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1. Introduction, history and statement of the main theorem

Let A be an (nxn)-matrix of complex L™-coefficients, defined on R™, with || Al/o <A,
and satisfying the ellipticity (or “accretivity”) condition

A% <Re (A€, &) <AL, (1.1)

for £ C™ and for some A, A such that 0<A<A<oo. Here (-,-) denotes the usual inner
product in C™, so that
(AE,6)=) " Ay(2)&-&:.
i’j
We define a divergence-form operator

Lu=—div(A(z)Vu), (1.2)

which we interpret in the usual weak sense via a sesquilinear form.

The accretivity condition (1.1) enables one to define an accretive square root
VL=LY? (see [14]), and a fundamental question is to determine when one can solve
the “square-root problem”, i.e. to establish the estimate

||\/ff”L2(Rn) < C”Vf”L?(R"), (1.3)
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with C depending only on n, A and A. The latter estimate is connected with the ques-
tion of the analyticity of the mapping A— L'/2, which in turn has applications to the
perturbation theory for certain classes of hyperbolic equations (see [15], [19]). We note
that it is well known, and easy to see, that (1.3) holds when L is self-adjoint.

A long-standing open problem, essentially posed by Kato [14] (but refined by
MclIntosh [19], [21]—we shall explain this point more fully below), is the following:

QUESTION 1. Let A,, z€C, denote a family of accretive matrices as above, which

i addition are holomorphic in z, and self-adjoint for real z. Let
L,=—div A,(2)V.

Is Li/Q holomorphic in z, in a neighborhood of z=07

In fact, Kato actually formulated this question for a more general class of abstract ac-
cretive operators. A counterexample to the abstract problem was found by McIntosh [21].
However, it has been pointed out in [19] that, in posing the problem, Kato had been mo-
tivated by the special case of elliptic differential operators, and by the applicability of a
positive result, in that special case, to the perturbation theory for hyperbolic evolution
equations. A positive answer to the question posed above can be restated as

CONJECTURE 1.4. The estimate (1.3) holds in a complex neighborhood in L™ of any
self-adjoint matriz A satisfying (1.1); i.e. (1.3) holds for the operator L (as in (1.2))
associated to any complez-valued matriz A, whenever

HA_AHOO < €p,

with ey depending only on n, XA and A.

Indeed, given Conjecture 1.4, then by the operator-valued version of Cauchy’s the-
orem, one obtains analyticity at z=0 of the mapping

z—>Li/2,

where L, =—div(A,)V, 2— A, is analytic, and Ag= A is self-adjoint. It was this analytic-
ity result that Kato had sought, in particular for real, symmetric matrices, in connection
with the theory of hyperbolic equations.

In [14], Kato also framed a more general conjecture for square roots of abstract
accretive operators belonging to some broad class (see [22] for the details). Again the
abstract question was shown to have a negative answer: a counterexample was obtained
by Mclntosh [20], who then reformulated the conjecture for the special case of elliptic
differential operators:
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CONJECTURE 1.5. The estimate (1.3) holds for any operator L defined as in (1.2),
associated to an L®°-(nxn)-matriz A with complex entries, for which (1.1) holds.

To establish the validity of Conjecture 1.5 has become known as the Kato problem,
or square-root problem. Until recently, both Conjecture 1.4 and Conjecture 1.5 had been
proved completely only when n=1.

In the 1-dimensional case, the square-root problem is essentially equivalent to the
problem of establishing the L2-boundedness of the Cauchy integral operator along a
Lipschitz curve. Thus Conjecture 1.5, and hence also Conjecture 1.4, were proved in
one dimension in the celebrated paper of Coifman, McIntosh and Meyer [5]. The precise
nature of the relationship between the Cauchy integral operator along a Lipschitz curve,
and the 1-dimensional Kato problem, was obtained in [16].

In higher dimensions, both Conjecture 1.4 and Conjecture 1.5 had been proved only
in the case that A is close, in some sense, to a constant matrix (or in the case that one
imposes some additional structure on the matrix—see [2] for some examples).

The first result involving perturbations of constant matrices was due independently
to Coifman, Deng and Meyer [4], and Fabes, Jerison and Kenig [9], who established
the square-root estimate (1.3) whenever ||A—1I||o<e{n). Clearly, their methods allowed
one also to replace the identity matrix I by any constant accretive matrix, and this was
certainly understood at that time (see [10]). Sharper bounds for the constant (n) on
the order of n='/2 were obtained by Journé [13]. Another result in the same spirit was
due to Fabes, Jerison and Kenig [unpublished], who proved that an appropriate analogue
of (1.3) holds when A is continuous (and hence, at least locally, close to a constant
matrix). Extensions of these “small constant” results, with L replaced by BMO, and
C replaced by VMO, were obtained by Escauriaza (VMO, unpublished), and by Auscher
and Tchamitchian [2] (BMO with small norm; ABMO, a space somewhat beyond VMO;
and, more generally, small perturbations of ABMO in BMO). In the latter results, one
still supposes that A€ L°°; the point is that the smallness of the perturbation is measured
in a more general sense.

In the present paper, we present the solution to Conjecture 1.4, in all dimensions,
at least in the case that A is real, symmetric. Our main result is

THEOREM 1.6. Let n>1. Suppose that A is a real, symmetric (nxn)-matriz of L>°-
coefficients satisfying (1.1). Then there exists eg=eo(n, A, A) such that for any complez-
valued (nxn)-matriz A, with |A— Ao <co, the operator

L=—div(A(z)V)
satisfies (1.3), with a constant C which depends only on n, A\, A. Moreover,

IVEF VI |l yaggeny < O A M A=Al IV | 27 (1.7)
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It is worthwhile to make several comments at this point. The first is that it is enough
to establish (1.3) for \/E, for then (1.7) follows immediately by our previous remarks
concerning Conjecture 1.4 and analyticity. Second, we observe that, more generally, our
proof actually yields that Conjecture 1.4 holds if A is merely self-adjoint (not necessarily
real, symmetric), if we assume also that the heat kernel W;z(z,y), which is the kernel of
—2L

the operator e , satisfies the “Gaussian” property

|W —-n _lx_y'2 18-
12(z,y)| < C(n, A, A)t" " exp —cz [’ (1.81)

(Wi (z+h, y) =Wz, y)| + |We (z, y+h) - Wiz (z,y)|

Ble g2 (1.8ii)

where the latter inequality holds for some positive exponent o depending only on n, A

and A, whenever either |h|<t or |h|<3|z—y|. Of course, (1.8) always holds for A real,
symmetric, by the classical parabolic regularity theory of Nash—-Moser—Aronson. To
simplify matters as much as possible, we shall assume in the sequel that A is real,
symmetric. We leave it to the interested reader to check that the same arguments yield
a proof in the slightly more general case that L is merely self-adjoint and Gaussian. We
shall not insist on this point here, as we plan, in a future paper, to prove a more general
result. Indeed, three of us (Auscher, Hofmann and Tchamitchian), along with M. Lacey
and A. Mclntosh, will present the proof of Conjecture 1.5, in general. In dimension 2,
the solution to Conjecture 1.5 has recently been obtained by one of the present authors
(Hofmann), jointly with McIntosh [12]. It was then observed by M. Lacey [17] that the
use of an appropriate sectorial decomposition of C™ allows one to extend the argument
in {12] to higher dimensions, assuming that the above-mentioned “Gaussian” property
holds. The removal of the Gaussian hypothesis was then permitted by means of an
argument due to Auscher and Tchamitchian. A summary of these combined efforts,
giving the complete solution to the Kato problem, will appear in a forthcoming paper.

