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1. Introduction

Many interesting Hilbert space operators can be modelled by natural operations on spaces
of functions analytic in the unit disk D. The most basic of these operations is multi-
plication by the coordinate function z, and in this case the invariant subspaces of the
operator correspond to what we call the invariant subspaces of the function space, i.e.
those closed subspaces M for which z2M CM. As a matter of terminology, we will call
the smallest invariant subspace containing a given set S the invariant subspace generated
by S, and we will denote it by [S]. An invariant subspace generated by a single function
will be called cyclic.

The best known example in this area is the case where the function space is the
Hardy space HZ2. This space consists of those functions f analytic in D for which

. dé
1£12 = sup / Fre)P 2 <o
0<r<il 27

By means of radial limits, H? can be identified with the subspace of L2(8D) of functions

f for which
|dz|

f(n):/m:lf(z)Z"E;:O for n=-1,-2,....

Multiplication by z on H? models the unilateral shift (ao,as,...)—(0,a0,ar,...) on {2,
an operator of basic importance in many areas of analysis. A famous classical result of
A. Beurling [B] classifies the invariant subspaces of H2, and thus the invariant subspaces
of the unilateral shift. To describe this result we recall that an inner function in H? is a
function € H? whose radial limits have modulus 1 a.e. on D. We will use the notation
MoN=MNN+ for closed subspaces N, M such that NCM.
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BEURLING’S THEOREM. Let M #{0} be an invariant subspace of H?. Then MSzM
is a one-dimensional subspace spanned by an inner function ¢, and

= [¢]=[Mo=M).

For a proof and other background about H?, see [D], [Garn| and [Koo]. Here we will
give the simple proof that any function ¢€MS2zM of unit norm is inner. To see this,
note that 2"y Ly for n=1,2, ..., hence

/ |<p(z)|2z"%:0 for n=1,2,.... (1.1)
|z|=1

This equation together with its complex conjugate shows that W(n)=0 for all n#0.
Hence |¢|? is constant a.e. on D, and this constant must be 1 since ¢ has unit norm.

For his description of the invariant subspaces of a unilateral shift of arbitrary mul-
tiplicity, P. Halmos introduced the concept of a wandering subspace [Hal]: a subspace N
of a Hilbert space is said to be wandering for an operator S if N is orthogonal to S™(N)
for n=1,2,.... If M is an invariant subspace of S, then clearly M ©S(M) is wandering
for S, and we will refer to this subspace as the wandering subspace of M. Thus in this
terminology Beurling’s Theorem can be restated as saying that the invariant subspaces
of H? are in one-to-one correspondence with the wandering subspaces of M,, where the
correspondence is given by

=[MezM|.

Furthermore, all nonzero wandering subspaces are one-dimensional and are spanned by
an inner function.

Beurling’s Theorem has played an important role in operator theory, function theory
and their intersection, function-theoretic operator theory. However, despite the great de-
velopment in these fields over the past forty years, it is only fairly recently that progress
has been made in proving analogues for the other classical Hilbert spaces of analytic func-
tions in D, the Dirichlet space and the Bergman space. In [R], the second named author
proved that Beurling’s Theorem in the form we have stated it is true in the Dirichlet
space. Namely, all invariant subspaces are generated by their wandering subspaces, and
the nonzero wandering subspaces are one-dimensional.

In this paper we will be concerned with the Bergman space L2, defined to be the
space of functions f analytic in D for which

113 = [ / (P 4149 <o
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It has been known for some time that the invariant subspace lattice of L? is very
complicated indeed. In [ABFP], C. Apostol, H. Bercovici, C. Foias, and C. Pearcy showed
that if n is any positive integer or 0o, then there is an invariant subspace M of L2 such
that dim(M &2zM)=n. They deduced from this that any strict contraction on a Hilbert
space is unitarily equivalent to the compression of multiplication by z to a subspace of
the form M SN, where N C M are invariant subspaces of L2. In particular, the invariant
subspace conjecture for Hilbert space operators is equivalent to the conjecture that if
NCM are invariant subspaces of L2 such that dim(M &N )>2, then there exists another
invariant subspace properly between them. The proof in [ABFP] is quite abstract and
applies to many function spaces other than L2. A more concrete construction is in [HRS)].

These results show that unlike in the H? situation, wandering subspaces may have
any dimension. In particular, not every invariant subspace of L? is cyclic, since it is easy
to show that if M is cyclic then dim(M©&2M)=1. Nevertheless, the following analogue
of Beurling’s Theorem is true and is the main result of this paper (Theorem 3.5):

THEOREM. Let M be an invariant subspace of L2. Then M=[M©&zM].

Thus, as in the Hardy and Dirichlet space cases, invariant subspaces in L2 are in
one-to-one correspondence with their wandering subspaces.

This result and its proof have roots in several recent papers. In the following dis-
cussion and in the sequel we will use the following definition, which has become fairly
standard.

Definition. An L2-inner function is a g€ L? of unit norm for which

//l |<1|<p(z)|2z" dAnﬁ =0 forn=12,... (1.2)

The analogy with (1.1) and hence the reason for the terminology is apparent. Note
that this definition is equivalent to the condition that

/ /| _Jeucs) dAR) _ o) (1.3)

T

for any bounded harmonic function w.

A big breakthrough in the study of the invariant subspaces of L2 was made by
H. Hedenmalm in the papers [Hed1] and [Hed2]. Given an invariant subspace M of L2,
he considered the extremal problem

sup{Re f(0): f € M, | fllzz <1}. (1.4)
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(If £(0)=0 for all fe M, we replace Re f(0) by Re f(™(0), where n is the smallest integer
for which there exists an f€M such that f(™(0)#0.) It is easy to see that the extremal
function ¢ for this problem is unique and in M &2M. We will refer to this function simply
as the extremal function for M. By the same argument as the one above for the space H?,
@ is an L2-inner function. Conversely if ¢ is L2-inner, then ¢ is a constant multiple of
the extremal function for the invariant subspace M =[yp]. Hedenmalm showed that there
exists a unique function ®€C(D)NC>(D) such that ®=0 on D and A®=4(|p*-1)
in D. He further showed that ®>0 in D and that

ol =11+ [ 2@ aiser 22 (15)

for all polynomials f. This shows that ¢ has the expansive multiplier property, i.e. that
| fellzz 21 flzz for all polynomials f. Now consider an invariant subspace M determined
by a zero set, i.e. let {z,} be a sequence of points in D and let M consist of those fe L2
which have a zero at every 2€D of order at least as great as the number of times z appears
in the sequence {z,}. We assume M#{0}. It is easy to see that dim(MozM)=1 and
hence that M ©2M is spanned by the extremal function ¢ for M. We will refer to ¢ as
the extremal function for the zero set {z,}. Hedenmalm used the expansive multiplier
property of extremal functions and a limit argument to show that f/p€L2? whenever
f€M and that, in fact, || f/@llr2 <||fllL2, i.e. that ¢ is a contractive divisor.

A different proof of Hedenmalm’s results was found by P.L. Duren, D. Khavinson,
H.S. Shapiro and the third named author ([DKSS1], [DKSS2]). They showed that the
function @ found by Hedenmalm could be written as

) . 2 dA(w)
2)=4 [[ _remapmpe

where I'(z,w) is the biharmonic Green function (see §2). The fact that ®>0 now follows
from the well-known fact that I'>0. Thus (1.5) can be written in the form

I fellts =141 + /Pa/[IQP&wOAUWM“Mﬂﬂﬁéégﬁﬁéé

for all polynomials f. This approach led to an extension of Hedenmalm’s results to the LE-

(1.6)

spaces (of which we will have more to say below). The formula (1.6) and generalizations
of it are central to the work in the present paper.

