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Introduction

1. This work is a continuation of our previous work “Blowup of small data solutions for a
quasilinear wave equation in two space dimensions” [6]. We consider in both quasilinear

wave equations in R2+1,

L(u) = 0%u—Azu+ Z gfjakuaiszZO, (0.1)
0<4,5,k<2

where

zo=t, z=(21,%2), g5=gh.
We assume that the Cauchy data are C*° and small,
w(z,0) =eud+e2ud+..., Bu(z,0) =cul+euz+..., (0.2)

and supported in a fixed ball of radius M.

We could with minor changes handle as well more general equations of the form
Bfu—Azu+Zgij(Vu)8i2ju:0, (0.1)

with g;;(0)=0, because cubic and higher-order terms play no crucial role in the blowup.
We restrict ourselves to (0.1) because previous papers used here have been written in
this framework, and also for simplicity.

Following [10], we define

g(w) =" g&@:0; 0, (0.3)
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where

r=y/234+73, TI=rcosw, Tp=rsinw

are the usual polar coordinates in space, and
wo=—1, Wy=cosw, Wy=sinw.

Our aim is to study the existence of smooth solutions to this problem, more precisely
the lifespan T, of such solutions and the breakdown mechanism when these solutions
stop being smooth. In space dimensions two or three, this problem has been introduced
and extensively studied by John (see his survey [12] and the references therein), then by
Klainerman [13], [14], Hérmander {10], [11] and many authors. Using some crude approx-
imations by solutions of Burgers’ equation, Hormander [10] has obtained in dimensions
two and three explicit lower bounds for the lifespan. The result in dimension two is

liminf eT!/? > (max g(w) 2R (o,w)) ! = 7. (0.4)
Here, the “first profile” R(!) is defined as

RM(o,w) = R(s,w,u})—8,R(s,w, ud)] ds, (0.5)
1

2\}2? /s>o \/31_—5[

where R(s,w,v) denotes the Radon transform of the function v,

R(s,w,v) :/ v(z)dz.
Zi1cosw+z2sinw=s

It was suggested in {11] that these lower bounds should be sharp.
In our previous work [6], we were able to prove actual blowup only for the special
example of (0.1),
(07 — A)u=(9eu)(8}u).

It was not clear then whether this result was likely to be true in fact for the general
equation (0.1), or if it was a consequence of the special structure of the nonlinear terms.

In the present work, we prove that actual blowup takes place at the suggested time for
a general equation (0.1}, (0.2) (see Lifespan Theorem 1 of Part I). The only assumption
we need is the “generic” condition on the Cauchy data:

(ND) The function —g(w)82R™") (o, w) has a unique strictly negative nondegenerate

minimum at a point (oo, wp).

In fact, Theorem 1 shows that the full formal asymptotic lifespan computed in [3] is
the asymptotic expansion of the true lifespan 7,. Moreover, the method of proof yields
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an accurate description of the behavior of V2u close to the unique blowup point M, at
time t=T,: it is a geometric blowup of cusp type, according to the terminology of [4]
(see Geometric Blowup Theorem 2 of Part I).

Hence, geometric blowup of cusp type seems to occur quite often at times equal
to the lifespan for quasilinear hyperbolic equations. We hope that further work will
confirm this view (see [8] for a discussion of the stability of this pattern and (7] for a
short discussion of other possibilities).

2. The method of proof relies on the blowup techniques introduced in [4]: we show
there how to construct blowup solutions by solving in smooth functions a nonlinear
system called blowup system. In [6], the special structure of the nonlinear terms in (0.1)
made it possible to eliminate unknowns and reduce the nonlinear blowup system to a
scalar third-order equation. The improvement of the present paper over [6] is so to speak
of “algebraic” nature: we display in the general case, using the genuine nonlinearity
g(wp)#0 implied by (ND), decoupling properties of the linearized blowup system (and
only at the linearized level) which allow one to find solutions and prove tame estimates:
these results are explained in Theorem 3 of Part II. Let us emphasize that this blowup
theory has nothing to do with perturbation problems or asymptotic analysis; its only
connection with problem (0.1), (0.2) is that, blankly applied to this problem after an
adequate preparation using some asymptotic analysis, it yields the solution. For clarity,
we develop in Part II the blowup theory for a second-order general quasilinear equation.
In Part III, we consider the application of this theory to (0.1), (0.2), and review step by
step the proof of [6] to indicate how it extends to the general case: surprisingly enough,
only minor changes are needed in the estimates; the approach of the determination of
the lifespan as a free boundary problem remains unchanged. We hope that this theory
will extend to systems, and will be a tool to approach such problems as the stability of
blowup and so on (see [8] for results in this direction).

I. Results for the nonlinear wave equations

Consider the problem (0.1), (0.2) (already outlined in the Introduction) of a quasilinear
wave equation in two space dimensions with small compactly supported Cauchy data.
Recall the normalized variables usually used:

oc=r—t, w, r=et/2

Using the function g and the first profile R() (defined in (0.3) and (0.5)), we make the
following “generic” assumption on the Cauchy data:
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(ND) The function —g(w)82RW (o, w) has a unique strictly negative nondegenerate
minimum at a point (g, wo)-

We have then the following theorem.
LIFESPAN THEOREM 1. The lifespan T. of the classical solution of (0.1), (0.2)
satisfies

7. =e(T.) /2 =T+ O(e).