The paper is organized as follows. In the next section, we discuss the strategy
of our proof and make some preliminary reductions. In particular, we shall state an
“extrapolation lemma” for Carleson measures, which lies at the heart of our approach
here. In §3, we prove the extrapolation lemma. In §4, we state another key lemma, and
use it, along with the extrapolation lemma, to prove Theorem 1.6. The proof of this
key lemma is given in §5. §6 is an appendix, in which we give the proof of one technical
lemma.

Acknowledgements. The work described in this paper was initiated during the visit
in 1996 of the second author to Macquarie University, where the question was posed to
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2. The strategy of the proof, notation and preliminary arguments

In the sequel, we shall use the convention that the generic constant C may depend upon
n, A and A, but that when a constant depends upon other parameters, we shall note
that dependence explicitly, while leaving any dependence upon n, A and A implicit.
We shall also suppose in the sequel that A is real, symmetric, and that |JA— Al <éo.
Moreover, by [2, Chapter 0.5, Proposition 7], we may assume, and do, that A AeC™.
Our estimates, of course, will depend only on n, A and A.

Let us now state some notation that we shall use in the sequel. Given a cube QeR",
let [(Q) denote the side length of @, and let R% and Tg denote respectively the Carleson
box above @ of height bl(@), and the Carleson tent above @ with slope b. That is, we set
RH=Qx(0,bU(Q)) and T={(z,t): x€Q, 0<t<bdist(z,Q°)}. In the case that b=1 we
shall write merely Rg and Tg. Given a positive Borel measure v on the upper half-space,
we denote its “Carleson norm” by

IVllc =sup Q|7 v(Rq),

where the supremum runs over all cubes @ with sides parallel to the coordinate axes.
Given a Lipschitz function ¢ defined on R", we denote by €, the domain above the
graph of ¥; i.e., »

Qp={(z,t) eR" s t > 9(z)}.

It is known [2| (although for the reader’s convenience we shall sketch a proof below)
that one may reduce the proof of (1.3) for \/f to proving a certain Carleson measure
estimate, which we shall now describe. We define a measure on the upper half-space by

dii(z,t) = Fe(z)* dx %, (2.1)

where

F(z)= e_tzi’tzgo(x). (2.2)

Here,
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(In the sequel, ¢ will always be this R™-valued function.) Our goal is to establish the
Carleson measure estimate

. 1 HQ) i, 2dt 2~
lile =swp g | [ e Hbp) Tar<oOredlile)  (29)
0

By smoothly truncating in the time variable, we may suppose a priori that ||fi]c is
finite. Thus, assuming that (2.3) holds, and taking €y small enough, depending only on
ellipticity and dimension, we may hide the small term on the left side of the inequality
to obtain that ||fi||c <C. The bounds that we obtain are of course independent of the
truncation, which may then be removed by a limiting argument. We shall not tire the
reader with such routine details, and shall therefore suppress the truncation in the sequel.

Let us now sketch a proof that this last estimate implies that (1.3) holds for VL.
A complete proof, by another method, may be found in [2]. We begin by noting that,
since (1.8) holds for L (with A real, symmetric), a perturbation result of [1] (which is
given also as [2, Chapter 1.2, Theorem 6 (ii)]) implies the following: for | A—Al|oo <&0,
go(n, A, A) small enough, the heat kernel Wtz (z,y), which is the kernel of the operator
e~ 'L satisfies

—~ —|z—y|? .
|Wiz(z,v)| <Ct_"exp{LCt2L|}, (2.4i)

__ — — ~ h|e —|z—y|? ..
(Wi -+ b, ) = W2, 0) |+ Wi (. -4-h) - Wi (.0) | < O 1 exp{ 2yl } (2.4i)

where the latter inequality holds for some positive exponent « depending only on n, A
and A, whenever either |h|<t or |h|< 1|z —y|. Letting L* denote the adjoint of L, we see
that the same bounds hold also for the kernel of t2L*e~t"L". Moreover, t2L*e~*L"1=0.

Thus, standard real-variable orthogonality techniques imply the square-function estimate

dt
<Clglizmny-

oo -
/ |t2L*e_t2L g(x)|? dzx —
0 R» t

Consequently, if we resolve the square root as

iz /Ooe—QthJi2t2 dt,
0

and then dualize and apply Schwarz’s inequality, we see that to prove (1.3) for LY2? it
is enough to establish the inequality

e ~ 27 dt
| tbe @) da G < sy

We now claim that, in the spirit of the T'1-theorem, this last square-function estimate
follows from (2.3). Let us sketch a simple proof of the claim.
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For a function G(z,t), define the triple bar norm by

ek = [ 1o or s

and set R;f =tLet’L f. We want to prove that the Carleson measure estimate (2.3)
implies ||| B f|||<C||Vf]|l2. Let P, denote a nice convolution-type approximate identity.
By a slight abuse of notation, let y denote the variable of integration in the definition of
the integral operator R; applied to f, i.e., R;f(z)=R:(f(y))(z), and R.(y)=R:, since
w(y)=y. Since R;1=0, we have, following [3], that

R f(z)=Ru(f(y)— f(z)—(y—=, VP f(2))) +(Re(y)(x), VP f () = I+1L

Now, the non-tangential maximum of VP, f is L?-bounded, so the triple bar norm of II
satisfies the desired bound, given that we have an appropriate Carleson measure estimate
for R(y), namely (2.3). Moreover, it is essentially known that the triple bar norm of I
is bounded. Indeed, just take the absolute value of the integrand, and use, in effect, the
results of Dorronsoro [8], along with property (G), to estimate the tail of the kernel of
the operator R;. We leave the routine details to the reader. This completes our sketch
of the proof of the fact that (2.3) implies (1.3) for VI.