The classical inner-outer factorization of H? functions was discovered before Beur-
ling’s Theorem but is nevertheless closely related. Suppose f€ H?, f#0, and let ¢ be the
inner function that generates [f]. Since |p|=1 a.e. on 9D, it is easy to see that [f]=pH>.
If we write

f=¢F, (L.7)
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then it is immediate that F' is cyclic in HZ, i.e. that [F]=H?2. On the other hand, it is
well known that the cyclicity of F is equivalent to the following property:

g€ H? and |g|<|F| a.e.on 0D = |g(0)| <|F(0)]. (1.8)

We take (1.8) as the defining property of outer functions. Then (1.7) is the classical
inner-outer factorization alluded to above.

In seeking to extend these ideas to LZ, B. Korenblum was led to the concept of
domination. Note that if g and h are in H?, then |g|<|h| a.e. on 8D if and only if
Ifgllz2 <||fh||g2 for all polynomials f. This motivates the following definition.

Definition (Korenblum [Kor]). Let g,h€L2. Then we say that h dominates g, in
symbols g=<h, if || fgllzz <||fh||Lz for all polynomials f.

The results of Hedenmalm we have been discussing show that @€ L2 is L2-inner if
and only if ||¢]/zz =1 and 1=<¢p.
In analogy with the H2-case (1.8), Korenblum made the following definition in [Kor].

Definition. An L2-outer function is an F€L2 for which

geL? and g<F = |g(0)| <|F(0)].

He showed that cyclic functions are outer and asked whether the converse were true.
As a consequence of our main result, we are able to prove this converse and to show that
every L2-function can be written as the product of an L2-inner and an L2-outer function,
(Propositions 4.6 and 4.8).

As we mentioned above, the invariant subspace lattice of L2 is exceedingly rich,
and while our results illuminate it, they certainly do not provide the kind of complete
description that Beurling’s Theorem affords in the H2-case. The main reason for this is
the absence of any kind of structure theory for L2-inner functions and for the spaces of
the type M ©2zM that show up in our work. For instance if M is an invariant subspace
of L? such that dim(M©zM)=2 and f, g form an orthonormal basis of M ©2zM, then it
is easy to show that

dA(2)

™

/ f(2)a@u(z) 2 o
|z}<1

for all bounded harmonic functions u. No such pair of functions is concretely known.
Our results point to a need for an investigation of these types of questions.

The paper is organized as follows. After preliminaries in §2, we prove the main result
in §3. §4 is devoted to consequences of this result, including the material concerning
L2-outer functions and inner-outer factorizations. We also prove an analogue of the
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contractive divisor property for arbitrary invariant subspaces (Proposition 4.9). In §5
we extend some of these results to the L? spaces. These are the spaces of functions f

1711z, =//| e 442 ¢ o,

™

analytic in D for which

As is well known, if 1<p<oo, ||-||Lz makes LE into a Banach space, and if 0<p<1,
d(f, g)=||f—g||’£,a, makes L? into an F-space. In analogy with the L2-case, we say that
p€ Ll is an LP-inner function, if ||p||Lz =1 and

// lp(2){P2" dA(z) =0 forn=12,...
|z|<1 il

Furthermore, an LE-outer function is a function F'€ L? such that |g(0)|<]F(0)| whenever
g€LE and || fg|| = <||fF| 2 for all polynomials f. Notice that the concepts of LE-inner
and LP-outer functions depend on the index p, 0<p<oo. In Proposition 5.1 and The-
orem 5.2, we shall prove a structure theorem for cyclic invariant subspaces of L?. In
particular, cyclic invariant subspaces are generated by LP-inner functions. As conse-
quences one obtains that the cyclic vectors in L? are the LZ-outer functions and that
every function in L? can be factored as a product of an LZ-inner and an L2-outer func-
tion. We shall also see that invariant subspaces that are described by zero sets are always
cyclic (see Proposition 5.4 and the remark following it).

Finally, in §6 we prove an interesting inequality with a strong connection to the

proof of our main result.

2. Preliminaries

In this section we gather material that will be needed in the proofs of our main results.
The first two lemmas record well-known facts and are included here for purposes of
reference. The first is an exercise involving Fatou’s Lemma and Egoroff’s Theorem
(see [D, Lemma 1 of §2.3]), and the second consists of standard formulas proven by using
Green’s Theorem.

LEMMA 2.1. Suppose that p is a finite positive measure, 0<p<oo, and that f,, f

are measurable functions such that

T [ 1l du< [ 17 du<oo
and
fao—f ae [y
Then [ |f— fulP du—0. O
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LEMMA 2.2. If v is a C? function in [|w|<r], where 0<r<oo, and |z|<7 is fized,
then

(a) //lwl<r % tog
d

o [ [ 3t au) P /le:rv(w%- JI v oG

The Green function for D is

r(z—w) dA(w) r?—|z|? |dw|
L vy 2 [ o) 24 o(e)

—w ™ |=r |2—w|? T

an

1 Z—w
G =1
]
the biharmonic Green function for D is
1 z—w |?
=—||z—w|?1 — 1- |23 (1—|w|?
T w) = g o=l log| 22| + (=)=,

and the corresponding potentials are

G- [ GG uwu) aAtw)

and

T[u)(z) =// ['(z,w)u(w) dA(w).
lw|<1 m
As is well known (see [Gara, Chapter 7)), for sufficiently nice functions u, G[u] and
I'[u] satisfy and are determined by the properties

Glu] € C(D)NC*(D),
Glu}=0 on 0D,
AGu]=u inD

and

T[u] € CY(D)NCA(D),
Tu)= aznl"[u] =0 on 0D,
A’T[u)=u in D.

We state a few more facts about ' in the following lemma. Note that an important
consequence of (a) is the well-known fact that I'(z, w)>0 for 2z, weD.
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LEMMA 2.3. Let z,weD. Then

L (- fu)? L (=22 fup)?
(2) 32 |1—zw|? SF(z,w)SE- |1—Zzw|? ’
) LI ey e, w) < B ey,

1+wz

(€) AT (z,w)=Gle,w) + 11~ W) Re 1202 for 2w,

Proof. Simple manipulations with the definition of I' and the identity

)

B |1—zw]?

Z—w

T1-zw

yield the formula

1 (1—12%)2(1—1w|?)? Z~w
F(z,w)=ﬁ-( llll)—;wPl *) f(l— Z=w

)
where f(z)=((1—«)log(1—z)+x)/x?. By I'Hopitals rule f(0*)=1, and it is not difficult
to show that < f(z)<1 for 0<z<1. This proves (a), and (b) follows from (a) and the
inequalities

1-zZw

1 1 1
< < .
(IT+[w)? = [1-zwl* = (1-|w])?

The proof of (c) is a straightforward calculation with the differential operators
9 _1(0 .19
0z 2\0z idy)’

o _1(06 19
0z 2\0z 1idy

03
aaz'

and the identity
A=

If f is a function in D and 0<s<1, we denote by f, the dilation of f by s,

fs(2)=f(s2).

PROPOSITION 2.4. Let 0<p<co.
(a) If f is analytic in D and weD is fized, then

L A
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(b) If f is analytic in D and weD is fized, then

//IZKIF(z,w)Aif(z)IP %(z) =/ ;z[<1AzF(z’w)|f(z)lp

Furthermore, these integrals are finite if and only if feLP.

dA(z)

(¢) If ¢ is an LP-inner function, then

//|z|<1 (2, w) Ale(2) /| I<1G z,w) |e(2)[? ( ) 1(1—|w|2).

