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Introduction

A fundamental concept in dynamics of a nongradient character is that of a homoclinic
orbit, introduced by Poincaré in 1890 [P]: an orbit of intersection at large of the stable and
unstable manifolds of a periodic saddle point. It is well known that when such an orbit
is transversal, it must be accumulated by periodic saddles of the same index (dimension
of the stable manifold) as the original saddle with respect to which the homoclinic orbit
is doubly asymptotic, as shown by Birkhoff in two dimensions and Smale in general [Bi],
[S]. In fact, in this last reference it was proved that transversal homoclinic orbits are
always part of a hyperbolic Cantor set, a horseshoe, in which the periodic points are
dense.

More recently, it has been realized that the creation and unfolding of a homoclinic
tangency, say for a locally dissipative surface diffeomorphism, gives rise to a striking
number of intricate and highly relevant dynamic phenomena: cascades of period doubling
bifurcations [YA], infinitely many sinks [N], [R], [PT3], strange attractors of Hénon type
[BC], [MV], and hyperbolic Cantor sets combined or not with the previous elements
[NP], [PT1], [PT2]. Also, surface diffeomorphisms exhibiting a homoclinic tangency are
certainly quite common among nonhyperbolic maps, i.e. maps whose limit set is not
hyperbolic. Conjecturally, these homoclinically bifurcating diffeomorphisms may even
be dense in the interior of the nonhyperbolic ones, which has turned out to be the case
for C™ surface diffeomorphisms but in C! topology [AM].

Therefore, it seems to us that an important task in dynamics is to unfold the diffeo-
morphisms exhibiting a homoclinic tangency through k-parameter families and to inquire
which of the above or other phenomena are more common or prevalent in terms of the
Lebesgue measure in the parameter space. The main result in the present paper re-
presents a contribution to such a program. Let us first explain it in a more informal
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way.

A homoclinic tangency may be associated to a single periodic orbit or more generally
to a (hyperbolic) basic set. Recall that a basic set for a diffeomorphism is a compact,
invariant, hyperbolic and transitive subset of the ambient manifold, which is the maximal
invariant subset in some neighbourhood of it; moreover, periodic points are dense in it.
We say that a basic set is nontrivial if it does not consist of a periodic orbit. It was
proved in previous papers [NP], [PT1], [PT2] that for a generic one-parameter unfolding
if the Hausdorff dimension of the associated basic set is smaller than one, then the initial
map exhibiting a homoclinic tangency is a Lebesgque density point of hyperbolic dynamics.
Here we prove a converse to the above statement: if the Hausdorff dimension of the basic
set is bigger than one, then for almost all one-parameter families of diffeomorphims the
initial map is not a density point of hyperbolicity.

To be somewhat more precise, let f be a surface diffeomorphism exhibiting a qua-
dratic homoclinic tangency ¢ between the stable and unstable manifolds of a periodic
saddle point p, p being part of a basic set K with Hausdorff dimension HD(K) big-
ger than one. Amongst the germs of smooth families (fs:), |s|<n and |t|<7n, such
that foo=Ff, we consider those which unfold the homoclinic tangency at ¢ with posi-
tive speed. After a local diffeomorphism in parameter space, we may assume that the
homoclinic tangency happens along t=0. We then require that the relative variations
with respect to s of the logarithms of the stable and unstable eigenvalues at p,; on
one hand, and of the stable and unstable Hausdorff dimensions of K,; on the other,
should not vanish at s=t=0. (Here, p,: and K, indicate the continuations of p and
K for |s| and |t| small.) These three transversality conditions define an open and dense
subset V in the space of germs of smooth families (f,t), fo,o=7; see §1. Let F*(Kj;)
and F¥(K,.) be the stable and unstable foliations of K, and define for £>0 small,
T, .={t€(—¢,¢) : some leaf of F*(K,,) is tangent near g to some leaf of F*(K,;)}. We
observe that often such orbits of tangency are still called homoclinic, and in fact in our
case we even call them primary homoclinic tangencies, since they occur between pieces
of leaves of F*(K,:) and F*(K, ) near the curves in W*(p) and W*(p) whose extreme
points are p and gq.

With the above notations and assumptions our result can be stated as follows.

THEOREM. For each f,:€V, there is ¢c>0 such that, for almost all s€(—n,n), we
have

lim sup
e—0

m(Ta,e) >c
€

where m( ) indicates the Lebesgue measure of the set.

That such a statement could be true as well as its proof was much inspired by
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the remarkable result of Marstrand [Mar] concerning the positiveness of the Lebesgue
measure of almost all linear projections of plane sets of Hausdorff dimension bigger than
one. In our case, however, the situation is considerably more delicate due to the lack of
linearity and even smoothness of the “projections” that we have to consider.

This paper is divided into four sections. The first one contains the precise setting of
the problem and a more detailed statement of our result than the one presented above. It
contains, moreover an indication of how the proof proceeds in the next three sections, each
of them having a different character: analytic, combinatorial and geometric, respectively.
The analytical part of the proof is inspired by Marstrand’s theorem (§2). The most
important objective in §3 is to establish a combinatorial lemma in the context of symbolic
dynamics, which is one of the main new ingredients with respect to Kaufman’s proof of
Marstrand’s theorem in [F]. Finally, in §4, we present geometric estimations on the first
and second order variations with respect to parameters of the distance between stable
manifolds of nearby points in a basic set.

1. The setting of the problem and statement of the result

1.1. Let M be a smooth surface and f a smooth diffeomorphism of M. Let A;, Ay be two
(not necessarily distinct) basic sets of f, nontrivial, topologically mixing and of saddle
type.

For i=1,2, let p; € A; be a periodic point. We assume that W?(p;) and W*(p) have,
at a point g€ M, a non-degenerate (i.e. quadratic) tangency.

1.2. We embed f in a smooth 2-parameter family (f; ) of smooth diffeomorphisms of
M, with foo=f. We will only be interested in the family for small s, ¢, i.e. |s], [t| <n with
7>0 small enough. For small 5, A; and A have hyperbolic continuations A;(s,t), A2(s,t)
in (-n,n)?. For i=1,2, 2€A;, we denote by z(s,t) the point in A;(s,t) associated to z,
and write W*(z, s,t), W*(z, s,t) for the stable and unstable manifolds of z(s,t) relative
to for.

Let us fix a small number >0 and local coordinates (z,y)€[—¢,¢]? in a neighbour-
hood V of ¢ such that:

— g has coordinates (0,0);

— the equation of the connected component of g in W*(p,,0,0)NV is {y=0};

— the equation of the connected component of ¢ in W#(p;,0,0)NV is {y=g1(z)},
where g; €C™®([—¢, ¢], [—¢, €]) satisfies g1(0)=g7(0)=0, 1< g7 (z)<2 for z€[—¢,¢€].

For small 7, we can follow these connected components through (—7,7)?. They will
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respectively have for equation

y=92(mys)t) (With gg(x,0,0)EO),
y=gl($’31t) (With gl(w,OaO)Egl(z)))

for smooth maps g1, g2€C™([~¢, ] x (—n,7)?, [~¢,¢]).

1.3. We will make three transversality hypotheses on the family (f, ). The first one
is that the quadratic tangency of W*(p,, f) and W*(ps, f) unfolds generically. Using the
implicit function theorem, this means that (with # small enough) we may assume that
the coordinates s,¢ in parameter space are such that:

— for t<0 and all s€(—n,n), the function z+g;(x, 3,t) - g2(z, s, t) is strictly posi-
tive in [—¢, €];

— for t=0, the function z—g,(z, s,t)—g2(z, s,t) is positive and has a single zero
in [—e,¢€;

— for all (z, s,t)€[~¢, €] x(—n,n)?, we have

3:(92—g1)(a:, 3, t) 2¢>0,

for some constant ¢ (we take ¢ smaller if necessary).
On the other hand, there exists a neighbourhood U; of py in W% (p1)NA;, a neigh-

bourhood U; of p; in (p2)NA2, and, for i=1,2, a continuous map:

l;c
Gi:U;— Cm([—e) 5] X (—"77 77)27 [—8, 5])

with the following properties:

— Gi(pi)=gi;

— for (s,t)e(—n,n)? and z€U; (resp. Uz), {y=Gi(z)(x, s,t)} is the equation of the
connected component of W*(z,s,t)NV (resp. W*(z,s,t)NV) which corresponds (in an
obvious meaning) to the component of W*(p1, s,t)NV (resp. W*(pa, 5,t)NV') considered
above.

The continuity of G, G2 guarantees that (restricting Uy, Uy if necessary) we have a
continuous map:

U xU; AN Cc=((-n, "7)’ ("77) 7))

with the following properties, for all (z;, 22) €Uy x Us:

— if t<T'(21, 22)(s), the function z—G1(21)(2, s,t) - G2(22)(z, s, t) is strictly posi-
tive in [—¢, ¢);

— if t=T(21, 22)(s), the same function is positive with a single zero in [—¢, €].
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We can also assume that, for any 2; €Uy, 20€Us, z€[—¢,¢], s,t€(—n,n) we have:

at(Gz(Zz)—Gl(Zl))(Z, S, t) 2c>0.

1.4. We now come to our two other transversality hypotheses.

For s,te(—n,n), we define the unstable dimension A,(s,t) of the basic set A;(s,t)
of f,+ to be the Hausdorff dimension of W% (p1,s,t)NA1(s,t). Similarly, the stable
dimension Aj(s,t) of As(s,t) is the Hausdorff dimension of W, (p2, s,t)NA2(s, t).

We assume that

Aq1(0,0)+A2(0,0) > 1.

If the two basic sets A;, Ay coincide, A1(0,0)+A2(0,0) is just the Hausdorff dimension
of A=A1 =A2.

We also assume that
Al (S, t)

*82(5:) |(5.1)=(00)
(It is known [Man] that Aj, Ay are smooth functions of s,t.)