(1.1)

Moreover, there is a point M, =(x.,T.) such that, for t278c~2 (0<T9<7o) and & small
enough,
(i) the solution u is of class C' and |u|cr <Ce?,

(ii) the solution u is of class C? away from M. with |u|c2 <Ce? there, and satisfies

C
V2u(-, 1) < 5
1
T. -t

(1.2)

|07 u(-, )L >

Q!’—‘mi

(1.3)

As in [6], let us remark that the full asymptotics of 7. and of the location of M,
has been already computed in [3]; the one term asymptotics of (1.1) is only given for
simplicity.

Close to the point M, , we have a much better description of u, given by the following
theorem.

GEOMETRIC BLOWUP THEOREM 2. There ezist a point M, =(m,.,7.), a neighbour-

hood V of M, in {(s,w,7):s€R, weS?, 7<7.}, and functions ¢,v,weC*(V) with the
following properties:

(i) The function ¢ satisfies in V the condition

$s20, ¢s(s,w,7)=0 & (S,w,T) :Ms,

¢ST(ME) <0, Vs,w(¢s)(Ma) =0,

e (H)
V5 w(9s)(Mc) > 0.
(il) ws=¢sv and vy(M.)#£0. If we define the map

¢(s’ w7 T) = (0 = ¢(s7 w? T)’ w’ T)’

we have ®(M.)=(|z.|- T, zc/|zc|,7.)=M.. The function u verifies near M.

u(z,t)= rTg/i G(r—t,w,et!/?),
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where G is defined near M, by
G(?)=w.

Finally, the functions ¢,v,w are of class C* if e<ey.

It is of course understood, in Theorems 1 and 2, that the dependence of the various
objects on ¢ is “uniform”: the points M, and M, depend continuously on g, the neigh-
bourhood V can be taken as the intersection of a fixed set with {r<7.}, the functions
¢,v,w are uniformly bounded in C3, the strict inequalities in (H) are uniform, etc.

Exactly as in [6], we see that the blowup of V2u only comes from the singularity of
the mapping ® at the point M,; according to (H), this singularity is of cusp type (in the
usual sense of classification of mappings): this is exactly what is called in [4] a “geometric
blowup of cusp type”. Taking into account the fact that equation (0.1) has no special
structure in its nonlinearity (in the sense that the coefficients gfj are arbitrary), this result
seems to indicate that geometric blowup of cusp type occurs very often for quasilinear
hyperbolic equations. We hope that further work on various other equations or systems
will confirm this view (see [7] for a short discussion of more complicated cases).

We can easily deduce from Theorem 3 the following corollary, which we can view as

some “blowup criterion” (see [15] or [7]):

COROLLARY. Assume that the data of a solution u of (0.1) satisfy (ND) and that
€ is small enough. If u is smooth for t<T<T. and, for some C,

[V2u(-, )2 <C,

then T<T..

We wonder if it is possible to prove such a statement directly by some “functional
analysis” method.

I1. Blowup of a quasilinear second-order equation

This section is self-contained. In Part III, we will explain how to use this theory to obtain
the results of Part I about quasilinear wave equations.

We have developed in [4] a general theory of “blowup solutions” and “blowup sys-
tems”. However, we do not know in general how to solve the blowup system of a given
equation or system. We were able to solve this blowup system only in the special cases
considered in [5] and [6].

If we start with a second-order scalar equation, we can of course write it as a first-
order system to which the theory of [4] applies, but this is rather tedious: we develop
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here along the same lines another approach, in which we keep in sight as far as possible
the scalar character of the original equation.
Let us consider, in some domain of R™ with coordinates (x4, ..., z,), the quasilinear

equation
P(’U,) = Zpij (‘7’" Y, u, Vu)afju+q(m, Y, U, vu) =0. (21)

Here, we set for simplicity z1=z, y=(2,...,Zn), Vu=(0;u, 0yu). We will also use the
notations

8=(0,8y,...,0,), ¢=(-1,020,...,0,0).

We introduce the change of variables

(s, y)=(z=9(s,9),y) (2.2)

and the new functions

w(s} y) :U(¢(S,y), y)1 ’U(S, y) = (azu)(¢(s’y)» y)' (22l)

Note that necessarily ws;=¢sv. We set then A=w,— ¢,v, and call the equation A=0 the
“auziliary equation”.

In this section, as in {6], we have in mind the construction of singular solutions of
P(u)=0; thus we are interested in points (s, y) where ¢, =0 and v, 0, because (§2u)(®)=

Vs
1. The following elementary proposition describes the blowup system of P.

PrOPOSITION AND DEFINITION 11.1. With the above notations, we have

(afju)@) = éfjw~v5i2j¢— (q;iéjv“”‘gsjgiv) +¢3143j (E) )

P(u)(®)=E2 4R,

with
&= Zpij (¢7 Y, w, 5'“)_(5’”) (i)iqgja
R= Zpij(fﬁ, Y, w, 5w—<2>v)[gz‘2jw—vgizj¢'— ((Iaigj”‘*"lgjéiv)] +a(¢,y, w, Bw—gv).

We call the system
£E=0, R=0, A=0 (2.3)
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the “blowup system”, the first equation of (2.3) the “eikonal equation”, the second equa-
tion the “residual equation”. To any smooth solution of (2.3) corresponds through (2.2')
one or several singular solutions of (2.1) (depending on the branch of inverse of ® we

choose), and such solutions are called “(geometric) blowup solutions”.

Remark. If ¢,v,w are smooth functions solutions of the blowup system, only the
second-order derivatives of u may blowup at a point where ¢;=0. This is in accordance
with what we expect from a quasilinear second-order equation.

