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Introduction. 
Let us denote 

n distinct points in the interval -- I ~x_--_ + I and let f ( x )  be a function 

defined in the same interval. We investigate in this note the convergence pro- 

blems of the Lagrange and Bermite  interpolation polynomials of the function 

f ( x )  corresponding to the "fundamental  points" (I). The n th Lagrange inter- 

polation polynomial of f (x)  is the unique polynomial of degree n -  I at most, 

assuming the values f(x~")), f(x~n)), . . . ,  f(x(~ '~)) at the abscissas x~"), x(2 ") . . . . .  

x(~ ") respectively. This polynomial is given by the formula 

n 

(2) L~ tf] = ~ f ~x(")~ I ( - ) ~ .  

here 

(3) z(~-) (x) = ~;  (xl.)) (~ _ ~i.) ) 

and the polynomial ~o (x) defined by 

(4) ~ (~) = (~ - . i - ) ) ( ~ -  x(~-)). . .  (~ - x~")). 

The n th Hermite interpolation polynomial of f ( x )  is the unique polynomial of 

degree at most a n - - I  which for the values x~ "), x~), . . . ,  xk n) assumes, re- 

spectively, the values f(x~n)), f (x~'~)), . . . ,  f ( x~  '~)) and whose derivative correspond- 

ingly assumes the given values d~ "), d~ ~), . . . ,  d(~ n) . The explicite form of this 

polynomial is given by the formula 



220 G. Griinwald. 

(s) 

here  

(6) 

(7) 

(S) 

H,~ If ]  ~-- ~ f (x?)) h(k ~) (x) + ~kd("),k ~(~) ,~(~', 
k ~ l  k ~ l  

h~-~ (~) = v~")(~){ Z~")(~) }-~ 
~,: (%n/) 

v~..) ( x ) - -  ~ - ( x  - ~, , I )~,; ,  (%,,)) ,  

and eo,,(x), ll~)(x) have  the  same m e a n i n g  as before.  

There  exis t  m a n y  inves t iga t ions  fo r  the  behav ior  of  ~he sequence L~[ f ]  

( n =  I, 2 , . . . ) .  W e  m en t i o n  

a rb i t ra r i ly  given 

(9) 

here  the  fo l lowing  nega t iv  resul ts  only.  

x~ l) 

x~l, ~:/ 

(,.) z~/~,~/, , xn 

F o r  a n  

sys tem of f u n d a m e n t a l  po in ts  t he re  exists  a func t ion  f ( x )  cont inuous  in the  in- 

t e rva l  - - x = < x < -  + I for  which the sequence L ~ [ f ]  ( n - -  I, Z, . . .) is no t  uni- 

fo rmly  convergen t  in - -  I ~ x ~ -{- I 1 and  the re  exists  a cont inuous  func t ion  

f ( x )  also for  which  the  sequence L~ If]  is d ivergent .  * Even  in the  m o s t  r egu la r  

case of  the  Tchebychef f  f u n d a m e n t a l  points  (i. e. 

(~o) x ~ n ) = c o s ( 2 ~ - - ~ ) ~  ( ~ = ~ , 2 , . . . , , ; ~ = ~ , 2 , . . . ) ;  

x(~ n) (k ~ I, 2 , . . . ,  n) are the  roots  of  the  n th Tchebychef f  po lynomia l  Tn (x )= :  

= cos (n arc cos x) ) the re  exists  a func t ion  f ( x )  cont inuous  in the in te rva l  

- - I  ~ x ~ + I for  which the sequence L~[ f ]  is d ive rgen t  everywhere  in 

1 S. BERNSTEIN, Quelques remarques sur l'interpolation, Comm. Soc. Math�9 Charkow, 14 (I914). 
G. FABER, Uber die interpolatorische Darstellung stetiger Funktionen, Jahresbericht d. D. Math. 
Vereinigung, 23 (i914) , p. io2--2Io. A very simple proof is given in L. F~cj~I~, Die Absch~tzung 
eines Polynoms. . . ,  Math. Zeitschrift, 32 (I93o) p. 425--457 . 

2 S. BERNSTEIN, Sur la limitation des valeurs d'un polynome etc., Bull�9 de l'Acad�9 des Science 
de I'U.R.S.S., (I93I), p. ro25--ioso. 
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- -  I _--<x ~ + I. ~ For  the un i form convergence of the sequence Ln [ f ]  f u r t h e r  

supposit ions on the func t ion  f ( x )  are necessary. E . g .  in the Tchebycheff  case 

these supposit ions are analogous with the  condi t ions  for  which the Four ier  series 

of f ( x )  is convergent .  

I f  we look for  a sequence of in te rpola t ion  polynomials ,  which is convergent  

for  all cont inuous funct ions,  t hen  we can select only f rom those for  which the 

degree of the n th polynomial  - - w h i c h  thus  assumes for  the  values x~ ~}, x~l, 

. . . .  x~ ') respectively the  values f(x~nl), f (x~n)), . . . ,  f (x(~!) - -  is h igher  than  

n - - 1 .  I t  is here  a very na tu ra l  r equ i remen t  to inves t iga te  in te rpo la t ion  poly- 

nomials with simple form and not  too h igh  degree. ~ In  the case of the aequi- 

d is tant  fundamen ta l  points (i. e. the f u n d am en ta l  points  are the points dividing 

the in terval  - -  I ~ x ~ + I in n equal parts)  this problem was solved by DE LA 

VALI~E Pocss l~  and S. BERNSTEII~. s L. FEJ~n inves t iga ted  the H e r m i t e  inter- 

polat ion polynomials.  4 We  have seen t h a t  these classical in te rpola t ion  poly- 

nomials are of simple charac te r  and the  degree  of the  n th polynomia l  is 2 n ~  I. 

The  degree is h igher  by n than  t h a t  of the n th Lag range  polynomial .  5 There  is a very 

impor tan t  difference between the  Lagrange  and  H e rm i t e  in te rpo la t ion  polynomials .  

All the func t ions  l~'0(x) (k = I ,  2, . . . ,  n) have  exact ly  n - -  I changes  of sign i f  

x runs over all rea l  values; and this is t rue  by a rb i t r a ry  cho ice  of the  funda-  

menta l  points.  On the o ther  hand  as the  formulas  (6), (7), (8) show, the  func t ions  

1 CT. GR~NWALD, U b e r  Divergenzersche inungen  der  Lagrangeschen  In t e rpo l a t i onspo lynome  
s te t iger  Funk t ionen ,  Annals of Mathematics, 37 (I936), P- 9o8--918.  See also G. GRONWALD, 
Uber  Divergenzersche inungen  tier Lagrangeschen  In t e rpo la t ionspo lynome ,  Acla Szeged, 7 (I935), 
p. 2 o 7 - - 2 I I  ; J .  MARCINKIEWICZ, Sur  la d ivergence des po lynomes  d ' in te rpo la t ion ,  Acta Szeged, 8 
(I937), P. I3I--I35. 