Let n;, for i=1,2, be the period of the periodic point p; of f. For (s,t)€(-n,n)?,
let A;(s,t) be the logarithm of the modulus of the unstable eigenvalue of the fixed point
pi(s,t) of fi. Similarly, let As(s,t) be the logarithm of the modulus of the stable
eigenvalue of the fixed point p(s,t) of f;';. We assume that

5\1(3) t)
" X2(8,8) | (s,)=0,0)

#0.

£0.

1.5. Before stating our main result, we introduce the following notations. Fix some
Riemannian metric on M and denote by dg the associated distance.
For i=1,2 and |s| <7, let ds be the distance on U; defined by

ds(z,2') =do(2(s,0),7'(s,0)).

For r small enough, let Bi(r) be the ds-ball in U; of center p; and radius r. Let Ts(r) be
the image of Bl(r)x B2(r) by the map (21, z2)—T(z1, 22)(s).

THEOREM. Under the hypotheses above, there are constants r1>0, ¢1 >0 such that,
if 0<r<ry and so€(—n,n) the set

{(s,t):|s—s0| < |logr|}, t€ T,(r)}
has 2-dimensional Lebesgue measure bigger than cyr|logr|™!.

Remark. It is easy to see, and we will prove it later, that we have Ty(r)C{—cr, cr],
for some fixed ¢>0. Therefore, the conclusion of the theorem means that {(s,t):|s—so|<
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t

2|logr|™!

><10’r

80 ?
graph(T'(z1, z2))

Fig. 1

llogr|~1, t€T,(r)} has in the rectangle [so—|logr| ™!, s0+|logr|~ ] x[~cr,cr] a relative
Lebesgue measure bounded from below (independent of so,r if they are small enough).
See Figure 1.

COROLLARY. There is a constant c2>0 such that for almost all s€(-n,7) we have:

T,
lim Sup ﬁ(r_(rzl > c2
r—0

(where m is 1-dimensional Lebesgue measure).

Proof of the corollary. Take c; small enough. If the corollary is false, there exist
re<r; and a set AC(—n,7n) of positive measure such that, for s€ A and r<ry:

m(T,(r)) < 2¢or.
Let so€ A and r3<ry be such that
m([so—|log ra| ™", so+|log 73| TN A) > (1-c2)2|log 3| .

Using the remark which follows the theorem (that m(Ts(r))<er for all r<ry, s€
(=n,m)), we contradict the theorem if c; is small enough. O

1.6. The remaining part of the paper is devoted to the proof of the theorem. We
give here a short account of the ideas underlying this proof.

In order to estimate the Lebesgue measure of the image of the map Ts: (21, z2)—
T(z1, 22)(s), we equip B; (r)x B2 (r) with a Radon measure x and consider, for each s,
its image v, under T;. We study v, via its Fourier transform ¥, (§2), and want to show
that

/ 95|32 ds < ¢ < +00.
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This would indeed easily imply that the support of v, (contained in the image of T,) has
positive Lebesgue measure for almost every s, and give an estimate from below for the
mean value (with respect to s) of this measure.

This idea was used by Kaufman to give an elegant proof of Marstrand’s theorem.
The parameter s plays here the role of the angle in Marstrand’s theorem, and the map
T, the role of the projection.

For this idea to work, the measure v, has to be absolutely continuous with respect
to Lebesgue measure for almost all s. In Marstrand's theorem, this is a consequence
of an energy estimate on the measure y and of the variation of the angle. In our case,
the energy estimate is essentially the same, but the map 7, depends in a much more
complicated way on the parameter.

More precisely, there are various “angles” involved: at a not too small scale, the
variation of the “angle” is assured by the relative variation of the logarithms of the
eigenvalues (second transversality hypothesis, Proposition 1 in §3.6); at a very small
scale, the variation of the angle is assured by the relative variation of the Hausdorff
dimensions of A;, A, (first transversality hypothesis).

The main problem arises from intermediate scales, which might create a singular part
of the measures v,. In order to avoid this phenomenon, we have to delete, using a stopping
time argument, part of the set B} (r)x BZ (r), keeping a subset L supporting a positive
proportion of p but for which these intermediate scales do not occur (Proposition 2
in §3.6).

All these considerations rely on a quite good control of the map T, (Proposition 3.10):
approximate formulas for T and its first derivative with respect to the parameter s,
and bounds for the second derivative. These estimates are themselves consequences of
approximate formulas and bounds for the distance between stable manifolds of nearby
points in a basic set, measured along these manifolds, and the variation of this distance
with parameters (§4).

2. Proof of the theorem: the analysis

2.1. In this section we will give the analytical part of the proof of the theorem. As
mentioned before, it is inspired by Kaufman’s proof of a theorem of Marstrand presented
in [F]. It requires geometrical estimates and a selection lemma that will be proved in
later sections. We only state them here.

In the sequel, ¢>0, r1 >0, 3>1 are constant independent of later choices.

Let so€(—n,7n), 0<r<r; and I be the interval [so—|logr|~!, so+|logr|™!]. Let

7~-945201 Acta Mathematica 172. Imprimé le 29 mars 1994
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21,21 €B} (r), 22,24 € B2 () and A;=A;(sp,0) for i=1,2. We write
d=Sup(dso(zl,Zi),d30(22,2£)),

T(s) =T(z1,22)(s)—T(21,25)(s), se€l.

It is assumed that there exist a measure p; on B: (r) (for i=1,2) and a compact set L
in B} (r) x B2 (r) such that the following properties hold: .
(i) For any ball B; of d,,-radius g€(0,r) contained in B} (r), we have

c“lgA‘<ui(B;)<cg ioi=1,2;

(i) For any selI, LCB(r)x B%(r);
(iii) p1xpa(L)>c™irdi+az,
(iv) Suppose that d>72; then the set

J={sel:|T(s)|<c'd}
is empty or is an interval; in the last case we have, for s€J:

|T'(s)| > ¢~ d|log 7|,
IT"(s)| < cd|log r|?;

(v) Suppose that d<r®, and that (z1,22)€L, (2}, 25) €EL; then the set
J={seI:|T(s)|<c td"tellosnI™"}
is empty or is an interval; in the last case, we have, for s€J:

IT"(s)| > e Hellos ™,

|T"(s)| Scdl_c“()grrlllogdp.

2.2. Under these assumptions we will now prove the theorem. Let u be the restriction
of 1 X pg to L. Let sp€(—n,n) and 0<r<r;. For s€1, let v5 be the image of u by the map
(21,22) = T(21, 22)(s). We will prove that for almost all s€I, v, is absolutely continuous
with respect to Lebesgue measure, and will obtain a bound from below for the Lebesgue
measure of the support of v,. Because this support is contained in T,(r) (see (ii)), it will
prove the theorem.

Let U5 be the Fourier transform of v,. For p€R, we have

19(p)|? = / /L T, 1 (s) () du(),



HOMOCLINIC TANGENCIES FOR HYPERBOLIC SETS 99

with z=(21, 22), 2’=(2}, 2}) and
T. . (s) =T(z1,22)(8)~T(21, 23)(s).

For py>0, let

260)= [ [ + )P dpdo= [ Tuoton) dute) ),

with

PO i 1 [ sin2#xpeT; . (5)
_ =// e2™PT, .1(s) d ds=—/————i——ds.
-4 (po) I —70 ) ( ) p T I Tz,z’ (s)

2.3. Fix z,z’€L and just write T for T, ,». We estimate Z, ./ (po)=Z(po) in various
cases. The letter d has the same meaning as in §2.1.
Case 1: d>rB. With J as in §2.1(iv), we have

/ sin 27peT'(s) ds
-7

<ed?? -1,
() Led tHlogr|

On I, we use the following (classical) lemma.

LEMMA. Let T be a C? monotonous function on an interval J. For any po>0:

/ sin 27pT'(s) ds sup; [T"”|(sup; T —infy T))
g T(s) (inf; |T") '

sc((igf ')~ +

Proof. Let u=T(s), ur=sup; T, up=inf; T, o(u)=(T' T (u))~ .
One has, for u€[ug, u1),
le(w)| < (inf T])

. -3
¢/ (w)l <sup 7] (inf [T"}) "

Also

sin 2mpoT(s) s
A ot

Let po=¢(0) if 0€[ug, u1], wo=(uo) if ug>0, po=ep(u;) if u1 <0. We have

“1 sin 2wpou
—_— duj.
| s a

0

. -3
() ~pol < sup [T (inf | T"1)"Jul,

hence
/ “1 | sin 27pou|
Ui

_ < " (s N3y,
P () gol du < sup 77 (igf17') ™ 1~ w0)

0
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On the other hand

/' *1 sin 2mpou
“ u

0

s cl‘p()l’

o du| = |po|

2TP1%1 giny
——du
9 u

TPoUo

which gives the lemma.
Using the lemma, the definition of J and §2.1 (iv), we get in Case 1:

| Lz, (po)| < cd ™ |log 7| ™.
Case 2: d<rP. Again we have, with the definition of J in §2.1 (v):

/ sin 2mpoT'(s) ds Scd_1~c|1ogr|“llog,.|—1_
I-J T(s)

On J, we use the lemma with the estimates of §2.1 (v):

/‘sm27rpoT(s) ds
J

< d—l—."]«':llogf'rl lo d2,
T(s) c |log d|

and we conclude that
|Z..2+ (po)| < cd ™2 ~318 71 |log 2.

2.4. Let 0<p<2r. By §2.1(i), the set of (z,2') in Lx L for which
d=sup(ds, (21, 21),ds, (22, 23)) < @

has p x yu-measure at most ¢(rg)®1+42,
Consequently:

// T, 2 (po) dp(z) dp(2') S er®Brtanlg=nlbutlal g,
2-nrLd<2-nr

with
r=127|logr| ! if 27"r > 1P,
") (r/2m)1-3ellog T |log(r/2™)|2 if 27 <7
We take 7 small enough to have A;+A2>c¢>1 and r small enough to have

3c|logr| ™! < 1(A; +A2)-E5—1.