The equation £=0 has a simple geometric interpretation: if we set formally

o = (¢(z,v),9),
we have )
(V) (@) =— . ¢.

Hence £=0 is equivalent to

Zpij(ma y,u, Vu)(8;9)(9;4) =0,
that is, the (singular) Lagrangean manifold A=(z,y, V¢) is characteristic for the lin-
earized equation of (2.1).

2. Linearization of the blowup system. To compute the linearized blowup system,

we must introduce some notations. We set, for arbitrary smooth functions ¢, v, w,

Y= (Z 5Vupij<73i<13j> ¢, (2.4)
Zi=Yy pi($:i0;+6;0), Q=) pyd}, (2.5)
@ij = Ospij+0upijv+0vupiOv, ag= Z ai;didj, bo= Z BuDijPihs
Zy= (Z Bv“pijéiqgj)é, Kij =05 w—v0}¢— (4:0;v+;0;v),
co= Z K;;0upij+0.q,
1= Z K;;j0vupij +0vuq,
co= Z Kijaij+Qu+08,q+0,qu+0v.uqdv,
a1="vs—Z1¢s—a0ds, az=ag+c16+Q¢.
It is understood here that the summations are taken for all 7, j, and that p;; and its

various derivatives are taken at (¢,y, w, dw—gv).
With these notations, we list first certain technical identities.
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LEMMA I1.2. We have the identities

Zo A+bgA—Es =ay,
QA-f-CléA-i-Co.A—RS = Zlvs—i—(az—ao)vs —co0s.

We denote now by
) vw(@0,0) = E'(,0,0) = €’

the differential of £ at the point (¢, v, w), and similarly for R and A.
The following proposition describes the linearized system of the blowup system.

PROPOSITION I1.2. We set 3=1w—v¢, and have then

(i) E'(d,0,w)=—v0+Z1b+Z2i+apd+bo,

(i) R'(p,0,w)=Q%— Z19+c,05+coz+cap+(ap—az)?,
(lll) Al(q;7 '[)3 H))ZZS +Us¢_¢si)'

The straightforward computation is left to the reader.

Remark. In establishing the blowup system (2.3), we keep in mind that &, v, w can-
not be separately determined, because we can always replace ® by ®®, (P; being a
diffeomorpism), and then replace v,w by v(®;),w(®,). What we need here is that ¢
should be of corank one wherever it is not invertible. The choice (2.2) is then no restric-
tion and has the advantage of being simple and leading to (relatively) easy computations.
Of course, the structure of the linearized blowup system also reflects this indeterminacy
between ®, v and w. Generally speaking, if u(®)=w, we have u(®)+u'(®)®=10, hence
w—u'(®)® is indeed the “good unknown” for the linearized system (this fact has many
applications in nonlinear problems involving free boundaries, see for instance [1]). Here,
# is this good unknown, because v=(0,u){®P).

Finally, let us compute ®'Z;: we find

1972, = (— > piidi+ Y piidids, —pij +Zpij¢i)-

i>1 i>1 i>1
i>1

On the other hand, if p=Y p;;(z, y,u, Vu)&§; is the principal symbol of the linearized
equation on a solution u corresponding to a solution (¢, v, w) of the blowup system, we
have on A

—30smHp = <—P11+Zplj¢j, —P1j+ZPij¢i> .

i>1

The eikonal equation

p11—2 Zp1j¢j+ Z Pij¢ip; =0

j>1 4,3>1
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shows that in fact
D' Z) = ~psmi Hp.

3. The genuinely nonlinear case. Let us consider now a smooth solution (¢, v, w) of
the blowup system in a domain D.

Definition 11.3. If the function

v= Z BouPij (B, Y, w, v, Byw—v0y ) i P
does not vanish in D, we say that we are in the genuinely nonlinear case.

This terminology is justified by the following fact: for a blowup solution such as u,
the main contribution to the matrix u” at the blowup point is given by the matrix of rank
one ¢'¢ (see also Proposition 2.2.1 of [4]); hence y#0 asserts the effective dependence
of the symbol Y pij(;ASiqASj on Vu in the relevant direction —¢ (it is the same situation as
that described by Lax for first-order systems). In this case, we can express ¢ in terms of
b, 2 according to Proposition II1.2. The remarkable fact is that the resulting system in
q.ﬁ, 2 almost decouples, as indicated in the following theorem.

THEOREM 3. For the linearized system of (2.3), we have, in the genuinely nonlinear
case, the identities

-7:1 = Zlfés_d)st_ {Cl¢sg+%(a0¢s+zl¢s)z2j| z— |:CO¢s+l_)$(a0¢s+Zl¢s)j| z

+022"s+a7121¢'3+ [Z1vs+(a2—'ao)vs—c2<l5s+a(fl]q'S (2.6)

1
=—¢sR'+(Z1+az) A" - ;(ao¢s+zl¢s)8’,

. VA . Z :
Fo=Zip+ (az—%) Z1¢p+ [Z1a0~a(2)+ao <a2— %) —’762} ¢-Q%
= VA
+Z1Z223—’70182+ (az—ag—%> (ZzZ—l—boz'!)—!—Zl(bo,?:’)—’yCoﬁ (27)
Z
= (Zl—l-ag—ao—%)f)'—'ﬂ%’.