I f  t he  n th in te rpo la t ion  po lynomia l  can have any a rb i t ra ry  degree, then  for an arb i t ra ry  
everywhere  dense p o i n t s y s t e m  we can find a sequence  of in t e rpo la t ion  po lynomia l s  wh ich  is con- 
vergent  un i fo rmly  for all  con t inuous  funct ions .  G. GR0SWALD, On Interpolation, Bull. of Am. 
Malh. Soc., 47 (t94I),  P. 257--26o- 

s DE LA VALLl~E POUSSIN, Sur la convergence  des formules  d ' in te rpola t ion  en t re  coordondes 
equ id i s tan tes ,  Bulletin de l'Acaddmie Belgique, 19o8. S. BERNSTEIN. Sur une formule  d ' In ter -  
polat ion de M. de la Vall6e Pouss in ,  Comm. Soc. Math. Charkow, (4) 5. (1932), P. 61--64.  The  degree 
of DE LA VALLEE POIYSSINS in te rpo la t ion  po lynomia l s  is 6 n ;  t ha t  of BER.NSTEINS is < 3 n. 

4 FEJERS first no te  on Hermi te  in te rpo la t ion  : L. FEJER, ~)ber Interpola t ion,  Nachrichten d. K. 
Gesellschaft zu G6ttingen (1916), p. 66--91.  For  t he  fu r the r  inves t iga t ion  see t he  papers  of FEJER 
cited later.  

In  t he  Tchebycheff  case t he  degree of t he  n th in te rpo la t ion  po lynomia l  m u s t  be n - - t + c n  
(c > o) a t  least ,  if we desire convergence for all  con t inuous  funct ions.  G. GR/hNWALD, On a 
t heo rem of S. Berns te in ,  Acla Szeged, in the  Press.  I t  is very  l ikely t h a t  th i s  is t rue  in the  
general  case, too. 
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h~n)(x), ~n}(x) of the Hermite  interpolation change their signs only once at most. 

The function ~ ) (x )  changes its sign at the point x~ ~1. The function h~ ~1 (x) changes 

its sign at most once: at the root of the linear function 

co" (X {n)) 

If  the roots of V(k n) (X) (k  = I ,  2, �9 . . ,  •) are outside of - -  I ~ x ~ + 1, 

then the functions h~ *) (x) are all positive. In the Tchebycheff case v~ n~ ( x ) >  0 

( k ~ I ,  2, . . . ,  n; n ~  I, 2, . . . )  and just  with the aid of this fact L. F~.a~R 

proved the uniform convergence of the Hermite interpolation polynomials of an 

arbitrary continuous function if the numbers ]d~)[ are uniformly bounded. 1 The 

further investigations showed that where the proof of the convergence of the 

t termite  interpolation polynomials was simple, the condition v~)(x)> 0 wa.s 

satisfied. The systems of fundamental  points for which this latter condition is 

holding shows also in the theory of Lagrange interpolation and other investiga- 

tions a regular behavior. * Because of this, L. Fv.z~R called these systems of 

fundamental points normal point systems. The scope of this note is the in- 

vestigation of Lagrange and Hernfite interpolation polynomials corresponding to 

normal pointsystems. The results show that this condition in i t s e l f -  thus with- 

out further specification of the pointsystem - -  is sufficient to prove very general 

convergence theorems for the Hermite  and Lagrange interpolation polynomials, s 

This note contains three parts. In the first we investigate the consequences 

of the conditions v~ ~}(x) ~ e > 0 and v(k ~l(x) > 0 (k = I, 2, . . . ,  n; n = I, 2, . .) 

I ~ x ~ + I for the convergence of the Hermite interpolation polynomials of 

a continuous function. In the second part under the same conditions we investigate 

the convergence of the Lagrange interpolation polynomials of a function satis- 

fying a certain Lipschitz condition. In the last part we investigate the behavior 

of the sum ~ {/~'(x) }' if the condition v[.~)(x) ~ o ( ~ = I ,  2 , . , . ,  ,~; f t = I ,  2 , . . . )  
k = l  

is satisfied. 

i See the  note  of L. FEJI~R ci ted in no te  I, p. 220. 
See e. g. L. FEJ~R, Lagrangesche  In t e rpo l a t i on  und  die zugehSrigen konjug ie r ten  Punkte ,  

Mathematische Annalen, Io6 (i932), p. 1--55.  L. FE;[~R, On the  charac te r i sa t ion  of some remark-  
able  sys tems  of po in t s  of in t e rpo la t ion  by  means  of con juga te  points ,  American l~Iath. Monthly, 
4I (I934), p. I - - I  4. P. E~DSs-P.  TURXI~, On In t e rpo l a t i on  II ,  Annals of Mathematics, 39 (I938), 
p. 7o3--724.  

s We  no te  t h a t  the  resu l t s  are - -  wi th  few except ions  - -  t he  bes t  possibles.  
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Contents.  

f. The convergence of the Hermite interpolation polynomials of a continuous 
function corresponding to normal and strongly normal pointsystems. 

1 w Definitions and notations and elementary properties of the interpola- 

tion polynomials. 

2 w A convergence theorem for the Hermite interpolation polynomials of 

a function with continuous derivative. 

3 w A sufficient condition for the convergence of the Hermite interpolation 

polynomials of a continuous function corresponding to normal and strongly normal 

pointsystems. 

4 w The convergence of the Hermite interpolation polynomials of a con- 

t i nuous  function. 

5 w The convergence of the t termite  interpolation polynomials of a con- 

tinuous function if the derivatives of the polynomials at the fundamental  points 

are not  bounded. 

6 w An approximation theorem. 

II.  The converge.ce of the Lagrange interpolation polynomials of a function 
corresponding to normal and strongly normal pointsystems. 

1 w The results of FEJkR. 

2 w A convergence theorem of the Lagrange interpolation polynomials of 

a function satisfying a certain Lipschitz condition. 

I II .  On the sum ~ l~(x). 

1 w Preliminaries. 
n 

2 w Proof of the convergence of ~_j l~ (x) if n --* ~ for normal pointsystems. 

3 w A convergence theorem for certain interpolation polynomials. 

I. The  Convergence  o f  the Hermite  Interpolat ion  Po lynomia l s  o f  a 
Cont inuous  Funct ion  Corresponding  to Normal  and Strongly  

Normal  Pointsystems.  

1 w Definitions and Notations and Elementary Properties of the Interpola- 
tion Polynomials. 

The numbers x~ "/, x~ ~) x In) 

- _-< nl < < _-< + i ,  
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are called the n th fundamental points of the interpolat ion.  1 

X~ 1) 

x~ 2), x~ 2/ 

(~) 
X(~) x(2~) X~ ~) 

The set of numbers  

is a fundamental pointsystem of the in terpola t ion or short ly a pointsystem if for 

all n (I) is satisfied. I n  the following for the sake of simplicity, we do not  use 

in our  formulas  the upper  index n. This does no t  lead to a misunders tanding.  