Thus, our goal is to prove (2.3). Our method of proof is one which has been used
in [18] and [11], to establish parabolic measure estimates for certain classes of parabolic
equations. This technique is an inductive procedure which, roughly speaking, utilizes
a stopping time argument, reminiscent of Carleson’s “corona” construction, to “extra-
polate” the constant which bounds a certain Carleson measure estimate. In the present
setting, this extrapolation method may be formalized as follows. Let p, ji be two positive
measures defined on the upper half-space R?"!, with

~ d
dp=Ki(z)de ?, dii=K¢(z) dz —t—t,

where 0< K, (z), K;(z)<fo. In the next section we shall prove the following “extrapola-

tion lemma for Carleson measures”.

LEMMA 2.5. Suppose that u, fi are given as above, and that p is a Carleson measure
with ||pllc £Co. Suppose also that there are positive constants 6 and Cy such that

(RoNQy) < C1|Q),

for every cube Q and every positive Lipschitz function ¢ with ||Vl <1 which satisfy

sup |Q'| (T Ny) <6,
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where the supremum runs over all dyadic subcubes Q'CQ. Then fi is a Carleson measure,
with
l2lle < C(n,d,Co, Bo)(1+Ch).
For our purposes, we shall apply the extrapolation lemma with j defined by (2.1},
and with u defined by

dt
du(z,t) = |y (2))? dx T (2.6)
where
() =f(z) = et Lp(a), (2.7)

and ¢ is a small, fixed number, to be chosen later, and which will ultimately depend only
on n, A and A. Since A is real, symmetric, it is not hard to see that

lulle < Co (2.8)

(independently of ¢), where Cy depends only on ellipticity and dimension. Indeed, this
follows easily from the fact that the heat kernel W;2(z,y), the kernel of e~t’L, satisfies
(1.8), plus the fact that v/ satisfies (1.3). We omit the details, which are standard.
Moreover, it follows readily from (1.8) and (2.4) that |v(2)|?, [7:(2){>< B0, with Go de-
pending only on ellipticity and dimension, and again we omit the routine details. We are
therefore left with two main tasks. One of these is to prove the extrapolation lemma,;
the other is to verify that p and j satisfy the remaining hypothesis of the extrapolation

lemma, for some ¢ depending only on ellipticity and dimension, and with
Cy=C(e ") (1+<5llille)s

where € is the same as in (2.7). In carrying out the latter task, we shall exploit the circle
of ideas surrounding the proof of a sort of “T'b”-theorem for square roots, given in [2]. Let
P, denote a nice approximate identity, given by convolution with a function t="p(z/t),
peC§°, with support in the unit ball, and [p=1. Suppose that there are constants C’
and C” such that for each cube Q, there exists a mapping F=Fp:5Q—C" (here 5Q
denotes the concentric dilate of Q having side length 51(Q)), satisfying

/ [VFol? < C'IQ), (2.9i)
5Q

/5Q|LFQ]2 <c” (zgg;)z' (2.9ii)

(Here VFy denotes the transpose of the Jacobian matrix.) We shall utilize the ideas
of [2] in the form of the following lemma, whose proof may be deduced from the proofs
of Theorems 3 and 4 of [2, §3.2], although for the sake of self-containment, we shall give
the proof here momentarily.
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LEMMA 2.10 [2]. Suppose that [|A— A||p= <eo. Fiz Q and suppose that there exists
Fq satisfying (2.91) and (2.9ii) with respect to Q. Then,

1 @ o dt st 2
Bl PR de< OO+ Slile)

Before proving the lemma, we note that in our case we shall define the mapping Fg
as follows. Given @, with side length {(Q), we define Fo: R*—R" by

Fo=e /@)L, (2.11)

where ¢ is the same small number that first appeared in (2.7). We remind the reader,
also, that ¢(z)=x, throughout this paper. We observe that this is the same Fg that was
introduced previously in the solution of the 2-dimensional Kato conjecture in [12]. It is
a routine matter to prove that this particular choice of Fg satisfies

/ Vo< Clal, (2.12i)
5Q

/SQILFQI2 < 0—52(1%))2’ (2.121i)

and we omit the details. These estimates are, of course, restatements of (2.91) and (2.9ii).

For the reader’s convenience, let us now sketch the proof of Lemma 2.10, following
[2, §3.2]. As usual, let H1(5Q) denote the homogeneous Sobolev space of complex-valued
functions having a gradient in L2(5Q), and let H}(5Q) denote the closure of C}(5Q)
in H(5Q). By ellipticity, the sesquilinear form

Bi(6,9) = / Ave-vi
5Q
is coercive and bounded on H}(5Q). Also, the mapping
1/)—>—/ (A-A)VFg-Vi
5Q

defines a bounded anti-linear functional on Hj(5Q). Thus, by the Lax-Milgram lemma,
there exists a unique Hp€ Hg(5Q)) such that

/ VHo2 < C<21Q),
5Q

and LHg=div(A—A)VFg in the weak sense. Setting Go=Fqg+Hg, we then have that

LGg=LFy,
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in the weak sense. Choosing ¢ small enough, we therefore obtain from (2.9) that

/|VGQ|2<2C’|Q| (2.13i)
5Q
and
T 2 " 1Q| 2.13ii
/5Q|LGQ| £C Q) (2.13ii)

We now define an operator, mapping matrix-valued L?-functions into C™-valued
functions, by
0.£(z) = —te " L div Af,

so that, by the definition (2.2), we have

ﬁt(l') =9t1($),

where 1=V denotes the identity (nxn)-matrix. To prove the lemma, we therefore need
to show that

1 U dt _

We may replace Fg by Gg, as the resulting error is no larger than Ced||jillc. We may
also multiply VG by a smooth, non-negative cut-off function xq, supported in 4Q and
identically 1 in 3@, since the convolution kernel of P; has support in a ball of radius
t<I(Q). Furthermore, we may replace Gg by (:’st{Q(GQ—cQ), where cg denotes
the mean value of Gg on 5@, and where X¢ is another smooth, non-negative cut-off
function, supported in 5@ and identically 1 in 4¢). We note that by Poincaré’s inequality,
C~7’Q satisfies (2.13i) with constant C'C’, and that V5Q=VGQ on 4Q). Following a trick
of Coifman and Meyer [6], we write

Ot :Gt—Otht+0t1Pt = St+0tlpt.

Since S;1=0, it follows from a slight variation of standard orthogonality arguments that

1 Q) dt
—// 1S,(VGo)(x)2 = dz < CC,
1Ql Jg Jo t

where we have used that S, is being applied to a gradient field. Moreover,

1 Q) - 5 dt ,
L / / 15:((1-x@) VEQ) (@) L de < CC",
@l Jo Js :
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since the kernel of S; decays rapidly, at least in the sense of L?-averages, by a standard

argument using ellipticity, integration by parts, and the Gaussian bounds for the heat
kernel of L. Also,

—div AXQV@Q =—div AXQVGQ =XqQ iGQ —AVXQ 'VGQ, '
so that
et(XQVéQ) = te_t2Z'XQ.Z/GQ —te_tzi'AVXQ ‘VGo.