Proof. By a change of variable argument,

J[o-rerainer LR =5 ] woprraiser £,

so by monotone convergence we see that

i leyRalf. () p 243 2 2 pdA(z)
lim //.z|<1(1 =) Al (PP — //W —121%)Al1(2)| (2.1)

s—1-

.J;

If [f.1<1(1=12[*)?Alf(2)|P dA(2)/m <00, Lemma 2.1 (with p=1) shows us that

dA(z) _0.

s—1-

. —[2[2)2? 2P — 2)[P
lim //Wl(l 1212)2|AI£(2)[P = Al £ (2) 7]

Together with Lemma 2.3 (b) this proves (a). If [, (1 —|21?)2A|f(2)IP dA(z) /m =00,
(a) is an immediate consequence of (2.1) and Lemma 2.3 (b).

To prove (b) we first note that I'(z,w)=0I'(2,w)/dn,=0 for ze0D, by Lem-
ma 2.3 (a). Hence (b), with f replaced by fs, is an immediate consequence of Green’s
Theorem (it is easy to show that the singularities at z=w and the zeros of f cause no
problem). Now (b) follows from this together with (a), since it is obvious from the form
of A, T'(z,w) given in Lemma 2.3 (c) that

im [[ _arculner @2 [ arcuier

5—=17 J J|z|<1

dA(z)

The subsequent assertion is obvious given Lemma 2.3 (b).
To prove (¢), plug f=¢ into (b) and use Lemma 2.3 (c) to obtain

//lz|< (2, w) Alp(z)|P 2222 dA( )

= dAz) 14 1+@z, o dA(z)
_/|z|<lG(z,w)|<P(z)|" - 4 —|wl? //Izl<1 r—— lo(2)] -
1

=[] oewietar L4

2=,
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since Re(1+wz)/(1—@z) is a bounded harmonic function of z whose value at 0 is 1. O

Proposition 2.4 (c) can be written in the form

TAlelP] = GllelP -1]. (2.2)

This is implicit in [DKSS2] and can be proved using the methods there. An immediate
consequence is the recent result of Khavinson and Shapiro [KS] that

0<GllplP—1](2) < 3(1-[2).
We can also use (2.2) to give an alternate proof of one of the main results in [DKSS2]:

PROPOSITION 2.5 (Duren, Khavinson, Shapiro and Sundberg). Let ¢ be an LE-inner
function, where 0<p<oo, and vEC?(D). Then

/ / dA(z)
z|<1 e
2//'z|<1v(z) %(Z) +//Izl<1 //lwl<1F(Z,w)A’U(w)Algp(z)V’ dAiw) dA7r(Z)

(b) if in addition v is subharmonic, we have

//lz|<1|¢(z) ’ 2 //|z|<1U(Z) %(Z)

Proof. We write
v=G[Av]+h,

and

where h is a bounded harmonic function in D. By (1.3) and Proposition 2.4 (c),

] e 52

_ / / ()l / Gz, w) Av(w) AW 4G L6
|z]<1 Jw|<1 ™ T

- 6z w) ()P 22| Ay ) 4 4 (0) - 1A (0)
w|<1 |zf<1

™ ™

://WI<1 //z|<1r(z’w)Al‘p(z)|pAU(w) dA;z dA7Ew)

L S 2 4o ciao)]
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By Lemma 2.2 with r=1, 2=0, we see that the quantity in brackets is
dA
/ / v(w) _(w),
fwl<1 Q

If v is subharmonic in D, then Av>0 there, so (b) is a consequence of (a) and the
fact that I'(z, w)>0. a

so (a) is proved.

The following proposition, although quite simple, is one of the keys to our results.
PROPOSITION 2.6. If v20 in D then
I'[s%vs](2) <2T[0](2)

for 0<s<1 and zeD.

Proof. We define
1 (1-2?)?(1—|w[?)?

r =—.
(zw)=15 11— zw]?
so that by Lemma 2.3 (a),
10(2,w) <T(z,w) < T(z,w). (2.3)
One sees easily that
-~ 1 1— 2\2( .2 2)\2
LR T W Coml T NN DU SRS S 0
ds s 16 s|s—zZw|? s s+lw| s—|wl s—zZw s—z@

1 (PR P s=lw

Z >0
16 sls—Zzw|? s(s+|w|)

if |lw|<s. Hence by a change of variable argument

S//|w|<ll‘(z,w)v(w) dA7(rw)‘

The proposition follows from this and (2.3). O
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3. The Wandering Subspace Theorem in the Bergman space

Throughout this section we let M be an invariant subspace of L2, and we denote by T
the restriction to M of multiplication by z. We will also denote the LZ-norm simply
by [I-I1

The objective in this section is to prove our main result, that M is generated by
MoTM. Since the proof is rather long we will here attempt to provide an overview,
considering first the case when dim(M&TM)=1. In this case M&TM is spanned by a
single L2-inner function ¢. An argument of Hedenmalm’s ([Hed1]) shows that if fe M,
then f/y is analytic in D. We can thus define operators Ry: M —[M 6T M]=[y] by

(2

for 0<s<1. Obviously R,f— f pointwise as s—1~. To complete the proof we must get
some control over ||R,f||, and it is here that (1.6) comes into play. If we replace f in
(1.6) by respectively f/¢ and (f/¢)s, we obtain

||f||2=“£ ) / /|| / /|w,<1”“’wm‘£(w) Alptap AR 4 )
and
it ) s o 22482

An easy limit argument shows that (3.2) is true. The most difficult part of our proof
will be to show that the inequality > holds in (3.1) for all fe M. This together with
Proposition 2.6 will show that for %<s<1, the functions of z given by

Jurema|(S)e

is dominated by the integrable function

el Go

An application of the Dominated Convergence Theorem then shows that lim,_,,- || R, f||?

TAA)

T

TAAW) £

exists and is equal to the right-hand side of (3.1). Since this is bounded by || f||?, an
2

a)’

application of Lemma 2.1 shows that R,f— f in L2, completing the proof in the case

when dim(MeTM)=1.
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Notice that for A€D, the map f—(f/p)(A)p defines a skewed projection @) of
M onto MSTM with null space (T'—AI)M, and that R, can be expressed in terms of
these projections by the formula R, f(2)=Qs,f(z). In Lemma 3.1 we will show that the
skewed projections @) also exist when dim(M ST M) >1, allowing us to extend the above
discussion to this case. We can define the operators R, by the same formula as above,
and it will easily be seen that R, f— f pointwise as s—1-.

In Lemma 3.2 we will show that R, maps M into [M&TM] and that Qu,Rs=Qsw
(these facts were trivial in the case when dim(M ST M)=1). The analogues of (3.1) and
(3.2) are then seen to be respectively

1= [ /|A|<1||Qxf||2£i—A—(-/\—)

™

(3.3)
o, dA(w) dA(2)
+//|z|<1 //Iw|<lr(z’w)AZAW|Qw'f(z)| m ™
and
2 _ 2 M
IR [ /MKIHQsAf” -
(3.4)

+//Izl<1 //|w|<lr(z’w)AzAw|stf(z)|2 d_A;r(i”_) é@

In Lemma 3.3 we will show that (3.3) holds for all f€[M T M]; in view of Lemma 3.2
this will show that (3.4) holds for all fe M. The heart of the proof will be Lemma 3.4,
where we show that the inequality > holds in (3.3) for all feM. Once this is done it
will follow that R,f— f in L2 as we indicated above for the case dim(M ©TM)=1. This
fact, along with the evident consequences that M =[M 6T M] and that (3.3) holds for all
f€M, is stated formally as Theorem 3.5.

We will now proceed with the details.

LEMMA 3.1. For any A€D, M is the Banach space direct sum of the closed sub-
spaces MOTM and (T—AI)M. Furthermore, if Q) is the skewed projection operator
onto MOTM corresponding to this decomposition of M, then

GEpYP
”Q’\“ < C/\a where CA = %

Proof. The case A=0 is clear, so we assume A#0. We will first consider the case
M=[f]. Let ny be the order of the zero of f at 0 and let ¢ be the extremal function
for {f]. The argument of Hedenmalm’s mentioned above shows that g/ is analytic in D
for any g€[f]. We are going to refine this argument to show that if g€[f], then

gwl <Calgll (35)
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It will clearly suffice to prove (3.5) under the assumption that ¢(A)#£0. It is easy to
see that the extremal function associated to the zero set {\} is

ealz) = (1_ kxtA) )_1/2 (1_ :igg)’

where ky(2)=1/(1-Xz)? is the reproducing kernel for L2, so that

PA(0) = A|(2= A%, (3.6)

If g(A)=0 there is nothing to prove. So assume g(A)#0 and set

h(z) = plz) ;’;((Aj) 29(2).