The n th L a g r a n g e  interpolat ion polynomial  of a funct ion f(x) corresponding  to 

the fundamenta l  points (I) is given by the formula  

(3) 

where 

(4) 

and 

(5) 

L,~ [fl = ~ f(x~) ~ (x), 

(x) 

(x) = ( x -  xl)  (x - x ~ ) . . .  (x - xn) .  

The polynomials  

(6)  l, (x), l,, (x), . . . ,  In (~) 

which are all exactly of degree ~ - -  i will be called fit~da.~neutal poly~wmials of 
the Lagrange i~terpolatio,J~, lt:(x) assumes at x~ the value I and at x~, x ~ , . . . ,  

xk-1, xk+l . . . . .  x,~ the value o. So it is clear t ha t  Ln i f ]  assumes at x~, x2, . . .  x~ 

the values f (x l ) ,  f ( x~ ) , . . . , f ( x ,~ ) ,  respectively. Since the polynomial  L,~If ] of 

degree at most  n - - I  is de termined by the values assumed at n dist inct  points, 

(3) is the unique polynomial  of degree at  most  ~ --  I which at x~, xe, . . . ,  x~ 

assumes the same values as f(x). Fur the rmore  f rom the unicity it follows, t ha t  

for  an arbi t rary  polynomial  P(x) of degree at most  ~ - -  1 

n 

k ~ l  

t The  no t a t i ons  used are in t roduced  - -  w i t h  few excep t ions  - -  1)y L. FEJi;:R. The  r e su l t s  
of th i s  w are due to L. FEJER. 



On the Theory of Interpolation. 225 

I f  P(x ) -  i (7) gives the fundamental  identity 

(8) z~(~) + ~ (ac) + . . .  + z, (~) --=- ~ .  

The sequence L ,  [ f ] n  -~ I, 2, . . .  will be called the sequence of the Lagrange 

interpolation polynomials of the function f(x) corresponding to the pointsystem (2). 

Let dl, d , , . . . ,  dn be n arbitrary numbers, ~hen the n th Hermite interpola- 

tion polynomial of the function f(x) corresponding to the fundamental  points (x) 

is given by the formula 

H,~[f; d]~ ~ f(x~)hi(x) + ~ d~i(x), 
Iz=i k~l  

(9) 

where 

(~o) 

shows that  

a n d  the formulas 

h~ (~) = v~(~) Zi(x) k = i, 2 , . . . ,  ~, 

~ "  (~)  
( ~ )  ~k ( ~ ) =  ~ - ( ~ -  ~ '  ~ ( L )  ~ : i ,  2 , . . . ,  ~, 

0 2 )  ~(ac) = (x -- ~)t~. C~) k = ~, 2 , . . . , ,  

and ~(x), l~(x) have the same meaning as before. I t  follows from (IO), ( i i)  and 

(I 2) that  

(~3) h~(xk) = ~, h~(x,)---- o ( k  + i ) ,  ~ = ~, 2 . . . .  , , ;  

(I4)  ~ k ( z ~ ) = o ,  ~ =  x, 2 , . . . , - ;  i =  I, 2 , . . . ,  n .  

That is, the polynomial (9) assumes the values f (xl), f (x~), ..., f {x~) at xj, ace,..., x,,, 
respectively. On the other hand the formula 

~i.(x,) = ~, ~. (x,) = o (i + k), k = ~, 2, . . . , ,  

, , ~'~ (x~.) 

t t  
�9 ~ ~ (xk) 

(~8)  lk(x~) 2 co (~) 

show that  

(~9) h ; ( x , ) ~  o i =  I, 2, . . . ,  n; k =  I,  2, . . . ,  n .  

The formulas (I3), (I4) and (I6), (19) give that  the polynomial (9) at xl, x, . . . . .  xn 

assumes the values f(xl),f(x~},.. . ,  f(x~), respectively and the derivative of this 
15" 
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polynomial  at  xl ,  xs, . . . ,  xn assumes the  values dl, d2, . . . ,  d, ,  respectively. The 

polynomial  (9) of degree a t  most  2 n -  I is uniquely determined by these con- 

ditions. 

The polynomials 

(20) h, (x), h~ (x), . . . ,  h~,(x) 

will be called fundamental polynomials of the first kind, and the polynomials 

( 2 I )  ~l(X), ~2(X) ,  . . . ,  ~n(X) 

fundamental polynomials of the second kind of the Hermi te  interpolation.  

From the unici ty of the interpolat ion formula  it follows tha t  for  a polynomial  

P(X) of degree a t  most  2 n-- .  I 

__= 

}c=l k~l  

I f  P(x)--~ 2, (22) gives the fundamenta l  ident i ty  

(23) h,(x) + h~(x) + . . .  + h , (x)=-  I .  

I f  P(x)=--x, (22) gives, with the  aid of (23) 

(24) ~ D~ (x) ~ (x --  xk) hk (x). 
k~l  k=l  

Let  the pointsystem (2) be such, 

~ "  (x~) 
(2 5) v~ (x)  = 2 - (~  - z~)  - ~ - -  

(x~) 

Then the  pointsystem will be called 

number  q in the condit ion (25)we 

number  q we have r < 2, because v~ (x~) = 2. 

t ha t  for  all n 

(~6)  vk (x)  >= o 

then  the  pointsystem will be called normal. 

t h a t  for all n 

> = 0 > o  k ~  1 , 2  . . . .  , n ;  - -  I = < x < - ~  + 2 .  

stronqly normal. I f  we will emphasize the 

use the expression q-normal, too. For  the 

Let  the pointsystem (2) be such, 

k =  1,2 . . . .  , n ;  --  2 < x ~ +  2, 

E . g .  Q-normal pointsystems are the roots of certain Jacobi polynomials.  1 The 

n th Jacobi  polynomial ~,, (~, fl, x) has n dist inct  roots in the interval  --  I ~ x < + I 

if a ~ o ,  f l ~ o .  I f  0 < a < 1 / 2 ,  o < f l < ' / 2  then the roots give a Q-normal 

pointsystem, where q = rain (I -- 2 a, I --  2 fl). In  the case a = f l  = 1/2, ~n (1/2, 1/2,x) =- n th 

1 See FEJI~RS first  paper  c i ted in note  2, p. 222. 
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Legendre polynomial, and the condit ion (25) is not  satisfied for any positive Q; 

bu~ the weaker  condit ion (26) is satisfied and so the pointsystem is normal.  

F rom the definition of the Q-normal pointsystem and f rom the ident i ty  (23) 
follows the  impor tan t  inequali ty 

(:7) ~ l~(~)< ' = -  - - I = < X ~ + I .  
k = l  

For  normal  pointsystems, as an e lementary geometrical  considerat ion shows, every- 

where in the interval  -- I + ~ x ~  I - - e  ( ~ > o )  

(28) 

and so 

(29) 

v~ (x) _-__ ~- 
2 

~ l ~ ( ~ )  _-< - - I  + e < $ <  I - - ~  

2 w A Convergence Theorem for the Hermite Interpolation Polynomials of  a 
Function with Continuous Derivative.  

