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1. Introduction

We present several new results on isometric torus actions on positively curved manifolds.
The symmetry rank was introduced by Grove and Searle as one possible way to measure
the amount of symmetry of a Riemannian manifold (M, g). It is defined as the rank of
the isometry group,

symrank((M, ¢g)) = rank(Iso(M, g)),

or equivalently as the largest number d such that a d-dimensional torus acts effectively
and isometrically on M.

Grove and Searle [13] showed that symrank((M, g))<[3(n+1)] provided that A
is a compact manifold of positive sectional curvature. They also studied the case of
equality and showed that this can only occur if the underlying manifold is diffeomorphic
to CP™, 8", or to a lens space.

Our main new tool is the following basic result.

THEOREM 1. Let M™ be a compact Riemannian manifold with positive sectional
curvature. Suppose that N" *C M™ is a compact totally geodesic embedded submanifold
of codimension k. Then the inclusion map N"~%—M" is (n—2k+1)-connected.

Recall that a map f: N—M between two manifolds is called h-connected, if the
induced map 7;(f): m(N)—m; (M) is an isomorphism for ¢<h and an epimorphism for
i=h. If f is an embedding, this is equivalent to saying that up to homotopy M can be
obtained from f(N) by attaching cells of dimension >h+1. It is easy to find various

examples where the conclusion of Theorem 1 is optimal. For example the 24-dimensional
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positively curved Wallach flag [24] M?2*:=F,/Spin(8) contains a totally geodesic 15-
dimensional submanifold N'5=Spin(9)/Spin(7) which is diffeomorphic to S'°. Since M2
is 7-connected but not 8-connected, the same holds for the inclusion map N'®— M?24.
One can refine Theorem 1 if there are two totally geodesic submanifolds, or if there is an
isometric group action fixing the submanifold, see Theorem 2.1.

Theorem 1 can be viewed as a generalization of a theorem of Frankel [10] stating that
the inclusion map of a compact immersed minimal hypersurface N in a manifold of posi-
tive Ricci curvature is 1-connected. In the same paper he also showed that the inclusion
map of a totally geodesic submanifold N in a positively curved manifold M is 1-connected
provided that 2dim(N)>dim(M). Frankel obtained his results by showing that the in-
verse image of N in the universal cover is connected. Our proof relies on a very simple
Morse theory argument in the space of all paths in M starting and ending in N. The
setup has been used in the literature before, and like in the proof of Frankel’s theorem [9]
the sectional curvature condition comes in via a Synge-type argument. Theorem 1 can be
generalized to positive k-Ricci curvature, see Remark 2.4. Upon composing the Poincaré
duality of M with the one of N we will show that the cohomology ring of M exhibits a
certain periodicity, provided that the codimension of N is small, see Lemma, 2.2.

Recall that the fixed-point components of an isometry are totally geodesic submani-
folds. That is why Theorem 1 turns out to be a very powerful tool in the analysis of

group actions on positively curved manifolds. As a first application we prove

THEOREM 2. Let M™ be a simply-connected n-dimensional manifold of positive sec-
tional curvature, n>>10, and let
d>in+1.

Suppose that there is an effective isometric action of a d-dimensional torus T on M™.
Then M™ is homeomorphic to HP™* or to 8™, or M is homotopy equivalent to CP™?2,

The theorem remains valid for n<9 except for n=7. For n<6 this is just a conse-
quence of the above-mentioned result of Grove and Searle [13]. Fang and Rong [8] showed
that the theorem remains valid for n=8,9. Their proof relies on Theorem 2.1 combined
with a thorough study of the orbit space. For n=7 the theorem is incorrect since the
Aloff-Wallach examples [1] as well as the Eschenburg examples [6] have symmetry rank 3.

Notice that F4, the isometry group of CaP? has rank 4. Thus in dimension 16 the
result is optimal. Similarly the isometry group of the 12-dimensional Wallach flag has
rank 3. In dimension 13 the Berger space SU(5)/S*-Sp(2) [3] as well as the Bazaikin
examples [2] are positively curved manifolds with symmetry rank 4.

The fact alone that in Theorem 2 a large-dimensional torus acts on the manifold

could potentially allow to strengthen its conclusion. A conjecture of Mann [18] asserts
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that an exotic sphere X" can not support an effective smooth action of a d-dimensional
torus with d}%nﬂ. Let M?™ be a compact manifold that is homotopy equivalent
to CP™, and suppose that M?™ supports a nontrivial smooth S!-action. The Petrie
conjecture [20] asks whether the total Pontrjagin class of M?™ is standard, i.e., whether
it is given by (1+22)™*! where z€ H%(M, Z) is a generator. Dessai and Wilking [5] show
that the conclusion of the Petrie conjecture holds if M?™ supports an effective smooth
action by a d-dimensional torus with d>%(m+ 1). More precisely, it is shown that such
an action is linear in the sense of Petrie [19)].

In the proof of Theorem 2 we will only recover the cohomology ring of the manifold.
The recovery of the homeomorphism type of HP* is a consequence of the following
topological rigidity result which we prove in §10.

THEOREM 3. Let M* be a simply-connected compact manifold with the integral
cohomology ring of HP*. Suppose that o d-dimensional torus T acts smoothly and
effectively on M. Then d<k+1 and if d=k+1, then M is homeomorphic to HPF.

In view of the above-quoted theorem of Grove and Searle, it is natural to ask whether
one can recover the fundamental group of a positively curved manifold with a large

symmetry rank. This actually has been answered by Rong [21].

THEOREM 4 (Rong). If M™ is a positively curved compact manifold supporting an
effective isometric action of a d-dimensional torus with d > %n+1, then w1 (M) is cyclic.

Actually Rong only proved this under the slightly stronger assumption d> %(n~|—6).
As a very simple application of Theorem 2.1 we improve this result to the present version
in §9.

It is easy to see that for n=3 mod 4 the (improved) lower bound for d is optimal.
In fact let F be a noncyclic finite subgroup of S®. Then there is a free action of F on
S4m+3 guch that Sp(m-+1) acts by isometries on the quotient S¥™+3/F.

Grove (1991) proposed to classify manifolds of positive sectional curvature with a
large isometry group. The charm of this proposal is that everyone who starts to work
on this problem is himself in charge of what ‘large’ means and what classify means. One
can relax the assuraption if one gets new ideas. One potential hope could be that if
one understands the obstructions for positively curved manifolds with a ‘large’ amount
of symmetry, one may get an idea for a general obstruction. However, the main hope
of Grove’s program is that the process of relaxing the assumptions should lead toward
constructing new examples. Of course, Theorem 2 fits very well in this context. Following
Grove’s proposal for finding examples one should try and relax the condition further until
one arrives at structure results for potential new examples. The following theorem is a
modest attempt in that direction.
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THEOREM 5. Let M™ be a simply-connected n-dimensional manifold of positive sec-

tional curvature, n>6000, and let
d>gn+1.

Suppose that there is an effective isometric action of a d-dimensional torus T
on M™. Then one of the following statements holds:

(a) M is homotopy equivalent to S* or CP™/2.

(b) M has the same integral cohomology ring as HP™/4,

(¢c) n=2 mod 4 and with respect to any field F the cohomology ring of M is iso-
morphic to H*(CP™2F) or H*(S?xHP("~2/4 F).

(d) n=3 mod 4 and with respect to any field F the cohomology ring of M is either
given by H*(S™, F) or by H*(S*xHP(—3)/4 F).

It is interesting to notice that any S3-bundle over HP(*~3)/4 has a cohomology ring
satisfying (d), and any S2-bundle over HP("~2)/% has a cohomology ring satisfying (c).
However, it is the author’s belief that it is a little premature to look among S2-bundles
over HP™ for positively curved metrics with a symmetry rank as large as in Theorem 5.
In fact it seems more likely that a better understanding of the relations between the
topology of the manifold and the topology of fixed-point sets could actually help to rule
out possibilities (¢) and (d).

The fact that we are only able to prove Theorem 5 in dimensions above 6000 is
related to a problem in error-correcting code theory, see §3. The statement needed from
the theory of error-correcting codes does not hold in low dimensions, it is however not
clear whether 6000 is a good estimate, see also Remark 3.3. As a consequence in low
dimensions the analogous assumption on the symmetry rank does not ensure the existence
of totally geodesic submanifolds of sufficiently small codimension. This in turn allows
potentially different phenomena to occur. A typical problem is for example that one can
only recover the first third of the cohomology ring of a manifold, and that one can not
say much more.

The rough idea for the proofs of Theorem 2 and Theorem 5 is as follows. Consider
an involution in T¢ fixing a submanifold NC M™ of the smallest possible codimension .
Suppose that ké%(n—k?)). Then by Theorem 1 the cohomology ring of N determines
the cohomology ring of M. Since the torus acts on N, one may hope that the induction
hypothesis is satisfied for /N, in which case one would be done.

There are basically three major problems that can occur in this line of argument.
The first problem is the induction start. In the proof of Theorem 2 we first establish it in
the first four dimensions, see §6.1. In the case of Theorem 5 we actually prove a slightly
more general theorem for all dimensions involving an additional hypothesis, see §8. The

additional hypothesis needed becomes redundant in large dimensions.
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The second problem is that the submanifold N may not satisfy the induction hy-
pothesis. Under the hypothesis of Theorem 2 the second problem can essentially only
occur if N has codimension 2 and is fixed by an S!-subaction. In this case we can ac-
tually use a result of Grove and Searle {14] to conclude that M is diffeomorphic to S™
or CP™/2. However, under the hypothesis of Theorem 5 this could for example happen
if N has codimension 4 and is fixed by an S'-subaction. This is the situation we analyze
in §7 using 85. In §5, which has a more topological flavor, we study (Z/pZ)-actions with
connected fixed-point sets.

The third problem is that the hypothesis on the symmetry rank of M may not
ensure a fixed-point set of codimension <1(n+3). We resolve it by establishing first
the existence of a fixed-point set of codimension < %(n+d+2), see §3. We then use the
induction hypothesis and Theorem 1 to recover the cohomology of M up to dimension
[%n]~i with lé%d Namely we show that M is either ({%n}—i)—connected, or the
cohomology ring up to dimension [%n] —1 is given by the cohomology ring of CP"/2.
It is not so hard to reduce the problem to the case of a ([%n] —l)-connected manifold.
Fitting precisely this situation we prove in §4 a topological result that allows to recover
the underlying manifold as a sphere, provided one has sufficiently good control over fixed-
point sets. More precisely Theorem 4.1 says that if in this situation the fixed-point set
of any element of finite prime order p in T¢ is given by a (Z/pZ)-homology sphere then
the underlying manifold is a homology sphere.

Acknowledgement. 1 would like to thank Karsten Grove, Julius Shaneson and Wolf-
gang Ziller for many useful discussions. T am also indebted to the referees for several
useful comments.

2. Proof of the connectedness lemma

In this section we prove Theorem 1. As mentioned before we actually prove the following
refinement.

THEOREM 2.1. (Connectedness lemma.) Let M™ be a compact Riemannian mani-
fold with positive sectional curvature.

(a) Suppose that N*~*CM™ is a compact totally geodesic embedded submanifold of
codimension k. Then the inclusion map N™" % — M" is (n—2k+1)-connected. If there is
a Lie group G acting isometrically on M™ and fizing N™~* pointwise, then the inclusion
map is (n—2k+1+6(G))-connected, where §(G) is the dimension of the principal orbit.

(b) Suppose that N7—*, Ngn'k2 CM™ are two compact totally geodesic embedded sub-
manifolds, k1 <k, k1 +ko<n. Then the intersection N{l_klﬂNg_kz 18 a totally geodesic
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embedded submanifold as well, and the inclusion
NP P Ng=Fe 5 Np—Fe
is (n—ky—ko)-connected.