Then we get

Z 2~™l1tA2) A L erHlogr| Tt
nz=0
I(po) s CTZA1+2A2_1IIOng_1.
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Letting py go to co, we conclude that for almost all s€ I, v, has an L2-density x, with
respect to Lebesgue measure and that

/ llxs |22 ds < er?81+282-1|1g p| 71,
I

Therefore there is a set ACI of Lebesgue measure >c~1|logr|~! such that, for s€ A:

sl < erters28at,

On the other hand, the total mass of v, satisfies:
xsllzs =ve(R) = (L) > ¢~ Hrou+as,

By the Cauchy-Schwarz inequality, for s€ A, the support of v, has Lebesgue measure at
least ¢~ !r. The theorem is proved. O

3. The selection lemma

Our goal in this section is twofold: after recalling some basic material on subshifts of finite
type, we express the transversality hypothesis on Hausdorff dimensions in the theorem
in a convenient form; we then proceed to construct a set L satisfying the assumptions
of §2.1.

More precisely, the contents of this section are as follows. In §§3.1-3.5, we recall the
basic facts that we need concerning subshifts of finite type and Gibbs measures. In §3.6,
we translate our transversality hypotheses in the symbolic dynamics setting. The end of
the section is then devoted to check, from the geometrical estimates given in Proposition 3
in §3.13, the conditions (i)-(v) of §2.1, for an appropriate set L. An outline is first given
in §3.7.

3.1. Consider an integer r>2, and a subshift of finite type T of the unilateral full
shift on 7 symbols {1, ...,r}. Let o be the shift map, and A=(a;;)1<i,j<- be the transition
matrix determining X*. We assume in the sequel that (X, o) is topologically mixing.

For g=(x(l))i>0 and y=(y(l))i>0 in =%, define:

v(z,y) =inf{l >0:z(l) £y(1)},
d(z,y) = exp(—v(z, y))-

Then (X%,d) is a compact ultrametric space, whose balls of positive radius are called
cylinders. For a cylinder C, we denote by v(C) the integer such that the diameter of C
is exp(—v(C)).
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For any continuous function ¢ on T*, we write S,,(p:Z;:ol @oat for n>0. For
k,n>0 and m>k+n, z€Xt, we have:

min  Spiap(y) > min Spp(y)+ min  Spp(2),

o(z,y)>m o(z,y)>m v(onz,z)zm—n

min = Sitnp(y) < min Spp(y)+  max  Spp(2),

v(z,y)=>m v(z,y)>m v{omz,z)2m—n

min  Skinp(y) < max Spe(y)+ min Skp(z).

v(@y)zm o(z,y)>m v(onz,2)>m—n

3.2. Let ¢ be a strictly positive continuous function on =*. For distinct z,yeXt,
define, with m=v(z,y):

dy(z,y)=exp(— min Smep(z)).

v(z,z)2m

Putting also d,(z,z)=0, it follows from the inequalities above that d,, is an ultra-
metric distance on £+. Moreover, for distinct z,y and 0<n<v(z, y)=m, we have:

n n
min  Sap(z) <log dy(0"z,0"y)

S. .
v(z,z)2m d¢($, y) = v(z,z)2m n(P(Z)

We set d=d;. The identity maps: (Z+,d)—(E%,d,), (£+,d,)— (X1, d) are Holder
continuous. The balls of positive radius for d, are the cylinders; we write |B|, for the
d,-diameter of a subset B of &+,

3.3. Let &, be the Hausdorff dimension of (£*,d,). For 1<j<r, let
= ={z=(2())i0 €T*:2(0) =j}.
For n>0, denote by X7 the set of cylinders C satisfying C CE;-', v(C)2n+1 which are

maximal with these properties. They form a finite partition of T} .

PROPOSITION. Let n>0. We have:

max exp(—96, min S, >1
1<ji<r p(-4 c ne) 21,
CGE;'

min exp(—é,max <1
19 p( s Sn‘P) <
Cex?

Proof. For §>0 and a finite family B=(B, ..., B;) of cylinders, let

Hy(B)=3_IB’.
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First, let §<é,; consider, for each 1<j<r, a finite covering B; of 2;.' by cylinders. The
proposition is trivial for n=0, so let n>1. Let 1<j<r, Ce X7; let 1<k<r be such that
o™(C)=X;, and XBc be the covering of C whose image under o" is By; by §3.2, we
have:

Hs(Be) < exp(—émcgn Snp) Hs(By).

Therefore, if C; is the covering of E;L given by the various B¢, C€X7}, we have:

In&xf&@%)s;Dﬁgﬁgfﬁ(B}L

1<jsr
D= max exp(—émin Spp).
ISJSTCEE? C

If we had D<1, we would get arbitrarily fine coverings with bounded Hj, contradicting
§<6,. This gives the first inequality in the proposition.

Let now §>6,, n>1. Let, for some 1<j<r, B be a finite covering of 2;." by cylinders
B with v(B)2n+1. For C€X?, let XBc be the covering of C by those elements of B
which meet C; if 0"(C)=X%{, let Cc be the covering of £ image of B¢ under 6™. We
have:

Hs(B)= Y Hs(Bc),
cesy
and, by §3.2:
Hs(Bc) > exp(~6 max Sn@)Hs(Cc),

hence
H:(BY>D i H:(C
5(B) > 0122%‘ s(Ce),

I .
D' = min ) exp(—6mcax Snep).
Cexr

As C. has fewer elements than B and §>§,, we must have D'<1, proving the second
inequality of the proposition. ]

COROLLARY ([MM], [PV]). The map ¢—0,, defined on the strictly positive contin-
uous functions on L1, is continuous.

Proof. Let C+(Z7) be the space of strictly positive continuous functions on X+.
For p€C4(Z*) and n>1, define §5(p) by:

+ ; -

Jmax exp(—67 () min Snp) =1,
Cez?

in ) exp(=6; () max Snp) = 1;

Cex?



104 J. PALIS AND J.-C. YOCCOZ

we have
b, () <8, <61 ()

by the proposition. On the other hand, the maps §;', 6,;, for n>1, form an equicontinuous
family on C;(X+), and the sequence (6} —6;; )n>1 converge uniformly to 0 on compact
subsets of C+(X*%). The corollary follows. O

3.4. Let v>0, and C?(Z*) be the Banach algebra of Holder continuous functions of
exponent v on (X+,d). Here we simplify the notation, indicating an element z€Xt by
zeXt. For peC7(X*) and z,yeXt, we have

[Snp(z) - Snp(y)l < Clp),

for n<v(z,y) and some constant C(yp), v being defined as in (3.1) above. This is called
the bounded oscillation property of Birkhoff sums.
For 1€C7(X*), the Perron-Frobenius operator Ly: C7(%+)—C7(X*) is defined by:

Ly()(=) =Y, x(y)exp(~9(y))-
oy=z

We recall Ruelle’s theorem, and the relation to Hausdorff dimension ([Bol], [Bo2], [Man]).

The spectrum of Ly is formed by a simple eigenvalue g4, >0 and a compact set
contained in {|z|<pgy}.

The eigenfunction hy, associated to gy is strictly positive; the complementary invari-
ant hyperplane is the kernel of a probability measure vy, on L%, satisfying L}, (v )= 0y vy.

Normalizing hy by vy (hy)=1, the probability measure uy,=hy vy is invariant under
o and ergodic.

3.5. The map L:¢— Ly from CY(£%) to L(C7(E™)) is analytic, with differential
given by:
Dy L(AY)(x) = Ly(xAY).

The map g: ¢ py from C7(Z7) to R is analytic, with:

Dye(8v)=es [ Avduy.

Let 9€C?(Zt), p>0. The Hausdorff dimension 6, of (£3,d,) is the unique §>0 such
that p(6¢)=1. The map @b, is analytic on CJ(E1), with:

_JBeduy

Dvé(A‘P): f<pdu¢ 01
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where ¥=§,¢.
Finally, let B be a d,-ball of radius r, n=v(B), and A a measurable subset of B;
we have:

Ml < u(B)<erd,

LGy SH (AN < b,

where p=py, 6=0, and ¢ depend only on v, ||¢|l, and |l¢~o.

3.6. Let us now translate in the setting of symbolic dynamics our geometrical trans-
versality hypotheses.

Using a Markov partition for A;, we choose a subshift of finite type £; of the full
bilateral left-shift on symbols {1, ...,71}, and a homeomorphism hy: £; —A; such that:

hioo = foh,.

Similarly, we choose a subshift of finite type ¥, of the full bilateral left-shift on
symbols {1,...,m2}, and a homeomorphism h3: ¥ — A5 such that

hyoo = f_lohz.

Replacing if necessary f by some iterate, we assume that both subshifts are topo-
logically mixing.

For i€{1,2}, let F be the one-sided shifts on symbols {1,...,r;} and 7;: £; -3}
be the canonical projections.

We recall that there are continuous linear operators II;: C?(Z;)—C”(Z}) and ©;:
C7(Z;)—C"(Z;) such that, for p€C7(%;) (i=1,2):

O;i(¢)omi = 9+ 0;(¢) — i ()0,

where 7;: 2,—»2;" is the canonical projection.
We have fixed some Riemannian metric on M. For z€X; and s,t€(—n,n), let:

A1(2, 8, ) =10g || Th, (2)(s,t) fo,t| 4,

where E* is the unstable subspace of f, ; at the point h1(z)(s, t) of the basic set. Similarly,
for z€3,, s, te(—n,n) let

A2(2,8,8) =108 | Ty (2)(s,ty Fart | B2 |-
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We may assume that the Riemannian metrics is such that
Ai(z,8,8) 2¢c>0, i=1,2,

for zeX;, s, te(—n,n).