It is easy to see that h/px€[f]. Hence by the extremal property of ¢,

h

‘ h(£)(0)
("%

©a(0)

Now h("f)(0)=cp("f)(0), and by Hedenmalm’s Theorem

<o 2|

h
| <
L2
Since )
(V) ) 4| 2N
RIZ =1 2 2
I =1+ | 258 NIEE +| 25| ol
we can deduce (3.5) from (3.6) and (3.7). The computation also shows that
_V2-[AP
C)\ = W

This shows that if
9(z) = ap(2) + (2~ A)k(2)
with k€[f], then
Jagll=lal=| 20| < Calgl

Together with the obvious identity

(Nep(e)+ (- N TN,

g(2)=

AYAS

this proves the lemma in the case M=[f].
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We turn to the general case. Suppose that he MeTM, feM and

It is easy to see that
PphelfloT(f],

so by what we have already proved,
| Pyl < CallPsygll-
Since P+ h=PFy)1g, this implies that
IRl < Callgll-

Hence the subspaces MOTM and (T'—AI)M are at a positive angle, and the projection
of their sum onto the first summand has norm at most Cy. To complete the proof, we
must show that their sum is all of M. To see this, suppose that

gEMO(MOTM)+(T-A)M)=TM&(T-\)M.

Write g=T'f with f€ M. By what we have already proved, [f]=([f]ST{f])+(T—AI)(f],
S0

TAIn(f1e(T -AD[f) = [fle(((A1eTIMH+(T-ADIf]) = {0}.

It is easy to see that g is contained in the subspace on the left. Hence g=0 and we are
done. a

Remark. As noted above, we are eventually going to show that (3.3) holds for all
f€M. From this it is easily deduced that in fact {|Qx|<1/(1—|A?).
Standard methods show that @ is analytic in A. We can get an explicit formula for

Q> in terms of the operator
L=(T*T)"'1".

Notice that we could also define L by the formulas

L=0 on MeTM

and
LT=1I.

If ge MOSTM and he M, then it is easy to calculate that

(I-AL)(g+Th) =g+ (T—A)h.
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Lemma 3.1 thus implies that (I-AL)~?! exists for all A€ D, and we see that

Q,\=PM9TM(I—)\L)”1=(I—TL)(I—)\L)_1. (3.8)
Thus -
Q=) \An, (3.9)
n=0

where Ap=Prornm L™ is a map from M to MoTM.
We now define for fe M and 0<s<1,

R, f(2) =Qs.f(2). (3.10)

The definition of @ makes it obvious in particular that f(z)—Qxf(2) is zero when
z=A. Hence Q. f(z)=f(z), so it is obvious from the continuity of the map A— @, that
R, f(2)— f(z) as s— 17, for any z€D. In the next lemma other important properties of
the operators @05 and R, are studied.

LEMMA 3.2. R,fe[M&TM] for any feM. Furthermore, QuRs=Q .
Proof. From (3.9) we see that
R,=) s"T"A,, 0<s<lL (3.11)
n=0

This series in fact converges in norm. To see this note that as a consequence of the
convergence of (3.9),

oo o0
Yo SIT AR S Y 8™ An] <00
n=0 n=0

for all 0<s<1. Since A, maps M into MSTM it is now clear that R, maps M into
(MeTM].
To prove the remaining assertion we note that if n>k then

AnT* = Pyerm L™ *L*T* = Pygra L,
and if n<k then
AnT* = Pyerm L T"T* " = PyoryTF ™ =0.

Combined with the obvious fact that LPyo7ar =0, these formulas show that A,T%A;=0
if k#n, and A,T"A,=A,. Hence A,R,=s"A, by the norm convergence of (3.11).
Combined with (3.9) this shows that Q,Rs=Qsw- O
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Although our proof depends on a study of the operators @, rather than R, it is
nevertheless interesting to note a connection between R, and operators arising in classical
approximation theory. If f is in M we can decompose f as a sum of an element of MOTM
and a “remainder term” by the formula f=Pf+TLf, where P=Ppgra. Repeating
this for Lf, we obtain f=Pf+T(PLf+TL?f)=Pf+TPLf+T?L?f. Continuing this
process we get the formal series

f=Pf+TPLf+T?PL*f+T3PL3*f+ ...,

each term of which is in [M ©TM]. We see that comparison with (3.11) and the definition
of A, shows that the functions R, f are Abel means of this formal series:

R f =Pf+sTPf+s*T?PL*f +s3T3PL3f+ ...

In our next result the important formula (1.6) is generalized.

LEMMA 3.3. If fe[MSTM] then

1= f[_1@asie SR

+//|z]<] //1w|<1r(z’w)AZAlewf(z)|2 %(UJ) ﬂw(z“)

Proof. First suppose f(z)=21nv=0 2"pn(z) with g, e M&TM. If pe MOTM then

clearly

(3.12)

/[! llw(z)lzz"%(z)=(T”<p|<p)=0 for n=1,2,....

Hence if ¢#0, then ¢/||¢| is inner. Thus Proposition 2.5 tells us that

)20 dA 2
//I l<1 //|z|<1 “ I
2 dA(w) dA(2)
+//l2|<1 //|w|<lr(z’w)AU(w)A|<p(z)| - §
for all pe MOTM and veC?*(D). We polarize (3.13) and set v(z)=2™2" to get
‘ )
//uzm*"m(z)vn( <" //H oo

+ / /|z|<1 / /|w|<1P(z,w)A(wmw") A7) PAL0) dAE)

(3.13)
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Summing up over m,n we prove (3.12) for f as above by using the obvious fact that

N
A f(2)=)_ Apn(2).

n=0
To prove the general case, we introduce the temporary notation of ||-|[? for the
right-hand side of (3.12). The fact that

2

a 9
AzAw|wa(z)|2 =16 a%wa(z)

shows that ||- ||« is a norm. Now let fe[M&TM] and f, be functions of the form we
have treated such that f,— f in L2.

Since || fm — fall. = fm — ful| by what we have already shown, Fatou’s Lemma shows
that

If = Fall < Lm || fo—fall2 =mlijmoollfm—fnll2 = f~fall®.

m—o0

Hence || fl|=liMp—oo || frll=limp—oo | fall« = fll«, SO we are done. a
Our main result will now follow fairly easily from Proposition 2.6 and the following.

LEMMA 3.4. If feM, then
2 2 dAQN)
1712 > / /WQMQAfH

T

+//lzl<1 /,/|w|<lr(z’w)AzAw|wa(z)|2 %(w) %(Z)

Proof. Our first objective will be to verify the following formula, for all feM and
O<r<l.

(3.14)

|4 22| F(2)=Qaf(2)[* |dA] dA(2)
f2=/ A fI? 5= + z2fP-r . (3.15
1P = [ _N@sfiP s+ [f [ el SRR SRR Gas)

The ideas behind this formula and its application came from the work in [AR].