Part (b) of Theorem 2.1 says in particular that N7~ %N NJ~*2 is not empty, which
is exactly the content of Frankel’s theorem.

Theorem 2.1 turns out to be a very powerful tool in the analysis of group actions on
positively curved manifolds. In fact by combining the theorem with the following lemma,
one sees that a totally geodesic submanifold of low codimension in a positively curved

manifold has immediate consequences for the cohomology ring.

LEMMA 2.2. Let M™ be a closed differentiable oriented manifold, and let N*~* be
an embedded compact oriented submanifold without boundary. Suppose that the inclusion
LN~ M™ is (n—k—1)-connected and n—k—21>0. Let [N|€ H,_(M,Z) be the im-
age of the fundamental class of N in H.(M,Z), and let ec H*(M,Z) be its Poincaré
dual. Then the homomorphism

Ue: HY(M,Z) — H*(M,Z)
1s surjective for I<i<n—k~I and injective for |<i<n—k—I.

Recall that the pullback of e to H*¥(N,Z) is the Euler class of the normal bundle of
N in M. Notice that in the case of a simply-connected manifold M the submanifold N

is simply-connected as well, and hence orientable.

Remark 2.3. (a) Fang, Mendonga and Rong [7] observed an analogy between The-
orem 2.1 and similar theorems in algebraic geometry. They show that a totally geodesic
immersed submanifcld of a simply-connected positively curved m-manifold of codimen-
sion less than %n is automatically embedded. All other theorems for totally geodesic
submanifolds in that paper could have been deduced from Theorem 2.1 by elementary
topological means. However, in order to exhibit the analogy better they give proofs using
the general framework set up in [11].

(b} It is interesting to notice that Theorem 2.1 fails completely for manifolds with
positive sectional curvature almost everywhere. In fact in [25] it was shown that the
projective tangent bundles PRTRP", PcTCP"™ and PgTHP" of RP", CP" and HP"
admit metrics with positive sectional curvature on open and dense sets of points. Fur-
thermore with respect to these metrics all natural inclusions remain totally geodesic em-
beddings. However, the inclusion map PRTRP™— PRTRP™"! is only (n—1)-connected.
Turning the problem around this feature partly explains the size of the set of points at
which zero-curvature planes occur.
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Proof of Theorem 2.1. (a) We essentially use the same setup as in [22]. Consider
the space Qn M of piecewise smooth paths in M starting and ending in N % which are
parameterized on the unit interval. As usual we define the energy of a path ¢ by

5o =3 [ el

The set of paths having energy < C may be approximated by a finite-dimensional manifold
of broken geodesics. Hence we can explore the topology of that space using Morse theory.

Notice that N"~* embeds naturally into QyM as the set of point paths. Clearly
Nn—*k=E=1(0). We claim that the inclusion

Nk QM

is (n—2k)-connected.

The critical points of the energy function are geodesics that start and end perpen-
dicularly to N. We can estimate the index of such a geodesic ¢ from below as follows:
Notice that there are at least n—2k+1 linearly independent normal parallel vector fields
along c that start and end tangentially to N. Hence we deduce that the index of ¢ is at
least n—2k+1. Notice that E is a Morse-Bott function in a neighborhood of E~1(0).
It is then well known that one can find a Morse~Bott function E’ on QxM (or more
precisely on a finite-dimensional approximation of E~1([0,C])) that is C*-close to E
such that F’=F in a neighborhood of E~!(0) and any critical point peQnM\N of E’
is nondegenerate and has index >n-2k+1.

By the usual Morse theory argument it follows that up to homotopy Qn M can be
obtained from N™~F by attaching cells of dimension >n—2k+1.

It follows that the inclusion N" *—QnM is (n—2k)-connected. Let D* be the
closed disk with boundary &D". Any map

(D',0D") = (M, N)

induces naturally a map
(D*=1,8D" ") — (An M, N),

and vice versa. Hence the relative homotopy group m;(M,N) satisfies m;(M, N)=
m—1(Qn M, N). Consequently, m;(M, N}=0, i=1,...,n—2k+1. By the exact homotopy
sequence for a pair it follows that the inclusion map N—M is (n—2k+1)-connected.
Suppose now that a Lie group G acts isometrically on M leaving N pointwise fixed.
In that case we can improve the lower bound for the index of a critical point ¢ to
n—2k+1+4(G) as follows. Roughly speaking we just lift the corresponding index esti-
mate from the Alexandrov space M/G to M. For practical reasons it is convenient to stick
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with manifolds. Choose a fixed biinvariant metric (-,-) on G. Consider the diagonal free
action of G on M x G, and for A>0 put (M, g, ):=(M, g) x (G, X(-,-))/G where g, denotes
the induced orbit metric. Clearly, the sectional curvature of (M, g,) is positive as well.
It is elementary to check that the geodesic c: [0,1]— (M, g) is a geodesic of length ||&(0)||g
with respect to the metric g, as well. In fact (c(t),e)€ M xG is a horizontal geodesic.
Furthermore the index of c€Qny M with respect to the metric g is equal to the index of
¢ with respect to the metric g,.

We consider first the case that for some t, the isotropy group of ¢(¢) is trivial. Let

- {X ‘ X is a piecewise smooth vector field along ¢ with X (0)eT o)V ,}

X(1)eT,yN, X(t) LGxc(t), X'(t) € Towy(Gxe(t)) for t€0,1]

Clearly dim(W)>n—2k+1+6(G). Another characterization of W can be given as follows.
Let O0=t5<...<#;=1 be precisely those times at which the point ¢(t) has a nontrivial
isotropy group. A continuous vector field X along ¢ with X (0)€ TN and X (1)€T )N
is in W if and only if the following holds: the vector field X|, ¢,,,) is horizontal with
respect to the submersion pr: M \Sing — (M \Sing)/G, and its projection pr,oX|, ¢, 1)
t:41)- Here SingC M denotes the set
of all points which have a nontrivial isotropy group. Since the metric g, has the same

is a parallel vector field along the geodesic proc|,,

horizontal distribution as the metric g, this characterization implies that W does not
depend on the choice of A for the underlying metric g, .

Furthermore, it is easy to see that || X'(2)|,,
XeW. The sectional curvature of the plane spanned by X (¢) and ¢(t) with respect to the
metric g, increases as A—0. Clearly this implies that the index form of ¢ corresponding

converges monotonically to 0 as A—0,

to the metric g, is negative definite on W for X sufficiently small. Therefore index(c)>
dim(W)=2n—2k+1+5(G).

If ¢(t) has a nontrivial isotropy group for all ¢, then there is a subgroup HCG such
that ¢ lies in a component F' of the fixed-point set Fix(H). Let k2 be the codimension
of F in M. The codimension of N in F is then given by k—ks, and by induction on the
dimension n we can assume that the index of ¢ is 2n+ky—2k+1+6(K), where K denotes
the normalizer of H in G and §(K) is the dimension of a principal K-orbit in F'. Evidently
5(K)=8(G)—k2. Hence the result follows.

Next we want to prove statement {b). First notice that N3NV, is indeed a totally
geodesic submanifold. It is however not clear that NjN N, is connected and that all
connected components have the same dimension. Consider the space Qn, n,M of all
paths starting in N; and ending in N>. Again it is not hard to check that the energy
function E is a Morse-Bott function in a neighborhood of E~1(0)=N;NN,. Similarly

as above we can estimate the index of any critical point from below by n—k; —ka+1.
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As above we use Morse theory to conclude that the inclusion map
NiNNg = Qn, v, M s (n—ky —k2)-connected.

Notice that the space Qu, n, M fibers over Ny x N2 with homotopy fiber being the based
loop space of M.

We also consider the path space Qs n, M of all paths starting in M and ending
in Nj. Since the inclusion N7 — M is (n—2k; +1)-connected, it follows that the inclusion
Qny Ny M= Q8 M is (n—2k1 +1)-connected.

Combining the two statements we find that the inclusion map NyN Ny —Qpy n, M is
(n—k1—ka)-connected. Clearly €2y n, M is canonically homotopy equivalent to N3, and
thus the result follows. |

Remark 2.4. Notice that the result carries over in parts to manifolds with positive
l-Ricci curvature. In fact we only have to change the conclusion as follows: (a) the map
is then (n—2k+2—1)-connected, and (b) the map is then (n—k1 —ko+1—1)-connected.
This is straightforward to check, as the only time where the lower curvature bound enters
the proof is in the estimates of the indices of geodesics.

2.1. Proof of Lemma 2.2

The lemma follows from the fact that the map Ue: H*(M,Z)— H*"*(M,Z) is the com-
position of the four maps

HY(M,Z)— H (N,Z) - H,_j_;(N,Z) = H,__;(M,Z) — H'""*(M,Z),
wew, ze N[N, y—ruy,  zN[M]ez,
where the first map is the pullback, the second map is the Poincaré duality of N, the
third map is the push forward, and the last map is the Poincaré duality of M. The
second map and the last map are isomorphisms for all 7. Since the inclusion N — M is

(n—k—1)-connected, the first map is an isomorphism for i<n—k—1, and it is injective

for i=n—k—I. The third map is an isomorphism for <z, and surjective for i=1.

3. Upper bounds on error-correcting codes

Put Zy:=7/2Z. Consider the group Z5 with the Hamming distance

dist(a,b)=ord({i{a; ##;}) for a,beZ7.
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A (binary) error-correcting code C of length n and distance b is a subset of Z} such
that dist(z,y)>b for all 2,yeC with x#y. The code is called linear if C is a subgroup
of Z%. The number A(n, b) is defined as the optimal bound of the order of error-correcting
codes of length n and distance b.

In our applications later on C will be a linear code. In fact C will be obtained as
follows. Counsider a manifold of positive sectional curvature M™ with an isometric action
of an [-dimensional torus T!. It is well known that if n is even, then T! has a fixed
point, and if n is odd-dimensional, then T! has an isotropy group of codimension 1, see
Lemma 6.1. Assume for simplicity that T' itself has a fixed point p, and consider the
isotropy representation

o T S O(T, M™).

If n is odd, then there is a 1-dimensional trivial subrepresentation, and the orthogonal
complement of this 1-dimensional subspace can be identified with CI"/2 guch that o
induces a representation

0:T'=DcU([3n]) CSO(n-1),

where DCU([3n]) is the maximal torus of diagonal matrices in U([3n]). If n is even
we can identify T, M itself with C"/2] guch that ¢ induces a representation p as above.

In order to find fixed-point sets of low codimension, one proceeds as follows. Consider
the group of involutions LCT! and HCD in T¢ and D, respectively. Notice that H can be
canonically identitied with Z[zn/ ? written multiplicatively. Furthermore L=Z5. Of course
¢ induces an embedding p: L—>Z[2”/ 4 1f for any involution (€L the fixed-point set Fix{:)
has codimension >2k, then C:=p(L) is an error-correcting code of length [%n] and
distance k. Therefore A([in],k)>2'. Vice versa if we can establish A([3n],k+1)<2’,
then there must be a fixed-point set of codimension <2k.

Given an error-correcting code C of length n and distance b one can estimate its size
as follows. The metric balls of distance less than %b around each point in C are pairwise

disjoint. On the other hand such a ball has

((6—1)/2]
s

elements. This gives the well-known estimate

277,
Aln,b)  ————

50
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see [17]. Often it is useful to consider a refinement of this estimate. A code Cy, CZ% of
length n and distance b is said to be of constant weight w if dist(z, 0)=w for all zcC,,.
In other words, C,, is a subset of the w-distance sphere around 0. The optimal bound
on the order of C,, is denoted by A(n,b,w). One can use weighted codes to establish
different estimates on A(n,b). Let C be again a code of length n and distance b. Consider
around each point in C the distance sphere of radius w in Z%. It is straightforward to
check that an element z€Z% lies in at most A(n,b,w) of these distance spheres. This
gives another well-known result,

2" A(n, b, w)
)
w
The following proposition is based on this inequality combined with the estimate
A(n,b,w)<n+1 for w<i(n—vn2-2b). The author was not able to find the latter

inequality in the literature, which is probably due to the fact that he is not very familiar
with it.