The point of this theorem is that, thanks to Lemma I1.2, the coefficients a1 and as
of the terms involving Z1q3 and q5 in the first equation are small if £, R, A and their
derivatives are small. In a Nash—Moser scheme aimed at solving £=0,R=0, A=0, we
could view these terms as “quadratic errors”. However, we cannot just neglect them,
because this would correspond to solving the linearized system up to quadratic errors
divided by ¢, which is not acceptable in the framework of smooth functions.
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In applications, we will solve ezactly the equations
) .1 .
Fi= "¢sg+(Zl +a2)h— ;(a0¢s+zl¢s)f,

VA s

Fa= (Zl+a2—ao——’1yl)f—’yg

in some domain D, and then determine © by the equation &= f . For the functions q'S, U, W
thus obtained, we have then

E'Go,w)=f, R'=g, (Zi+az)(A'—h)=0.

If the geometry of D and the boundary conditions are appropriate, this will yield .4’/ =h,
and the linearized system is exactly solved.

I11. Application to quasilinear wave equations with small data

In this part, we apply the theory of Part II to equation (0.1). The surprising fact is that,
with the help of this theory, the proofs of Theorems 1 and 2 for the general case require
only a little extra work compared to the proof of [6]. Thus this part is divided into three
sections:

(i) First, we recall the general strategy of the proof of [6].

(ii) Second, we point out the differences between the general case at hand and the
special case of [6].

(iii) Finally, we scan the proof of [6], step by step, to explain what minor modifica-
tions have to be done to get a complete proof of the general case.

The idea of the proof is to construct a piece of blowup solution to (0.1) in a strip

~Co<r—t<M, 72e?<t<T,, 0<7<7o,

close to the boundary of the light cone. This gives an upper bound for the lifespan,
which turns out to be the correct one. Of course, this is not surprising, because the first
blowup of the solution is believed to take place in such a strip, and not far inside the
light cone. The proof of the theorems is thus devoted to this construction, which is done
in four steps.

Step 1. Asymptotic analysis, normalization of variables and reduction to a local
problem. We choose a number 0<7y5<7p and use here asymptotic information on the
behavior of u for r—t>—Cj and et'/2 close to 79. Thus, we are far away from any
possible blowup at this stage, because of (0.2). According to [1}, the solution in this
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domain behaves like a smooth function (depending smoothly also on ¢ and £%ln¢) of the
variables

o=r—1, w, r=ct'/?.

This is why we set

u(z,t) = G(o,w, ).

€
ri/2
Writing equation (0.1) for G in these new variables, we are left with solving a local
problem for G in a domain

—CO<U<M, TO<T<7_-Ea

where 7.=¢T% /2 ig still unknown. At this stage, we have a free boundary problem, the
upper boundary of the domain being determined by the first blowup time.

Step 2. Blowup of the problem. To sclve the free boundary problem of Step 1, we
introduce as in (2.2) of Part II a singular (still unknown) change of variables

B (s,w,7)— (6 =d(s,w,7),w,7), @(5,w,T0)=s5.
The idea is to obtain G in the form
G(®)=w

for smooth functions ¢ and w, and arrange at the same time to have ¢; vanish at one

point Msz(ﬁzg, 7.) of the upper boundary of the domain. Thus, we will have
Ws = GU ¢Sa
and the technical condition (ii) of Theorem 2 gives G, (®)=v, hence

Goo(®) =vs/Ps.

We see that u, Vu will remain continuous and that V2« will blowup at some point, in
accordance with the expected behavior of u.

Note that instead of looking for a singular solution G of the normalized original
equation as in Step 1, we are now looking for a smooth solution (¢,v,w) of the blowup
system. However, we cannot just solve for 7 close to 7¢: we have to reach out to attain
a point where ¢,=0.

Finally, introducing an unknown real parameter (corresponding to the height of the
domain), we can reduce the free boundary problem at hand to a problem on a fixed
domain.
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Step 3. Existence and tame estimates for the linearized problem. The genuinely
nonlinear character of the problem (in the sense of Definition II.3) is implied by the
condition (ND). The theory of Part II (Theorem 3) tells us that in this case, the linearized
blowup system decouples approximately. This allows us to obtain existence of a solution
and tame estimates by doing so for a scalar third-order equation, as in the special case
of [6]. The (unknown) point where ¢, vanishes is a degeneracy point for this equation.
Energy estimates can then be obtained using an appropriate multiplier.

Step 4. Back to the solution u. Having w and ¢, we deduce G and thus obtain a
piece of solution @ of (0.1) with the desired properties. It remains to prove that i=u
where 4 is defined, and that u does not blowup anywhere else.

We indicate now the two main differences between the present work and [6]:

(i) In the special case of [6], the full blowup system could be reduced to a single
scalar third-order equation on ¢. Here, this is no longer possible, but the theory of Part II
(Theorem 3) shows that the linearized blowup system almost decouples into an ordinary
differential equation and a scalar third-order equation, very close to that of [6].

(i) We do not assume g(w)#0 as in [6]. The condition (ND) only tells us that g(w)
will be nonzero for w close to wy. Thus we have to localize the (global in w) estimates of
[6] to prove estimates for the linearized blowup system in a local domain of appropriate
geometry in s, 7 and w.

Everything else is essentially the same, in particular, the analysis of the nondegen-
eracy condition (H) and the “fundamental lemma” are unchanged.

We proceed finally with the step-by-step analysis of the modifications of the proof
of [6].