The proof of (3.15) is obtained by integrating
2f(D)=A () |* o] F(2)-Quf(2)|"
—r (3.16)
z—A z—A

over |\|=r and |z|<1. We first observe that

2f(2) =A@ f(2) f(z)—Qaf(z)
z—A z—A

2 2

f(2)+A

2
— ()P +2Re FE A LRI ol L))

A
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The integral of the middle term of this last expression over |A|=r is 0, since A—
(f(2)—Qxf(2))/(z—A) is analytic in D (remember that Q,f(z)=f(z)), and it follows

that
@)= /W:T

We use a similar idea in integrating (3.16) over |z|<1. Here the key observation is that
f—Qxfe(T'—AI)M by the definition of Q»; hence z— (f(2)—Qxf(2))/(z—A) is in M.
Since QxfEMOTM, this means that

z2f(2)—2AQxf(2)

R HORNIOL
z—A

— (3.17)

277

zl<1 z—A w
Now write
2f(2) = A f(2 L DI@-f@))
z2=A IQ f(z A—z

2

Qrf(2)—f(2)
5 .

4

QAf(Z) f(z)

=1Qxf(2)*+2ReQxrf(z) 2 +]z)?

Combined with (3.18) this shows that

// ( 2f(z )\QAf( )|? (2)—Qxf(2) 2) dA(z)
e A " (3.19)
Equation (3.15) is now established by combining (3.17) and (3.19).
It follows from (3.15) that
|dA| IZI2 |[dA| dA(z)
e >/|/\|=7‘||Q I e 2rr //|z|<r /Al—r |A— ZI2 NP o 2rr w (3.20)

By Lemma 2.2 (a) with v(w)=|Q,, f(2) — f(2)|? and the observation A, |Q. f(2z)~ f(2)|*=
Aw!wa(z)Ps

- / el TR R Y LU

|=r lz—wl? 2nr

—// llog
lw|<r2

3.21
rz—w) (3.21)

r2—wz

’

|2M

Au|Quf(2)



294 A. ALEMAN, S. RICHTER AND C. SUNDBERG

and by Lemma 2.2 (b) with v(w)=|Q. f(2)|?,

rz/l _ 1Qu f(2)I? g;‘;l // j 1Quf(2) 2dA( )
+//| < %(T2‘|W|Q>Awlczwf(z)|2%(w>.

Using (3.21) and (3.22), we can deduce from (3.20) that

I£11% = //w <Tllefllz dA(w //w G[ (r?—|w| )/ Alew (2 94G) dA(z)
+//|z|<r§10g r(z—w) Ay|Quf(2)]? %(2)] M

r2—w T
Denote by ¢(r, w) the quantity in brackets in the second integral of the righthand
side of (3.23). Here 0<r<1 and |w|<r. We claim that ¢(r,w)>0. To see this, substitute
z=r( to write

// llog
2| <r 2

(3.22)

(3.23)

r(z—w)
0 AulQuite) A

=r2//m<1 5 log
(—w/r

_.2 1
Yim=r //|<|<1 2 tog 1—(@/r)¢

The function ¥ is clearly continuous in D and superharmonic in D, so

|2 dA(Z)

(-w/r
1-(@/r)

Bul@us o 2 —wi),

where A
AulQuin¢)2 22

¥(r) 2 ,’,ﬂi:nl @ (n).

If |n|=1 we substitute z=7¢ to get
z— nw/r
—7' g Ay|Quf(z
/~/|z|<12 77 / ) l ( )

=[] _o(= %) sul@uir L

The function of z given by 20Q,, f(z)/0w is in MSTM and hence is a multiple of an
inner function. We can thus apply Proposition 2.4 (¢) to the expression (3.24) to conclude

that
2
) [ adeuser 42
|z|<1 T

___l r2 _lwl? 2 2 dA(2)
1) [ avuser <2,

™

|2 dA(Z)

(3.24)

m

1
U(n)=-r2={1-
(m=z-r 4( "
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which proves the claim. Another application of Proposition 2.4 (c) shows us that
dA
lim_¢(r, w) = (1, w) = / / T(z,w) A, 04|Quwf(2)|? —w(zl (3.25)
=17 |z|<1
Since ¢(r,w)>0 we can apply Fatou’s Lemma in (3.23) as we let r—1-. By (3.25) we
obtain (3.14), completing the proof. O

We are now ready to state and prove our main result.

THEOREM 3.5. If feM then R f—f in L2 as s—1-, and
\ , dA( A) , dA(w) dA(z)
= ff @S2 ][ rewasdeuser R

E2
As a consequence, M=[MoTM].
Proof. Since R,fe[Mo&TM] we see by Lemma 3.3 that

_ a40)
1R = [ 1@urir %

(3.26)
dA(w) dA(z)
r AzAw sw = - -
../ /lwm (2, 0) 8B Quuf (2)f2 22 24
We now apply Proposition 2.6 with v(w)=A,A,|Q., f(2)]? to obtain
[ st ua.suuser 42
i< i) (3.27)
9 w
<2//w\dl"(z,w)AzAlewf(zﬂ — VzeD.
By Proposition 2.4 (a) with f(w) replaced by 28Q., f(z)/9z, we have for zeD
. 2 dA(w)
Jim [ /(wmsr(z,w)A,Aleswf(zn et)
(3.28)

= [ rewAsu@user A,
Jwi<1

In view of Lemma 3.4, (3.27) and (3.28) we can apply the Dominated Convergence
Theorem to the last integral in (3.26). Together with the elementary fact that

Jm [ teasr 2= [ e 2

this implies that lim, ;- [|Rsf||? exists and is bounded by || f[|>. We have already noted
that R, f(z)— f(z) for all €D, thus by Lemma 2.1, R,(f)— f in L?, and so the proof
is complete. O



296 A. ALEMAN, S. RICHTER AND C. SUNDBERG

4. Some consequences and further results

We continue to use the notational conventions of the previous section.

If N is a closed subspace of the invariant subspace M, then it is easy to see that
PMeTM(N)z-PMeTM([N])- Thus if [N]IM, then PMeTM(N)ZMeTM, so Theo-
rem 3.5 shows the following:

PROPOSITION 4.1. M is generated by dim(MSTM) elements, and no smaller set

can generate M.

It is of interest to compare this result with a result of Domingo Herrero [Her]. In his
terminology, Proposition 4.1 says that T is dim(M &T M)-multicyclic. On the other hand,
it is not difficult to show directly that T—AI is semi-Fredholm of index —dim(M&T M)
for all AeD, and of course T—AI is invertible if |A|>1. Herrero’s Theorem implies
that an operator with these properties is at least in the norm closure of the set of the
dim(M ©T M )-multicyclic operators.

Our results specialized to the case dim(M &2M)=1 yield some interesting new facts.

PROPOSITION 4.2. If dim(MeTM)=1 and ¢ is the extremal function for M, then
M=[¢p]. O
The next two propositions are special cases of this.

PROPOSITION 4.3. If M=[f] and ¢ is the extremal function for M, then M =[yp]. O

PROPOSITION 4.4. If M is the invariant subspace given by a zero set and  is the
extremal function for M, then M=[p]. O

It is of interest to isolate a part of the work of §3 to the case dim(M&TM)=1. For
an inner function ¢, Hedenmalm defines (with different notation)

A2(p) = {fe iz [ /Il / /lwkll“(z,w)AIf(w)lelso(Z)lz d4lu) a4(a) oo}.

Because of our Proposition 2.4 (b), if ¢ is not the constant 1 we can drop the requirement
that feL2.

Definition. Let ¢ be a nonconstant L2-inner function. Then .A%(yp) is the space of
analytic functions f in D for which

2 5 dA(w) dA(2) ~
//|| //Iw|<1F(z,w)Alf(w)l Blp()? AL 4AE) o

supplied with the norm

1Py = 1125 + //|| / /w|<1 2, w) Al (w) PAfp (o) 20 4AE)

If ¢ is constant, then A%(p)=L
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The following result highlights the importance of this space.

PROPOSITION 4.5. Suppose that ¢ is L2-inner. Then

(0] = @-A%(p)

with equality of norms. Moreover, if f éA2(cp) then
fsp— fo in LZ‘

Proof. By the statement “with equality of norms” we mean that || fo||zz = fll.az(y)-
The inclusion [p]C¢-A%(p) and the equality of norms is due to Hedenmalm; it is a
restatement of (1.5).