For s,te(—n,n), i=1,2, let A\;(s,t) be the map z+— (2, s,t) from E; to R. There
exists 4>0 such that \;: (s,t)— \;(s, t) is a smooth map from (—n,7)? to C7(Z;).

Let ;(s,t)=IL(\(s,t)); then (s,t)—p;(s,t) is a smooth map from (—n,7n)? to
cr(zh).

Let (s,t)€(—n,n). It is well-known (and we will prove in §4) that the composition

u hl—.:.t 1 +
I/Vloc(pli S, t)nAl('S! t) —>X;— (El ’ dwl(s,t))

is a biLipschitz homeomorphism on a neighbourhood of a; in £j. Therefore the Haus-
dorff dimension Aj(s,t) of W% (p1, $,t)NA1(s,t) is the same as the Hausdorff dimension
51 (3, t) of (21+, dtpl(s,t))'

Similarly, the Hausdorff dimension Ax(s,t) of W (p2, s,t)NA2(s,t) is the same as
the Hausdorff dimension 82(s, t) of (£F,dy,(s.t))-

For (s,tye(—n,n)?, let

Api(a)= 2 (pi(o, ) =T (%Ai(s,t)).

Let pi,6,6=Hy;(s,t), With 9;(s,t)=06;(s,t)p:(s, t).
From §3.5 we have that

_ Bi,s,t(Api(s, 1))

0
-~ l 5,‘ 3 t)=
8 (3 ) /Li,s,t(‘pi(s’ t))

Js
(and a similar formula holds with 8/3¢).
Taking 7 small enough, the transversality hypothesis on the Hausdorff dimensions
is therefore equivalent to:

[11,5,6(01(8, ) 2,5t (Apa(s, 1)) — pr2,s,t(02(s, ) pi1,5,. (A1 (s, t))| 2 > 0.

For the eigenvalues of the periodic orbit, we have, for :=1, 2:

ny—1 ni—1

M, t)=>" i(09(a:),5,8)= Y pi(s,t)(cas).
j=0 j=0

Hence the transversality hypothesis on the eigenvalues in §1.5 means that (taking n small
enough) we have:

|Sn,01(8,t)(a1)Sn, Ap2(s, t)(az) — Sn,02(8, t)(az)Sn, Api(s, t)ai)| 2 ¢>0.
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3.7. Let us go back to the setting and conditions of §2.1. We identify W (p1, s,t)N
A1(s,t) with a neighbourhood of a; in £ and W _(p2, 5,t)NA2(s,t) with a neighbour-
hood of a; in =7 .

Let us fix sg€(~n,7) and set, for 1=1,2:

Pi=9i(80,0), Ay =Api(s0,0),
Hi = i 5,05
Si=8n.pi(a:), ASi=5,,00:(a;),

Ji=/<Pidﬂi, AJi=/A‘Pidﬂi~

We use d,, as distance on £ and denote by B;(r) the d,,-ball of center a;, radius r.
Our transversality hypotheses mean that:

SlAS25£SzA31, JlAJz#JzAJl.
Let 21,21 €By(r), 22,2, €Ba(r) as in §2.1, and
T(s)=T(z1, 22)(8)—T (2}, z3)(3).

The main point of properties (iv), (v) in §2.1 is that |T'(s)| and |T"(s)| should not
both be too small at the same time.

Let vy =v(z1, 21), va=v(2a, 25).

It will be a consequence of the geometrical estimates of Proposition 3 below that if
both |T'(s)| and |T”(s)| are small, then

Dy = |Su1‘P1(zl)_SV2‘p2(z2)|’
Dy = |SV1 A<P1(21)—S,,2 A(pg(Zg)l,

are both bounded.

That this cannot happen when v, v, are not too large follow from the hypothesis
51A857#S5;A8;: this is the content of Proposition 1 below and will imply conditions (iv)
of §2.1.

For large vy,vs, the Birkhoff sums above are related at most points, through
Birkhoff’s ergodic theorem, to the mean values of the functions considered.

Roughly speaking, we would like to have, for most z;, z3:

Dy bounded =% vy /vy~ Jo/Jy;
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hence
Dg ~ V2|J2/J1AJ1 —Ale 2 C—lllg

as JobAJ1 #£J1AJ;.

The set L in condition (v) of §2.1 is thus constructed by first deleting exceptional
points for Birkhoff’s ergodic theorem.

But we have also to take the intermediate values of v;, v, into account, which are
covered neither by Proposition 1 nor by Birkhoff’s theorem. This is done using a stopping-
time argument. The precise construction of L is done in Proposition 2 below.

The rest of this section is as follows:

— in §3.8, we state and prove Proposition 1;

— in §3.9, we state Proposition 2, which is then proved in §§3.10-3.12;

— in §3.13, we state Proposition 3, to be proven in §4;

— in §§3.14 and 3.15 we finally deduce conditions (i)—(v) of §2.1 from Proposi-
tions 1, 2, 3.

3.8. PROPOSITION 1. Assume that S1AS2#S52AS,. Then there exist constants
co>0, 11>0, Bo>1 such that the following property holds: let 0<r<ry, m;=v(B;(r)),
V€N (fori=1,2); if

then, for all z1€B(r), 2,€ Ba(r), we have:

max(| Sy, ¥1(21) ~ Su,02(22)l, | S, Ap1(21) — Suy A (22)]) = 5 |log 7.

Proof. In the following, we write ¢ for various positive constants depending only on
Ziy Tiy @i, Aw;. Moreover, the dependence on ¢;, Ay; is only through |||y, {|Avill4,
e o, Si, ASi, Ji, AJ;. We use repeatedly the bounded oscillation property for the
Birkhoff sums of ¢;, A¢p;, which follows from the Holder continuity.

With >0 small enough, assume that

1S101(21) = S0, p2(22)| <ellogr],

and for instance my <vy <my(1+¢€), ma<rs.
We have, for i=1, 2:

)Sm;Soi(zi)_ %Lfisi <g¢,

<c¢;

T 5, |log |
ng
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as p; is positive, we get:

m.
¢ Hvi—mi)—e< Supilz) - #Si <c(vi—m;)+c,
T
—ellogr| < Sy, 01(21) — Su,02(22) < c4c(vy —my ) —c™ vy —m2).
For r; small enough, this implies:

v < ma(1l+ce),

< cel|logr|.

m;
Sy, pilzi)— —Si

We obtain also in a similar way:

< cellogr|.

Su.‘ Asoi(zi) - %AS,

If we had also:
iSl’l A‘pl(zl)_sVzA(P2(z2)‘ < E‘logrl’

we would get, as c|logr|>m;>clogr|:

|S1A82 —S2AS:| < ﬂ(
ma

$ <@A52— ﬂlAsl)
(17 m

+'Asl(@sl—@sz>
(51

T2

)<

a contradiction for ¢ small enough. We take Bp=1+¢ and co=c~*. O

3.9. PROPOSITION 2. Assume that JiAJy£JJAJ.

There ezist constants ¢1,c2>0 and, for any M >0, constants r(M)>0, e(M)>0
such that, for any 0<r<r(M), we can find a compact subset L of B1(r)x Bz(r) with the
following properties:

(1) p1xp2(L)>e(M)pa(Ba(r))pa(Ba(r));

(ii) for any distinct y1,21 € B1(r), y2,22€Ba(r) such that (y1,y2),(21,22)€L, we
have:

sup(|Su, p1(21) = Sy 02(22)1s [Su, Apr(21) = i, Apa(22)]) 2 sup(M, 1 (v1 +v2 s log )

where v;=v(yi, 2;) for i=1,2.

3.10. Proof of Proposition 2. We may for instance assume that J1AJy>J2AJ1. We
will write p for py X us.
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Let 7>0 be a small positive constant, to be chosen later, independent of M. As py;
is ergodic for i=1,2, we can find a compact subset K;CX] with p;(K;)>1-7 and an
integer np such that, for n>np and z;€ K;, we have:

|Snpi(zi) —ndi| <nn,
[SnApi(z;) —nAT;| < nn.

For a cylinder CCX}, we define
Ki(C)=0c"™(K;)NC, m=v(C);
if n is small enough (independently of C), we have:

pi(Ki(C)) > 34i(C)  (see §3.5).

LEMMA 1. Assume that n<c~!. For i=1,2, let ziezf and g;,v; be integers such
that

Ti=vi—g; 2ng, 0%(z)€EK;.

Then we have

(Sv2 Ap2(22) = S0 Ap1(21)) +| S0, 02(22) — Suy 1 (21)]
> (Sg, Apa(22)— 84, Ap1(21)) ~|Sga 02(22) — Sqy 01 (21) | + (P11 + 2).

Proof. Writing
Sy:0i = Sq, i+ Sp,pico®,

we get, as ¥; >ng and 0% (z;)€K;:

1S, 0i(2:) = S pi(2:) — Ui Ji| < i,
]S,,,. Atpi(z,-) —Sinqu(Zi) —ViAJ,-i < py;.

It then follows that:

Sy, 02(22) = Surp1(21)] 2 |Pada — D1 J1| —|Sqyp2(22) — Sy 01 (21)| = (D1 + 72);
Su, Apa(22) — Sy Ap1(21) 2 D2 ATy — D1 ATy + Sg, Apa(22) — Sq, Ap1(21) — (D1 +3).