Hence

@ ~ 2dt 2 3 2 2 2
L[ edxaVGe) @) § do<c(@)? [ (LGP +VxaPIVGal)
QJ0 5Q

and the conclusion of Lemma 2.10 now follows from (2.13).
We finish this section by stating a lemma which we shall find useful in the sequel.

It is a sort of “John—Nirenberg lemma for Carleson measures”.

LEMMA 2.14. Fiz Q. Suppose that 0K Hy(z)< By in Q, and that

|z—2'|*

|Hy(z)— Hy(z")] < Bo o

b

for some a>0, whenever x,x'€Q. Suppose also that there is a number ne€(0,1], and a
number B, such that for every dyadic subcube Q'CQ there is a subset E'CQ’, with

|E'| > n|Q|

and
HQ" dt
'JO

Then the following estimate holds in Q:
1 Q) dt
o | e § de<clannn).
1@l Jg Jo t

We defer the proof of Lemma 2.14 to an appendix (§6). We note that K;(z)=|7:(x)|?
satisfies the size and Holder continuity hypotheses of the function Hy(z) of the lemma,
with By and « depending only on n, A and A, as the reader may readily verify using (2.4).
We omit the routine details. '
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3. Proof of the extrapolation lemma

We begin with a few preliminary observations. Recall (in the statement of Lemma 2.5)

that

dz dt

L~ dzdt
du= K@) S5, di=Ri)

t 7
where 0< K, I~(t < Bp. Given a cube @, let Q* denote its immediate dyadic ancestor. We
note that, for every b€[0, 1], we have that

#((Ry\T@)N(Qx (0, 00)))
sup
Q QI
as the reader may verify by an elementary computation. A similar computation shows
that

< CBod, (3.1)

sup ME\TQ) o (3.2)
Q 1Ql

and moreover the same holds for fi.

We now prove the following variant of Lemma 2.14:

LEMMA 3.3. Suppose that

L= dx dt
dip = Kq(z)

with 0< K, < Bo. Suppose that there exists a number n€(0,1], and a number (1€ (0,00),
such that on every cube Q we have a decomposition Q=EgUBg, EqNBg=a, satisfying
(i) |Eql>nlQ,
(ii) Bo=\JQ;, where the dyadic subcubes Q; are non-overlapping, and
(i) 2(RQ\(URg,))<AIQI.
Then f is a Carleson measure, with

_ B
lallc <=
oy
Proof. By truncating in ¢, we may make the qualitative a priori assumption that

is a Carleson measure. This assumption may be removed by a limiting argument.
Fix Q. We have that

A(Rq) = A(RQ\(URQ,))+Y_ i(Rq,) < A QI+ Al Z 1Q;1 < BRI+ |allc(1-n)|Ql-

Dividing by |Q|, and taking the supremum over all ), we obtain the conclusion of
Lemma 3.3. O

We remark that since T, C Rg,, the hypotheses of Lemma 3.3 will be verified if, in
particular, i(Ro\(UTg,))<511Q|.

Next, we prove the following “Calder6n-Zygmund decomposition” for Carleson mea-
sures.
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LEMMA 3.4. Let u be given as above, and let =0, b=2"" for some positive inte-
ger N. Suppose that Q is a cube such that

#(Rq) < (a+b)|Q|-
Then there exists o family S={Qx} of non-overlapping dyadic subcubes of Q such that

(T \(UTq,)
Qo <¢

where the supremum runs over all dyadic subcubes Q'CQ, and

sup (1+50)b, (3.5)

a+b
a+2b

|Bl < Q1 (3.6)

where B denotes the union of those Qy such that ,u(R’(’;,k)>a|Qk|.

Proof. If ,u(RbQ)galQ], then let S={Q} and B=2, and we are done. Otherwise,
u(RQ\R%)<b|Q|. In this case, we perform a stopping time argument, subdividing ¢
dyadically and stopping the first time that

p#((RQ\R%)N(Q' % (0,00)) > 2b|Q']. (3.7)

Let S be the collection of selected cubes which are maximal with respect to (3.7). In
particular, if Qx€S, and Q; denotes its immediate dyadic ancestor (or “parent”), then

r((RQ\Ry; )N(Q % (0, 00))) < 26/Q| = 2"+ b Q|- (3.8)

We shall show that this collection S satisfies (3.5) and (3.6). To verify the latter, we
note that by (3.7) and the definition of B, we have that

(a+20)|BI< Y u(Ry,)+Y n((RQ\R,)N(Qrx(0,00))) < u(Rq) < (a+b)|@,

and (3.6) follows.

We now proceed to show that (3.5) holds. Fix a dyadic cube @', and observe that
if Q'CQy, for some Qy in S, then /,L(TQ/\(U To,))=0. Thus, we may suppose that Q' is
not contained in any Q€ S. Then

To\(UTay) = (To:N(Eox (0,000))U( U ((Te\Te,)N(Qkx(0,00)))), (3.9)

where Eo=Q\(|UQx). Note that by the stopping time construction, we have that

1 Q) dt
o Ki(z) — dx < 2b,
Q' Jor Jouan t
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for all @’ which meet Fy. Hence, for a.e. z€ Ey, we have that

Q)
0 t

Integrating this last estimate over Q'N Ey, we obtain in particular that
w{Tg N{Egx (0,00))) < 2b|Q'). (3.10)
Moreover, if Q5 is the dyadic parent of Qg, then

To\To. C (Ro/\R); )U (R T, )-

Hence by (3.10), (3.8) and (3.1) applied to @k, we have that the y-measure of the set in
(3.9) is no larger than
26/Q' |+ +CB0)b Y 1Qxl,
QLCQ’
and (3.5) follows. This concludes the proof of Lemma 3.4. O

‘We now proceed to give the proof of the extrapolation theorem. The proof is based
on an inductive, boot-strapping procedure. Our induction hypothesis is the following
statement, which is defined for ¢ >0.

H(a): Let Q be a cube such that u(Rg)<a|Q|. Then there exists numbers n=n(a)€
(0,1], B2=pP2(a)=0B2(a,n, By, b)€(0, 00), and a decomposition Q=FEqUBg, EqgNBg=2,
with |[Eg|>n|Q|, and Bo=JQ;, where {Q;} is a (possibly empty) collection of non-
overlapping dyadic subcubes of @, such that

R\ UTy,)) <B(1+C1)Q)

The proof of the theorem proceeds now in two steps.