We prove the fol lowing theorem. Theorem 1. Let  f ( x )  be a function with 

continuous derivative in the interval - -  I ~ X ~ Jr I. Then we have for strongly 

normal pointsystems 

(3 o) lira B ,  [f ;  f ' ]  - -  lira f (xk)  hk (x) + f '  (xk) ~k (x = f ( x )  
n ~  n ~ r 1 6 2  \ k ~ l  k = l  

and the convergence is uniform in the interval - -  I ~ x ~ + I .  

From (27) there follows the inequal i ty  

(3,) ~ I ~k(x) I < 2 - - - i ~ x = < + i .  
k = l  

An easy consequence of the approximation theorem of Weierstrass is tha t  for a 

given e > o there exists a polynomial  /)(x) for which we have 

(32) i f (x)  - - /~(x) l  _--< *, I f ' ( x ) - -  P ' (x)[  _--<, - -  I =< x ~< + ~. 

I f  n is sufficiently large, the ident i ty  (22) gives t ha t  

(33) p(x)~ P(xk)h~(~)+ ~ P' (~ )~ (~ ) .  
k = i  k ~ l  

15 
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So by (3 2 ) 

]H,~[f; f ']  --f(x)]----]H.  [ f - -  P; f ' - -  P'] + P(x) -- f(x)[ < 

<--_ ] I I . [ f - -  P , f ' - -  P']] + e < 
(34) 

_-< ] f ( x k ) -  P(xk)] [hk(x)] + ~ ] f ' (xk)  --  P'(xk)[ ]~(x)] + e --<_ 
k : l  k : l  

k = l  / : = I  

Thus it  follows from vk(x)~> e > o, (23) and (3 I) t ha t  

(35) [H'~[f; f ' ] - - f ( x ) ] < *  + 2-~ + e = 2 * (  + ~ ) '  

which was to be proved. 

For  normal  pointsystems instead of (3 I) we have 

n 

(36) "~ l~ (x) < 2 

and so we have convergence in --  I ~ x ~ ~- I only; and uniform convergence 

in - - I  + ~ x ~ I - - ~  ( ~ > o ) .  

3 w A Sufficient Condition for the Convergence of the Hermite Interpolation 
Polynomials of a Continuous Function Corresponding to Normal and Strongly 

Normal Pointsystems. 

In  w 2 we have seen tha t  for s trongly normal  pointsystems the sum of the 

absolute values of the fundamenta l  funct ions of the second kind is bounded (formula 

(3I)). We will show tha t  the behavior of this sum is decisive in the question 

of the convergence 'of  Hermi te  interpolat ion polynomials corresponding to strongly 

normal pointsystems. In  this w we make the first step in this direction. We 

prove the theorem : Theorem 2. Let  a pointsystem be normal and let us suppose, that 

(37) lim ~ ] ~k (x) l = o 
k = l  

and the convergence is uniform in --  I ~ x ~ + I. Then we have for an arbitrary 

function f ( x )  continuous in - -  I ~ x ~ + I 

(38) ~lim~ H,~[f; d] =7 f(xk)hk(x) + ~ d~.gk(x) = f ( x )  
" =  k = l  
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and the convergence is uniform in the interval - - I  <= x ~ + I. The numbers 

[d(k~)[ -~ [ d k ] are arbitrary but uniformly bounded: [ d, [ < A,  where A > o is in- 

dependent ~'om k and n. I f  the condition (37) is satisfied on the pointset S, then 

(38) is holding on S. 

For  the proof  le t  P(x) be a polynomial  for  which 

(39) I f ( x ) -  p (x ) ]  ~ ~- - ~ =<_x=< + ~, 
3 

where ~ > o is a given number  (the existence of P(x) is assured by the  theorem 

of Weierstrass) ,  and le t  us denote  

= ~ax IP'(x) I. 

From (37) follows t h a t  fo r  sufficiently large n 

(40) Z ~''(x*) ~ (x) < ~ ~ I ~,, (~) I < ~. 
a ~ l  k = l  3 

Thus  for  sufficiently large n 

(4~) 

f ( .~)  h~ (x) - -  f (~)  = ~ f(~a) ha (~) - -  P(~) + V(x)  - -  f ( x )  
k ~ l  k = l  

S ~ [ f ( x a ) -  P(x~)lhk(x) + M , I~a(x)l + I f ( x ) - -P ( z ) I  <---- 
k = l  k = l  

< ~ ~, ha(~) + ~ + ~ 
3 k~l 3 3 

So we have 

(42) ~m ~ f ( ~ )  ha(*) = f(*)  
n ~  r 

and the convergence  is un i form in the in terva l  -- I ~ x ~ + i .  

and 

(43) ~-lim~ ~1  ! ~a (x) l = o 

our  s t a t emen t  follows f rom (42). 

W e  can evident ly  prove the  second p a ~  of the  theorem in the  same manner .  

- - i = < x ~ + i  

Since I da [ < A 
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4 w The Convergence of  the Hermite Interpolation P o l y n o m i a l s  o f  a 

Continuous Function. 

W e  prove  t he  t h e o r e m s .  

Theorem 3. Le t  f (x) be a continuous function in the intem, al - -  I <= x ~ + 

and let d~ = d~ ") be arbitrarily given numbers for which ] dk ] < A (A  is independent 

f rom k and n). Furthermore let the pointsystem 

x~ 1) 

xi2) , X~ 2) 

(44) "'" 

be strongly normal in the interval - -  I ~ x <= + I ,  that is' 

(45) 

Then 

(46) 

v k ( x ) > q > O =  k - ~ I ,  2, . . . . .  , n ;  n = I , 2 ,  .; - - i < x <  + i =  = 

lira Hn  [ f ;  d] = li  f (xk)  hk (x) + ~ dk ~ (x ~ f ( x )  
k = l  

and the convergence is uniform in the interval - -  t _~ x ~ + I. 

Theorem 4. Le t  the pointsystem (44) be normal, that is 

(47) V ~ ( x ) ~ o  k =  ~, 2, . . ., n ;  n =  I, 2 , . . . ;  - -  I ~ x ~  + I 

I f  the other conditions of  theorem 3. are satisfied then 

(48) lira / / ~ [ f ;  d] = f ( x )  - -  I < x < + I 

and the convergence is uniform in the interval - -  I + e ~ x ~ I -- ~, where e > o 

is an arbitrary given number. 

I t  fo l lows f r o m  t h e o r e m  

n o r m a I  case t h a t  

2. t h a t  i t  is suf f ic ient  to  p rove  in the  s t r o n g l y  

(49 )  l i r a  I (x ) !  = o - i < .  < + i 
k = l  

and the convergeuce is u n i f o r m  in  the  i n t e r v a l  - -  I ~ x < ff I ,  f u r t h e r m o r e  t h a t  

i n  the normal ease 
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(5 o) l im ~ I ~ ( x ) l - - o  - ,  < ~ <  + 
n ~  k=l 

and  the  c o n v e r g e n c e  is u n i f o r m  in t he  i n t e r v a l  - I + e ~ x ~  I - - , w h e r e , > o  

is an  a r b i t r a r y  g iven  num ber .  