For the opposite inclusion, assume f€.42(¢). By Proposition 2.6,

2 dA(w) w » dA(w)
//IWKII‘(z,w)Alfs(wﬂ p <4//|w|<11‘( ,w)A|f(w)]

T

for %<s<1, and by Proposition 2.4 (a),

lim //|w|<1F(z,w)A|fs(w)[2 d_"lTEi) =//|w|<11“(z,w)A|f(w)|2 d_A;r(’”_).

s—1-

Obviously fep€lyp], so || fsll.az(p)=fs¢ll. We can thus apply dominated convergence to
show that || fsl| = || 1| 42(y)- In particular, || o] is bounded for §<s<1, so it is easy to
see that fy is in the weak closure of {fs¢}1/2¢s<1- Since the weak closure of a subspace
is the same as the strong closure, this shows that fo€[p]. This in turn shows that

I fell=fll.a2(); hence || fspll = fell. By Lemma 2.1, fop— fo in L. O

We note that the results we have been discussing answer all conjectures in [Hedl1] in
the affirmative.

We turn to the study of outer functions and inner-outer factorizations. We first
show that Korenblum’s conjecture ([Kor, p. 106}) is true.

PROPOSITION 4.6. L2-outer functions are cyclic in L2.

Proof. Suppose that F is L2-outer and that ¢ is the extremal function for [F|. Since
gqF €[F]=|¢g] for any polynomial g, Proposition 4.5 applies to show that ||gF'||>|/qF /.
Thus F/@p~<F, so by the definition of outer function,

F

;(0) <[F(0)]. (4.1)
Since p€[F], (F/p)(0)#0, so (4.1) implies that F(0)#0 and then that |¢(0)|>1. Since
ll¢l|=1, we must have =1, so F is cyclic. O

Thus the cyclic functions are exactly the outer functions. This allows us to show
that the outer functions enjoy a much stronger property than their defining property.
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PROPOSITION 4.7. Suppose that F is outer and g<F. Then |g(A\)|<|F(A)| for all
AeD.

Proof. Let ¢x(z)=(2z4+X)/(1+)Xz) be a disk automorphism sending 0 to A\. The
results we have been discussing show that Foyp) is outer, and clearly gowy <Fopy. Thus

lg(N)[=1go@a(0)|<[Fopa(0)|=[F (). 0
Finally we prove an analogue of the classical H2-inner-outer factorization.

PROPOSITION 4.8. Suppose f€L2. Then f has a factorization
f=¢F
where ¢ is L2-inner and F is L2-outer. Furthermore,
F<f

and
|F(0)| = max{|g(0)| : g < f}.

Proof. Let ¢ be the extremal function of [f]. We have already mentioned in the

proof of Proposition 4.6 that
f

®
Thus if g, are polynomials such that g, f—¢, then {g,F} must be a Cauchy sequence

F==<Ff

in L2. Hence g,F—1 so F is cyclic, hence outer. Finally, if g<f the same reasoning
shows that gng— (¢/f)g in L2, so |(o/fgll<L. Thus |g(O)|<|(f/2)(O)=IF©@)] O

It is natural to ask whether the factorization in Proposition 4.8 is unique. H. Heden-
malm has shown us the following argument which shows that a function f€ L2 may have
distinct L2-inner and L2-outer factorizations. Indeed, a construction of Borichev and
Hedenmalm [BH] makes it possible to find a nonconstant L2-inner function ¢ such that

lp(2)] > ¢(1—-]z2])? for all ze D

(see (4.4) of [BH]). Then for small >0 and certain § >0, we have ¢, ! "€ L2+4. Hence
it follows from a result of H.S. Shapiro [S1], [S2] that »~° and !¢ are cyclic in L2.
Thus pl~¢=¢-¢ ¢, i.e. an L2-outer function can be written as a product of a nonconstant
L2-inner function and an L2-outer function.

The last theorem in this section can be regarded as the analogue of the contractive
divisor property for arbitrary invariant subspaces.
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PROPOSITION 4.9. Let M be an invariant subspace of L2 with dim(MoTM)=N
(finite or infinite).

If {pn}l_y is an orthonormal basis for MOTM, then for each fEM there is a
sequence of functions {f,}N_, CL? such that

for each z€D, and

N
> fallZe <IN
n=1

Proof. We define
fa(2)=(Q.f, Wn)Lg, zeD.

Then for each z€D,
N
Q:f =Y fn(2)gn,

n=1

where the sum converges in the norm of L2. Thus,

N
f(z) = (sz)(z) = Z fn(z)‘pn(z)
n=1

for each z€D. Furthermore, from Theorem 3.5 we see that

al Al dA(N)
2 _ 2
Sniti=[[ | Su@rnenr G

=[] e S < 0

Two remarks regarding Proposition 4.9 in the case N >1: First, if

N

F(2)=) fal2)en(2)

n=1

as above, then it is not clear whether any individual summands are in the Bergman space.

Secondly, there may be many ways to write
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even with the condition 3N || gnll72 <IIfl|72. Indeed, suppose that N=2 and feM,
F(2)=f1(2)@1(2)+ f2(2)p2(2) as in the proposition with ||fil|7, +[|f2ll72 <[ f[I72- Then
for small e €C, the functions g; = f; +ey32, goa= fo—ep; would sa;:Lisfy the ;ame coﬁlditions.
Technically, one could circumvent this problem by formulating a “vector analogue” of
Proposition 4.5 for arbitrary invariant subspaces. One would use the formula of Theo-
rem 3.5 to define the relevant space of vector-valued functions. We omit the details.

5. The case p#2

Many of the results of the previous section hold in LE for 0<p<oo. For an invariant
subspace M of L, we consider the extremal problem

sup{Re f™(0): fe M, || flzz <1}, (5.1)

where n is the smallest integer for which there exists an f€M such that f(™(0)%0.
It can be shown (see [DKSS2]) that if an extremal function ¢ for (5.1) exists, then it
satisfies |||/ 2 =1 and

// |¢(z)|pznw=0 forn=1,2,...,
fz]<1 ™

i.e. is an LP-inner function.

If ¢ is an LP-inner function, we define AP(yp) analogously to the case p=2 in 8§4.
Proposition 4.5 remains true, but we must alter the proof. Furthermore, notice that
from the definition it is not clear that AP(y) is a metric space (or a normed space in the
case p21), but that this will follow from the next proposition.

PROPOSITION 5.1. If ¢ is LE-inner then
[0l = @- AP()
with equality of norms. Moreover, if f€AP(p) then fop— fop in LE as s—1~.

Proof. If f is a polynomial then we know that

Ifellze =1 f1l.ap - (5-2)

This was proven in [Hedl] (it is Proposition 2.5 (a) of the present paper with v=|f|P).
In the case p=2 it is easy to take limits to prove that (5.2) is true whenever fo€[y];
this follows from the inequality

|AIf?-Algl?| <24 -gI%,
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which in turn follows from the fact that A|f|>=4|f|?. This inequality fails for p#2, so we
need another approach. Let fy€[g] and suppose that (f,,) is a sequence of polynomials
such that f,po— fo in LE. We apply (5.2) with f replaced respectively by f, and f, to
get

dA(w) dA(2)

Imeliz =l + [ /|| / /|w,<1”z’ w) Al fa(w) P Ali(2) 222 (5.3)

™

and

I aelizg =17l + [ /' . / /Iwml“(z,w)AIfs(w)I”AISO(Z)I” Aw) 242 (5.