It remains to see that:

|I72J2—I71J1|+l72AJ2—l71AJ1 P C(I71+I72).
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But we have:

172(J1AJ2—J2AJ1) = Jl(l_/zAJz —I71AJ1)+AJ1 (171J1 —172J2),
n (JlAJz —JzAJl) = J2(172AJ2—I71AJ1)+AJ2(171J1 —-172J2),

which implies the last inequality since J1 >0, Jo>0, J1AJe > J2AJ;. a

3.11. We now proceed to the construction of L. Fix M >0, which we may assume big,
and 0<r<r(M), with (M) small, to be determined later. For i=1,2, let m;=v(B;(r)).
For z;€ B;(r), we have:

|Sm,pi(2:)—|logr|| < c,
¢ logr| <m; < cllogr|.
We distinguish two cases. (Recall that we are assuming that J1AJo> AL L)

Case 1: Sy, Apa(az) = Sm, Api(ar).
We have

pi(Ki(Bi(r))) > gui(Bi(r))-

With an integer mo=mgo(M)>ng to be chosen later, pick cylinders C; C B;(r) satisfying:

m;+mo+c 2 v(C;) 2 m;+mo,
pi( K (Bi(r))NCy) > i (Cy),
and define
L=(CiNK1(Bi(r))) x (C2NK2(Bs(r)))-
We have

(L) > §p(Cr)u2(C2) > om0y (By (r) ua(Ba(r)),

hence condition (i) in Proposition 2 is satisfied if e(M )<%e‘°(m°+c). Let y1,¥2, 21, 22,
v1, v be as in condition (ii) of Proposition 2.
We have

|Sm, p1(21) — Sy p2(22)| < €
and, by the hypothesis of Case 1:

Sy Bp2(22) = Sy Ap1(21) 2 —c.
Also, 0™i(z;) €K; and v;—m;=0; 2mo 2ng; with m;=a;, we then get from Lemma 1:

(80, A¢(22) = Sy, Ap1(21)) +1Su,02(22) = Suy 01 (21)} 2 (V1 +v2) = (M1 +m2)) —¢

>cemo—c.
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With mo>cM and ¢;,c; ' small enough, this implies the inequality in condition (ii) of
Proposition 2.

3.12. Case 2: Sy, Ap2(a2)<Sm,Api(a1).

The construction of L is more intricate, involving a stopping time argument.

Consider the family F of products C=C) x C3, where C; is a cylinder contained in
B;(r), such that, with ¢;=v(C;), there exist points u; €Cy, uz€C> with:

|Sq: 1 (1) —Sg02(u2)| < M,
ISlh A(pl (ul)—Sq,sz('U,z)l <M.

We order F by inclusion, and denote by Fo the subfamily of maximal elements of 7. For
B>0, let Fg be the subfamily of F, formed by the products C=C; x C2€Fp with:

v(C;) < Bllogr|, i=1,2.
LEMMA 2. For M,B>c, we have:

K (By(r)) XKz(Bg('I‘)) Cc ]L-_J C.

Proof. Let u;€K;(B;(r)), for i=1,2. For all m>m,, select an integer 7(m)>m2
such that

|Smp1(u1)—Srimyp2(uz)| < c,
r(m1)=my, 71(m+1)=7(m).
(this is possible because @1, 2 >0).
Let Ap=8,(m)Ap2(uz)—SmAp1(u1) for m>m;. We have 7(m+ 1)<7(m)+e,

hence:
lAm - Am+l | <e¢,

and, by the hypothesis of Lemma 2:
—cllogr| <Ap, <c.

We also clearly have

1

¢ 'm<r(m)Lem.

With (M) small enough, apply Lemma 1, taking ¢;=m; and B'|logr|<v;<Bllogr|,
ve=1(11), B'>c; we get:

Ay >An, —CI+C(V1 +vy—my —mz) >0,
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hence there exists m; <m<v; such that

|Smp1(u1)— Sy (myp2(u2)| <,
|Am| = ISmAV’l (ul)—ST(m)A(pz(u2)| <ec.

Let C; be the smallest cylinder with v(C;)<m containing u;, and C; be the smallest
cylinder with v(C2)<7(m) containing u;. We have

m—c<v(Cr) <m< v < Bllogr|,
T(m)—ec < v(C2) < 7(m) <vo < Bllog |,

hence C=C; x C; belongs to F; this proves Lemma, 2. a
For Ce Fy, define:

wiC)= U ¢,
C'eFo
CNC'#2

w(C)= U Wi(C).

C’'eFo
CNC'£2

Let also U=UCEJEB C.
Choose elements C?,...,CN of Fg, with N maximal (Fp is finite), such that:

Citig '[Jowz(cf), 1<i<N.
J:

We then have

N
vc |y Wz(Cj).
j=1

With an integer mo=mo(M)>ng to be chosen later, select as in Case 1, for 1<j<N, a
product of cylinders C7 =5{ xé’% CC¥=C¥ x CJ such that, for i=1,2:

mo+v(C?) <v(C?) K mo+c+v(CY),
ui(CINK(CY)) = Lui(CY).

See Figure 2.
Finally, define

L= C’J (CinK1(CI)) x (C4NKA(C)).
j=1

8945201 Acta Mathematica 172. Imprimé le 29 mars 1994
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W1(C?)

5K
N

L

Wa(C") NN\

S\

Fig. 2

We first check condition (i) of Proposition 2.
The C7 being disjoint by construction, we have:

(L) > 15p(C7) > Lo tmotITp(CY).

On the other hand, if C,C’'€F, satisfy CNC’'#9, we must have for instance C, CC1,
C2DC%; because 1, @2 are positive, this implies:

[v(Ci)~v(CHI< M.
From this, it follows, for C'e Fy:

p(W1(C)) € ce™ pu(C),
u(W2(C)) < ce™ u(C).

By Lemma 2 we have:
U D K1(B1(r)) x K3(Bs(r)).

Therefore, we obtain

1u(B1(r) x Ba(r)) < p(U) < Sp(W2(C?)) < ce™ Zp(C?),
p(L) > L temcMimote) (B (r) x By(r)),

and condition (i) is satisfied provided

E(M)<%C_IC—C(M+”‘°+C)~
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Let y1,y2, 21, 22,1, 2 be as in condition (ii) of Proposition 2. Let 1<j, k<N be such
that (y1,42)€CY, (21, 22)€C*.
First assume that j<k. Then, for i=1,2:

v; <v(C?) < Bllogr|,
hence, with c3 ! small enough
max(M, ¢1(v1+vy—collogr|)) = M;

if the inequality in Proposition 2 was not valid, the minimal product C=C; xC, con-
taining (y1,21) and (y2, z2) (with v(C;)=v;) would belong to F. But then Ccw,(C)
and C* CW,(C7), contradicting the choice of the C*.

Assume now that j=k. With q,-=v(C’,-j ), we apply Lemma 1 to get:

|80, Apa(22) = S0y A1 (21)| +S0,02(22) = Sy p1(21)]
2 (Sg, Apa(22) = Sq, Ap1(21)) —|Sg, 02(22) — S, 1 (21)| +c(v1 +12 —q1 ~g2)-

From the definition of F, Fz, we have:

la:/ < Bllogr|,
Iqu‘p2(z2)_qu ‘Pl(zl)l < C+M1
|Sg, Ap2(22) g, Apa(21)| S e+ M,
and the inequality of the proposition follows, provided c;,c; ! are small enough and

mo>cM (recall that v;—gq;>mp).
The proof of Proposition 2 is complete. a

3.13. We now state the geometrical estimates proved in §4, and deduce from them
the assumptions in §2.1.

PROPOSITION 3. Letn be small enough. There exist constants r2>0, ¢>0 such that,
if 21,2, €], 22, 2€XT satisfy:
do(zi,ai)<ry for i=1,2,
do(zl,a;)<ry for i=1,2,
then, writing
71(5) =log T (21, 22)(8) —T(21, 22)(3)|,
72(s) =log T (21, 22)(8) T (21, 22)(5)|,

vi=v(z,2) fori=1,2,
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the following estimates, for i=1,2, hold:

ll.'—l

7:(s)+ Z Xi(0792;,8,T(21, 22)(s))

=0

{% (Ti(s)+:§ (072, 8, Tz, 22)(8))) ' <,

<g¢,

d?
Fri(s) < cuf,

T (21, 22)(s)| < csup[ds (21, 21), ds (22, a2)] = cds,

d
ld—sT(zl,zzxs) <edy[logd,].

3.14. In the context of §2.1, let , >0, 3>1 to be determined later.
Let so€(-n,7), 0<r<ry, I=[so—|logr| ™!, s0+|logr|~}]. Let z,2{ € B} (r), 22, z5€
B2 (r). Let A;=A;(s0,0),

d=sup(ds, (21, 21), ds, (22, 22)),
T(s) =T(21,22)(s)—T (1, 2)(5)
=[T(21, 22)(s) =T (21, 22)(8)]+[T (21, 22)(5) — T'(21, 23)(5)]
=T1(s)—-Ta(s), se€l,
|T;(s)| = exp 7i(s).

We assume r; small enough to have, for any s€(—n,n),
Bi(r1) C By(ra)

which means that we are in the domain of validity of Proposition 3.

Let v;=v(z;, 2}) for i=1,2.

Let w;=0i(50,0), Ap;=Ap;(80,0), pti=pti 50,0 (cf. §3.9).

Property (i) of §2.1 follows from §3.5 and Proposition 3 (the metrics d,, and d,
being equivalent).

We now check property (iv), using Proposition 1. We have seen in §3.7 that the
hypothesis of Proposition 1 is satisfied (S;AS27#52A51).

According to Proposition 3 above, we have:

|T(21,22)(s)| = csup[ds(21,a1),ds(22,a2)] < cr™, O0<u<l.
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Therefore:
vi—1 ) vi—1 )
Z Ai(072i, 8, T(21, 22)(8)) — Z Aoz, 30,0)‘ <cy|logr|™!, sel
j=0 j=0
Also
ll,'—l )
> Ai(07zi, 50,0) Sy :(23)| < c,
=0

hence |7;(3)+8,, pi(zi)| <cvi|logr|~! (clearly v;>c !|logr|).