A(n,b) <

PROPOSITION 3.1. Suppose that n and b are positive integers with b<%n. Let w be
the smallest integer less than % (n—+v/n?=2nb)+1. Then

e €015 i (7)1 i ()

n—w 3
>+_.
w

3 1
+ 3 logy(n) + 5 log2< 5

Proof. Put wo=w—1. We plan to prove A(n,b,wg)<n+1. Let SCZ% be a subset
of elements with dist(z,0)=wy for all €S and dist(z,y)>2b for x#£y, z,y€S. Therefore
each element x=(z;, ..., ¢, ) €S has precisely w entries which are 1, and the other elements
are 0. Unlike before we use here the additive notation of Z,. Consider a,3>0 with
wa?+(n—wp)B#*=1 and the map f:S—S"1, z(ay,...,as), where a;=a if z;=1, and
a;=—0 if 2;=0. Notice that the inner product between two elements f(x), f(y) in R"
satisfies

(£(@), f(y)) < (n—wo— 3b) B°—baf+ (wo— §b)a® (1)

for all z,y€S with x#y. If the right-hand side of this inequality is negative, then the
angle between any two elements in f(S) is larger than %ﬂ'. That implies that the order
of S is bounded by n+1. Notice that we can choose a, 3 such that the right-hand side
of (1) is negative if and only if the discriminant is positive,

0 < b*—4(n—wo—$b)(wo— £b) = 2nb—4nwy +4wg,
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which is equivalent to
wo < %(n—\/n2—2nb).
Thus
2"A(n, b, wo) < 2"(n+1)(n—w+1)

(w) ()
w
Wo w
Applying the Stirling formula for w>2, n>9 gives
Aln,b) < 2" n? V2rw-w¥-/27(n—w) - (n—w)"*"¥
n,b) < 2" —
w V2mnn®

x e1/12(n=1)+1/12(w—1)+1/12(n—w—1)

<n¥2om. (ﬂ)‘”‘”? (u)"—w“”.r%,em

Aln,b) <

n n
<nd/2.9n. (n_ﬂ)”? (L) (By e
w n n

If w=1 or n<9 one can check the inequality by more direct means, but in this range

the inequality is useless anyway.

The following corollary is all we need from the theory of error-correcting codes for

the remainder of the paper.

COROLLARY 3.2. Let 0: T¢—=0(n) be a representation of a d-dimensional torus.

(a) If d> %n and n>6000, then there is an involution 1€ T such that the multiplicity
of the eigenvalue —1 in (1) is at most =n.

(b) If n=ng—2k with 2k<Lno and d>max{ino+12, tng—1}, then there is an
involution 1ET? such that the multiplicity of the eigenvalue 1 in o(1) is at least %no.

(c) If d>max{gn+12, ¢n}, then there is an involution L€ T such that the multi-
plicity of the eigenvalue —1 in o(1) is at most <

(d) Suppose that n>11, n#15 and d>1in+1—(n-2[in]). Then there is an invo-
lution 1€T® such that the multiplicity of the eigenvalue —1 in o(1) is at most %(Em—i— 13).

n.

Proof. Of course we may assume that there is no involution in the kernel of p.
Therefore n>2d.

(a) Put m:=[4n]. Let b be the smallest integer <:;m+1. In particular b> Zm.
As explained at the beginning of this section it suffices to show A(m, b)<2™/3<27/6 <24,
Let w be the smallest integer less than 1 (m—+v/m2~2mb)+1. Thus w>3m(2—./5/3).
Since the right-hand side in the inequality of Proposition 3.1 is decreasing in w, we obtain

log, (A(m, b)) < 0.325973m+ 3 log, (m)+2.6074.
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The right-hand side is less than %mg %n for m>2700.

(b) Put ko:= [4—78710]. So k<kp. It suffices to consider the case of k=ky. Other-
wise just consider an (ng—2kp)-dimensional invariant subspace and apply the special
statement k=kg to the induced representation on this subspace.

Notice that n=no~2[;Zno| implies n<no— 5 no+2 and ng> 21 (n—2). Therefore

d>max{gno+12, tng—1} > max{ 3 (n-2)+12, £ (n—2)-1}.

Furthermore it suffices to find an involution ¢€ T4 such that the multiplicity of the eigen-
value —1 is at most n—3no>n. Put m= [%n] Let b be the smallest integer <&m+1.
As explained at the beginning of this section it suffices to show A(m,b)< 2.

Let w be the smallest integer less than %(m—M) +1. Thus we have w>
%m(l—ﬁm ) Since the right-hand side in the inequality of Proposition 3.1 is de-

creasing in w, we obtain
log,(A(m, b)) < 0.321774m+ 3 log,(m) +2.6.

The right-hand side is less than £ (n—2)—1 for m>91, while for m<90 it is less than
& (n—2)+12.

(¢) is proved similarly.

(d) Put m:=[3n]|. Notice that d>2(m-+1). Let b be the smallest integer < Zm+ =,
In particular b> ;= (5m~+7). As before it suffices to show A(m,b)<2%.

Put h:=[3(b—1)] >4 (5m—25). Notice that h>-=m for m>25. Furthermore

2m 15.2™
<

S () ()

A(m, b) <

By the Stirling formula,

h h m—~h m—h
logQ(A(m,b))<m<1+alog2<g>+ — log2< e ))
Hlogg(e) = (A p Ly 1
B2 o\ 1 T o1 Tm—h1

15 1 h 1 m-—h 1 1
+log, (ﬁ) + 5 log, (E) —1—5 log2< - > +§ log, (27) 3 logy(m)

< 0.4335m—0.64+ 1log,(m),

which is <%(m+1)<d for m>=25. For m<24 one can use tables on bounds of error-
correcting codes to get the desired result, see [17]. In some instances one has to use the
fact that the codes are linear. O
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Remark 3.3. In the literature estimates of the quantity

R(6) := lim sup = log,(A(n, [n]))
nooo T
for 6€(0, 1) are called asymptotic bounds of A(n,d). The best known bound for R(3)
is due to McEliece, Rodemich, Rumsey and Welch [16]. Their estimate relies on linear
programming and on some inequalities involving Krantchouk and Hahn polynomials.
One can use their method in order to get estimates for A(n,d). In fact this only requires
to do the bookkeeping in a few rather elementary estimates. It is conceivable that one
could lower the bound 6000 in Theorem 5 with this approach.

4. A recognition theorem for the sphere

Let p be a prime number and put as before Z,,:=Z/pZ. A well-known theorem of Smith
says that for a Z,-homology sphere any diffeomorphism of order p has either an empty
fixed-point set or the fixed-point set is also a Z,-homology sphere, see [4, Chapter III,
Theorem 5.1}. The following theorem says that under very special circumstances one can
conclude the other way around: if the topology of the singular set of a torus action is
sufficiently simple, then the manifold has to be a sphere.

THEOREM 4.1. Let M™ be a compact ([3n] —k)-connected manifold. Suppose that a
d-dimensional torus T% acts smoothly and effectively on M. Furthermore we assume that
either d>2k+2 or T¢ has a fived point and d>2k—1+n—2[%n], Finally, we assume
for any element c€T? of prime order p that the fized-point set Fix(c) is either empty
or Fix(o) is a Z,-homology sphere.

Then M is a homology sphere.

It should be understood that Fix(c) being a homology sphere implies that Fix(o)
is connected unless it consists of two isolated points. It is crucial for the proof that the

range of the unknown Betti numbers of M is smaller than the dimension of the torus.

Proof. Tt is convenient to fix a Riemannian metric on M invariant under the action
of T, We first reduce the problem to the case where T¢ has a fixed point. So assume
d>2k+2. Notice first that the torus can not act freely on M™. Otherwise N:=M"/T¢
would be a compact {n—d )-dimensional manifold. Since M is highly connected, it follows
that the Betti numbers of N satisfy

boi((N, Q) = byi( BT, Q) = (”‘f‘l) for 2i < [1n] ~F,

bait1(N, Q) =beiy1(BT% Q)

1l

0 for 2i+1< [4n] —k.
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Finally if h= [%n] —k+1 is even, then

sh+d-1
-1 )’

bu(N, Q) > (

Since [$n] —k>3(n—d), this is a contradiction to the Poincaré duality of N.

Hence T¢ acts not freely. Let 0€T? be an element of prime order for which its
fixed-point set Fix(c) is not empty. Since Fix(o) is a homology sphere, it follows that
T9 has a fixed point if 7 is even or that T¢ has a circle orbit if n is odd. In the latter
case we pass from T¢ to a subtorus of codimension 1 with a nonempty fixed-point set.
Subsequently we can and do assume that d>2k—1+n—2[in] and T has a fixed point.

For a connected subgroup HC T4 we consider the space M xyEH. Notice that this
space fibers over the classifying space BH. Furthermore since the action of H on M has
a fixed point, the fibration has a section. Hence the induced homomorphism

v: H{(BH,Z,) — H'(MxuEH, Z,) (2)

is injective. Since M is ( [%n] —k)—connected, ¢ is an isomorphism for i< [%n] —k.

Next we plan to show that . is an isomorphism for i=n—2,n—1. Consider all
elements hi,...,h€H of order p. By hypothesis the fixed-point set F; of h; is a Z,-
homology sphere. Put

l
i—1

Notice that the intersection F; N..NF; is given by the fixed-point set of the group
(ha, ...,hiq> with respect to the induced action of H on F;,. By a theorem of Smith
F,N..NF; is a Z,-homology sphere as well.

Let zg€ F be a fixed point of H, and let B,(xo) be a ball of radius r around o,
where r is less than the injectivity radius of the compact manifold M. Notice that the
induced action of H on B.(zp) is linear.

Put F':=F\(B,(zo)NF). Notice that F’ is a finite union of Z,-homology disks,
and that any subfamily of those disks intersect in a homology disk as well. From the
Mayer—Vietoris sequence it follows that H*(F’,Z,)=0 for {>0.

Let A be a closed neighborhood of F’ in M\ B,.(zo) such that the inclusion F'—A
is a homotopy equivalence and such that the boundary 04 is a topological embedded
submanifold. By construction H*(8A, Z,)~H*(S"1, Z,,).

Using Mayer—Vietoris we find that the natural map

HY(MxwEH,Z,)— H (M\A)xuEH, Z))

is an isomorphism for i<n—1.
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For any point = in M\{AUB, (o)) the isotropy group of  has no p-torsion.

This implies for any H-invariant submanifold BC M \(AUB; (%)) that Bxy EH has
finite Z,-homology. In fact H*(BxyEH,Z,)=0 for i>n—dim(H)—-1.

Using Mayer—Vietoris we deduce that

H'((M\A)xnEH,Z,)) = H'(B,(x0)xnEH, Z,) 2 H'(BH, Z,,) (3)

is an isomorphism for ¢>n. Notice that A has the Zp,-homology of a point. Using
Mayer-Vietoris it follows that H*(M\A,Z,)=0 for i>[}(n+1)]+k. From this it fol-
lows easily that H*((M\A)xnEH,Z,) is injective as a BH-module in dimensions above
[2(n+1)]+k, ie., for i>[2(n+1)]+k, z€eH'((M\A)xyEH,Z,), yc H*(BH,Z,) the
quantity ¢(y)Uz only vanishes if y=0 or x=0. Therefore the map from (3) has to be an
isomorphism for i >[4 (n+1)]+k. Hence b;(BH, Z,)=b;(MxnEH,Zy) for i=n—1,n—2.
Consequently the monomorphism ¢ in equation (2) is an isomorphism for i=n—2,n—1.