Step 1. Observe that H(0) is true. Indeed, in this case u(Rg/)=0, for all dyadic
subcubes Q'CQ), so by the hypotheses of our theorem, applied with =0, we have
i(R)<C1IQl.

Step 2. Show that there exists >0, depending only on n, 8, and 4, such that for
all a>0, H(a) = H(a+b).

Once Step 2 is completed, we are done. Indeed since ||p|lc <Co, we have that
H(Cp) can be achieved in finitely many steps, with the number of steps depending only
on 1,4, 80, Co, in which case Lemma 3.3 may be invoked, with n=n(n,d, Gy, Cop) and
B1=02(n, 9, Bo, Co)(1+Cn).

Let us now carry out Step 2. In order to do so, we first prove
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LEMMA 3.11. Suppose that H(a) holds, that b=2"", and that Q is a cube for which

p(RY) < alQ|.

Then there exists a decomposition Q=EqUBg, EgNBg=9, with
(i) |Eq|=b"n(a)lQ,
(i) Bo=UQ;, where Q; are non-overlapping dyadic subcubes of Q, and
(i) A(Ro\(UTg,))<C(Bo,b;n,B2(a))(1+C1)|QI.

Proof. Write Q= Ufg @k, where @k are non-overlapping dyadic subcubes of () with
side length 27V(Q), and observe that there is at least one @k, which we designate as ékm
such that

MRg, )< a|Qk,,

since RIZQEURQk- As we are assuming that H(a) holds, there exist non-overlapping
dyadic subcubes Qfog@ko such that

QN U@ = n(a)| Qo =1(a)2 " Q)

and

A(Rg, \(UTgm)) < Ba(a)(14C1) |Qke| = B2(a)27 ¥ (14+C) Q). (3.12)

(1]

Moreover,
iR\ RJ) < Bolog(1/0)|Q. (3.13)

Thus, setting
Bo=( U Qx)u(UQ)=U0;,

kZko

and invoking (3.2) (with f in place of y) in each Qx, k#ko, (3.12) and (3.13), we obtain
the conclusion of Lemma 3.11. O

We now proceed to Step 2. Suppose that a>0, that H{a) holds, and that Q is a
cube for which

#(Rq) < (a+b)[Q),

where we choose b=2"" so small that §>C(1+83)b (this is the constant on the right
side of (3.5)). By Lemma 3.4, there exists a family S={Qx} of non-overlapping dyadic
subcubes satisfying (3.5) and (3.6). Let us denote by S’ the subcollection of Q€S such
that (R, )<alQl|. Let (a+b)/(a+2b)=1-6, and observe that either

|Eo|=|Q\( U Q)| >301Q] (3.14)
QrES
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or

| U Qx|=301Q! (3.15)

QrES’

For each Qr€S5’, we invoke Lemma 3.11 to construct a family {Q;c } of non-overlapping
dyadic subcubes of Qf such that Lemma 3.11 (i)—(iii) hold with @ replaced by Q, Bg re-
placed by Bo,=JQ¥, and Eg,=Qx\Bg,. We now define

Bo=( U UQHu( U @), (3.16)

k:QrES’ ; S\S"

and observe that its complement Eq=Q\Bo=EoU(Uy.q,cs Eq.) satisfies
|Eql >b"n(a) 301Q), (3.17)

by virtue of (3.14), (3.15) and Lemma 3.11 (i) applied to every Q€ S’. Moreover, if we
let S” denote the collection of all the cubes whose union is the set B in (3.16), then we
have that

Ro\( U Tor) S (Ro\( U To))U( U Te\(UTyr)) = RiUR:.
Qs Qves Ques’

Now, since (3.5) holds, with C'(1+8)b< 4, the hypotheses of the extrapolation theorem
imply that 4(R;)<C1|Q|. Also, since Tg, C Rq,, and since Lemma 3.11 applies to every
Qr€S’, we obtain that

jl(R2) < C(Bo, by, B2(@))(14C1) Y |Qkl < C(Bo,b,m, B2(a))(1+C1)|Q|-

QreS’

Thus, in view of (3.17), and the fact that Eq=Q\(Ugreg Q") we have that H(a+b)
holds. This concludes the proof of the extrapolation theorem. O

4. Deducing (2.3) from the extrapolation lemma

As mentioned in the previous section, we shall apply the extrapolation lemma to the
measures /i and p defined by (2.1) and (2.6), respectively. To establish (2.3}, it is enough,
given Lemma 2.5, to prove that there is a constant § >0, depending only on ellipticity

and dimension, and a constant

Cr=C(eh)(1+ed)lile, (4.1)
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such that
i(RoNnSy) < C1{Q), (4.2)

whenever () is a cube and v is a non-negative Lipschitz function with Lip norm at most 1,
for which

sup Q| u(TerNy) <0. (4.3)
QCQ

Here, the supremum runs over dyadic subcubes of Q. Indeed, we have already observed
above that the other hypotheses of the extrapolation lemma hold, with constants that
depend only on ellipticity and dimension. Let us now proceed to prove that (4.2} holds,
given (4.3).

To this end, we recall that Wtzse‘tzL, and we denote the kernel of this operator
by We(z,y). Thus, Wi 2)2q(q))2@¢=Fg (recall that Fg was defined in (2.11), and
satisfies (2.12)). We define also

Fw (ac) = Wez(w(z))z (,0(.13)

Let 5@ denote the concentric cube with side length s1(Q). Our fundamental estimate
for Fg is

LemMA 4.4. Fiz ¢ cube Q. Let o{x) be a Lipschitz function, defined on R™, with
0<y(z)<el(Q), for all z€Q, and with || V|| Leo(rn)<1. Then

/Q Ve Fu)f e < Ol Ton) i@l (4.5)

We shall defer the proof of this lemma until the next section. Let us now show that
Lemma 4.4, together with (4.3), imply (4.2). Let X(r) be a smooth cut-off function, with
X(r)=1if r>2, X(r)=0 if r<1, 0<X<1, and we note that, by (2.4),

~ - ~(Y(z

o) = o) (42
satisfies the size and Holder continuity hypotheses of Lemma 2.14, with constants that
depend only on ellipticity and dimension. Consequently, it is enough to prove that there
exists 17>0, depending only on dimension and &, such that for every dyadic Q'CQ, there
is a set Eg:CQ’ with |Eg/|>n|Q’|, on which the following estimate holds:

1 l(QI)~ 2 dt " -
@'_I/E /w() (@) 7dx<0(5 YA +egllale). (4.6)
o V(e
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Indeed, given (4.6), we may apply Lemma 2.14 to the function H,(z) defined above, to
deduce that

l(Q
PQI// thdx<c(5 DN(1+egllile)-

lb(z)
Since fw( () [7:(x)|? dt/t < C, it follows that (4.2) will hold, once we have established (4.6).
We now show that (4.3) and Lemma 4.4 imply (4.6), as long as we choose ¢ and ¢
small enough depending only on ellipticity and dimension. We consider two cases: either
P(x)<el(Q'), for all z€Q’, or else there exists To€Q’, with ¥(z¢)>el(Q’). In the latter
case, since |Vi||c <1, we have that