‘We have:
d %l . %1y .
o Z Xi(072;, 8, T(21, 22)(8)) = Z —é;)\i(ofz,-,s,T(zl,zz)(s))
=0 j=0
d llg—l a .
+2-T(21,22)(s) ,Z:o 31 i, 8, T(21,22)(s),

with, as above:

V,'-'l

Z %Ai(ajz;, 8, T(21,22)(8)) =S, Api(2:)| < cvs|logr| ™!
=0

and |dT (21, 22)(s)/ds|<r*. Therefore

l%n(sHSw Agpi(z:)| < cvillogr| ™"

Let 1<8<fp, with By as in Proposition 1. We apply Proposition 1 with balls
By, B; of radius cr containing B} (r), B2 (r) (the respective distances are equivalent).
We assume for instance that
d=dg,(21,2}) > 1P,

which implies, with the notations of Proposition 1:
my <1 € Boma,

if 71 is small enough.
If the set J of §2.1, property (iv), is empty, there is nothing to prove. Assume that
J contains a point s; €. We have

[log d+ 8., p1(21)| < ¢,
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hence
Iri(s)~logd|<ec, se€l,
and also
HT1(s1)| = |Ta(s1)| | < 7 td.
Therefore
Ir1(s1)—m2(s1)| <e.
But
|72(81)+ S, 02(22)| < cvz|log r|~
and

|T2(s1)—logd| <c
imply v, <cjlogr|. We then get:
|50, p1(21) = Su,2(22)| <.

Then, by Proposition 1 and the estimates above for d7;(s)/ds, we get

‘%(Tl(s)—Tz(S)) >c logr|, sel.

Also
< c|logr|?.

d?
| F(n(6)-n()
This shows that J is an interval and gives the estimates of property (iv) in §2.1.

3.15. For s€l, there is a constant c such that
By, (c™'r) C B,(r) C By, (cr).

Indeed, the distance d, is equivalent to d; , o, the distance d,, to the distance d; s, o,
and the property is clearly true for the balls relative to these distances.

The hypothesis J; AJy# J2AJy of Proposition 2 is satisfied, as we have seen in §3.10.
With M to be determined later, we apply Proposition 2 in balls B;(c™!r), in order to
satisfy property (ii) of §2.1. Property (iii) of §2.1 (with L as in Proposition 2) follows
from the conclusion (i) of Proposition 2 and §3.5.

We now check property (v). We therefore assume that (z1,22)€L, (21,25)€L and
d<rP (with $>1 as above). Again there is nothing to prove when J is empty, hence we
assume that there exists s; €I with

Ty (81)] = |To(s1)| | < ¢ Ldl+eliosrl ™
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Assume for instance that d=d,,(21, 2{). We have:

|]'Og d+SU1 (pl(zl)l < c,
'T1(3)+SVI(P1(Z1)| < CVIIIOng_17

and therefore

|72(81) =71 (51)| < c|logr|~*|log d],
1Sy, 91(21) — Suy p2(22)| < c(v1 + 12+ |log d|)|log r| .

But, |log d+S,, ¢1(21)|<c implies
¢ Ylogd| < v < c|logd],

and for the last inequality to hold we must then also have c~!|log d| <v; <c|log d|. There-
fore

|Su:01(21) = S, p2(22)| < c|log d] [log r| "

For M big enough (and r; small enough), we have
sup(M, ¢1(vi +v2—cz|logr|)) > c|log d| [logr| 1,
hence, by Proposition 2:
|8, Api1(21) — S, Ap2(22)| > sup(M, ¢1[(v1+v2) —co|log r|}).

Then we will have, for s€, r; small enough, M big enough:

d
—(11(s)—T72(s))| > %sup(M, ci(n1+va—ca|logrl)),
ds

d?
7z (11(8) = 7a(s))

<c|logd|?,

from which we deduce easily that J is an interval and that the estimates of property (v)
of §2.1 hold in J.
We have thus reduced the proof of the theorem to the proof of Proposition 3.

4. The geometrical estimates

The aim of this section is to prove Proposition 3 and thus finish the proof of our main
result.
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In §4.1, using the smooth dependence on parameters of the stable and unstable
foliations of the basic set A;, we introduce appropriate local charts around each point
of A;.

These charts are then used in §§4.2-4.4 to obtain estimates of the distance between
two nearby stable manifolds of A; along these manifolds and its variation with param-
eters. The main part of the calculation actually takes place in some group of jets; we
therefore adopt a slightly more abstract setting to make this apparent.

In §4.5, we do some preparatory work in order to finally obtain in §4.6 the estimates
in Proposition 3. The calculation is quite long but straightforward; it consists essentially
in translating the estimates on the distances between stable manifolds (§4.4), via the im-
plicit function theorem, to estimates on the parameter intervals corresponding to various
tangencies as in Proposition 3.

4.1. We start from constants € >0, ¢p>1, ¢;>0 and a continuous map L:
1 — C®([~co, co” X (—1,m)%, M)

with the following properties.
(i) Let z1€X, s,t€(—n,n); the map L, :(21):

(.’L‘, y) i L(Zl)($, v, s, t)

is an embedding of [—co, co]? into M whose image U, ;(21) contains an e-neighbourhood
of hy¢(21); we have

L,,(21)(0,0) = hy 5,¢(21),
Ls,t(zl)(x’ 0) CWB(ZI’ S,t), T€ ["007 CO],
L t(21)(0,y) CW*¥(21,8,t), y€][—co,co]

(ii) Let 21€X4, s,t€(—n,n); the map F, ¢(21):
F,1(21) = (Lss(021)) Yo fsoLss(21)
is defined on [—1,1]?; it may be written in this square under the form
F,t(21)(z,y) = (£zexp Hy 1(21)(z, ¥), Ty exp K, +(21)(z, ¥)),

where the + or — signs depend (continuously) only on 2;. The maps F,;(21) together
define a continuous map F:

Y- Cw([_l’ 1]2 x (=, 77)2’ [—001 00]2),

and similarly for H,(21), Ks:(21).
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We have K +(21)(0,0)=A1(z1,5,t) (cf. §3.6) and define g1(21, 3, t)=—H, +(21)(0,0);
for 21 €X4, s,t€(—n,n)%, we have:
A1(21,8,t) 2 €1 >0,
gl(zl, S, t) 2¢>0.

(iii) Let z;€X1(j), 21 €X1(k), with j#k (i.e. they belong to distinct elements of the
Markov partition). Then

US,t(Zl)nUs,t(zi) =2, for all (S, t) € (_77’ 77)2

4.2. We consider now the following slightly more general situation.
Let P be an open set in a parameter space R?. For >0, let F;:[-1,1]>x P—R? be
a map which may be written in the form:

Fy(z,y,p) = (zexp H(z,y,p), y exp Ki(z,y,p))
with smooth maps H;, K;:[-1,1]*x P—R.
Define
0:(p) = —H;(0,0,p),
Ai(p) = K:(0,0,p),
and assume that, for some constant ¢; >0, all pe P, i >0:
Q’L(p) 2 C1,
/\i(p) 2 Cy.
For n>0, define

n—1
™)=Y eilp),

=0
n-1

A (p) =" \i(p).
i=0

Assume that we have, for some constant c; >0:

|0z Hi(, y, p)| < 2,
|0y Hi(z, y,p)| < c2,
|0:K;(z,y,p)| < ca,
|6y Ki(2, y,p)| < c2-
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Let 0€(0,1). Consider a smooth map

p— (zo(p), yo(p))

with values in (0,0)2. As long as x;(p)€(0, 8], v:(p)€(0,0), we define:

(Zi+1(P), ¥i+1(p)) = Fi(zi(p), ¥:(p), p)-

Define
Xi(p)=logzi(p), Yi(p)=Ilogyi(p);

then we have

| Xi+1(p) — Xi(p)+0:(p)| < c2(zi(p) +yi(p)),
[Yit1(p) = Yi(p) — Mi(p)] < c2(z:i(p) +yi(p))-

From now on, we adopt the following convention: We denote by ¢, ¢z, c3, ... constants
which depend only on:

— bounds on F;, H;, K;, uniform in %;

— bounds on the map g introduced in §4.4;

— bounds on the map p— Xo(p).
We also use the letter ¢ for such (unspecified) constants.

We assume that

< i—clcgle‘cl/z(l—e_cl)_l.

LEMMA 1. Assume that for some n>0, we have

0 <zo(p) <9,
0 < yo(p) < B exp(—A"™)(p)).

Then (zi(p), y:(p)) is defined for 0<i<n and we have:

| Xi(p)— Xo(p)+ 0P (p)| < Ley,
Y:(p) ~ Yo(p) - 2P (p)| < 3.

Proof. This is clear if ¢=0; assume that it is true for 0<i<j<n. Then, for 0<i<j,
we have:

0< z;(p) < Ber/2er (<0 ifi>0),
0<yi(p) < gec1/2eli-m)er (<8),



HOMOCLINIC TANGENCIES FOR HYPERBOLIC SETS

and therefore
20cqec1/?
l—ea

e 3 (os0) +uutr) < 2

i=0

o=

< 3¢
which proves the statement of the lemma for j+1.
We recall, for further purposes the estimates

0 < zi(p) < Bec/2e~t1 |
0 < yi(p) < Ger/2eli—mer

under the hypotheses of the lemma.