Next we choose a chain of connected subgroups {e}=HoCH;C ... CHy=T% such that

H;/H; =S We claim that the map
vj: H(BH;,Z,) = H' (M xy,EH;, Z,,) (4)
is an isomorphism for [%(n— 1)] +k—j<i<n—1.

By hypothesis the statement is true for j=0, and we have just seen that it is true for
i=n—2,n—1 and arbitrary j. Suppose, on the contrary, that the statement is false for
some (7,7). We may assume that j>0 is as small as possible and that i<n—2 is as large
as possible. Using the Gysin sequence of the fibration Sl M xijlEH j—1—M xHjE H;
we deduce that the statement is false for (j,7+2) as well—a contradiction.

Applying the above claim for H=T¢, we see that

v HY (BT Z,) — H (M xn, ET Z,,)
is an isomorphism for [1(n—1)]+k—d<i<n—1. Since M is ([3(n—1)] —k)-connected,
it follows that ¢ is an isomorphism for i< [%n] —k. In summary ¢ is an isomorphism for
i<n—1, but that proves that M is (n—1)-connected. O

5. Cyclic group actions with connected fixed-point sets

THEOREM 5.1. Let (M™ g) be a simply-connected compact Riemannian manifold of
positive sectional curvature, and let p be a prime. Suppose that the cyclic group Zj, acts
on M™ by isometries, and assume that the fized-point set N is a connected submanifold

of codimension k. Then
HY(M,Z,)=0 for k<i<n—2k+1.

For the proof we need the following lemma.
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LEMMA 5.2. Let Z, and M™ be as in Theorem 5.1. Consider the Borel construction
Mxg, EZ,. The natural map H'(M xz,EZy, Z,)—H"(M, Z,) is surjective for i<n—2k
and for 122k—1.

Proof. Throughout the proof we use cohomology with Z,-coefficients. The inclusion
map N—M is (n—2k+1)-connected, see Theorem 2.1. The same holds for the map
Nxgz EZ,—~Mxgz,EZ, Thus H(Mxz EZ,)—H'(Nxz,EZ,) is an isomorphism for
i<n—2k. Clearly Nxz,EZ,=NxBZ,. Combining these statements we see that the
map H(Mxz,EZ,)—H‘(N) is surjective for i<n—2k. Finally this implies the lemma
for i<n—2k.

Consider a tubular neighborhood U of N, and put M’:=M\U. Notice that
Hi(M')=0 for i>2k~—1. Using the exact cohomology sequence of the pair (M, M’') we
see that the natural map H®(M, M’)— H*(M) is surjective for i >2k—1. The result fol-
lows now from the fact that the natural map H*(M Xz, EZ,, M'xz EZ,)—H' (M, M’)

is surjective for all 4, which can be easily deduced from the excision theorem. ]

Proof of Theorem 5.1. Throughout the proof we use cohomology with Zp-coeffi-
cients. Notice that Lemma 2.2 remains valid for Z,-coefficients We may assume that
k<3(n+1). Consider the Borel construction M xz, EZ, and the fibration

M — Mxz, EZ,— BZ,.

Recall that all Betti numbers of BZ,, are equal to one. Combining Lemma 5.2 with the
spectral sequence of this fibration we see that the Betti numbers of M xz, EZ, satisfy

bi(Mxz,EZ,)> Y bi(M)+ > bi(M)

sn—2k i>max{n—2k,2k—2}

for 7>n. On the other hand it is well known that this number is equal to the total
Betti number of Fix(Z,)=N, see [4]. If k<1(n+2), then this shows b(M)<b(N). 1t is
apparent from Lemma 2.2 that this can only occur if e=0, and this in turn implies the
theorem. If ;(n+2)<k<3(n+1), then

Doob(M)+ > bi(M)22 Y bi(M)=2 Y b(N)Zb(N).

i<n—2k i>2k—1 i<(n—k)/2 i<(n—Fk)/2

Since equality must hold, we find b;(M)=0 for 3(n—k)<i<n—2k+1. In particular we

find by (M )=0. As before, the theorem is now a consequence of Lemma 2.2. O

COROLLARY 5.3. Let M™ be a compact manifold of positive sectional curvature.
Suppose that S acts effectively on M by isometries. Suppose that the fized-point set F



276 B. WILKING

of S' has codimension k<3(n+1). Moreover we assume that F is connected and that G
acts freely on M\F. Then H{(M™ Z)=0 for i=k—1,...,n—2k+2.

If we assume in addition that ké%(n—i—f)) and that there is a totally geodesic sub-
manifold Ny of codimension <%(n—|—3—k) intersecting N transversely, then M is a ho-
mology sphere.

Proof. Note that every cyclic subgroup of prime order p in S! has F as its fixed-
point set. Applying Theorem 5.1 gives H*(M,Z)=0. By Theorem 2.1 the inclusion map
F—M is (n—2k+2)-connected, and the result follows from Lemma 2.2.

In order to prove the addendum put n—ky=dim(N2). We consider first the case
of ka>k. Note that NoNN— Ny is (n—ka—k)-connected and dim(NoNN)=n—ks—k.
By Lemma 2.2 there is a cohomology class e€ H¥(Ny,Z) that gives a period in the
cohomology ring of Na. The pullback t*e of e to H*(N2N N, Z) is the Euler class of the
normal bundle of NoN N in N. The normal bundle of NoN NV in N is the pullback bundle
of the normal bundle of N in M. The latter has a vanishing Euler class, as H*(N,Z)=0.
Thus ¢*e=0. Since the inclusion map NaNN— Ny is (n—ky —k)-connected, this implies
e=0. Hence N, is a homology sphere. Since the inclusion map No—M is (k—2)-
connected, it follows that H*(M,Z)=0 for i<n—2k+2.

If ko <k, the inclusion map NoNN— N is (n—ks —k)-connected and dim(NoNN )=
n—ko—k. Similarly as above it follows from Lemma 2.2 that N has a ke-periodic coho-
mology ring. On the other hand we know that H*(N,Z)=0 for i=k—1,...,n—2k+1.
Thus N is a homology sphere, and so is M. g

6. Proof of Theorem 2

Our proof is by induction on the dimension n>9, but as mentioned in the introduction
the case of dimension 9 is due to Fang and Rong. For convenience we include a different
proof for the case of dimension 9, since it is important for the induction start. It is also
a first nice application of Theorem 2.1 and Theorem 4.1.

Before treating the special cases we will say a few words about the setup. Based on
a lemma of Berger [3], Grove and Searle [13] proved the following lemma.

LEMMA 6.1. Suppose that a torus T% acts effectively on a positively curved mani-
fold M™. If the dimension n is even, then T% has a fized point. If the dimension is odd,
then there is a circle orbit.

Notice that at a circle orbit the isotropy group is (d—1)-dimensional. Therefore in
odd dimensions a suitable subtorus of codimension 1 has a fixed point. Corollary 3.2 (d)
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guarantees involutions with fixed-point sets of codimension g—l%(&H- 13) for n>11 and
n#15.

Throughout this section let (M, g) and T¢ be as in Theorem 2. We may assume that
d=symrank(M, g). We fix an involution o€ T¢ such that the fixed-point set Fix(so) has
a component Ny of minimal codimension.

The torus T? acts on Ny. The minimality of the codimension implies that the kernel
of that action is at most 1-dimensional. Therefore

symrank(Ny) > d—1

with equality only if Ny is fixed by a circle subaction S*C T¢.

We claim that we can always assume codim{Ng)>4. Suppose codim{Ng)=2. If Ny
is fixed by a subaction of a circle S'CT<, then M is fixed-point homogeneous, i.e., the
circle is acting on the unit normal sphere of its fixed-point set. By Grove and Searle [13]
that implies that the simply-connected manifold M is diffeomorphic to S™ or cpP/2,

If Ny is not fixed by a circle, then symrank(Ng)>d > in+1. If n=9, 10, then Ny has
maximal symmetry rank and is diffeomorphic to a sphere or a complex projective space.
If n>11, then it follows that Ny satisfies the induction hypothesis, and we conclude
that Ny has the cohomology ring of CP{"~2)/2 or 872 Since the inclusion Ny —M is
(n—3)-connected, M has the corresponding cohomology ring.

Therefore we have codim(Ny)>4.

6.1. Proof of Theorem 2 in dimensions 9, 10, 11 and 12

T* on M. Because symrank(Ny)>3, it follows that dim(Np)=>5 and N is fixed by a
circle subaction. Thus the inclusion map Ny—M? is 3-connected. Therefore Ny is a
positively curved simply-connected manifold of maximal symmetry rank. By Grove and
Searle N is diffeomorphic to S°. Consequently A° is 3-connected.

By Lemma 6.1 there is a subtorus of codimension 1, T2C T%, that has a fixed point qo,
and we may assume go€NZ. In order to recognize M® as a sphere we plan to apply
Theorem 4.1 to M? equipped with the T3-subaction.

It suffices to prove that for any element €T3 of prime order p the fixed-point set
Fix(¢) is a homotopy sphere. We first want to show that Fix(t) is connected. Suppose
that there is a component FCFix(:) with go¢ F. Choose a point ¢;€F that lies on a
circle orbit. The isotropy group of the T3-action at ¢, is 2-dimensional. In particular
it contains three involutions. It is now easy to see that one of these involutions ¢; has a
5-dimensional fixed-point component N7 with q;€ N;. Notice that N; is diffeomorphic
to a sphere, too.
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By a theorem of Smith it follows that Fix(¢|n,) is a Z,-homology sphere. In partic-
ular, NyNFix(¢) is connected, and hence go¢ N1. In other words the fixed-point set of ¢;
is not connected either, and we might as well assume that ¢:=¢; and F=N;. By Frankel
N; and Ny intersect. That implies that Fix(¢|n,) is disconnected—a contradiction.

It remains to check that the connected set F=Fix(:) is a homotopy sphere. If
dim(F)=5, then this follows as for Ny. If dim(F)=3, then the action of T* on F has
2-dimensional kernel. Thus there is an involution with a 5-dimensional fixed-point set
N$ such that FCN3. Since N3 is a homotopy sphere and F— N3 is 2-connected, it
follows that F' is a homotopy sphere, too.

T% on M'°. Since symrank(Ny)>3, it follows that Ny is 6-dimensional and fixed
by a circle subaction S'CT#. Furthermore it is easy to see that the nonexistence of
fixed-point sets of codimension 2 implies that Fix(T4) consists of isolated points.

The inclusion map N§— M is 4-connected, and, in particular, N§ is simply-
connected. Since Ny has maximal symmetry rank, it is either diffeomorphic to CP3
or S.

If N§ is a sphere, then it follows that M is 4-connected. Notice that bs(M'°, Q)
is even. Thus bs(M'°, Q)#0 would imply that the Euler characteristic x(M'°) is non-
positive. On the other hand by Lefschetz x(M )= x(Fix(T*))-—a contradiction.

In the case of N§=2CP? we can argue as follows: If the even number bs(M'°, Q)
is not zero, then x(M)<4=x(N§). It is easy to find another manifold N¢ fixed by a
different S'-action. By Theorem 2.1 the intersection NSNN§ is connected. In particular,
X(NSNN§)<4. But that implies that T* has at least one fixed point outside of N§, and
thus x(M)=x(Fix(T*))>4=x(N%)—a contradiction.

Notice that the natural map H*(M!® Z)— H*(NS Z) is surjective, as its image
contains the generator of H*(N® Z). So the even cohomology groups of M 10 coincide
with the cohomology groups of CP5. Since the Euler characteristics are equal, we con-
clude that the odd-dimensional cohomology groups of M'? coincide with the cohomology
groups of CP® as well. But this shows that the natural map H*(M*°,Z)— H*(N® Z) is
an isomorphism for <6. This determines the ring structure of H*(M° Z).

T* on M', The first step is to show that M is 3-connected. Suppose, on the
contrary, that M is not 3-connected.