() — (o)l < 3el(Q'),

as long as € B(zo)={|z—zo < 1el(@)}. Thus, $(2)> 1el(Q) for 2€ Blzo)Q'=Eq.
Since zo€Q', it follows that |Eg/|>C~1e™|Q’|. We have also that

l(Q) 2678y (z) gy , 1
/ / D % de < I, / / L ir <O og =,
Eg/ Y(z) Egr P(x) £

which yields (4.6) in the present case.
Otherwise, if ¥(z)<el(Q') for all z€Q’, then we may apply Lemma 4.4 to Q’, and
use (4.3) to obtain that

/ IV(For— Fy)Pde < C(6+Q']) < CelQ], (47)
Q'/8

if we set §=¢. Now, let M, denote the Hardy-Littlewood maximal operator, taken with
respect to balls of radius at most r. Then from (4.7) we deduce that

[ 1Mignoo(V(Fe—Fu))Pds <CelQ (48)
Q/16
Hence,

{ze Q' Myq)100(V(Fg—Fy))(x) >4} <Ce2|Q.

Thus, for ¢ small enough, there exists 77 depending only on n, and a set Eg:C %Q’ , with
|Eq|>n|Q’|, and such that, for all z€ Eg/, we have

My 100(V (For—Fy))(z) <&/ (4.9)

Now, fll(Q 100 e(@)? dt/t <C|7¢[|2, <C. Hence, in (4.6), it is enough to integrate over
@/

the t-interval ¥(z)<t< 1Ool(Q’ ). By the triangle inequality,
e (@) < 17e(2) Pe (VI = Wez(yay2) 0) ()]
+ () Po(V(Wez (g(2))2 — Wez(p(-))2) ©)(2)]
+ e (z) P(V(Fy — Fg)) (@) |+ [ (z) P (VFg ) ()]
= 1+I1+1I1+1V,

(4.10)
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where FQ/E6_(5/2)2(l(Q’))2L(,DEW(E/Q)z(l(Q/))z(p and Fy=W,ay2¢p. Since Fo satisfies
(2.12), with Q' in place of @, we may invoke Lemma 2.10 in @', to deduce that

Q" dt
[ [ v a<eei@losdiic).
7JO
By (4.9), we have that, for z€ E¢g and t<T(1‘)ﬁl(Ql)7
< Ce/ Fo(z)],

which we may hide on the left side of (4.10), if ¢ is small. Since ¢ is Lipschitz, and
VP, E@t /t, where @t is an operator given by convolution with a smooth kernel which is
supported in the the ball of radius ¢, we have that

1< Cev(@)t™ Fula)l.

In proving (4.6), we only integrate where t>¢(z). It follows that I<CelF;(x}|, which
may also be hidden on the left side of (4.10). Finally,

0
5 Wl < Cely=al, (411

|(Wiew(y))2 = Wiew@)2) (Wl < elv(y) —¢(x)] sup 5
t>0

since [|[V¢]eo <1, and

0
sup — Wiz

<C.
>0 Ot

'OO

(In the last estimate, we have used that p€Lip;, and that the kernel Wtzze‘tzL has
Gaussian bounds.) But (4.11) implies that

[P (V(Wiey(-))2 =Wiep(a)2) P) (@)l < Ct‘"‘l/ lz—yldy-e < Ce.
{lz—yl<t}
Thus, II<Ce|¥:(x}|, which may also be hidden on the left side of (4.10), if € is chosen
small enough depending only on n, A and A. This proves (4.6), given Lemma 4.4. The
proof of Theorem 1.6 is now complete, modulo Lemma 4.4 and Lemma 2.14. We give
the proof of the former in the next section, and of the latter in §6.

5. Proof of Lemma 4.4

Throughout this section, @ is a fixed cube, with ¢=I(Q). We recall that we are using
the notation W;2 Ee‘tz"*, and we denote the kernel of this operator by W;z(x,y). Recall
also that W(E/2)292QDEFQ, and that Wsz(w(z))szFw.
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Our goal is to prove
/ V(o F)fdr <Clu(Taneu) 1@, (5.1)
Q/8

whenever 1 is a Lipschitz function with ||V#| s <1 and satisfying 0<9<el(Q) on Q.
We begin by defining some cut-off functions. Fix @, and let 8, 5,56 cge, 0<0, 5,5 <1,
||V0|]oo+||V(;||oo+||V0:”oo <C/p, and suppose that §=1 on £ Q, suppHC 3 Q, §=1o0n }Q,
supp 5§%Q, 551 on %Q, suppégQ. Let xg=center of (). Now, since W;.1=1, we have
that V(W,1)=0 (even if 7 depends on z). Hence, on the left side of (5.1), we may replace
¢ by o(-)—p(zq)=p1+p2, where

v1(y) =(y—2)0(y),
p2(y) = (y—20)[1-0(y)].

Also, we may replace ¥(z) by g (a;)sd)(x)é(x) Our first step is to prove that
/Q/8|V(W(5/2)292—W(er)2)<p2|2dl‘<C€|Q|. (5.2)

By ellipticity and the definition of 8, we have that the left side of (5.2) is dominated by
a constant times

/ (O AV (Wi /21202 = Wieya)2) 92 V(Wie )22 = Wiewg)2) 92
= / (O AVW (ay2y2g2 02V (Wi p2122 = Wiewo)?) 02 53
- / (é)zAVWE%-V(W(E /2202~ Weayz )92

=I+IL

Since VW;z ¢ is a matrix, we should explain our notation: if F=(Fy,..., F,) is a vector,
then |VF|QEZjVF‘]--VITj and AVF-VF=}". AVF;-VF;. Now

[=- / V(0)*- AVW (e 2202 02 (Wie 21202 =Wz g2, ) 02

+/(é)2LW(E/2)292 <p2(W(5/2)2g2—— ezd,%)gag

=1 +1s.
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We now claim that, for t<ep,
[PV Wag <ceial (5.4)
[ @IV Wanl < pal (5.5)

(the latter will be used, and proved, later) and
1
> /Q W )eal <Ct@l (5.6)

Assuming momentarily that the claim is valid, we immediately obtain that |I;|<Ce3|Q|<
Ce|Q} as desired. To prove the claim, and also to handle I, we note that for t<ep, z€ %,Q,
we have