Step 1. Asymptotic analysis, normalization of variables and reduction to a local
problem. The asymptotic analysis “close to the boundary of the light cone” is exactly
the same as in [6]. It leads us to set

u(z, t) = G(o,w,T)

172
with

r=|z|, z=r(cosw,sinw), o=r—t, T=ct'/2

We fix 0<79<7p (see (0.4)). Results from [2] indicate that close to 75, G' behaves
essentially as a smooth function of its arguments (uniformly in ). We start from time
To to reach the actual (unknown) blowup time 7., which we expect to be close to 7p.
In fact, 79 will have to be chosen very close to 7y, as will be explained in §3.1 of Step 2.

For completeness, though it is not really necessary, we indicate the expression of

L(u) in the normalized variables o,w, 7.
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ProrosiTiON II1.1. Set
w=(0,—sinw,cosw), @=(0,cosw,sinw), @=(~1,cosw,sinw), R=1%+¢%.

Then, for a smooth function q of its arguments,

r RL/2 ) 2R1/2 ) &2 ) )
E—QL(U):~ 0:,G+e 12 3TG—-EB75(9WG+S q(o,w,7,G,VG)
+§:gij |:‘-’-"IcaaG+8 ( 2RG+ = awG+2TaTG)]

S (1.1)
o 035, 0,5, 0,63+,
x [wiwjagc:ﬁ?(ﬂ’f;& agwa+%ﬂa§£)

sis? 560 +@;6% i
4 0%0 2 (dt] 0 a2 2 2 —
te (—4T2 67G+72TRJ 8 G+ R; awc:)} = P(G).

We want to solve the equation P(G)=0 in an appropriate subdomain of
g < M ’ To < T < 77_57
with two trace conditions on {r=7p} corresponding to that for 4 and G supported in
{o<M}.

Step 2. Blowup of the problem and reduction to a Goursat problem on a fized
domain.

1. Formal blowup. The equation P(G)=0 computed in (1.1) is of the form {2.1)
studied in Part II, with

z=0, y=(w,7), u=G, w(s,wr7)=G(dw,1), v(s,w,T)=GCs(¢w,T).

1t is of course very tedious to compute the blowup system explicitely, and we need not do
that. It is enough to see what happens for e=0. Equation (1.1) reduces then to Burgers’
equation

—03,G+9(w)(8:G)(82,G),
and we have
E=¢,+g(ww, R=-v,, A=w,—0dsv.

Hence
Z1=0;, Z3=0, Q=0, y=-—-g(w).

The linearized blowup system is (still for e=0)

E'=¢,4go, R'=-0,0, A'=3i+v,0—0dsv.
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Since g(wp)#0, we are in the genuinely nonlinear case in a domain where w is close
enough to wp, which we will always assume in the rest of this work. The identities of
Theorem 3 read, for e=0,

Fi1=0,2,+ (vs + ¢;T ) br+vsrp=—¢sR' +0, A"+ % £, (2.1.1)
Fo=¢rr =8,E +gR'. (2.1.2)

Finally, we need to know the main terms (that is, the e2-terms) of Q: they are
Q=¢? Laz L +0(e*). (2.1.3)
477 3¢

2. Reduction to a free boundary Goursat problem.

2.1. A local solution of the blowup system. By the implicit-function theorem, we
can solve in ¢, the equation

ZP’L] (¢7 w,T, G(¢7 W, 7-)7 VG(¢, w, 7'))(]31(5_7 =0

in the form

¢T:E(wv’r, ¢’ ¢w) (221)

We can solve locally in s and 7 close to 79 the Cauchy problem (2.2.1) with initial value
#(s,w, T9)=s. Calling ¢ the obtained solution, we set then

T =G($,w, ), 1=GCy(d,w,T).

It follows that
Wy = 50, OW—pt=VG(,w,T).
Hence the eikonal equation and the auxiliary equation are satisfied, and so is the residual

equation.

2.2. Straightening out a characteristic surface. We will see in Step 3 that solving
the linearized system reduces essentially to solving the main term in F; (Theorem 3)
whose principal part is

Z10s— s Q.

As in [6], in order to obtain a characteristic Goursat problem, we consider the “nearly
horizontal” surface X={r=v(s,w)+7} through {r=79,s=M} which is characteristic



BLOWUP OF SMALL DATA SOLUTIONS, II 15

for this operator taken on ¢, %, @. We perform then in the nonlinear blowup system the
(known) change of variables

T—

X=s, Y=u, T=(1-x("=D2)) (T—Tg)+(T—T0—¢)X(T_T’TO>, (2.2.2)
where Y is zero near one and one near zero, and 7n>0 is small enough.

We now work in a subdomain of

X<M, 0KTLT=7—7p.

§2.3 of [6] has no equivalent here, so we jump to

2.4. Construction of an approximate solution in the large. For e=0, the exact solu-
tion ¢g, T, Wy of the blowup system is

¢o=X—-gT8, RV(X,Y,79), ©o=08,RV(X,Y,7), w@o=RY—1gT(8,RM)2.

Gluing together ¢, 7o, Wy with the true local solution ¢, %, yields as in [6] an approx-
imate solution ¢(9, 59 @ for which £=fO, R=§(®, A=h(®  These right-hand sides
are smooth, flat on {X =M}, zero near {T'=0}, and vanish for e=0.

2.5. The condition (H). For the sake of completeness, and because it is an essential
point, we repeat here what has been said in §2.5 of [6].