L e t  a be any  n u m b e r  of  the  in t e rva l  [ - -  I, o] a n d  

(5 1) H n [ g ;  g ']x=a~- E g (xk )h~(a)  + g ' ( x k ) ~ k ( a ) .  
k = l  k = l  

Le t  g (x) be def ined by 
o i f  - -  I <=x<=a 

(52) a(x) (x-a)e/2 if . =<_ x _-< + ~. 

W e  shal l  first  cons ide r  in (51) on ly  such  va lues  of  n fo r  wh ich  a does n o t  o c c u r  

in t he  n- th  r ow  of  (44); we shal l  call  t h e m  r e g u l a r  n-values.  T h e y  d e p e n d  of  

course  on a. W e  h a v e  fo r  r e g u l a r  n-values.  

H~ [.q; g ] ~ o  g (x~) ~ (a) Z~. (x) + g' (x~) (~ - -  x~) ~ (a) = 
k = l  k : l  

2 ~ ( ~ _  ~),oj2-, (~ _ ~)~. ( a ) =  (53) = ~ ( ~ -  ~),~ l~(~) + ~ 
a>z k a<x k 

: z Io) - 
a < xlr 

I t  is i m p o r t a n t  to  note ,  t h a t  t he  t e r m s  in  the  las t  sum of  (53 )a re  pos i t ive ,  s ince 

vk (a) - -  _e >___ q _ O = _e > o .  W e  shal l  p rove  t h a t  the re  exists  a n u m b e r  n o = n o (,), 
2 2 2 

t h a t  fo r  r e g u l a r  n-values  g r e a t e r  t h a n  no, a n d  fo r  - -  I ~ a =< o 

I/t ,~(g, g')~=al < ~" 

:For t he  p r o o f  we define t he  f u n c t i o n s  v = I, 2 , . . .  

(54) ,q, (x) = 

o if 

- - v  2 ( x - - a ) e / 2 + z  + 2 v ( x - - a ) O / 2 + '  if  

( x  - -  a)e/2 if  

- - I ~ x ~ a  

I 
a <: x <= a -I - - l' 

I 
a + -  < _ x < :  + , I .  t' 

g, (x) is d i f fe ren t iab le  a n d  i ts  de r iva t ive  is c o n t i n u o u s  in the  i n t e r v a l  - -  1 =< x ~ + 1.  

This  is a c onse que nc e  of  an  easy ca lcu la t ion .  W e  p rove  t h a t  

(55) g , ( x ) ~ g ( x )  if v--* o~ 
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a n d  t h e  c o n v e r g e n c e  is u n i f o r m  i n  t h e  i n t e r v a l  - -  I < x ~ + I a n d  - -  I ~ a < o .  

L e t  ~ > o be  a g i v e n  n u m b e r  a n d  ~ so l a r g e  t h a t  

(56) 4 < ~, 

t h e n  we  h a v e  

(57) I g,, (x) - 9' ( x )  l < ~ - ~ < x < + ~, 

s i n c e  in  - -  I ~ x ~ a  a n d  a + - I  = < x ~ <  I g ,  (x) - -  g (x) = o a n d  in  t h e  i n t e r v a l  

I 
a < x < a  + - 

I g ,  ( x ) -  g (~ ) i  = I -  , '  (x - =)~/~+~ + 2 ,  (~ - ~),o~,+, _ (~  _ ~),/~ I < 
(58) 

<="(;} + + t ; !  = 4 t ; !  < '  

I t  f o l l o w s  f r o m  t h e  t h e o r e m  I.  t ha~  f o r  a f ixed  

(59) l i ra  H ,  ~ , ;  g ' ]  = g- (x) 

a n d  t h e  c o n v e r g e n c e  is  u n i f o r m  in t h e  i n t e r v a l  - -  I ~ x ~ + I .  A s  t h e  p r o o f  

o f  t h e o r e m  I.  shows ,  t h e  c o n v e r g e n c e  is a l so  u n i f o r m  f o r  - -  I ~ a ~ o. 

L e t  n o w  ~ > o be  a g i v e n  n u m b e r  a n d  ~ so l a r g e ,  t h a t  

(6o) I g, (~) g(~) I < ~ - -  _ i = < x = < + i  
3 

( the  e x i s t e n c e  o f  s u c h  a ~ f o l l o w s  f r o m  (55)) a n d  

3 

L e t  us  fix t h i s  �9 a n d  l e t  n o be so l a r g e  t h a t  f o r  n > n o 

(62) IH.[g,; g:]~=o--g,(a)[ = I H . [ g , ;  g;]~=al < ~- 
3 

( th i s  is  p o s s i b l e  a s  i t  f o l l o w s  f r o m  (59)). (6o), ( 6 0 ,  (62) g ive  f o r  r e g u l a r  n - v a l u e s  

g r e a t e r  t h a n  n o . 

I t t . [ g ;  g']==a - -  g(a) I - -  ] H .  [g; g']~=~l = 

(63) = I H .  [g - g,;  g ' -  g:]~=o + H .  [g,; g;]~=~ I <= 

< l H . [ g - g . ;  g'-g'.]x=,,[ + f , 
3 
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(64) 

IH,,[g--g.; g ' - -  g;].--al = 

~ ( . )  = (g Ixk~ - g ~ ( ~ ) ) ~ ( a )  + ~ (y '<~, :)-  g , I~ ) )  (~ --  ~)Z#(~) 
k ~ l  k==l 

< ~ ~ v~ (~)? = - ~ ( 4  + I s  (x~) - g ~  (x,~)l I ,~ - -  ~ I~- (a) ,  
3 k~ l  k-=l 

=< 

fu r the rmore ,  since i n - - I  ~ < x ~ a  and  a + I < x <  + I g (Xk)=g , (xk )  
T 

n 

' l,~.(.) g' ' I g' ( ~ )  - .q~ (x~.) I I a - - , ~  I = ~ I (*~) - g~ ( ~ ) 1 1  , -  *~ I t~. (a) = 
k=l  a < x k < a  +lv 

a < x k < a +  u 

]a--xkll~.(a) = Z1(~  (;),0/.2 1.{_ (_Q2_{_2) (;)q/2~-I jr_ 2: (~-F 
a < x k < a +  - 

(65) 

.__lk(a)<Z(g+2e)[; ) lk (a )<(4 . l_  2 O) I . < -  
v Q 0 3 k=I 

(63), (64) and (65) give for  r egu la r  n-values g rea t e r  t h a n  no and for  - -  I ~ a ~ o 

(o6, I,,,I,; , ( 
a < x  k 

and this  was to be proved.  Since for  non- regular  n-values each t e r m  of the  

sum in (66) vanishes  and  vk (a) - -  q ~ g > o, (66) gives un i fo rmly  for  - -  I ~ a ~ o 
2 2 