Consider a point gy whose isotropy group Hg, has dimension >3. It is straightforward
to check that there are at least two totally geodesic submanifolds V7, V2 of codimension 4
fixed by involutions ¢1,t2€Hy,.

Since the inclusion map N7 — M is 4-connected, N is not a sphere. By Grove and
Searle that implies symrank(N;)<3. Hence we can find a 1-dimensional subgroup of T
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that fixes N;. Therefore the inclusion map N;— M is 5-connected.

Furthermore it is clear that N; does not have totally geodesic submanifolds of codi-
mension 2 either. In particular it follows that N; and Ny intersect transversely. Thus
N{NNJ—N] is 3-connected. In particular, NJNNJ is a simply-connected 3-manifold
and hence a homotopy sphere. It follows that Ny is 2-connected. Let F be a field. Since
the inclusion NYNNJ— N7 is 3-connected, it follows that b3(N7,F)<1. By Poincaré
duality by(N{,F)=b3(N{,F)<1 and bs(N/,F)=0. Since the inclusion N{—M" is 5-
connected, this leaves only two possibilities for the total Betti number b(A/*!, F), namely
b(M,F) is either 2 or 6.

Since N7 and Ny are fixed by circles and do not have totally geodesic submanifolds
of codimension 2, we deduce that Hy, is connected, dim(H,,)=3 and the fixed-point set
Hgo through go is the circle T*xgo. The isotropy representation of Hgy, induces a complex
structure on the normal space v,(T**qp) of the circle T*xgy. We can identify v,(T**qp)
with C® such that the image of the isotropy representation is generated by

a(z)=(z,2,1,1,1), blz)=(1,1,2,2,1), ¢c(2)=(z1,21,z2),

z€S!, where a(z), b(z), c(z) represent diagonal matrices in U(5).

We identify Hgy, with the image in U(5), and we may assume that a(S') fixes N{ and
b(S') fixes NJ. Let N§ be the component of the fixed-point set of ¢(S!) through go.

Notice that symrank(N2)=3. By Grove and Searle N3 is equivariantly diffeomorphic
to a lens space or a sphere.

Next we claim that VJ is simply-connected. Suppose not. Let p be a prime number
that divides the order of the fundamental group of N3. The total Betti number of N3 is
6 with respect to Z,-coefficients.

Notice that the fixed-point set of ¢(Z,) has N§ as a component as well. By a theorem
of Floyd the total Betti number of the fixed-point set of ¢(Z,) is bounded by b(M, Z,),
see [4, Chapter III, Theorem 4.1]. Hence b(M,Z,)=6 and the fixed-point set of ¢(Z,) is
equal to NJ.

Let N} be the component of the fixed-point set of d(2)=b(2)c(2)=(z,1,1, %, z). The
intersection NYN N3 has a 3-dimensional component B, and the inclusion B— N is 2-
connected, i=3,4. In particular, the fundamental groups of N2 and N3 are isomorphic.

The manifold N} is diffeomorphic to a lens space, too. The group c(Z,) fixes the
3-manifold B. Since the action is linear and p divides the order of the fundamental group
of N}, it follows that the fixed-point set of ¢(Z,)] ns has precisely one more component,
a circle N1 The circle N' is not fixed by ¢(S?), and therefore N! is not contained in N3.

Hence Fix(c(Z,)) has at least two components—a contradiction.
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Therefore N3 is simply-connected and diffeomorphic to a sphere. We plan to prove
that the fixed-point set of a(S!) has no components other than N{ and that a(S') acts
freely on MM\ NY.

Suppose, on the contrary, that the fixed-point set of the cyclic group a(Z,) has a
second component B for some prime number p. Choose a point ga€ B such that the
isotropy group Hg, has dimension 3. Since all arguments from above apply equally with
qo replaced by ¢, there is an element ¢€H,, such that the component F' of the fixed-point
set of ¢ through gy is diffeomorphic to S°. By Frankel F and N7 intersect. Hence the
fixed-point set of a(Z,)|r has at least two odd-dimensional components. On the other
hand F is diffeomorphic to S®—a contradiction.

Therefore the fixed-point set of a(S') is N7, and a(S!) acts freely on M'*\ N{. By
Corollary 5.3 we get H*(M,Z)=0 for i=3,4—a contradiction.

Thus we have proved that AM!'! is 3-connected. Of course we can still prove the
existence of a totally geodesic submanifold NY. Since the inclusion map N 7MY is 4-
connected, it follows that N7 is a homotopy sphere, and hence M!! is 4-connected. If we
can choose N7 such that it is fixed by a circle subaction, then the inclusion map N7~ M1!
is 5-connected, and we are done. Thus we may may assume that symrank(N{)=4 for
any possible choice of N7.

Next we claim that for any element € T* of prime order p the fixed-point set Fix(¢)
is either empty or given by a homotopy sphere. Because of Theorem 4.1 this finishes the
proof. _

Let us first check that each component N of Fix(¢) is a homotopy sphere. Suppose
first that dim(/V)=5. If N is contained in a totally geodesic 7-manifold, then clearly N
is a sphere. Thus we may assume that the kernel of the action of T* on N° is isomorphic
to S'. Thus N® is diffeomorphic to a lens space by Grove and Searle. It is easy to see
that there is totally geodesic 7-manifold NJ (fixed by an involution) that intersects N
in a 3-dimensional manifold. Clearly, the intersection NJNN has the same fundamental
group as N. On the other hand N7 is equivariantly diffeomorphic to 87, and hence
NINN is diffeomorphic to S3.

If dim(N)=3, then N is contained in a totally geodesic submanifold of dimension 5
or 7. In either case N is a homotopy sphere.

In order to prove that Fix(1) is connected we can argue as follows. Otherwise we can
choose two points g1, ¢y in different components of Fix(:) such that the corresponding
isotropy groups H; and Hs have dimension at least 3. Choose an involution ¢ €H;MNHy
such that the component ¥ of Fix(c) through ¢; has dimension at least 5. Since F' is a
homotopy sphere the fixed-point set of |z is connected. Hence g2¢ F. In other words we

may assume t=¢. By Frankel FN N/ is not empty, and clearly the intersection contains
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a circle orbit. Therefore q;€ NY without loss of generality. Switching the roles of ¢
and ¢» shows that we also may assume go€ N7. But this is a contradiction as N{NFix(¢)
is connected.

T4 on M'2. By Corollary 3.2 we have codim(Ny)=4. Consider a fixed point go€ No.
There is a 2-dimensional subtorus T2C T# that acts trivially on the normal bundle of
Ng at go. It is now easy to find an involution :1€T? such that the go-component Ny of
Fix{s1) has codimension 4.

By construction the intersection No:=NENN$ is 4-dimensional.

Clearly T* can not act trivially on Ni. Thus N3 has a Killing field, and by Hsiang
and Kleiner [15] N7 is homeomorphic to §* or CP2. Since the inclusion map Nj —N§ is
4-connected, it follows that N§ has the cohomology ring of a compact symmetric space
of rank 1.

If we can find an N§ that is fixed pointwise by a subgroup S!C T4, then the inclusion
N§— M1'? is 6-connected. Clearly this implies that M2 has the cohomology ring of a
compact symmetric space of rank 1, too.

If we can find no such N§, then T* acts with finite kernel on N§, and by Grove and
Searle [13] N§ is either diffeomorphic to S® or to CP*. Furthermore it follows that T4
has only isolated fixed points.

The inclusion N® — M2 is 5-connected.

Thus the odd-dimensional homology and cohomology groups of M12 are 0. By the
universal coeflicient theorem the cohomology groups are torsion-free. Therefore it suffices
to show that bs(M, Q)=bs(M, Q).

We argue by contradiction: If bg(M, Q)>ba(M,Q), then clearly x(M)>3. Thus
there are at least three fixed points of T4 We claim that for any three fixed points of
T4 we can find a fixed-point component N® containing the three fixed points.

Let qi, g2, q3 be three different fixed points of T¢ We consider the subgroup
(Z2)*CT* and the direct sum of the three isotropy representations in 7, M. This is
a 36-dimensional vector space. Since (Z3)* is contained in a torus, the irreducible sub-
representations come in equivalent pairs. Thus we may think of this representation as
an 18-dimensional complex representation.

Z3 has only fifteen nontrivial representations. So it follows that at least two of
the eighteen subrepresentations are equivalent. We choose such a subrepresentation and
consider its kernel Z3. Z3 has now 18— nontrivial subrepresentations and [ trivial
subrepresentations (1>2). If [<3 we can find at least three nontrivial subrepresentations
that are pairwise equivalent. If <10 we can find at least two such subrepresentations.

We consider the kernel Z3 of the pairwise equivalent subrepresentations. The repre-

sentation of Z2 consists of k trivial and 18—k nontrivial subrepresentations, k>5. If k=5,
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then at least five of the nontrivial subrepresentations are equivalent. If k<8, then at least
four of the nontrivial subrepresentations are equivalent. If k<10, then at least three of
the nontrivial subrepresentations are equivalent. We consider the kernel of these pairwise
equivalent subrepresentations. It has at least ten trivial subrepresentations. Consider
now the fixed-point set of the nontrivial element in the kernel. Let Ny, be the connected
component containing ¢;. Clearly dim(Ny,)-+dim(N,,)+dim(Ng,)>20. Furthermore
dim(N,,)<8. Thus after reordering we have dim(Ny,)=8 and dim(Ny,), dim(Ny,)>4.
By Frankel’s theorem N,, and N, intersect. Thus Ny =Ny,, and similarly Ny, =N,,.

Since Ny, contains three fixed points of T4, it can not be a sphere. Thus as explained
before it has to be diffeomorphic to CP%. Since T* acts almost effectively on N,,, we
can find a totally geodesic 4-manifold Niy;=2CP? containing all three fixed points.

Notice that Ny, contains precisely three fixed points.

We now give two different estimates for the number of these submanifolds containing
a given point ¢;. First this number is at least (x(M)—1)(x(M)—2).

On the other hand such a manifold is determined by its tangent space at ¢;, and
there are only %-6-5 possibilities.

Thus we have proved x(M)<7 and hence bg(M)=bz(M)=1.

6.2. Proof of Theorem 2 in dimensions above 12

There are two different arguments for the induction step. The first is

LEMMA 6.2. Suppose that we have proved Theorem 2 in all dimensions less than n.
Let M™ T9 be as in Theorem 2. If there is an element 1€ T%\e such that the fized-point
set has codimension <i(n+3), then the conclusion of Theorem 2 holds for M as well.

Proof. This is almost a direct consequence of Theorem 2.1. Let F' be the component
of Fix(1) of codimension <7 (n+3). We may assume that dim(F) is maximal. If F has
codimension 2 and is fixed by a circle, then we are done by Grove and Searle [14]. If not,
then symrank(F)>+dim(F)+1. Thus the cohomology ring of F is isomorphic to the
cohomology of a compact symmetric space of rank 1. Since the inclusion map F— M is
[$n]-connected, the same holds for M. O

Using the theory of error-correcting codes it is not hard to see that the hypothesis
on the existence of a fixed-point set of low codimension can actually be removed from
Lemma, 6.2 for almost all dimensions n, since in those dimensions it follows from the
assumption on the symmetry rank. However, for the other dimensions one needs ad-
ditional arguments, and here it is where Theorem 4.1 is crucial. In fact this approach
works uniformly in all dimensions.



TORUS ACTIONS AND POSITIVE CURVATURE 283

LEMMA 6.3. Suppose that we have proved Theorem 2 in all dimensions less than n.
Let M™ T¢ be as in Theorem 2. If there is an element 1ET%\e such that the fized-point
set has codimension éf—6(5n+13), then the conclusion of Theorem 2 holds for M as
well.

