positive integer q is expressible as q~ q~ q.~, where 

(I) ql is quadratfrei, and (qi, 6 ) =  I, 
(2) q~ is composed of prime powers with exponents ~ 2, and (q2, 6 ) =  I, 

(3) q3 is of the form 2 ~3 ~, 

(4) ((h, q~)= (q2, q s ) :  (q3, q~)-~ ~. 
By Lemma 2I, if p[q~ (so tha t  p > 3), 

A(~,,p*)-=o if l > l o = m a x ( 3 Q + a +  I, 3 q +  I) 

= 3 q + a +  I. 

Hence, if pl is one of the prime powers composing q~, and A (n, p~) ~ o, we have 

/ ~ 3 Q + a + I ,  
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whence p~-l ln,  
have q~ln ~. 

By Lemma 

By Lemma 25, 

Hence 

Now 

Hence the result. 

H. Davenport. 

whence (since 1 ~ 2), l / In  ~. Hence, if A(n, q~) ~ o, 

I9, 
A ( n , q , ) = O ( q ,  ), 

_ _ 1  

\ p l n  / 

_ ;~ + ~(.j~, 1 _1 ) 
F, A(,,, q~ = o  ~, ql ~ q , )~ ,  ~q7 '~ 

q ~  q~, q~, qs 
! (11 q~ qa>~l 
\ qo. ln  2 

~ 0 ~2- ~'- ~-J ql - '~ + ~ (n' q~)�89 q-~ ~' q-~ ~) 

'1~ I n~ q~ [ n "z 

_ 3) - 1  __ Z q ~ - l ~ <  ( I  2 - - 1 ) - - 1 ( 1  - -  3 - O ( I ) ,  

qa 
c~ 

-.~ + ~(~,, q,)~ < y ,  ~r ~, (,.~)- ~ Z q t  ' 

q~ d ] n r = l  

=o Zi) 
din 

= Ob~). 

we must 

Lemma 29. 

Proofi 

( ,  (,,) ~ (R, ,) - ,  (n) ~ (~)), = o (P,). 
3p8_< n =< 15P~ 

By Lemma I8, ~0(n)= 0(P.~). By Lemma 28, 

q > R  

Hence the result. 
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Proof of the Theorem. 

I f  E(N)  denotes the number of positive integers not exceeding N that  are not  

representable as the sum of four positive integral cubes, we have to prove tha t  

o(9 ) 
as N--~ ~, for any ~l > o. 

Choose ~I~ 1 and choose /)==fIN1 I. Then 
2 \5] 

3 P 3 < N < 2 N <  I s P  ~. 
By Lemmas I8, 29, 

_N<n~ 2N 

For any n in this rauge which is not  representable as the sum of four positive 

integral cubes we have e ( n ) - ~ o ,  whence, by Lemmas I8, 27, 

(• ( ' )  - -  ~)(~2) ~ (~))2 > (C 2 / )3  Cli ( log'  l o g  I S /)3)--0'~) 2 

6 e 
> / ) 5 -  . 

Thus we have l 

8 1 + 8d'+ r) 

N 
for 32 > No = No(6~). Hence, if 2 ~o+I < ~ ,  

E ~-4~ = 0 \ \ z . + l  ] for o ~  r ~ r0, 

N 
Choose r o so tha t  2 ~. ~ ~ <  2 ~o+~. The condition 2 ~+a < ~o is satisfied for 

N > N  a ~ - N  1(~1). Hence, for N > N 1 ,  

1 1 