We say that ¢ satisfies the condition (H) in a domain D bounded below and above
by {T=0} and {T=T} if ¢x vanishes (appropriately) only at some point M=(m,T)
of D. More precisely, in D,

¢X 20, ¢X(X7KT):0 And (XaY,T)=M,

oxT(M)<0, Vxy(¢x)(M)=0, Vy(dx)(M)>0. )

The approximate solution ¢(®) from §2.4 satisfies, thanks to (ND), this condition (H) at
time
T =Ty =(—inf —gd%RY(X,Y, 70)) "1 =T —70. (2.2.3)

3. Reduction to a Goursat problem on a fized domain and condition (H).

3.1. Reduction to a fized domain. Exactly as in [6], to be free to adjust the height
of the domain, we perform a change of variables depending on a parameter A close to
Z€ro:

X=z, Y=y, T=T(N=t+M1-x1(t)), (2.3.1)
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where x1 is one near zero and zero near Ty, and Tp is defined in (2.2.3). We hope that
the reader will not confuse these coordinates with the original coordinates! To describe
the fixed domain Dy in which we will work, we first consider the following picture in the
plane {x=M}:

(i) Fix w; small enough to have g#£0 for wp—w; Kw<wy+ws.

(ii) Fix 0<v<17Z, and consider the points I; with coordinates

L=(y=w~w,t=0), L=(w+w1,0), Iz=(wo—wi1+To/v,To),
Iy= (WQ+Q)1 —:T’o/ll7 To), I = (wo—wl +2Tg/2/, 0), Is= (w0+w1 —2T0/l/, 0)

We choose 7o — 79 so small that v< 37¢ and 0<Ty=7p—7p < w1, s0 that (wo,0) lies
in the interior of the segment Isls. For some large constant Ay, we denote by l~)0 the
cylindrical domain

Do={—Ao<z <M, (y,t)€ (1 I31415)}.

For technical reasons, our actual domain Dy will be a slight modification of Dy: for some
m >0, consider the lines
b= {tzO, y—(wo—wy) = —%(z—M)}, by = {tzO, y—(wo+wi) = %(:c—M)}

The domain Dy is the domain bounded by the planes z=-Ay,x=M, t=0,t=1Ty, the
plane containing (63, I I3), and the plane containing {2, IoI4); these planes have normal
ny=(—mn, 2w, 1). It is understood that Ag and small 7, are chosen such that &0 satisfies
(H) for a point M interior to the upper boundary of Dy.

We denote now by & (A, &, v, w) the nonlinear equation £ of the blowup system trans-
formed by the two successive changes of variables (2.2.2) and (2.3.1); we use similar nota-
tions for the other equations. Our aim is to solve the new nonlinear system in (\, ¢, v, w)

in the domain Dy, starting with

AO =0 pO=FO O =50 ) — 5(©)

Since the solution we start from has already all the good traces on {x=M} and {t=0},

we need only solve the linearized system in flat functions.

3.2. Structure of the linearized system. By the same lemma as in [6] (Lemma 3.1 of
Part I11), we have, with g=8,T/8,T, the identity

HE+ 0y g(d’tQ) + aug(UtQ) + 0 g(th) =q&,,
and similarly for the other equations. Thus the linearized system

(g),(k,(ﬁ,f),li)):f, (ﬁ),:ga (A)I:h
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can be written
(EN(&,V, W) =f-a)E,
and similarly for the other equations. Here,

(b:é-quSh V=10—Aqui, W =1— Aquy, Z=W—vd,

and (£’) denotes the linear system obtained from the linearized blowup system (Propo-
sition II.2 of Part II) in the original variables s,w,7 by the two successive changes of
variables (2.2.2) and (2.3.1). As in [6], we neglect the “quadratic errors” gA&, and so on.

The idea for adjusting )\ is the following: once ® is known, we want to have o+¢
satisfy again condition (H) for some point on the upper boundary of our fixed domain Dy.
This can be achieved by picking up A appropriately; this is what we call the “fundamen-
tal lemma” (see §§3.3 and 3.4 of [6]). Note that, at this stage, it is the nondegeneracy
condition (ND) which ensures the stability of the vanishing pattern of ¢x under pertur-
bations. The iteration scheme is identical to that of [6, §4], which we do not repeat here.

Hence, it is enough to solve the transformed linear system

Ey=f R)=g, (A)=h (2.3.2)

in D().

Step 3. Emistence and tame estimates for the linearized problem.

1. Structure of the linearized system. In order to write down the transformed lin-
earized system, let us denote by 21,5555’,@, and so on, the transformed operators of
Zy,0s,Q, and so on. We normalize Z, to have it be 8, for £=0, so that (as in [6])

Z = 8t+82206y, S =0, +€e2500,,
and the transformed linearized system has the form
Z8Z+e(SP)NZ+e21y(Z)+01 ZD+0y® = fi, (3.1.1,)
728+ 61 28+ 2P+ 2 ZHZ+€*B302 2+ (2) = fa- (3.1.1p)

Here,
(i) 1(Z), I}(Z) are linear combinations of VZ and Z, while H is a linear combination
of Z and 0y,
it N:N1Z2+262N228 +N382, with
Y Y

1
4(8.T) (1o +T(t, X))

. ar
57 (ro+T(t, \)?

N, = +0(e?), +0(e?),
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(iii) all the coefficients of Z, S, N, 1,11, H, and also the a’s and the §’s, involve at
most third-order derivatives of ¢, w and second-order derivatives of v.

Finally, remember that in the process of solving the blowup system, we linearize
only on functions for which

(3.1.2) {t=0} is characteristic for ZS+£2(S@) N,

(3.1.3) the coefficients a; and oy can be made arbitrarily small.