By Corollary 3.2, the condition on the existence of a fixed-point set of codimension
< I%(Sn—k 13) is implied by the other assumptions, unless possibly n=15. For n=15 the
existence is also implied by the other conditions, but unlike in the other dimensions the
argument is of global nature. We will treat the case of n=15 at the end of this section
in a separate lemma. This finishes the proof of Theorem 2.

Proof of Lemma 6.3. By the previous lemma we may assume that there are no
elements in T¢ fixing a totally geodesic submanifold of codimension <%(n+3). Further-
more n2>13 and thus there are no fixed-point sets of codimension 4. Thus the statement
of the lemma is only nontrivial if n>17. Let Ny be the fixed-point component of ¢ of
codimension < £ (5n+13). We may assume that Ny has minimal codimension among all
fixed-point sets of involutions.

Consider a component N of Fix(c) for some 0 € T%. Suppose that N is maximal, i.e.,
N is not contained in a component N'CFix(¢’) with dim(N’)>N. Then the symmetry
rank of N is at least d—1> in. Furthermore the intersection NN Ny has symmetry rank
>1n—1. Therefore dim(NﬂNo)E%n—?) with equality only if NN Ny is fixed by a 2-
torus. Because of codim(V'), codim(Np) =6, Theorem 2.1 implies that the inclusion maps
NN Ny—N and NNNy— Ny are 2-connected. Since M and Ny are simply-connected,
the same holds for N.

Since the codimension of N is larger than 4, we have
symrank(N) > 1dim(N)+1. (5)

Thus N has the homotopy type of S¥or CP*/2— N can not be homeomorphic to HP*/4,
since we have the strict inequality in (5).

Notice that the previous discussion applies in particular to N=N,. If Ny is a ho-
motopy sphere, then we can argue as follows. Notice first that M is l-connected with
I>n—2k+1>%(3n—5).

By Theorem 4.1 it suffices to prove that for any element o € T¢ of prime order p, the
fixed-point set Fix(c) is either empty or a Z,-homology sphere. In the odd-dimensional
case one has to pass from T¢ to a subtorus of codimension 1 with a nonempty fixed-point
set in order to satisfy the hypothesis of Theorem 4.1.

We first prove that any component N of Fix(o) is a Z,-homology sphere. Suppose,

on the contrary, that N is a counterexample of minimal codimension. If there is a group
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Z2C T that fixes N pointwise, then N is strictly contained in a component F of a fixed-
point set of some other element in Z2—{0}. Since dim(F')>dim(N), it follows that F
is a Z,-homology sphere. By a theorem of Smith Fix(c|r) is a Z,-homology sphere as
well. Since N is a connected component of Fix(i|r), it has to be a Z,-homology sphere
as well.

Thus we may assume that N is not fixed by a group Z%. That implies symrank(N) 2>
d—1. As before it follows that N is homotopy equivalent to a sphere or a complex
projective space. In order to rule out the latter, notice that the inclusion NN Ny— N is
h-connected with h=n—codim(Ng)—codim(N)>4.

The manifold NN Ny is a component of the fixed-point set of Fix(co|n,). Since Ny
is a homotopy sphere, NN Ny is a Z,-homology sphere. Hence N can not be a complex
projective space.

Next we prove that Fix(c) is connected, unless Fix(o) consists of two isolated points.
We first argue for n odd. Suppose that Fix(c) has at least two connected components.
Then we can find two points ¢; and ¢ in the different components Ny and Ny of Fix{o)
such that their isotropy groups H,, and H,, have dimensions at least d—1.

Clearly we can choose an element o’eHg,NH,, of order p such that Fix(¢’) con-
tains Ny, and the component F of Fix(o") with ¢;€ F7 has dimension at least

2(dim(Hg,NHg,)—1)+1> 3(n+1)-3.

Since F} is a Z,-homology sphere, the set Fix(o|r,) is a homology sphere as well,
and hence Fix(c|p,)=N;. In particular go¢ Fy. Hence Fix(o”) is not connected either,
and we might as well assume ¢’=o0.

By TFrankel the manifolds F; and N, intersect. Clearly the intersection FinNp
contains a circle orbit of T¢ as well. Thus we may assume q;€ Ny. Switching the roles
of ¢ and ¢z in the above argument shows that we also may assume gz€ Ny. But that
proves that o|y, has two odd-dimensional components—a contradiction since Ny is a
homotopy sphere.

In even dimensions we can argue as follows: Since all connected components of
Fix(o) are homology spheres and x(Fix(c))=x(M), it suffices to prove x(M)=2. For
that it suffices to show that Fix(¢)=Np. Suppose that g€ Fix(¢)\ No is a fixed point of T¢.

It is easy to find an involution ¢’ such that the connected component F of Fix(N’)
through g has dimension greater than %n We have seen that F is a Zj-homology sphere.
On the other hand F'N Ny has positive dimension by Frankel. That shows that Fix(:|r)
is not a Zy-homology sphere, a contradiction.

Finally we have to consider the case of Ny being homotopy equivalent to CP(»—%)/2,
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Then H?(M,Z)=Z. There is a principal S'-bundle
St Bt 5 M

whose Euler class is the generator of H?(M,Z), where B"*! is a compact manifold.
There is a torus action T?*t! on B™*! and a homomorphism T4+!—T< such that the
projection pr: B"*1— M™ becomes equivariant.

Clearly fixed-point sets in B™*! are preimages of fixed-point sets in M™. Hence
inclusion maps of fixed-point sets of low codimension are highly connected; more pre-
cisely, for a submanifold of codimension k the inclusion map is (n+1—2k)-connected.
Furthermore, Frankel’s theorem holds in B™*! for fixed-point sets, as it holds for their
images in M™. Using all this it is easy to see that the proof carries over to B"*1. Thus
B™*1 is a homotopy sphere, and M™ is a homotopy CP™/2. O

T on M.

LEMMA 6.4. Let M be a 15-manifold of positive sectional curvature. Suppose
that a 5-dimensional torus T® acts isometrically and effectively on M5, Then there is
an involution T° with a fixed-point set of codimension <A4.

Proof. If the torus action has a fixed point or a nonisolated circle orbit, then the
statement is trivial. If there is an involution ¢€T® such that Fix(¢) has a 5-dimensional
component N°, then we can argue as follows. The action of T° on N has kernel of
dimension at least 2. Hence we find another involution o€ T?\{:} fixing N pointwise.
It is now clear that either o or ¢-¢ has a fixed-point component of codimension <4.

Suppose, on the contrary, that there is no involution with a fixed-point set of codi-
mension <4. It is easy to see that any circle orbit must be contained in a totally geodesic
submanifold N7 fixed by an involution ¢;. The manifold N} has symmetry rank >4, and
thus N} is homeomorphic to a sphere.

It is also clear that there must be another involution ¢y, fixing a 7-manifold N that
intersects Nj transversely. Furthermore there is a third manifold Nj intersecting NJ
in a 5-manifold B5. It follows that m(N7)=m1(B%)=m1(NJ)=m(M)=0. Thus N] is
simply-connected, and it is easy to see that symrank(/NJ)>4. Hence NI is a sphere as
well.

Notice that the intersection NYNNJ is connected by Theorem 2.1. Furthermore
S§:=N?N NI is 1-dimensional, and thus it is necessarily given by a circle orbit. Since Ny
and N are spheres, there must be four more circle orbits 57, ..., S} in Ny apart from S§.
Furthermore there are another three circle orbits in S}, ..., S} in NJ.

The action of T¢ on S} can be naturally identified with a 1-dimensional complex

representation in C. The sum of all those representations is a representation o of T®
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in C®. By Corollary 3.2 there must be an involution ¢ such that g(:) has 1 as a (complex)
eigenvalue with multiplicity at least 6. Translating back gives that ¢ fixes at least six of
the circle orbits pointwise.

Suppose for a moment that all these circle orbits are contained in the same connected
component F of Fix(¢). Clearly we may assume symrank(F')>4, otherwise we can find
a larger fixed-point set containing F. Since dim(F)<9, Theorem 2 implies that F'is a
sphere, and hence it has at most 3(dim(F)+1) circle orbits.

It follows that there are two different connected components F; and F5 of Fix(:)
intersecting Ny and Na, respectively.

The fixed-point sets Fix(¢|y,)=N;NFix(¢) are necessarily homology spheres, and in
particular they are connected. Hence Fix(:)NN;=F;N N, and ¢ does not fix the circle
orbit S§=N7NNJ. Since F;NN} is empty, Frankel’s theorem implies dim(F>)<5. As
shown above, the case of dim(F2)=5 can not occur, and thus dim(F2)<3. Therefore F,
contains at most two circle orbits.

This shows that FiNN; contains each of the circle orbits Si,..,S;. Hence
dim(N?NF,)=7. Since F1NNJ is empty, Frankel’s theorem implies that dim(F1)<7.
Consequently F1CNy. But then 101y has a fixed-point set of codimension 2—a contra-
diction. ]

7. Totally geodesic submanifolds

LEMMA 7.1. Let M™ be a simply-connected n-manifold, and let N"* be a submanifold
such that the inclusion map N™" % M is (n—k)-connected. If k divides n, then M"
has the integral cohomology ring of a compact symmetric space of rank 1. If k divides
n—1, then N is a homology sphere.

The proof is a simple cohomology computation. In fact one just uses Lemma 2.2 to
show that the integral cohomology ring of the manifold is generated by one element. By
Adams that implies the desired result.

The following lemma is a simple application of Theorem 2.1 and Lemma 2.2.

LEMMA 7.2. Suppose that the positively curved manifold M™ has two totally geodesic
submanifolds N7 and NI, Assume that k1<$(n+3) and that Ny is homotopy
equivalent to a sphere or a complex projective space. If the inclusion map of No—M is
(k1+41)-connected, then M 1is homotopy equivalent to a sphere or a complex projective
space as well.

Now we are ready to show
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PROFPOSITION 7.3. Suppose that M™ is a compact simply-connected n-manifold of
positive sectional curvature.

(a) If n is odd and M™ contains one totally geodesic complete submanifold N of
codimension 2, then M™ is homeomorphic to a sphere.

(b) If n is even and M™ contains a totally geodesic complete submanifold N of
codimension 2 and one totally geodesic submanifold N' of codimension less than %n with
N'¢ N, then M™ is homotopy equivalent to a sphere or to CP™?2,

(¢) Suppose that n=0 mod 4 or n=1 mod 4, n=13. If M contains one totally
geodesic submanifold Ny of codimension 4 and one totally geodesic submanifold Ny of
codimension <%n—3, such that N1 and Ny intersect transversely, then M has the coho-

mology ring of a symmetric space of rank 1.

Proof. (a) By Theorem 2.1 the inclusion map N? 2 M" is (n—3)-connected. Com-
bining Lemma 2.2 with H'(M, Z)=H"~Y(M,Z)=20 we see that M is a homology sphere.

(b) Whether or not N and N’ intersect transversely Theorem 2.1 (b) or (a) implies
that NONN'—= N’ is dim(NNN’)-connected. By Lemma 7.1 this shows that N’ is homo-
topy equivalent to a sphere or a complex projective space. Theorem 2.1 implies that M
has the corresponding homotopy type.

(c) We only treat the harder case n=0 mod 4. Notice that the inclusion map
No— M is 7-connected. By Theorem 2.1 the inclusion NoNNy—No is dim(NaNN7)-
connected. Let e€ H*(M,Z) be the Poincaré dual of the image of the fundamental class
of Ny in H,_4(M,Z). Since e pulls back to the Euler class of the normal bundle of
N; in M, the pullback e to H*(N2NN;j,Z) is the Euler class of the normal bundle of
NoN Ny in Ny, This consideration shows that the pullback of e to N2 gives a period in
the cohomology ring of N3 in sense of Lemma 2.2.

Since the cohomology rings of M and N» coincide up to dimension 7, we deduce that
Ue: HY(M,Z)— H*™*(M,Z) is an isomorphism for 0<i<7 and surjective for 1=0.