[2LWiz o ()| 4 | Wiz pa(2)] < Ct“”/ e~ le-vl?/ot? |lz—y|dy < C’i <Ce?%. (5.7)
|lz—y|>Co e
(In the first inequality, we have used that |zg—y|~|z—y|, under the present circum-
stances.) This last bound yields (5.6) immediately, and also (5.4), by an argument
similar to the proof of Caccioppoli’s inequality. The proof of (5.5) is a bit more delicate,
owing to the z-dependence of 1, and we defer it until the end of this section. Moreover,
an application of (5.6) and (5.7) also yield the bound |I5|<Ce?|Q|<Ce|Q| as desired.
Next, we turn to the bounds for II. We have

H:/(é)QAVW52¢2Q<P2'VWE2w3902“/(5)2W52¢5902LW(5/2)292 P2

‘|‘/V(§)2Ws2¢5@2'AVW(s/2)2g2 ©2

=11, + 1T, + 115

Now for z€ %Q, we have

Wz, 02(2) = |(Weayz, — I p2(2)| < Cellvoll L (@) < Cee, (5.8)

where we have used that o is Lipschitz with |[V2||eo <C. The bound |II3|<Ce|Q| now
follows easily from (5.4) and (5.8), and we have |Il3|<Ce|Q|, by (5.7) and (5.8). Also
III;|<Ce?|Q|, by (5.5). This concludes the proof of estimate (5.2), modulo the proof
of (5.5), which we continue to defer for the moment.
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We now return to the proof of Lemma 4.4 (that is, the proof of estimate (5.1)), and
observe that by (5.2) we may replace ¢ by 1 on the left side of (5.1), which we then
dominate by a constant times

RnAV(W(E/g)ng —WgzwzQ)(pl'V(W(g/Q)zgz - E«zwé)g)l

Z/ AVW(E/Q)zgz(pl-VW(e/Q)zgupl—2/ AVW(E/Q)zgztpl-ngzwé<p1
R™ R~ (5.9

+ AVW52¢2Q <p1~VWEz,,-,é<p1
R~
=V, —2Vo+ V5.

We note that, since ||Vi1]l2 <C|Q|/2, we have
I(Wezyz—Derll2 < Celltrall 1Q1? < Ce%0|Q)2.

Also,
C
LW (e 2202112 < ” Q<.

Integrating by parts, and then combining the last two estimates, we see that we may
replace WEM% 1 by @1, in V,. Let us call the resulting term V,. The error [Vo—V;| is
on the order of Ce|Q|, which we allow. We write

i72 E/AVW(g/Q)agz w1V :/LW(5/2)292$01901

(5.10)
:/W5292/8LW5292/8@1@1 :/AVWE292/8Q01'VW5292/8@1.
Next, we claim that we may replace V3 by
‘73 = A(VW€2t2 Qol)lt:d)o' (VWeztz (pl)lt:,/,Q, (511)
R”

at the expense of introducing another allowable error. Indeed, by the chain rule,

a
VWE2U)2Q $Y1— (VW52t2(p1)|t=¢Q = (aWp (pllt:st> EV’(/JQ,

which is bounded in absolute value by

0
Wiz

esup |-

t>0




EXTRAPOLATION OF CARLESON MEASURES 183

Moreover, for ¢>0, since ¢, is Lipschitz, and since (0/0t)W;21=0, we have that for all
z€R"™ (and in particular for z€@Q),

0 C 2
5 —Wepi(x )I < o L e~ lz—yl*/Ct lz—y|dy < C.

Also, since ¢, is supported in %Q, we have that for z€Q°,

ad C e 2 _
g Ve )‘<t7+—1/1 e 2=/ |y dy < Co™ ' Mg ().
r—-y|>0

Combining the last two inequalities, we see that

<Ce|Q|Y2,
L2(R™)

0
5 Wiz 1

el|sup

t>0

since ||¢; ]2 <Cp. Thus, the claim that the difference |Vs— Va| is small follows immediately
from the inequality

[(VWe2i2 1) t=pgl L2rm) < ClQIY2. (5.12)

We shall prove the latter estimate momentarily. Assuming for now that (5.12) holds, we
therefore have that (5.9) equals O(¢|Q|) plus

. e/2 k)
Vi—2Vo+ V3= / / (AVWeztz 1 VW22 <p1) dtdz
R~ Jos2va) Ot

e/ (2v2) a
/ / AVW 24201 VW2 01) dt da
mIYQ(z)

o/
= —462{/ / tAV W, 24201 VW2 Loy dt dx
~Je/(2VZ)

0/(2v2)
—/ / tAV W, 24201- VW22 Loy di d:l?}
" JPpo(x)

= —462{F1 —PQ}.

We note that

e/2
_452F1 = —452//(2\/5) / |W52t2L<,01|2 drtdt<0.
I Rn

We now claim also that

4e°T2 < C(u(TNQy) +¢(Q1+|QI 2 I(VWeziz 1) 1=y l2)- (5.13)
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Let us show that the last claim establishes the conclusion of Lemma 4.4. Indeed,
4e 2 r 2= 17}, — ‘72

/ A(VWerpo1)li=pg (VWez 1) t=yo — / AVWe2,2/801-VWeagog01.

n

Combining this last identity with (5.13), ellipticity, the fact that u is a Carleson measure,
and the fact that
IVWeag2/801 | L2(rm) < ClQ|'?

(the proof of which is routine, and omitted), and then hiding a small term on the left, we
obtain (5.12). But given (5.12) and (5.13), the conclusion of Lemma 4.4 follows, since
we have shown that (5.9) is dominated by 42T, plus small errors. It is therefore enough
to prove (5.13).

To this end, let Q={(z,t)e R} :yq(z)<t<o/(2v2)}. Then,

4€2F2 = 462// tAVW, 24201- VW22 Ly dt dx
Q
= 452// div, (tAVW 22 01 We2p2 Lipr ) dt dz + 452// t| Wz Loy |* d dt
Q Q
=4e’T"+4€%1".
We observe that, by the divergence theorem,
452FI = 452// diVI,t[(tAVW€2t2 @1, O) W52t2 L(pI]
Q
= 462/ (N, (AVW_24201,0)) t W24z Loy do(z, t),
a0

where N denotes the outer unit normal to 9. But along the “top” part of 0Q, when
t=0/(2v2), we have that N=(0, ...,0,1). Hence

|4E2F I < CE / IVWEthcpllt ¢'Q| I’(/)Q( 62,¢)2 L(pll \/ V’(pQ)2 diL‘
But yg(x)=vy(x) g(a:), so that
C
Vgl <Vl Lo (q)+ 2 9]l oo (@) < C.