Since || fnellf» =l foll» as n—o0, we can apply Fatou’s Lemma to (5.3) to see that

”f‘P”Izg 2 “f”ip((p)a (5.5)
which shows that fe€ AP(yp). By Proposition 2.6,

/~/lw|<11-‘(z’ w)Alfa ()l %(w) < 4//|w|<11"(z, w) Al w)P? M

™

if % <s8<1, so by Proposition 2.4 (a) we can apply dominated convergence to (5.4) together
with Fatou’s Lemma to conclude that

17l < tim gl = 17 o (56)

Combining (5.5) and (5.6) we see that || foll7, =fI%(,) and that ||fsellT, =l fell7s-
By Lemma 2.1, fso— fe in L?.

We turn now to the proof of the inclusion ¢- AP(p)C[p]. Suppose f€ AP(p). We can
use Proposition 2.6 and Proposition 2.4 (a) as we did in the proof of Proposition 4.5 to
show that

I fsollLe < 4P| fllas(py for 3 <s<1. (5.7)

Now if p>1, L? is a Banach space and we can show from (5.7) that fo€[p] as we did
in the proof of Proposition 4.5. Unfortunately this does not work if p<1, and we need a
more complicated argument in this case.

Let {z,} be the zero set of f, and for s21 and n=1,2, ..., let xns, ¥ns be the extremal
functions for the zero sets {(1/s)z1, ..., (1/8)zn}, {{1/8)2n+1, (1/8)2n+2, ...}, respectively.
By this we mean e.g. that ¢, is the extremal function for the problem (5.1), where M is
the invariant subspace of L? determined by the zero set {(1/8)2p+1,(1/8)2n+2,...}. The
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existence and uniqueness of such extremals are shown in [DKSS2]. We claim that for
each zeD and n=1,2,3,...,

an(z) _>Xn1(z) (58)

and
Yns(2) = Yn1(z) ass—1". (5.9)

To see this, suppose that 1., is a subsequence and f is a function such that

Jll'm Yns; (2) = f(2) for all zeD.

Clearly ||f|lrz<1 and f vanishes on {z;41,2n42,...}, so by the definition of
¥n1(0)>£(0). On the other hand, (¥n1)s; (the ordinary dilation of 1 by s;) van-
ishes on {(1/s;)2n+1,(1/8;)2n+2, -} and ||(¥n1)s, Iz <||¢n1ll L2 =1, so by the definition
of Yns;y Yns;(0)2(¥n1)s; (0)=4n1(0)=f(0). Since lim;_ o0 ¥ns, (0)=£(0) we see that
¥n1(0)=f(0), so by the uniqueness of the extremal functions associated to zero sets we
see that f=1,;. We have thus shown that any pointwise convergent subsequence 4 ;
of ¢,; converges to ¢¥,1, and, by a standard argument, this proves (5.9). The same proof
shows (5.8].

We now use (5.7) together with the contractive divisor property of 1, and Xns
([DKSS1], [DKSS2]) to see that

Since fs/Xns¥ns has no zeros in D we can write (5.10) as

fs p/2
H(anwns)

Since xns and ¢, are extremal functions associated with finite zero sets, they are analytic
in a neighborhood of D and their moduli are bounded below by 1 on dD ([DKSS2]).
We can thus argue from (5.11), (5.8) and (5.9), as in the proof of Proposition 4.5, to
show that there are polynomials gx such that gx — (f/Xn1%n1)?/? in L2(|p|P). We apply

e
anwns

@

- <4YP||fll ar(p) =C. (5.10)
LE

<C. (5.11)
Li(lelP)

Proposition 2.5 (a) with v respectively equal to |gk|? and (f/Xn1%n1)s to get

J], Jaertietar L= [] e 2

//Iz|<1 // |<1F(z’ w) Algi(w)*Alp(2) P 9@ dA(z)

(5.12)

™
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and
H(xnlf%l >s<p ; B H(anf"/)nl );p ; 65.19)
Ll o 42 482

We let k—oo in (5.12) and s—1- in (5.13) and argue as we did with (5.3) and (5.4) to
see first that

f P l f
7 , 5.14
‘ anwnl L? ~ anwnl AP(p) ( )
and then that
f P . ( f ) d fr
< lim = . 5.15
an"/’nl v 74 = s—1- anwnl 3(’0 L® an¢n1 AP{p) ( )
Combining (5.14) and (5.15), we see that
p P
lim ( / ) o = ! ell
s—1- an'l/)nl s e anw'n.l L?

so by Lemma 2.1,

( / ) p— f w
Xn1¥n1 /, Xni¥n1

This shows that fy/xn1%n1€[p]. Multiplication by the bounded function X1 (it is the
extremal function associated to a finite zero set) shows that (f/¢¥n1)p€[¢]. Now by the
contractive divisor property of ¥,

L 14
#)nl

< ”f(PHLgv
Ly

and it is shown in [DKSS2| as a consequence of the contractive divisor property that
limy, 00 ¥n1(2)=1 for all z€D. Hence by Lemma 2.1, {f/vn1)9— fo in LE, which shows
that fo€(p]. O

This will allow us to prove the p-analogue of Proposition 4.3. Before doing this we
mention a technical point. Let M be an invariant subspace of L?. If p>1, the existence
and uniqueness of an extremal function for (5.1), which we will refer to simply as an
extremal function for M, can be proved easily (see [DKSS1]), but if 0<p<1 neither the
existence nor the uniqueness are known in general. For cyclic invariant subspaces we can
prove this, and this is part of our next result.
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THEOREM 5.2. Suppose that M is a cyclic invariant subspace of L2. Then there
exists a unique extremal function ¢ for M, and M =[p]=pAP(yp).

Proof. By hypothesis, M =[f] for some f. Consider the following two extremal
problems:

(a) sup{Reg(0):gf€M and ||gf]lz=1},

(b) sup{Reh(0): heP2(|f[7) and [kl zaqsm) =1},
Here P2(| f|P) is the closure of the polynomials in the weighted Hilbert space L2(|f|?). By
elementary Hilbert space considerations, there is a unique extremal function kg for (b),
and if hy, is any maximizing sequence then h,—ho in L?(|f|P). Let h,, be a sequence of
polynomials approaching hg, and let ¢, be the L2-extremal function corresponding to
the zero set of h,. By the results of [DKSS2], since the zero set of h,, is finite, we have
that ¢, is analytic in a neighborhood of D, |p,|>1 on 8D, and h, /¢, is analytic in a
neighborhood of D. Proposition 2.5 and an easy limit argument now shows that

2P|f)p A8 )P lona) 44
lzi<1 |z|]<1 <Pn
/] Z’;é> IOl

Since |{hn/¥n){0)|Z|h,(0)], this shows that we can assume that h, has no zeros in D.
The same argument (with L2-extremal functions and the results in [DKSS1], [DKSS2])

shows that a maximizing sequence for (a) can be assumed to consist of polynomials with

no zeros in D. If g, is such a sequence, then h,, = gﬁ/ is a maximizing sequence for (b).

Hence h, —hg in L2(|f|P), so gnqgozhg/p in LP(1f|P) by Lemma 2.1. This shows that
p=gof is the unique extremal function for M. Furthermore, the extremal property of

// 2" ho(2) |f(2)|P dA(Z):O for n=1,2,....
jzl<1 n

With h,, as above we see that

Il z’(é)m( e =[] merser

and h,(2)(f/@)P/%(2) = ho(2)(f/)P/?(z)=1 for all zeD, so by Lemma 2.1,

ho implies that

p/2
hn<£> ~1 in L2(gf?). (5.17)
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We also see that
( z) _ _
2" ho(2) | £ (2)IP 0 forn=1,2,...
1z]<1

[ (5 ot
(5.18)

Let A be the closure in L%(|p|?) of the set of polynomial multiples of (f/¢)?/2. By
(5.17) and (5.18), 1leN'S2N and as a consequence

// ROk /2(z> GOV oap 944G g waep.  (5.19)
|z|<l 4

-2

Consider formula (3.18) and its role in the proof of Lemma 3.4. If one replaces Q@ f(2)
by (f/¢)(A)¢(z) one obtains

Toy [ WoA-UIa0) L 44
2/ ) 20 vaeD,

which makes the connection between (5.19) and (3.18) apparent. We can now use (5.19)
in exactly the same way we used (3.18) to show that

> [ [Loo] 52
- / /Wr /.M:,(Tz"z'Q)( ¢)p/2(zz E\f/w)””( ()P %%(z)
It then follows as before that
e
/ /M(T / /w|<r v;&z_—;z) 'f ’ Alo(o)p 240 dA(w) dAﬁ(z),

and then that

dA(w) dA(z).