- -  l k  ( a )  = O . (67) lira ~ (xk a)Q/2 2 
n ~  

a~_a" k 

For  o ~ a ~ I we obta in  (67) wi th  a sui table modif icat ion 

g, (x), in the  same manner ,  wi th  the  aid of the  func t ion  

(a - -x )e t2  if  - - I  = < x = < a  
G (.) ( o if a ' < x < =  + I 

(68) 

we can prove  

(69) 
lira ~ (a - -  Xk)r l~ (a) -~ o . 

n ~ : o  xk~- -a  

of the  defini t ion of 
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I t  follows f rom (67), (69) tha t  

(7o) lim ~ I a - ~ I~/~ ~ (.) = o.  
k~l  

Le t  d > o be fixed, then  we have 

z~ (~) (7 x) lim ~ ---- o 
n ~  la - -xk l  >~ 

thus  if e > o is a given number  

(72) 

Tha t  is 

(73) 

n 
y,  z~ (~) ~ ~ (~) <~Q z~(~) + ~ y ,  < ~ -  + ~ ~ - ~  
k=l  la--xkl>~ e O la_a.el >~ e 

l im i la - -xkl l~(a)=~  
k~l  

Since a is an a rb i t ra ry  point  in - -  I ~-~ x ~ + I we have for  s t rongly normal  

pointsys tems 
n 

(74)  l i m  >', I ~ k ( ~ ) l  = o - - I  __--~ 39 ~ q- I .  

k=l  

(74) is un i formly  holding in - -  I _--< x _<-- + I since our  est imates  were independen t  

o f  g.  

So the proof  of theorem 3. is completed.  The  proof  of (5o) with the aid 

of (28) and (29) runs analogously and so the  theorem 4. is established, too. 

5 w The Convergence of the Hermite Interpolation Polynomials of a Continuous 
Function if the Derivatives of the Polynomials are not Bounded. 

In  this  and  the  fol lowing w we shall  general ize the  theorem 3. L. FEJ]~R 

proved t ha t  in the  case of the  Tchebycheff  po in t sys tem the H e rm i t e  in te rpo la t ion  

polynomials  of an a rb i t ra ry  cont inuous  funct ion f(x) are convergent  when the  

numbers  d(kn) are bounded  if  n -~  r162 Even if 

n 
(75) ~ = q ) l o g  n 
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where ~(k ") -* o when n ~ or then  

(76) lira H ,  If ;  d] --= lira f (Xk) hk (X) + ~ dk ~k (x == f (x) 
k ~ l  

and the  convergence is un i fo rm in the in terval  - -  I ~ x =< + 1.x 

We prove for  Q-normal pointsys tems the  theorem:  

Theorem 5. Le t  f ( x )  be an arbitrary continuous function in the interval 

-- I ~ x ~ + I and let dk -~- d~ ") be given numbers for  which 

(77) I d(k") I < n~ -~ k = I, 2, . . . ,  n; n = x, 2 . . . .  , 

i f  n ~ r and r > o is an arbitrarily given number. Furthermore let the point- 

system be q-normal, that is for  all n 

vk(x)-->_ ~ > o k - ~  I, 2, . . . ,  n; - - I - < _ x _ - - < + I .  (78) 
Then 

(79) lira H~ [f ;  d] = f ( x )  

and the convergence is uniform in the interval --  I ~ x ~ + I. 

The f u n d a m e n t  of the  proof  is the  fol lowing approx imat ion  theorem:  Le t  

I > Q' > o and 

(80) g (x) -~ ( ? if  --  i <= x ~ a 
( (  x - - a ) e '  if  a < = x ~  + I ,  

t hen  there  exists a polynomial  P (x )  of degree n so t h a t  in - -  I ~ x ~ + I 

(8x) I g (x) - P ( x )  [ < c l og  n , .  , I ~' g (x) - (x a) P '  (x) l < c l o~  n .  n--~', 

where c denotes  a posit ive absolute constant .  W e  shall prove this  theorem in 

the  nex t  w 

t 
Le t  Q ~ - Q - - ~ ,  where ~ > o  a rb i t r a ry  bu t  < e .  I t  follows f rom (8I) t ha t  

for  sufficiently large n 

I g (~) - P (x) l < c ~-~+~ 
(82) - ~_-< x_-< + i .  

I e' g (~) - (x - a) ~ (~)1 < c . - ~ + ~  

I f  xk 4 = a we have (see (53)) 

(83) Ha [g; g']x=a = Z (Xk -- a)e' 12k (a) (vk (a) -- Q') 
a~_x k 

1 S e e  F E J ~ R S  f i r s t  p a p e r  c i t e d  i n  n o t e  2, p .  222 .  
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and for sufficiently large n 

(84) P (a) ----- ~ _P (x,) hk (a) + P '  (x,) Dk (a). 
k ~ l  k ~ l  

I t  follows f rom (82), (84) and (27) 

(88) 
n 'st 

k = l  k = l  0 

Since I P(~)I < c . -e+~ (this follows from (82) and from g(a)~-o) 

(86) IH.  [g; .q']z=a I < cn-e+~. 

(83), (86) and v k ( a ) - - e ' ~  e > o give 
2 

(87) 

tha t  is 

(88) 

(89) 

X k  - -  a 

2 

"-~ C n - q ' + *  

x k ~ a  

[xk - -  a~ e't2 , , 

Xk_>--a 

since = e -  - < i and - - - - ~  I r 
2 2 

a:k >- a 

so it  follows from (88) 

An analogous a rgumenta t ion ,  with the aid of the  funct ion 

(9o) 

gives 

(9~) 

and so 

(92) 

. [ (a - -x)e '  if I ~ x ~ a  
G (x) ( o if a ~ x ~  + I 

xk < a  
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Thus  

(93) 
n 

lira n~ - 2 ~  I ~ k ( a ) [ =  o .  
n ~  oo 

k = l  

I t  is clear tha t  (93) holds uni formly in a so we have proved tha t  for  an arbi t rary  

> o uniformly in the  interval  ~ I ~ x ~ + I 

n 

(94) lim ne-~ ~ I ~k (x) I--= o .  

Theorem 5. follows f rom (77), (94) and 

(95) lira ~ ,  f(xk) h~ (x) = f ( x )  . 
n ~  0o k ~ l  

W e  prove the 

Q' g (x) satisfies in 

exponent  q' i e. 

(96) 

6 w An Approximation Theorem. 

approximat ion theorem enuncia ted in w 5. The funct ion 

the  interval  - -  I =< x _--< + [ a Lipschitz condi t ion with the 

I d g ( x ' ) -  dg(x") l  < c l x ' - ~ " l ~ '  - ~ ~ ' ,  ~"=< + 

where c is an absolute constant .  

n for  which 

(97) I 0' g (x) - -  Q (x) l < c n-~' 

follows from a wel lknown theorem. 1 

I 
In  the  interval  ~ I _~ x <= a + nS 

(98) [ Q (x)[ < c n-e',  

since in the  same interval  

(99) l e'g (x) l < c n-~'. 
Thus 

(Ioo) 

The existence of a polynomial  Q(x) of degree 

- - i ~ x ~ + i  

[ o ' g ( x )  - -  ( Q ( x ) -  Q(a) ) l  < c n - (  - - I ~ X ~ + I .  