In particular, 1/1+|V¥yg|? <C. Moreover,
|69 () Weayz Loa ()] < sup [tWeVIVL )| <CM(VL 1),
>
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where M denotes the Hardy-Littlewood maximal operator. Consequently,
46°T| < Ce||[ VI 1|, | (VWer 2 01) | 1=y ll2 < Cel QY2 (Y Wezi2 1) | t=yg |12

as desired.

It remains to treat the term 42T, which equals

9/(2\/_) .
/ / le=" “Let Ly ()| % de.
" JY

(@)

Let k.¢(z,y) denote the kernel of e~ ¥Let],. Clearly, [ ket(z,y) dy=0. Hence,

/ e (2, y) o1(y) dy = / et 1) o1 (9) — 01 (2)— (y—2) -V ) n ()] dy

+(/ket<x,y)ydy-v) v1(2)

= fer(T)+ get ().

Now, ||Vp1]|L~ <C, and Vo, is supported in %Q. Moreover, for all z€ 3Q, we have that
dist(z,Q°)>3>1/(2v2), so that $Qx(0,0/(2v2))CTq. Also,

/ ket(2,y)y dy = e_EztzLEthp(x).

Thus

l(Q)/(Zf) , dt
/ / 19:4(2)[* - dz < C(ToN Q)

Yo(x)
as desired, since Yg=1 on ZQ-
Next, we note that |[V2p1]le <Co™!, so that the expression in square brackets in
the definition of f.;(z) is dominated in absolute value by

2
Cly xl.
0

Therefore,

1 2
|f€t($)|<c§é /(St) ne=lz—y|?/(Cet) lz—y|?dy < Cetp, (5.14)

/ /g|fet($)|2ﬁdw<C€Z|Q|‘
29 Jo t

and consequently,
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On the other hand, for z€(2Q)¢, p1(z) and Vei(z)=0, so that, in the definition of
fet(x), we may multiply the integrand by X3q/2(y). Hence, for z€(2Q)°, we have by the
same computation as in (5.14), with X3¢ /2(y) inserted in the integral, that

fer(2)] < cE;fM(XaQn)(x),

which in turn implies that

e dtdz
[ [iater SE <cial
(2Q)= Jo

We have thus established (5.13). Modulo the proof of estimate (5.5), which we had
deferred, the proof of Lemma 4.4 is now complete.
It remains only to prove (5.5). We note first that, by the chain rule,

0
VW52¢2Q 02—~ (VW2 02)|1=yo = (5 Wi g02> eVipg. (5.15)
t=eyq
Consequently, by (5.7), and the fact that OW,2/8t=—2tLW,2,
[P IV Wy 2 (TWargllimsal < CEQI (5.16)

Thus, by (5.4), (5.16) and ellipticity, the left side of (5.5) is dominated by a constant

times
/ (B2 A(YWez202) - (VW2 02) 1m — / ()2 AV W2 02V Wz o 0a+ O(€21Q1)
(here we have used that 1¥¢g=1 on supp 5)

[ 8
= [@8 [ AT VW) O Q)

5 0
:4/(9)2/¢( )thVe_EztzLchg-AVW52t2<p2+O(€2|Q|)
- [° dt
1 [@r [ et renp@P £ o
e
N [
—4 / V(6)? / e2te = UL Ly AVW,.24200 dt dz
(@)

+/ (5)252t6_52t2LLg02 (N, (AVW,24202,0)) do(z, t) +O(f32 QD
{(z,t)eR T p(z) <t <o)}

=Z1+Z2+Z3+0(£%|Q)),
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where we have obtained the last equality by the same argument, involving the divergence
theorem, that we had used to treat 4¢2T'; above. By (5.7), and the definition of 0, we

have that
Zlgc/ /(E—t) — dz=Ce?|Q).
Q/7

Also, by (5.7), and then Schwarz’s inequality and (5.4),

. [e ¢
122]<052/9/ ?st%wglcztdx
0

04 . 1/2
<ce [ EIQI”( / <9>2|vwgztw2<w)|2dx) it <CQ]
0

Finally, since N=(0,...,0,1) along the “upper” boundary t=p, we have that, by
(5.7),

|23 < Ce / (0)|ep(z) e @ *L Loy (1) (Y Weri2 02) | 1=y | dae

< Cszm%-oi / (0)2)(YWezg202) |y | o

Using the elementary inequality a<2(1+a?), (5.16) and the fact that ||1/]|cc <eo, We see
that the last expression is dominated by

3 [IQH—/ |VW52¢2 (,02|2(é)2 dx|.
For ¢ small enough, we may hide the second summand on the left side of (5.5), and the

proof of Lemma 4.4 is now complete.

6. Appendix: Proof of Lemma 2.14

Fix Q. Our goal is to establish the estimate

l(Q)
o / L dw <C(m,0)(B0+6), (6.1)

given the hypotheses of Lemma 2.14.
Let 0<e<I(Q) (we remark that the present ¢ has no connection with the number
used in §§2-5; it is now merely a small, arbitrary number). Let

HQ"
Qf

M(e)

’CQ |Q'|
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where the sup runs over all dyadic subcubes @Q'CQ, and where the integral is taken to
be zero if [(Q')<e. Clearly then, M(¢)<oo, and x—)f;(Q)Ht(z) dt/t is continuous.
Let N=(2/n)8. Then the set QE{.’L‘EQ:f:(Q)Ht (z)dt/t> N} is open, and moreover,

191 <IQ\EI+ D10l < (1-1n)l@), (62)

by Chebyshev’s inequality and the hypotheses of Lemma 2.14.
Next let Q=JQ; denote the usual Whitney decomposition of 2. Then

/EI(Q) Hy(z )d:c—<N|Q\Q|+Z/l( /Ht dz_

Q) dt
<vie+Y [ /Q Hi(z)do 5 (6.3)
i vE I
()] dt
+ / Ht(df) dz —,
Z max(l1(Q;),e) /Q; t

where again we use the convention that the integrals in the middle term are zero if

I(QJ) < E.
By the Whitney construction, there exists z;€Q\Q, with dist(z;, Q;)<Cl(Q;). We
therefore have

Q‘Ht(m)dxz/( i(z) - Hy(z;)) dz+/ H, m])dx<[Cﬁo(l(QJ)) +Ht(xj)]|Qj|'

Hence,

Q) dt
/ iy (x)dz % < ( ﬂo+N)IQJ|

max(1(Q;),e) v Q
since z;€Q\S. Thus, returning to (6.3), we obtain that

Q) dt C
|| @ an < (Saean )i meie 64
< C(a,n)(Bo+B)|QI+M(e)(1-31)1Q),

where in the last inequality we have used (6.2). But we can repeat the previous argument
to show that (6.4) holds also with @ replaced by any dyadic subcube Q'C Q. Thus

M(e) < %cm, ) (Bo-+5),

and the conclusion of the lemma follows by letting e—0.
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