Note also that Dy is an influence domain for Z, so that solving (3.1.1) yields exact
solutions of the linearized system (2.3.2), in accordance with §3 of Part IL

2. Energy inequality for the linearized system. We replace £? by ¢ and set
P=7S8Z+e(S¢)NZ.
We set Z=Zk in the linearized system (3.1.1), so we have now to solve the system

ﬁk+el1(2k)+a1Z¢+a2<§=f1, (3.2.15)
220+ Z0+ By +eZH Zk+eP302 Zk+ely(Zk) = fa. (3.2.13,)

There are two main differences with the treatment of [6]: first, we do not have to solve
only for }3, but for a coupled system; second, we want to prove estimates in Dy, and
hence we have to check that the geometry of Dy is correct.

With the notations

A=S8¢, 6=Ty—t, g=exph(z—t), p*=6"g, |-lo=1"lr2(D)>

we have the following energy inequality.

PRrROPOSITION 3.2. Fiz u>1. Then there exist n9>0, ap>0, £0>0, hg and C>0
such that, for all smooth ¢,v,w satisfying (H), (3.1.2) and

6—6)cs+v—vO|ga +[w—w®|cs <o,
for all 0<e<ep, h=2hg, if |oa|+|az|<ag, we have the inequality

h|pSZk[3+h|pZ2k[2+eh|pd, Zk|3+¢* / 6~ g(Se)(1+6R)|82k|? (522)
+[pZ®[3+hlpdI3 < Clpf115+Ch™ nfal?.
Here, the functions k,® are supposed to be smooth and to satisfy (3.2.1) and

fc(z, ¥,0)= kt(z, y,0) = ktt(z, y,0)=0, k(M, y,t) =0, <i>(x, y,0)= <i>t(:v, ¥,0)=0.
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Proof. (a) We first extend the proof of (4.2.2) of [6] to our domain Dy. All we
have to do is to check the sign of the boundary terms on the part of the boundary of
Dy which we have not already checked, that is, on the “lateral” planes with normals
ny=(—m,+v,1). We assume that ¢ is small enough to have n; —esp20. Using just u
here instead of k to stick to the notations of [6], we see that twice these terms on the
plane with normal n is the integral of

(1+e20v) a(SZu)? +(Z%u)?[(—m +e50) (d—ca(SP) N1 ) +ed(Sh)(2ev N2+ N1 (1 +ezov) )]
+(8y Zu)?[e(Sp) (1 +e2ov) (—dN3+ecNy ) —2e3c(Sp) v Na+e(m —eso) (a(S¢) N3 —c)]
+(82u)e? N3c(S¢) (1+e20v) +2(Z%u) (S Zu)ea(SP)[(1+e20v) N1 +eNov/|
+2&(Z%u)(8y Zu)[(m —€e50)€a(SP) No+1(S¢) (dN3—ecNy )]
+2e(SZu)(0yZu)[(1+e29v)eN2a(Sé) +v(a(Sp) N3 —c)]
+25(SZu)(8§u)c(1+6zou)+262(Zzu)(agu)Nlc(Skb)(1+Ezou)
+4€3(8yZu)(8§u)Ngc(S¢)(1+ezoy).

With the same choices a=A~16#g, c=c/6*g, d=—d'6*g as in [6], we can write these

terms as a sum of two squares and two quadratic forms as follows:

=(14ezpv)a [SZu—l—a(SqS) (N1 + 1?2:}/) 724y

V(N3—C’) / 2 2
+€(S¢) (—m +EN2)8yZ'LL+€C (Sd))ayu}

Nyv
2 1 " 7 _ A 2 — € 2 2 .
+e?(S¢)(1+e2ov)6*gc’ (N3 c)[ayu (I+ezor)(Ng—c) "

€N2 v 2
- 0,z
+(N3—c’ 1+€Z0V) v u]

+81g(m —eso)[(d' +eN1)(Z%u)2 4262 Ny (Z2u) (8, Zu) +-e(N3 — ') (0y Zu)?]
+e69(S¢)[(—d' N1 +0(€))(Z%u)? — (2vd' N3 +0(e))(Z%u) (8, Zu)
+(d'N3+0(e)) (8, Zu)?).

The first quadratic form in the factor of 7, —esg is clearly positive for small . The
second is positive for small ¢ only if ¥?2<—N;/N3: taking into account the explicit form
of Ny and N3, and the choice of v, this condition is satisfied for small €. The boundary
terms on the other plane for which v is changed into —v are handled similarly.

We have thus proved that the energy estimate (4.2.2) of [6] about the operator Pis
valid in a local domain such as Dy.
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(b) We combine now this estimate with the standard estimate for Z:
hlpolg < ClpZvls, v(z,y,0)=0.
We write (3.2.1p) in the form
Z(Z&+eHZk+ef302k) = — 1 Z&— fod—e[B502, Z]k—eli(Zk)+ fa,

and obtain then
IPEI; < Ch™' Ey, (3.2.3)

with
E=Z&+eHZk+:3302k

and
Eo = [pfal2+[pZ®)3+[pd 2 +2(IpVZk[3+|pIZk|3+ |pVEI3).