™ ™

Alp(2)P

£, > ]]

ot [ remalie]

Now an application of Proposition 5.1 to the function f/¢ shows that f€[y], so we are
done. 0

An immediate consequence of Theorem 5.2 is that Propositions 4.6, 4.7 and 4.8 are

true in L?. In particular, we have
a b)
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PROPOSITION 5.3. Let 0<p<oo. A function feL? is LP-outer if and only if f is
cyclic in L2. Furthermore, any f€L® has a factorization

f=¢F,

where ¢ is L2 -inner and F is L?-outer. O

We can also deduce the truth in L2 of Proposition 4.4 from the following result,
which is of interest in its own right.

PROPOSITION 5.4. If (M,) is a decreasing sequence of cyclic invariant subspaces of
L2 then (), M, is cyclic. Moreover, if (, Mn#{0} and ¢, is the extremal function for
M, then o, converges in L to the extremal function for (1, M.

As we mentioned above, Proposition 5.4 implies that zero set based invariant sub-
spaces are cyclic because it is known that invariant subspaces defined by finitely many
zeros are cyclic. Similarly, one shows that invariant subspaces of s-Beurling type of L?,
0<p<oo, are cyclic (see [HKZ], especially the proof of Theorem 4.1).

Proof. If (¢r, ) is a subsequence of (y,) that converges uniformly on compact sets
to 0, then by Theorem 5.2 and Proposition 5.1, every f€(), M, can be written in the
form f=pn, hn, with hy,, € L? and ||An, ||z <||f||Lz. Hence f=0,so (,, M, ={0}. Assume
that (), M,#{0} and let (¢n,) be a subsequence of (¢,) that converges uniformly on
compact sets to a function ¢#0. For each index j and ny>j we have ¢,, € M;. It follows
from Proposition 5.1 and Theorem 5.2 that ¢,, /¢; € AP(g;) so by Fatou’s Lemma ¢/ ;€
AP(p;), hence p€ [p;]=M;. Hence p€(,, My, and clearly ||¢|| > <1. It now follows easily
that ¢ is in fact extremal for () M., and so by Lemma 2.1, ¢, converges to v in L%.
Suppose that f€(), M,. By Proposition 5.1 and Theorem 5.2, f/¢n, € AP(¢n, ) Yk, so by
Fatou’s Lemma f/p€ AP(p). Hence (), Mn=¢-AP(p)=[p], so ¢ is the unique extremal
function for (N, M, and ¢n,—¢ in L2, a

Our methods do not seem to be sufficient to establish the p-analogues of Proposi-
tions 4.1 and 4.2. We state these analogues as a conjecture.

Congjecture. If M is an invariant subspace of L2, then M is generated by dim M/zM

functions.

6. An inequality

Proposition 2.6 played an important role in the proof our main result by justifying the use
of the Dominated Convergence Theorem at a crucial point. It can also be used together
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with Proposition 5.1 to show that if ¢ is an L2-inner function, then
Sllhs‘P“IIig < 2“’7'90”1[,,5

if hp€[p] and s<1. This says that dilation is a bounded operator in the space PP(|p[?),
the closure of the polynomials in the weighted space LP(|¢|P). Of course in the classical
spaces of analytic functions dilation has a bound of 1, and it is of interest that this is

also true in our situation if p=2 (or any even integer):

lhselizz < [lhellL2

if hy€[p]. This follows from the next proposition.

PROPOSITION 6.1. If h is analytic in D, then
T{AJR[*](2)

is an increasing function of 8, for 0<s<1 and 2€D fized.

Proof. By Proposition 2.4 (a), the function in question is continuous in 0<s<1, so
all we need show is that its derivative with respect to s is nonnegative. We remark here
that the method used to prove Proposition 2.6 will not work here, since a calculation
shows that

d
EsI‘(z, w/s)

is not nonnegative throughout |2|<1, |w|<s.
By an easy approximation argument we may assume that h is a polynomial, say
h(z)=z71y=0 anz". The function
r(ARP)(2)

satisfies and is determined by the properties

AT[AlR*]=AlR)? in D, (6.2)
T[A|R)?] = %F[A'hlzl =0 on dD. (6.3)
Set
1. 1 41
H(z)=§7§n+la"z ’

so that A|H|>=4|H’'|*=|h|? and

N

. 1 1 .

H 7"619 2_ 2 m+n+2 1(m—n)0.
[H(re™)l" =7 mznzo (m+1)(n+1) ©

A QT
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Define

‘ 1 & 1
[0 i0 = — B m_n
(re”™) 4m;:0 (m+1)(n+1) "™

X [rm+”+2— (mAn+ 1)r|m_"|+2+(m/\n)r'm_"l]ei(m_")e
(here mAn=min{m,n); we will also use the notation mvn=max(m,n)). We see that
A2® = A?|H|* = Alh?

and 5
$=—o=0 on ID.
on

Hence ®=T"[A|h|?). Algebraic manipulations now yield the expression

I'[AlA2 (re

N
Z amdn(l—r2)2rlm_"|
e m+1) n+1) (6.4)

>J>~Ir—~

x[m/\n+(m/\n—1)r +...4p2mAn=2)eilm=n)f

If we replace a,, by s"a,, in (6.4) and differentiate with respect to s, we obtain

d o (1-r2)2 1 1
—T[Alhs 2 gy im8 m nd n N
o [Alhs|*](re™) e Z (——-—m+1 s am>(n+1e s"a

m,n=1

x ™= (mn)[mAn+ (mAn—1)r2 4. 4r2mAn-2)
We must show that this is always nonnegative, i.e. that the numbers
bn = 7™M (m4n)[mAR+ (mAR—1)r? 4 422
are the coordinates of a positive-semidefinite matrix for 0<r<1. We can show that
det(r'™ ™)1 gmngn = (1—rH)N !

by expanding on the last column and using induction on N (notice that if the last column
of this matrix is crossed out, the (N —1)st row of the resulting matrix is r times its Nth
row, so the expansion on the last column has only two terms). Hence (rI™~™) is a
positive-definite matrix, so by the Schur Product Theorem ([M]) all we need show is that
the matrix (cmn), where

Cmn = (MmAn)[MAR+(mAR—1)r? 4. 42" "=2)
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is positive-definite. Now fix k, 0<k<N—1. We will show that the coefficient of r2k
in (¢mn) is a positive-semidefinite matrix. The coordinates of this coefficient are 0 if
mAn<k, and

(m+n)(mAn—k) = (mAn+mVn)(mAn—k)
= (mAn+k)(mAn—k)+(mVn—k)(mAn—k)
=(mAn+k)(mAn—k)+(m—k)(n—k)
if mAn>k+1. The second term of this last expression obviously represents a nonnegative-

definite matrix. The proof will be completed by another application of the Schur Product
Theorem once we show that

(MAR+Kk)mn>k+1

and

(MAR=K)m,nzk+1

are both positive-definite matrices. To see this we compute that
det(m/\n-+—k:)k+1<m,n<1v =142k

and

det(m/\n—k)k“gm,ngN =1

by subtracting each row from the one below it, starting from the next to the last row. O
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