Let us now study partial derivatives with respect to the parameters.

p=(p1,...,pa) and 0; for 8/8p;.
Let 1<j<d. For 0<i<n, define

76 = (3in> V) = (ajHi(ﬂvz‘,yi,P))
: ov, )" 9; Ki(zi,9i,0) /)’
M= (1+wiazHi(xi,yi,P) Yi0y Hi(z:,yi, p) )
0. Ki(xi,yi,p)  1+y:i0, Ki(zi, yi, p)
Then, for 0<i<n, we have
79, = M0 4V,

For 0<i<n, define @ @)
) Al B¢
MO =M,_..My= ( N ) ,

CcH p

A i B(,)
Mgy =My_y ...M,-:( @ )
CtiyD)

with estimates (under the hypothesis of Lemma 1):

lai—1| < cpet/?0e ™1,
|ei| < cget/ %07,
bi] < cae®/20eli—m)es

|d;—1] < cpec/20eli=m),

123

We write

Using the recursion formulas for the A(i),A(i), ... it is easy to prove that there exist

constants ¢z, c4 >0 depending only on ¢y, ¢; such that if we assume that

0<cs
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then we will have, for 0<i<n:

|A(i) - 1| < c40,
IB(‘)| < cqfeli—mer,
|C%)| < cqf,
[D® —1]| < ¢4,
|A(,~) - 1| < C40e"°1,
‘B(,-)l < 649,
IC(,-) -1< 6406_“‘.l ,
|D i —'ll < C40.
(i)
We also have
Mgy = My M®,

and therefore

B(o) = A(,')B(i) +B(¢)D(i),
Doy =C»B¥+D(; DY,
|B(0) —B(,-)I < we(“")“ ,
|D(0) —D(,-)I < efeli—mer

On the other hand, we have:

n—1
JP = My J§" + 3" My Vi,
=0
n—1
ann = A(o)anO +B(0)ano+Z(A(g+1)ajHi +B(,-+1)ajK,~),
=0
n—1
8;Yn = C(0)8; Xo+D(0)8;Yo+ Y _(Ci41)0; Hi+ D(i11)9; K)-

=0
Suppose that on our domain we have
|0;0-Hi| < c,
|0;0yHi| < c,
|8,-6,,K,-| S C,
|0;0, Kl < c.

The following lemma is then immediate.
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LEMMA 2. There are constants c3,cq depending only on c1,cz such that, if

0< zo(p) <6,
0 < yo(p) < B exp(—2™(p)),

f<cs3< %clcz_le‘clﬂ(l-e“?)"l,

then, one has:

n—1 n—1
l (an"+Z c’),p,-) —A(O)anO‘B(O) (BJYO+Z Bj/\,-) < b,

=0 =0

n—1

8;Y,—C0)9; X0~ D(o) (an0+2 a,-,\,)

=0

<o,

where |A(0)—1|<C40, |B(0)|<C40, |C(0)|<C40, |D(0)—1|<C49.

4.3. We will also need estimate for second partial derivatives. Let 1<j, k<d. Define

JGR) _ <8jakXi>
! 9;6:Y; )

Then we have
Ji(i’f) =MiJi(j’k)+5i(Ji(j)éJ;k))+S§j)Ji(k)+S,~(k)Ji(j)+V,-(j’k),

with
S(j)__:(miazajHi yiayajHi) V'(j,k)_;(ajakHi)
' a:,-(?majK,- y,-ByBjKi ’ * BjakKi ’
S._<.'L‘1;81Hi+.’1:,?a§Hi .'L‘,'y,'azayHi yiByHi+y?6§H,-)
v x,-c’)mK,-+x%’6§K,- x,-yiamayK,- yiayK,-+y26§K,~ ’

p

and we write the symmetric tensor product Ji(j )éJi(k) with coordinates

0; X0k X,
(aniakYi +8kX,,~8jY,- ) .
0;Y;0,Y;

We have

n—1
T = Moy J§™+ 3~ Mispn) B,
i=0

with R¥F =5,(J @)+ 5D IM +8® g 1 v
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ol g @) yn(P)) craphis)

(zo(p), yo(p)) :
N — -
r=(p1, ) p

Fig. 3

Assume that there are constants ¢, Cy such that all second partial derivatives of H;,
K; are bounded in our domain by ¢, and that:

179 < Con,
1I& < Con.

Then, for some constant Cy=C4(Cp) we have:

sup([|Sill, IS0, 11511 < cexp(— inf (5, n~i)e1),
||Jr(;j’k)—M(0)Jéj’k)|| <Cyn?.

4.4, We now fix @ such that
f<ecs, 8<c;' (cf Lemma 2).

We add the following new feature: there is a smooth map g:[0,6]x P—[0,6], which
satisfies

9(z,p)>c>0, z€[0,0], peP,

and such that:
yn(p) =9(za(p),p), pEP.

See Figure 3. We also assume that p— (zo(p), yo(p)) satisfies the hypothesis of Lemma 2.
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Write
n—1
8, Xn=0;Xn+Y_ D0,
=0
o n—1
6on = an()-l—Z 6,-)\¢.
i=0

For 1< j<d, we have:
ynann =3jg+zn8zgc’3an,

with |z,8,9|<ce™*" and |0; X, —8;Xn|<cn.
Joining this to the conclusion of Lemma 2, we obtain (as y,>c¢>0)

18 X0~ A(0)85Xo— Boyd; Yo <,
1C0)8; Xo+D(0)8;Yo| < c+ce~™18; Xl
from which we deduce, as |3; Xo|<c, for n>cs:
|0; Xn| <c,
16| <c.
For second derivatives, we have, for 1<j<k<d:

y,.(annakYn +8j6kYn) = Gjakg+zn6j6zgaan
+x.,,6k6¢gaj Xn+(wn6zg+xf,6§g)6an8an
+mn3296j6kX,..

Then, we see from §4.3 and above that we have for n>cs:
1) < en,
) ik
”J,,(,J’k) —M(O)Jé] )" < cnz.

We have
Iannl <c, IBkYnI <g¢,

and therefore
lajakYnI < c+ce‘°1"|6jaan|.

In the same way as for first derivatives, that allows to conclude that, for n>cs>cs,

|a]6kYb| < cn2.



128 J. PALIS AND J.-C. YOCCOZ

4.5. We now proceed to prove Proposition 3. We use the notations of §4.1. Let
P=(—-n,7)?, n small enough.
The maps

5 2 0%°([-1,1)2x P,R),
T X 0%([-1,12x P,R)

are continuous, hence there is a constant c¢;>0 such that, for all z; €%, s,t€(~n,7)%,
z,yel-1,1):

|02 H s ¢(21)(, y)| < €2,
18y Ha 1 (21)(z, y)| € €2,
|0: K s t(21)(2, ¥)| < €2,
|0y Ks,¢(21)(x, y)] < co.

We determine then, from ¢; (in §4.1) and c; above, constants ¢z, ¢4 as in Lemma 2,
and choose 6 with
0<cs, 0< %C‘Il.
There exists ng >0 such that, for all s,t€(—n,7), z1,7; €ZT with v(z1, z}) >no, the point
hi,s,4(21) lies in U, +(21) and the equation of W} (21, s,t)NU,+(2}]) is

Y=02/z (.’Z?, S, t)

in the coordinate system given by L, ;(21).
For each 2y, 2], the map g, /=, is smooth, and these maps together give a continuous
map:

Vi % 0% ([~co, co] X (=1,1)%, [—co, co])

where Vi={(21,2])€ZT x 7 : v(z1, 2;) =m0}

We choose ng >0 big enough such that, for (z1,21)€ Vi, the image of g, /1 is actually
contained in [—e~*1/219 e~1/216].

We choose, once and for all, an integer mg, multiple of the period of a;, such that
the point ¢'=7"(g) belongs to Upp(a1), with coordinates (6:,0), where 0<|6;|<16.

We will consider tangencies near ¢’ instead of q. The map T’ related to ¢’ and the
map T related to g satisfy T'(0™°2,, 0 ™029)=T(21, 22). Once my is fixed, it is clearly
equivalent to prove Proposition 3 for T or T'. We will actually prove it for T7°. But to
keep notations simple, we assume that mo=0, T=T".
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Let 0<e; <301 be a small number such that the component of ¢’ in W*(az,0,0)N
[61—€1,014+€1] % [—%0, %0] in the coordinate system Lo g(a1) has equation:

y=<p(z), |$—01|<€1,

with (61)=¢'(61)=0, |¢"(z)|>c>0.

Let n, be an integer >no, and let 21, 2] €XT, 20€ 5T with v(z1,a1) 2n4, v(2],01)>
n1, v(22,02)>n;. We claim that if &; is small enough and n; is big enough the following
properties hold, with constants independent of s, ¢, z1, 2], 22 (provided 7 is also small
enough).

(i) The connected component of W¥(z2, s,t)N[f; —e1, 01 +€1] X [— 36,
terested in has equation

1 .
50] we are in-

Y=Pz2y/7 (37; S,t)

in the coordinate system L, (z;), for a smooth function ¢, /.:; all partial derivatives of
$2a/2, and g, /., of order up to 3 are bounded by a constant c.
(ii) For s,te(—n,n), |t—61|<e1, we have

|3§<Pz2/z; (z,8,t)| >c>0,
1010, /21 (2, 5,2)| > >0,
102 (02272 — 9y /2, (2, 8,8))| > >0,
1022521 = Gzy 21 (%, 8,8))| > €> 0.

(iii) For s,te(—n,n), z,z’'€[01—¢€1,61+¢1], we have

'aa:gzl/zi (IE, 8, t)l < Clgz; /2 (.’L", 8, t)l:
lagg:n/zi (32, 8, t)l < clgzl/z{ (zi: 8, t)l

(iv) For s,t€(—n,n) the function 0:¢;, ., (resp. Oz(Pzy/z, —9z1/2;)) has a (unique)
zero é(s,t) (resp. c(s,t)) in [#; —&1,60;+£1]. We have

|asc| <C7, |atc' <C7a

|0:¢| <7, |8:é| < cq.

and second partial derivatives are bounded by c.

(v) For s€(—n,n), the points T(z1,22)(s) and T(2},22)(s) belong to (—n,n); we
write  =t—T'(21, 22)(s). In the parameter coordinates (s, ), all estimates above are still
valid.