For some small 75 >0 to be chosen, we also obtain
Ma|pZ® 12 < iy Ch™' B +Ce?|pV Zk|3+Crpe?|pd2kl3. (3.2.4)
Using the inequality on 13, we have now

hlpSZk|3+hlpZ*k[3+ehlpdy Zk[5 +e>[pokls

< U+ CE2 V2 + Clpbly 4 Cof o 2ok,
Adding (3.2.3), (3.2.4) and (3.2.5), we first choose ag and 7 such that
Ca(2,+Cn2 <1,
then choose Ay big enough to absorb all the remaining terms such as
pZ®l,  IpdI5, lpVZEE, ElpVEl
on the left-hand side of the inequality. O

3. Higher-order inequalities. This section is entirely identical to the corresponding
section of [6]: Lemma IV.3.1, which is a lemma on P, remains valid, and Lemma IV.3.2 is
simplified because there is no Z to the left of [K, 13] On the other hand, the commutation
of factors such as K with (3.2.1),, only produces harmless terms. As in [6], we see that
we can obtain a control in the H*® without decreasing ¢ with s, but only by increasing h.

The statement corresponding to Proposition 1V.3.2 of [6] is here
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PROPOSITION 3.3. There exist ng>0, ag>0, an integer ng and £9>0 such that for
smooth functions ¢,v,w satisfying (H), (3.1.2) and

6= 0o +[v—0@|gs +|w—w®|cs < 1o,

and all integer s, if |oq|+laz|<ap and 0<e<eq, there exists Cs>0 for which we have
the inequality

Ié]s+lvls+lzls < Cﬂ(f, g, ;L)lSwLno'f‘(l'{‘I(é: v, w)IS*F'no)Kf:? g, h)]ﬂo] (3.3.1)

Here, the functions ®,V,Z are supposed to be smooth and flat on {t=0} and {z=M?},
and satisfy the transformed linearized system (2.3.2).

4. Ezistence of flat solutions. It is a consequence of the solvability of P in flat
functions.

PROPOSITION 3.4. Let ¢,v,w, a1,a and & satisfy the assumptions of Proposi-
tion 3.3. Then for all smooth fi, fa, flat on {t=0} and {x=M3}, there exists a unigque
smooth solution of (3.2.1), flat on {t=0} and {x=M}. The corresponding smooth and
flat ®,V,Z satisfy the tame estimate (3.3.1).

Proof. First, we extend the fields Z, S, the operator P and the various coefficients of
(3.2.1) to transform (3.2.1) into a system global in w, with the same properties as (3.2.1).
In particular, we assume that we can solve the extended P in smooth flat functions as
in Proposition IV .4 of [6], and that we have the same estimates.

Next, we use the following fixed point scheme:

Pi) 4 el (ZE™) + (01 Z+a) 9™ = £,

ZECH) 48 28 + 5,0 +(8302, Z)k™ +el(Zk™M) = fo,

with, as before,
E™ = 26™ 4 e HZE™ +5ﬁ362ic(").

We start from £(®) =0, ®(®=0. We denote by | -|| the norm whose square is the left-
hand side of (3.2.2), where we put an additionnal coefficient 7y in front of the terms
involving &, and by ||| - ||| the norm

1k, @)I* =(k, @) I +IpE[5, E=Z&+eHZk+eps0,k.

We prove, exactly as in the proof of (3.2.2), that for an appropriate choice of 72 and hy,
we have the contraction (Ky<1)

Qn+1 < KoQy,
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with
Qni1 = | (E™TD =k, 1) ().

Moreover, by commuting factors K=T", I<s, as in [6], we obtain the same type of
inequalities with a control of the sum of the norms of the terms

(K (KD ), K@) _ gy

for the various K of order at most s. Thus we see that the sequence of smooth and flat
functions £(™, (™ converges in all H* to a unique smooth and flat solution of (3.2.1). O

Step 4. Back to the solution u.

1. The constructed piece of solution belongs to u. In the previous sections, we have
obtained a solution A, ¢,v,w of the blowup system in a domain Dy, with ¢ satisfying
the nondegeneracy condition (H) and ¢, vanishing at a point 1\715. The two changes of
variables (2.2.2) and (2.3.1) being close to the identity when ¢ is small, the transformed
domain Dy of Dy back to the original blowup variables s,w, 7 is as closed as we want
to Dy. We extend Dy down to the plane {r=79} in a domain D, which is now bounded
by vertical and horizontal planes,

—A0g3<Ma T0<T<7~—67

and by two lateral surfaces as close as we want to planes with normal ny=(—n, +v,1)
(see §3.1 of Step 2). Recall that D, contains on its upper boundary the image Ms of
A}E where ¢, vanishes. We can now “recut” this domain, that is, find a subdomain D3
of Dy with a simpler geometry, but still containing the crucial point M,: we replace the
lateral surfaces by planes with normals (0, +w,1). The image D4 of D3 by ® is again a
cylindrical domain (with a trapezoidal basis in (w, 7)) that we can recut as in [6] into a
domain

—Ag+C(T?*~13)< o< M, T<TLT,

which is also laterally bounded by planes with normals (0,4v,1). We denote by M,
the image of M, by ®. The image Ds of this domain in the original variables (z,t) is
an influence domain for the linearized equation of (0.1) on #=(¢/r'/?)G, thanks to the
choice of v and C big enough. Thus, by uniqueness, the constructed piece of solution
% in Dy coincides with the true solution u of the Cauchy problem, whose second-order

derivatives blowup at M.

2. The function u does not blowup anywhere else. The proof is completely analogous
to that of [6]: we extend first, in a strip close to the light cone, the obtained function
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G globally in w to an approximate G which blows up only at M.. Then we extend this
approximate G into the interior of the light cone, and complete the proof by the standard
energy inequality argument.
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