We mention the investigations of D~ LA VALLEE POUSS]N, LEBESGUE, S. BERNSTEIN, D. 
JACKSON. 
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I t  fo l lows f r o m  t he  t h e o r e m  of  Marko f f  t h a t  

( Ioi)  ! q'(x)l  < ~." 

s ince I q ( x )  l ~ c  in - - I  ~ x ~  + I .  

1 
I n  t~he i n t e r v a l  - -  I < x N a + ~ also 

(IO2) 

- - I < X < + I  

n ~ 

= q (~) - q (4  d x + q (x) - -  q (4  
X - - ~  x - - a  

1 
a-- n~ 

1 
a--n~ 

~f ~-~<,~+ f 
- - 1  1 

a-- n~ 

d x  

c n ~ d x  < Cn-e'  l og  n + c n  - I  < c n - e '  l og  n .  

I 
T h u s  we h a v e  ill the  in t e rva l  - -  I < x < a + - -  

= ~ n8 

(103) 

I_1i i i o ' g ( x )  d x -  q ( x ) - -  q ( a )  d x = g ( x ) - -  q ( x ) -  q ( a )  d x  
x - - a  x - - u  x - - a  

- -1  - -1  

< c n-e '  l og  n .  

I 
On t he  o t h e r  h a n d  i t  fo l lows  f r o m  (soo) if  a + ~ ~ x <: + I 

( [ 04) J I i g ( x ) - -  Q ( x ) -  Q(a) d x < c n - d  I 
X - - a  x - - a  

a+5 a+5 
- -  d x < c n - d  l o g  n 

and  so in  t he  same i n t e r v a l  by ( io2)  and  (Io4) 

(~o5) 

l ' f ) ()~ ____e g(X) d x _  Q ( x  - O a x : 
j x - a  j x - a  

--1 --1 

g ( x ) -  (i f x) a + ~  

Q (x) - -  Q (a) d x ~- Q (x) - -  Q (a) d 
x - - a  x - - a  

- - I  a + ~  

c n-Q' log  n 
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Collecting the results we have 
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and this proves the approximation theorem with 

_p (~) = / Q (~)~_~- Q (~) d x. 
- - 1  

( I 0 7 )  

II. T h e  C o n v e r g e n c e  o f  t h e  L a g r a n g e  I n t e r p o l a t i o n  P o l y n o m i a l s  o f  a 

F u n c t i o n  C o r r e s p o n d i n g  t o  N o r m a l  a n d  S t r o n g l y  N o r m a l  P o i n t s y s t e m s .  

i w The Results of L. Fej~r. 

I t  is known that if a function f (x )  satisfies a Lipschitz condition with an 

I then the sequence of the Lagrange interpolation polyno- exponent greater t h a n - ,  
2 

mials of f(x) corresponding to strongly normal pointsystems converges uniformly 

to f(x)) We shall 

bound for 

improve this result. The problem is to find an upper 

n 

(xos) F, IZ+(x) l. 
k ~ l  

Indeed if we know e. g. 

n 

( ~ o 9 )  ~ IZk(x)l < v .  =, - -  I ~ X ~  I ,  O < a <  I ,  

~,'~1 

where c > o is an absolute constant, it  follows from a wellknown argumentation 

that  the Lagrange polynomials of a function satisfying a Lipschitz condition with 

an exponent greater than a are uniformly convergentfl Our tool is the inequality 

for the fundamental functions of the second kind of Hermite interpolation, proved 
n 

in w 5 of Par t  I. There exists namely a connection between (Io8) and ~ 1  ~k (x)[. 
k : l  

See FEJI~RS first  pape r  c i ted  in  no te  2, p. 222. 
2 T he  idea of t h e  proof  due  to LEBESGUE, HAAR, FABER. 

no te  2, p. 222. 
See FEJ]~RS first  ci ted pape r  in  
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Indeed the inequaliSy of Cauchy gives for x =k xk 

n 

(II O) Z I l~ (~)1 --< ~=~ ~=, I x - x~ I y'~=, I ~ (~) I �9 

2 w A Convergence Theorem of  the Lagrange Interpolation Polynomials of  
a Function Satisfying & Certain Lipschitz Condition. 

Let ~ > o  be a fixed number and x an arbitrary point in - - I  + ~ =<_ x =< I - - &  

Then we have for o-normal pointsystems 

i--t ~ I 
( [ I I )  S = ~  ~ + - - < e n l o g n  

X - -  X k  X k  - -  X 
Xi < X ~ Xi+l  

ErdSs-Turfin proved 1, that for a q-normal pointsystem 

(I I2) 0,~--1-- 0.. ,> _e 
n 

1g~-2~ . , . )  n - - I )  n ,  

( I13)  

and so 

where x,  = cos 0, .  (I I I) is an easy consequence of ( l ie) .  

From (27) follows 

2 

~=~ V-~ + ~ Iz~/~)l < 
k ~ l  

/cA=i, i+I 

s ~  I ~.(x)l < (~ I4) < V~ + 
k=l 

< V,~ + ~ .  l o g  ,,  ~ 1~)~ (~)1. 
k=l 

Thus (92) gives for a n  a r b i t r a r y  but fixed ~ > o and sufficiently large n 

( ~ I 5 )  ] / , . ( x ) ]  < c - .  '-' - r + ~ = < x _ - <  i - ~ .  

z See the  paper of. P. ERD(~S-P. TURXX cited in note 2, p, 222. 
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So f rom the  theorem ment ioned  

function defined in - - I  <= x < + I 

exponent greater than I -- ~,  that is 
2 

in w I follows the  theorem 6. Let  f (x) be a 

which satisfies a Lipsehitz condition with an 

(II6) I f ( x ' ) - f ( x " ) l < e l x ' - x " [  ~ - - I ~ X ' , X " ~  + I, CC.~ I - o  
2 

Furthermore let the pointsystem of the fundamental points of the Lagrange inter- 

polation be Q-normal: 

( I I 7 )  v k ( x ) ~ Q > o  k- -~I ,  2 , . . . , n ;  n ~ i ,  2 , . . . ;  - - I ~ X ~  + i .  

Then the sequence of the Lagrange interpolation polynomials of the function f ( x )  is 

convergent in the interval - - I  < x < + I and the convergence is uniform in the 

interval ~- I + d ~ x ~ I ~ d, where d > 0 is an arbitrary but fixed number. 

n 

III .  O n  t h e  S u m  ~ l~.(x). 

i w Preliminaries. 

We have seen tha t  the sum 

(i 18) 2 2 (x) + (x) + . .  + 

is impor t an t  in the invest igat ion of  the in te rpola t ion  polynomials.  L. F ~ J ~  

inves t iga ted  this sum for  Jacobi  pointsystems.  In  the Tchebycheff  case he 

proved ~, tha t  

[ 2  if x = - - I  

(I I9) lira ~ l ~ / k ( x ) =  I if - - I < x <  + I  

~--~ ~=~ 2 if x ~  + I .  