Since Ny —M is (n—7)-connected, the above map is actually an isomorphism for
0<i<n—7. It is easy to deduce from this that all odd cohomology groups of M vanish.
Furthermore M is a homology sphere unless H*(M,Z)~Z.

If the torsion-free group H?(M,Z) vanishes, then it is easy to see that H*(M,Z)=
H*(HP"/4Z).

Otherwise one can use Poincaré duality to show that e=zUy for x,ye H*(M,Z).
It is easy to see that then Ux: H(M,Z)— H**?(M, Z) is an isomorphism, i=0, ...,n—2.
Thus H*(M,Z)=H*(CP"/? 7).

PROPOSITION 7.4. Suppose that n=2,3 mod 4. Let M™ be a simply-connected n-

manifold of positive sectional curvature. Let N"~* be the fized-point component of an
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isometry v. Finally assume that N"~*— M is (n—4)-connected. Then there are only the
following possibilities for the cohomology ring of M.

(a) n=4m+3 and with respect to any field ¥ we either have H*(M,F)=H*(S™ F)
or H*(M,F)=H*(HP™xS% F).

(b) n=4m+2 and with respect to any field F either H*(M,F)~H*(CP™*.F) or
H*(M,F)=H*(HP™xS2,F).

(c) n=4m+2 and M is a homology sphere.

(d) n=4m+2 and the isometry ¢ has finite order 1. If the characteristic of a field
F is 0 or if it divides I, then H*(M,F)=H*(S™,F). For a general field we either have
H*(M,F)=H*(S™,F) or the Betti numbers with respect to F are given as b;(M,F)=1
if i=2,0 mod 4 and b;(M,F)=2 if i{=3 mod 4.

Notice that the possibility (d) can not occur if N** is fixed pointwise by an isometric

circle action.

Proof. Notice that Lemma 2.2 remains true if we replace the coefficient ring Z by
the field F.

If n=4m+3, then it follows that 0=H*(M,F) for i=1,5,....4m+1 and for i=
2,...,4m+2. Furthermore we get that the map Ue: H*(M,F)— H*(M,F) is surjective.
If H*(M,F)=0, then we conclude that M is a homology sphere with respect to F. Other-
wise we find that F=H*(M,F) for i=0,4,...,4m and for i=3, ..., 4m~+3. More precisely
we get H*(M,F)~H*(HP™xS® F).

It remains to consider the case of n=4m+2. Since ¢ acts trivially on the cohomology
of N and thereby trivially on the cohomology of M, the Lefschetz theorem implies that
the Euler characteristic of M is given by x(Fix(¢)). By Frankel Fix(:) can apart from
N only have components of dimension 0 and 2. Thus all other components, if any, have
positive Euler characteristic.

Therefore we get x(N)<x(M). On the other hand we know that M and N have a

4-periodic cohomology ring, and hence
X(M) _X(N) = —b1<M) F)+b2(M7 F) _b3(M7 F)+b4(Ma F)

As before, the map Ue: HO(M,F)— H*(M,F) is surjective. If e=0, then Lemma 2.2
implies that M is an F-homology sphere. Thus we may assume by (M, F)=b(M,F)=1.
Furthermore we know that b;(M,F)=0. Finally Poincaré duality implies that b3 (M, F)
is even unless possibly if F has characteristic 2. Since the parity of 0<x(M)—x(N)=
ba(M,F)—bs(M,F)+b,(M,F) is independent of the field, it follows that b3(M,F) is
even with respect to any field. Hence b3(M,F)e{0,2}. If b3(M,F)=0 with respect to
any field, then it is easy to see that (b) is satisfied.
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So we may assume that b3(M,F)}=2 for some field F. Then x(M)=2. Thus if
b3(M,F')=0 with respect to a different field F’, then we must necessarily have
by(M,F')=by(M,F)=0. Hence M is an F’-homology sphere. If . has infinite order,
then we obtain an isometric S'-action on M fixing N pointwise. It is straightforward
to check that the S'-action on M\N is free. Thus Corollary 5.3 implies that M is an
integral homology sphere—a contradiction.

Thus ¢ has finite order {. Similarly Theorem 5.1 implies that the characteristic of F
does not divide . 0

PROPOSITION 7.5. Let M™ be a simply-connected compact manifold of positive sec-
tional curvature. Suppose that Nl"_’cl and N;—’” are two totally geodesic submanifolds
intersecting transversely. Finally assume that klgi(n—%), 2ko+ki1<n and that k; is
odd. Then for all 1€{1,...,n—1} and x€ H*(M™ Z) we have 2x=0.

Proof. The inclusion map Ny —M is (n—2k;+1)-connected, and by Lemma 2.2
there is a class e€ H* (M, Z)~=H*(N,,Z) such that Ue: HY(M,Z)— H***(M,Z) is an
isomorphism for i=k,...,n—2k. The pullback of e to H*(N1,Z) is the Euler class of
the normal bundle of Ny in M. Since the codimension is odd, 2e=0. That proves the
statement for i=k,...,n—k.

Next consider N3=N1N N3 and put ng:=dim(N3)=n—k; —ka. If k1<ks, then the
inclusion map N3 -+ N3 is nz-connected. Similarly as above we get 2-H*(Na,Z)=0 for
t=1,..,n—ko—1. Since the inclusion map Ny— M is ki-connected, that finishes the
argument.

If k1>kq, then the inclusion map N3—N; is ns-connected. By Lemma 2.2,
H*(N1,Z) has kg as a period. But this finishes the proof since we already established
the desired result for H*(Ny, Z)~®H*(M,Z) with i=ky,...,n—2k;. O

8. Proof of Theorem 5
Theorem 5 follows from Corollary 3.2 combined with the following proposition.

PRrROPOSITION 8.1. Let M™ be a simply-connected compact manifold of positive sec-
tional curvature, and let T¢ be a d-dimensional torus acting effectively and isometrically
on M™ with d}max{%n-{— 14, %n—i— 1}. Suppose that there is one involution t€T? fizing a
submanifold N of codimension k< %n. Then the cohomology ring of M is given by one
of the possibilities described in Theorem 5.

Proof. We argue by induction on the dimension. First notice that the proposition is

an immediate consequence of Theorem 2 for n<108. Therefore assume n>109 without
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loss of generality. We may assume that ¢ is chosen such that it maximizes the dimension
of N. In particular symrank(N)>d-1.

We consider first the case of symrank(N) <max{$dim(N)+14, $dim(N)+1}. Then
N is fixed by a circle, and codim(N)€{2,4,6}. If codim(N)=2, then M is fixed-
point homogeneous, and the result follows from Grove and Searle [13]. In the case
of codim(N)=4, it is easy to find an involution ¢, such that Fix(:) has a component Ny
of dimension n, > %n+4 intersecting N transversely. The inclusion map NoNN—Ns is
(ng~4)-connected. By Proposition 7.4 and Lemma 7.1, N, has one of the cohomology
rings described in Theorem 5. Up to dimension 8 the cohomology rings of Ny and M are
equal. Since the inclusion map N1"_4—>M ™ is (n—7)-connected, the result now follows
from Lemma 2.2.

In the case of codim(/N)=6, we can find similarly an involution fixing a submanifold
N, of dimension ng > —é—n+6 intersecting NV transversely. The inclusion map NoNN — Ny
is (ny—6)-connected. Let e€ H8(M,Z) be the Poincaré dual of in.([N])€H,_¢(M,Z).
We claim that the map Ue: HY(M,Z)— H**%(M,Z) is an isomorphism for 0<i<n—7,
an epimorphism for ¢=0, and a monomorphism for i=n—6. In fact, for 5<i<n—12
this is a consequence of Lemma 2.2 as N"®—M is (n—11)-connected. For 0<i<7
we can make use of the fact that the cohomology groups of Ny and M coincide up to
dimension 12, and once again the statement follows from Lemma 2.2 and the fact that
NyNN—=Nj is dim(N2N N )-connected. For n—7<i<n—6, the statement then follows
from Poincaré duality and the fact that one can prove in dimension less than %n the
analogous statement for the cap product Ne: H;(M,Z)—H,;_¢(M,Z).

If n=0 mod 6, then Poincaré duality implies that H*(M,Z) is generated by one
element, and it follows that M is homotopy equivalent to a sphere or a complex projective
space. If n=1 mod 6, it follows that HS(M,Z)~H" 1(M,Z)=0, and thus M is a
homology sphere.

Otherwise the argument is a little more subtle: Choose a maximal collection of
involutions t=07y,...,07 such that Fix(o;) has a component N; of codimension 6 and
Ny, ..., N; intersect pairwise transversely.

Put B=NN...NN;. Clearly dim(B)=n—6/. In particular l<%n<d—1. We choose
a point p€ B such that the isotropy group H, has dimension >d—1.

We can choose an involution ¢;11€H,\{¢1, ..., &) such that the following holds:

The multiplicity m,, ., of the eigenvalue —1 in LH_l*lTp( B) is as small as possible. It is
easy to check that k<3(dim(B)+3), and that k<21 (dim(B)—4) if dim(B)>80. Notice
that we can replace ¢; 11 by any element in ¢;1;-(¢1, ..., ;) without changing m,, . Hence

we may choose (41 such that the multiplicity of the eigenvalue —1 in 414, () is at
most dim(,(B)).



TORUS ACTIONS AND POSITIVE CURVATURE 291

By assumption !>1, and thus the component Ny,; of Fix(y) with pe Ny has
dimension n,41>%(n+6). The inclusion map N;41—M is 7-connected. Suppose for
a moment that N;,; does not intersect one N; transversely for i<l suitable. Then
Ni41NN; has codimension 4 in Np,q. It follows that N1 NN; =M is 7-connected, too.
Consider next the product ¢;11-¢; and the component Nl’JF1 of Fix(¢yy1-¢;) with pe Nj4q.
Clearly N/ 41 contains V41NN, as a submanifold of codimension 2. In odd dimensions
it follows that N/ ; and N;;1NN; are homology spheres. That implies that M is 6-
connected, and hence M is a homology sphere, too. In even dimensions, we can make
use of the additional information that H®(M,Z)=HS(N;+1NN;,Z) is cyclic or 0, to see
that Ny 1NN, is homotopy equivalent to a sphere or a complex projective space. Clearly
it follows that M has the corresponding homotopy type.

Thus we may assume that N, intersects all submanifolds Ny, ..., N; transversely.
By assumption this implies codim(N;11)>6. Furthermore, symrank(N;4,)>d—1. Thus
Symrank(Nl+1)2max{-édim(Nl+1)—i—14, édim(Nl+1)+1}. Furthermore the fixed-point
set of ¢[n,,, has codimension 6. From the induction hypothesis it follows that Ny has
one of the cohomology rings described in Theorem 5. In odd dimensions it follows that
HY(M,Z)=0, and hence we are done. In even dimensions, it follows that the generator
e€H%(M,Z) can be expressed as e=2Uy where z€ H?(M,Z) and yc H*(M,Z). 1t is
easy to check that this implies that M has the cohomology ring of a sphere or a complex
projective space.

Thus we may assume that symrank(N)>max{3dim(N)+14, $dim(N)+1}. Next
we consider the case of codim(N)<1(n+3). The cohomology ring of N determines the
cohomology ring of M, and hence it suffices to prove that N has one of the cohomology
rings described in Theorem 5. If there is a fixed-point set in IV of codimension < 2—74 (n—k),
this follows from the induction hypothesis. Thus we may assume that such a fixed-
point set does not exist. By Corollary 3.2 we can find an involution o€ T such that a
component N2 CN of Fix(o|y) has dimension >1n. We choose the involution o such
that the dimension of Ny is as large as possible, and put ky:=n—k—dim(Ns).