9945201 Acta Mathematica 172, Imprimé le 29 mars 1994
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graph(g)=W?(z1)

/(woi&—-—/
_ ]

t=0 We(z})

c ¢é

graph(p)=W*(z3)

graph(g)

W?(z1)

\ graph(y)

lyo(s, )| ~|g(z, s, )|~n(s,t)~¢(s), for |E|<t(s)
Fig. 4

All estimates and claims are straightforward, taking first £; very small and then n;
very big; estimate (iii) holds because the stable foliation of the basic set is, uniformly in
s, t, of class C1*2 for some a>0.

4.6. We fix points 2y, 21, z2 as above, but we will assume that
v(z1,a1) 22, v(z1,a1) 2n2, v(22,02) > ne,

for an integer ng>n,, still to be chosen.
Let n=v(z1, 1) —ng; for 0<i<n, let

F;:[-1,1x(-n,n)* > R?

be the map (z,y, s,t)— Fs (0%} )(z, y).

By changing the signs of the coordinates in the coordinate systems L;:(o%!),
0<i<n, we may assume that the F; are exactly of the form considered in §4.2.

We will work with the parameter coordinates (s,t) considered in §4.5 (v). To keep
notations simple, we just write (s,?) again for these new coordinates. We therefore have
T(21, 22)(s)=0, which means:

v(é(s,0),s,0)=0.

We are interested in the function T'(21, 22)(s)=t(s) which is defined by:
p(c(s,1(s)), 5,1(s)) = g(c(s, 1(s)), 5, 8(3))-

We have written ¢ for ¢,,/,: and g for g,, ;. See Figure 4.
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Write §=gonz, /onz; - We have, as v(0"21,0"2;) is a fixed integer no:
%6—61/29 > |§(z, s,t)| >c>0.
By Lemma 1 in §4.2, we have therefore, for z€[0; —¢1,61+€1], s,t€(—n,n):
0<c<|g(z,s,t)| exp A™(s,t) < 6.
Let us just write (s, t) for exp —A\(™)(s,t). We estimate |c(s,t)—é(s,0)|. We have
|é(s,0)—é(s,t)| < erlt],

0z p(é(s,t),5,t) =0,
|al‘()0(c(si t)a 8, t)l = |(9$g(0(s, t)a 8, t)' < C7l'(5, t)7

hence (as |02¢p|>c>0)
|&(s,0)—c(s, )| < c[m(s,t)+]¢]].

But ¢(é(s,0), s,0)=0,¢(é(s,0), s,0)=0. Therefore
lp(c(s,t), ,0)] < cf(m(s, 1)) +¢7].
On the other hand, writing a(s)=08,¢(c(s,t(s)), s,t(s)), we have:
la(s)| 2 ¢>0,

and, for [t|<|t(s)],
|8ep(c(s, t(s)), 3, 8) —a(s)| < clt(s)]-
Summarizing, the function x: u—(c(s, t(s)), s,u) for Ju|<|t(s)| satisfies
Ix(0)] < clm(s, () +1(s)?),
x(t(s)) = g(c(s, t(s)), 5, 2(3)),
la(s)| = Ix'(t(s))| 2 >0,
X (u)=x'(t(s))] < eft(s)]-

Let yo(s,t)=g(c(s, 1), s,t). We have

l90(s, 1)
log =1 2%
‘ og W(S,t) <c¢,

hence [t(s)—yo(s, t(s))/a(s)| <c((s, (s)))?.
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In particular, writing n(s)=m(s,(s)):

1t(s)l
'l°g (3)

Let us now estimate ¢'(s). From the defining relation

|<e

¥(s,1(s)) =0,
with (s, 1)=¢(c(s, 1), 5,8)—9(c(s, 1), 5, 1), we get
t'(s) = ~[8ep(5,8(s))] 1 Dup(s, £(5)),
where

aa"/) = aa‘P+ascaz‘P_asy0v
Oy = Byp+0¢cOp— Oryo.
We have
at‘p(c(s’ t(s))’ s’t(s)) = a'(s)’
|0z0(c(s, 2(s)), 8, £(5))| = 10=9(c(3,£(5)), 5, t(s))] < em(s)

(by 84.5 (iii)),
18s0(c(s,1(8)), 5, t(5)) —Bsp(é(s, 0), 8, 0)| < em(s)

(because |t(s)|<cm(s), |c(s,t)—é(s,0)|<cm(s)),
0sp(é(s,0),5,0)=0

(because 9;p(é(s,0),s,0)=p(é(s,0), s,0)=0).
On the other hand, with zo(s,t)=c(s,t), we have, in the notation of §4.2:

yn(8,t) =g(zn(s, 1), s, 1)

with estimates:
Cr

01—81’ 01

Taking no big enough, the calculations in §4.4 are valid and we get:

C7

|85 log |zo| | < 16; log [xo| | <

€1

F) n—1
s_yO + Z 63 Ai
Yo S0

|8:yo| < em(s, t)n < e (s, t)|log 7(s, t)].

<6
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Therefore

1853 (s,(8)) =30 (s, £(5))8s A (s, ()] < em(s),
|8e(s, (s)) —a(s)| < em(s)|log 7(s)I,

with [yo(s, #(s)) —a(s)t(s)| <c(m(s))?.
We conclude that:

¥(s) =
lt_(37+§ B, (s, t(s))

Let us now estimate from above the second derivative t”(s). We have:

<ec

Byt +029(t')2+28,0,4t' + 829 =0,
hence
|t"(5)| < c(|024| +7(s)|log m(s)| |8, 8t| +7*(s)|log (s)| |87 %1),
with

63'/’ = agcaw‘/’"'(636)26590"'2680‘983:1490‘*‘8390_83?10,
0,0,y = asatcaz<P+ascatcag¢+ascataz§0+6tcasam¢+asat90"'asatyOa
024 = 020, p+(04¢) 202 p+20,0,8, 0+ 020 — B2 yo.

According to §4.4, we have, for ny big enough:

82 log |yo| < en?,
850; log |yo] < en?,
8} log lyo| < en?,
B, log |yo| < cm,
Oy log |yo| < cn,

therefore
|82y0} < en?n(s),
|858s150] < en®n(s),
|87 y0| < en®m(s).
We already obtain:

079(s,t(s))| <c,
|9:0:9(s,t(s))| < c.

133
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In the formula for 82¢(s,%(s)) we have:
|029(c(s,1(s)), 5, £(5))| = |8z p(c(s, £(5)), 5, t(s))| < em(s).
We compare 9,¢(s, t(s)) with 8,é(s,0). We have

8:0,0(¢(s,t), 5,t)+820(é(s, t), 5,t)0:¢(s, t) =0,
3,,-83(<p—g)(c(s, t)v 8, t)+6:((p—g)(C(8, t)) S, t)a_gC(S, t) = 01

with

|820:p(é(s,0), s,0)—0:0s0(c(s, t(8)), 8, 1(s))| < en(s),
Iaz‘p(é(sa 0)» 3, 0) —82(‘9_9)@(3’ t(s))a 3y t(s))l < c”r(s)

(recall §4.5 (iii)), hence
|8sc(s, 8(5))—Baé(s, 0)| < c(m(s)+10:B59(c(s, t(5)), 8, (5))|-

Let
{io(u, s,t)=u,, u€[01—61,01+61],

dolu, s, t) =g(u,s,t), uelf—e1,01+¢1]

The discussion in §§4.2-4.4 applies to (Zo,%0) (depending now on three parameters
u, s,t) and we get

|02859(c(s,t(s)), 8, t(8))| = |0uOsTo| < cn®=(s).

Therefore
|0s¢(s, t(s)) — 8sé(s, 0)| < en’n(s).

But we observe that

02p(é(s,0), 5,0)+0,é(s, 0)8:0;¢(é(s,0),s,0)=0,
058:0(&(5,0), 5,0)+0,é(s,0)020(é(s,0),5,0) =0,

therefore

[820(c(s,t(s)), 8, t(5))+Bsc(s, £(3))B,0z0(c(s, 1(3)), 5, £(5))| < en?n(s),
[0:0z0(c(s,t(8)), 5, t(8))+ s (s, 1(8))B20(c(s, (5)), 5, (s))] < en®n(s),
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and we conclude that

1934 (s, t(s))] < enn(s),

[ (s)] < en?n(s),
—(ﬁ log |t(s)]| < cn®
ds? 8 ’

Recapitulating, we have proved, as log7(s)=- i ! Xi(s, 8(s)):

log |t(s)| +§_: Ai(s, t(s))| < ¢

=0

d n—1
‘5 log |t(s)|+1z=£ OsAi(s,t(s))| <c,

i 2
75 log [t(s)|| < en®.

Let us see that this indeed gives the estimations for 7y as in Proposition 3. We have

n—1 n—1
Z Ai(s,8(8)) =D Nils, 0)‘ <enn(s)<c,

=0

n—1 n—1

Z Oshi(s, t(s))— Z OsAi(s, 0)’ <ecnm(s)<ec.

=0 i=0

As our t-variable here is really t=t—T(z], z2)(s), we have in fact
d .

asAi(sy 0) = £A1(0'121, S, T(Zi, 22)(8))

where the notations of §3.10 are used in the right hand term. We have 71(s)=log |¢(s)|.
The integer 11 in Proposition 3 is here n+ng+mo: more precisely, in the sum
Z;’;} M (o%2y,8,T(2],22)(s)), the sum E;‘;OI Xi(s,0) missed the first mg terms (when
we replaced ¢ by ¢') and the last ng terms. But mg, no are fixed integers. Therefore we
have proved the required estimates for 71(s). The estimates for 7, are true for the same
reasons. The last two estimates in Proposition 3 are immediate, writing:

T(21, 22) =T(21,22)—T(21,a2)+T(z1,a2)—T(a1, az).

Proposition 3 is, therefore, proved. O
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