In  the case of the pointsystem cor responding  to the roots of the n th Jacobi  

polynomial  with the pa rame te r  values a, fl 

1 L. FEJI~,R, Bestimmung derjenigen Abscissen eines Intervalles, fiir welche die Quadratsumme 
der Grundfunktionen der Lagrangeschen Interpolation im Intervalle ein m5glichst kleines Maximum 
besitzt, Annali della R. Scuola Normale S'uperiore di Pisa (1932), p. 3--16. 
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n 
(120) lim /~, l '~ (x) = 

k = l  

I - - 2 f f  

I - - 2 f f  

if x ~ - -  I 

if - - , < X < + l  

if x - - + i  

I 

2 

I 
o <= fl_<_ - 

2 

We shall prove that  f o r  normal pointsy.~tems 

(I 2 I )  l im Z ~: (X) = I  

and the convergence is un i form in the in terral  - -  I + ~ ~ x ~ I - -  ~, where ~ > o 

arb i t rary  f i xed  number. 

2 w  

Let  , > Z > o  be a fixed 

- - I  + ~ x k ~  I - - Z  we have 

( I 2 2 )  

and 

Proof  of the  Convergence of ~ l~ (x) i f  n -* cr for Normal  Pointsystems.  
k=l 

number  then  for such indizes k for  which 

(,23) v~(z) _-<, + ~ .  

Indeed ei ther  (I ~ co" (xk) 

from vk (+  I) ~ o, vk ( - - I )  ~ 0 

or (--I--Xk)e~ - is positive thus  i t  follows 
oJ txk) 

(, 24) J(:~i )  --< max , < , - x , I  I ,+x~ =z 

since l - - X ~ / ~ ,  I + x~:~)~. 

Fur thermore  
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W e  n e e d  t h e  r e l a t i o n  

(~26) l i m  ~ l~.(x)~-o 
n--~lX--Xkl>~ 

-- I < x <  + I, d > o ,  

w h i c h  is a n  ea sy  c o n s e q u e n c e  of  (50). 

L e t  f(x) be a f u n c t i o n  d e f i n e d  by  

[ o i f  

2 2 - - 2  if  ~x+--  U 

(I27) f ( x ) = -  I i f  

- - ~ x  + i f  

o i f  

- -  i = < x = < - -  I + - 
2 

2 

- - i  + ) ~ < x = <  i - - ) ~  

2 

I---_--<x~ + i 
2 

f(x) is  c o n t i n u o u s  in  - -  I ~ x "~ -~- I .  I~ f o l l o w s  f r o m  t h e  l a s t  r e m a r k  in w 2 

P a r t  I .  t h a t  
n 

( Ie8)  l i ra  H~[f; o] = l i r a  ~_j,f(xk)hk(x)=f(x) - -  I < 2 < + I 
k = l  

a n d  t h e  c o n v e r g e n c e  is u n i f o r m  in an  i n n e r  i n t e r v a l  of  - -  I ~ x ~ "Jr I .  I J e~  

x o be  an  a r b i t r a r y  b u t  f ixed  n u m b e r  in  t h e  i n t e r v a l  - -  I + Z < x <  1 - - Z .  T h e r e  

ex i s t s  a ~ > o  so t h a ~ f ( x ) =  I in  x o - 6 ~ x ~ x  o+ 6. 
L e t  

(x29) Z =  ~f(xk)hk(xo)= ~ f(xk)h~,(Xo) + ~ f(xk)hk(xo) 
~=1 I a'o--x,~ I ~ I xo--Xk I >(~ 

In Y'I 

( I30)  

on ly  s u c h  /c occu r  fo r  w h i c h  f(x~.)= I, t h u s  

Z1 y, vk(xo/z (xo)= Z ;- = k (Xo) - E (~o - x ~ ) ~ 7 ~ )  zk (Xo). 
Izo--xkl z@ Ixo--zk I _-<e Izo--zel _-<S 

S i n c e  h e r e  - -  I q- • ~_< x k  =_< I - -  J~ t h e  i n e q u a l i t y  (I24) h o l d s  a n d  s o  
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Because of 

(132) lim ~ l ~ k ( x 0 ) l = o  
k = l  

(131) and (I3O) give 

(133) ~ =  Z l~(Xo) + en, 
I Xo--xk I ~ 8 

where en--~o if n ~ 

On the other hand if - - I  ~xk___<--I + -  or I - - - ~ x k ~ I  f ( x k ) = O  
2 2 

in ~ only such xk occurs for which -- I + ~- ~ xk ~ < I - - - .  
2 2 

with instead of 
2 

SO 

That is (i 23) holds 

( I 3 4 )  

Thus  

(i35) 

(x0) < I + 4 .  

From (I26) and (I35) follows that  ~ 2  -~ o if n -+ o0 (I29) , (133) 

remark give 

(r36) I ~ - l i m  ~ f ( x k )  hk(xo)=l im Z /~'(Xo)=lim ~ l~'(xo)' 
* n ~  k = l  n ~  | x o _ x k  ] ~(~ n ~  ~ k = l  

and the last 

which is our theorem. 

3 w A C o n v e r g e n c e  T h e o r e m  for Certain I n t e r p o l a t i o n  P o l y n o m i a l s .  

An interesting consequence of the theorem proved in the preceeding w is 

the following: I f  f ( x )  is a conti~uous function in the interval --  I ~ x ~ + I ,  

then we have for  stro~gly normal pointsystems 

(I37) lira ~ , f ( x k ) l ~ ( x ) = f ( x )  - - I  < x < + I 
k ~ l  

and the convergence is uniform in -- i + ~ ~ x ~ I -- Z, where ~ > o. 
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The proof  is very simple. 

and le~ ~ > o  be given. Then ] f ( x ) - - f ( x , ) l < ,  when I x - - x k l < d .  

k i = lk (x) + f (x) k (x) , f (xk) l~ (x) ~ ( f  (xk) --.fix)) ~ 1 ~ = 

= ~ (f(xk)--f(x)) l~ (x) + ~ (f(xk) -- f(x)) l~ (x) + f (x)  ~ l~ (x) =~__a~ 
I a.--zt I ~a la:--xkl >8 k=l 

Let  x be a fixed point  in the  interval  --  I < x  < + I 

Also 

I t  follows from (I36) tha t  

(I39) 

and from (126) tha t  

(~4o) 

where M =  Max If(x)l 
- - l s  

For ~ we have 

y,~--,/(~) 

~ (x) Z<2  Z 40, 

~Y~ ',~.a~ 12 < ~ ~ (x) =< - -  ( I 4 I )  ~ e 

(I38), (I39), (I40), (I4 I) give for  sufficiently large n 

(,42) [ ~-=~/(xk) ~ (x) - f(x) 2 ~  

e 

and the theorem is established. 

16 