The inclusion map Ny —M is (k+1)-connected. By Lemma 7.2 it suffices to prove
that N, has the cohomology ring of 8™ or CP™/2. By Theorem 2, we may assume
symrank(Nz) < ;dim(N2)+1. Since dim(N)—dim(Nz)=Fky>3(n—k) and

symrank(Nz) > max{idim(N)+13, 1dim(N)},
it follows that n—%>96. Because of
symrank(Ny) > gn—1

we also may assume that k+ko < %n—l and ko >2k.
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By Corollary 3.2 there is an involution ¢’ such that Fix(¢’) has a component
N3 of dimension ;I%dim(Ng). The inclusion map Ny— N3 is h-connected with hZ
%dim(N2)+1>k+1. By Lemma 7.2 it suffices to prove that N3 is homotopy equivalent
to a sphere or a complex projective space. Without loss of generality ¢’ is chosen such
that the dimension of Nj is as large as possible. Then symrank(Nsz)>symrank(N)—2.
By construction the fixed-point sets of the involutions ¢'|x and o-¢'|x have dimension
at most dim(N2). Hence

dim(Nz) —dim(N3) > 1 (dim(N) —dim(N3)).
In summary we can say that symrank(Ns)>%(n—k)—1 and dim(Ny)<&(n—k). Be-
cause of n>64 we obtain symrank(Ns)> idim(Ng)—}—l. By Theorem 2, N3 is homotopy
equivalent to a sphere or a complex projective space.

It remains to consider the case of codim({N)=k>1(n+3). A first step is to show
that N is homotopy equivalent to S** or CP(»~%)/2 By Corollary 3.2, there is an
involution ¢g such that Fix(i2|y,) has a component Ny of dimension }%n. The inclu-
sion map Ny —M is (k+1)-connected. Since the dimensions Fix(:2) and Fix(¢-t9) are
at most dim(N), it follows that dim(N)—dim(N2)>3k. Again without loss of gener-
ality symrank(Nz)>symrank(M)—1, and hence symrank(N;)>2dim(N)+1. Thus Np
is homotopy equivalent to a sphere or a complex projective space. If Ny is a homotopy
sphere, then M is (k+1)-connected. Since the inclusion map N** M is (n—2k+1)-
connected, we can use Lemma 2.2 to see that M is actually (n—2k+1)-connected. This
implies that N is (n—2k)-connected, and hence N is a homotopy sphere. If N, is a
complex projective space, one can consider the S'-bundle S — P?*!' — M, whose Euler
class is the generator of H?(M,Z). Repeating the argument for P**! shows that P"*! is
(n—2k+1)-connected. That in turn shows that N is homotopy equivalent to a complex
projective space.

In order to show that M has the corresponding homotopy type we distinguish again
between two cases. Suppose first that /N is a homotopy sphere.

We claim that for any element acT? of prime order p the fixed-point set of a is
either empty or given by a Z,-homology sphere. We first want to prove that each com-
ponent F' of Fix(a) is a Z,-homology sphere. We argue by induction on codim(F). If
codim(F )< in, then the inclusion map F~»M is (n—2codim(F)+1)-connected. From
Lemma 2.2 we get additional information on the cohomology ring of M. Combining with
the fact that M is ([%n] +1)-connected, this implies that M is an integral homology
sphere, and hence F is a homotopy sphere, too.

If Tn<codim(F)< 37, the fact that the inclusion map F—M is (n—2codim(F)+1)-
connected implies that F is h-connected with h>%dim(F). This also implies that F is
a homotopy sphere.
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If %n<codim(F)< %n, then the inclusion map FNN —F is h-connected, with h=
dim(F)—k> dim(F). The intersection FNN is a component of the fixed-point set of
Fix(c|n). Since N is a homotopy sphere and o is of order p, it follows that Fix(c|x)=
FNN is a Z,-homology sphere. That implies that F' is a Z,-homology sphere as well.

If F is fixed by a group Z%CTd, then F is contained in a Z,-homology sphere F.
Thus F=Fix(o|z) is a Z,-homology sphere as well.

If F' is not fixed by a group Z2CT? and codim(F)>5n, then symrank(F)>in>
1dim(F)+2 and dim(F )=3n. By Theorem 2 the universal cover of F' is a homotopy
sphere, and by Theorem 4 the fundamental group of M is cyclic. Since the inclusion map
FNN—Fis [i(n+23)]—connected, and FNN is a Z,-homology sphere, it follows that
the first [ (n—1)]-homology groups of F are zero with respect to Z,. That implies that
the cyclic fundamental group of F' has order prime to F, and hence F is a Z,-homology
sphere as well.

In order to show that the fixed-point set Fix(c) is connected unless it consists of
two isolated points, one can argue as in the proof of Lemma 6.3.

By Theorem 4.1 it follows that M is a homology sphere.

In the case that N is homotopy equivalent to a complex projective space one lifts
the discussion as before to the total space of an S'-bundle over M whose Euler class is
a generator of H*(M,Z). a

9. Proof of Theorem 4

We argue by induction on n. As mentioned in the introduction it suffices to treat the case
of n=3 mod 4. For n=3 the theorem is a consequence of Grove and Searle [13]. Suppose
that n=4m+3 with m>1. As before we consider a point go€ M sitting on a circle orbit
of the isometric action of the torus T¢CIso(M,g). In the (d—1)-dimensional isotropy
group at go we choose an involution ¢ such that the go-component N of Fix(:) has the
largest possible dimension. Then symrank(N)>d—1>m+1. From Grove and Searle it
follows that dim(N)>1(n—1), and equality can only occur if N is fixed pointwise by
an isometric circle action. By Theorem 2.1 (a) the inclusion map N— M is 1-connected,
and hence it suffices to prove that the fundamental group of N is cyclic.

If symrank(V)> %dim(N )41, then this follows from the induction hypothesis.
Otherwise we have codim(N)=2, and N is fixed by an S!-subaction. Thus M is fixed-
point homogeneous, and by Grove and Searle [13] M is diffeomorphic to a lens space.
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10. Proof of Theorem 3

LEMMA 10.1. Let M* be a compact manifold whose Zo-cohomology ring is isomorphic to
the Zo-cohomology ring of HPL. Suppose that a d-dimensional torus T% acts effectively
and smoothly on M*. Then d<I+1, and if equality holds, then there is an S'-subaction
fizring a submanifold N of codimension 4. Furthermore N is a Zo-cohomology HP!™1,

Proof. We argue by induction on k. Suppose that we have proved the statement for
k'<l—1. Since M has nonzero Euler characteristic, it follows that T¢ has a fixed point.
If =1, then the estimate d<2 follows from the fact that the isotropy representation at
p is faithful. Furthermore if d=2 we can clearly find an S!-subaction with an isolated
fixed point. For /23 we can find an involution fixing a connected submanifold N of
codimension less than 2/. We may assume that the involution is chosen such that N has
minimal codimension. It follows from [4, Chapter VII, Theorem 3.1] that the fixed-point
set of that involution has the Zs-cohomology ring of a quaternionic space. Since the
codimension of N is minimal, it follows that the induced action of T¢ on N has at most
a 1-dimensional kernel. The induction hypothesis implies that d<k+1 and that equality
can only hold if N is fixed by an S!'-subaction.

If [=2 we can argue as follows. By [4, Chapter VII, Theorem 3.1] it is not possible
to find an involution whose fixed-point set has codimension 2 or 6. Using this it is easy to
see that there is an involution with an isolated fixed point. By Bredon the fixed-point set
of such an involution has precisely one more component N, and N has the Zo-homology

of S*. The result now follows as above. O

Theorem 3 now is an immediate consequence of Lemma 10.1 and the following

lemma.

LEMMA 10.2. Let M* be a simply-connected manifold whose integral cohomology
ring is isomorphic to the cohomology ring of HP'. Suppose that there is an effective
smooth S'-action on M fizing a submanifold N of codimension 4. Assume furthermore
that N has a Zo-cohomology of HP'='. Then M is homeomorphic to HP'.

Proof. In the presence of an invariant positively curved metric one can actually give
a slightly simpler proof since in that case it is known that N is simply-connected. We
argue again by induction on [. There is nothing to prove for [=1. Since M has the
integral cohomology ring of HP!, we can use [4, Chapter VII, Theorem 5.1] to see that a
generator H4(M, Z) restricts to a generator of H*(N,Z) and H*(N,Z)=H*(HP'~1,Z).

Let B.(N) be a tubular neighborhood of N and put M'=M\B,(N). Using the
Mayer-Vietoris sequence it is easy to see that M’ is acyclic, i.e., H(M', Z)=0 for i>0.

Using Bredon it easy to see that the action of S! on M’ is semifree. In fact for any
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element a€S! of prime order p the fixed-point set Fix(¢) has no component of codimension
less than 4. Thus N is a component of Fix(:). Furthermore any other component
of Fix(¢) has the Z,-cohomology of a quaternionic or complex projective space, and
x(Fix(¢)\N)=1. This shows that there is precisely one fixed point of S! in M’ and
St acts freely away from that fixed point. Notice that the S'-action induces a corplex
structure on the normal bundle of N. Therefore the structure group reduces to U(2).
Consider the induced (U(2}/SU(2))-bundle. Since N is homologically 2-connected, this
circle bundle is trivial. Hence the structure group reduces further to SU(2)=S3. In
other words the unit normal bundle v*(N) is a principal S3-bundle. Furthermore the
S3-action on v'(N) may be viewed as an extension of the given S'-action. Consider
the classifying map f: N—HP"~!C HP% of the principal S*-bundle. Since the Euler
class in H4(N,Z)~H*(M,Z) is the Poincaré dual of the image of the fundamental class
of N in Hy_4(M,Z), it follows that the Euler class of the normal bundle represents a
generator of H4(N,Z). Hence f induces an isomorphism on cohomology.

Next we claim that f pulls the Pontrjagin classes of HP"~! back to the Pontrjagin
classes of N. Let p€ M’ be the unique fixed point of S!, and let B,.(p) be a small ball
around p. Notice that S! acts freely on the integral homology sphere S:=M’\ B.(p). The
inclusion maps of each of the two boundary components OM’'=v!(N) and 0B, (p)=Ty M
induce isomorphisms on cohomology. The same holds for the boundary components
of §/5'. Combining with the fact that S' acts on 8B, (p)=TsM by the natural linear
Hopf action we conclude that the total Pontrjagin class of v*(N)/S' is given by (1+22)%
where z€ H2(v*(N)/S') is a generator. Notice that v*(N)/S!is an S*-bundle over N. In
particular, the natural projection induces an isomorphism on cohomology in dimensions
divisible by 4. Furthermore it follows that the Pontrjagin classes of N pull back to
the Pontrjagin classes of the horizontal distribution of the projection pr: v!(N)/S!—N.
It is easy to see that the Euler class of the vertical distribution is twice a generator of
H?(v*(N)/S'). That implies that the total Pontrjagin class of the vertical distribution
is given by 1+42%. Consequently the total Pontrjagin class of the horizontal distribution
is given by

(1+4z2) " (1+22)* e H* (v (N) /S, Z) = H*(CP% 1, Z).

This determines the total Pontrjagin class of N. Since we can do the same computation
for HP™ 1, it follows that f pulls the Pontrjagin classes of HP™ ! back to the Pontrjagin
classes of N.

The pullback of the normal bundle of HP*1C HP" is the normal bundle of NC M.
Thus we can extend f to a map

(B.(N),0B,(N)) = (B,(HP" ), 0B, (HP" 1)),
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Since HP™\ B,(HP"~1) is contractible it follows that we can extend f further to a map
f: M—HP". Clearly f induces an isomorphism on cohomology, and since M is simply-
connected, f is a homotopy equivalence by Whitehead. Furthermore, it is easy to see
that f maps the first [—1 Pontrjagin classes of HP' onto the first [ —1 Pontrjagin classes
of M. Because of Hirzebruch’s signature formula the same holds for the /th class. By

Sullivan’s classification [23] f is homotopic to a homeomorphism. J
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