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1. I n t r o d u c t i o n  

t . 1 .  The d i l a t a t ion  D > 1 of a d i f ferent iab le  topologica l  m a p p i n g / :  (x, y)--> (u,v) be- 

tween  p lane  regions is de t e rmined  b y  

2 1 Ux ~ + ~,~ + v~ + v~ (l) 
D + D =  [u~v~-n~Vxl 

Geometr ica l ly ,  D represents  the  ra t io  be tween majo r  and  minor  axis of the  inf in i tes imal  

ellipse ob ta ined  b y  mapp ing  an inf in i tes imal  circle of center  (x, y). F r o m  this  i n t e rp re t a t i on  

i t  is ev iden t  t h a t  the  d i l a t a t i on  is unaf fec ted  b y  conformal  mapp ings  of the  planes.  F u r t h e r -  

more,  a mapp ing  ] and  i ts  inverse /-1 have the  same d i l a t a t ion  a t  corresponding points .  

A mapp ing  is said to be quasicon/ormal if D is bounded .  The least  upper  bound  of D 

is referred to  as the  maximal dilatation. 

1.2, I t  is known t h a t  a quas ieonformal  mapp ing  of x 2 § y'~ < 1 onto u" + 'v  2 < 1 re- 

mains  cont inuous  on the  bounda ry .  1 Hence  i t  induces a topological  correspondence 1)e- 

tween the  two circumferences.  We shall  be concerned with the  p rob lem of ch~racter iz ing 

this  correspondence b y  simple necessary  and  sufficient condi t ions.  More general ly,  we 

shall  look for condi t ions  which are compa t ib le  with a mapp ing  whose max imal  d i l a t a t ion  

does not  exceed a given number  K > 1. 

In  view of the  invar iance  with  respect  to conformal  mappfngs  we may  replace  the  

disk b y  the upper  hal f -planes  y > 0 and  v > 0, and  we m a y  assume t h a t  the  -points a t  c<~ 

1 L. AHLFORS, Oft quas iconfo rmal  mapp ings .  Jourt~al ,l'A~rdyse 3Iathem(itique, vol. 7. l  

(~ :~3/a4). 
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correspond t() each o ther  under  the  mapping .  I n  these c i rcumstances  the  b o u n d a r y  corre- 

spondence  is de t e rmined  b y  a s t r i c t ly  monotone  cont inuous  funct ion  tt (x), in the  sense t h a t  

the  po in t  (x,0) is m a p p e d  on (,u (x),0). I t  is sufficient  to  consider  the  case of an increas ing 

/~ (x). 

t . 3 .  The ma in  theorem t h a t  will be p roved  in this  pape r  is the  following: 

THEOREM 1. There exists a quasicon/ormal mapping o/ the hal/-planes with the boundary 

correspondence x ->#(x )  i/ and only i/ 

1 / ~ ( x + t ) - ~ ( x )  
- _< ~ ~o ( 2 )  
o # (x) - /t (x - t) 

/or some constant Q > 1 and /or  all real x and t. 

More precisely, i/ (2) is /ul / i l led there exists a mapping whose dilatation does not exceed 

Q2. On the other hand, every mapping with the boundary correspondence a must have a maximal  

dilatation ~ 1 § A log o where A is a certain numerical constant ( = .2284). 

Condi t ion (2), which will be referred to as the  ~-condit ion,  indica tes  t h a t  #(x)  mus t  

possess a degree of a p p r o x i m a t e  s y m m e t r y  when x approaches  a n y  value  from t i le  r ight  

and  fronl the  left. The ~-condi t ion is no t  i nva r i an t  wi~h respect  to  a r b i t r a r y  l inear  t rans-  

format ions ,  nor  does the  inverse mapp ing  sa t is fy  the  same o-condi t ion.  However ,  the  ve ry  

s imple form t h a t  the  condi t ion  takes  when the  po in ts  a t ' o o  are s ingled out  is sufficient  

reason to give preference to the  fo rmula t ion  t h a t  we have chosen. 

1.4. In  Sect ion 2 we use Theorem 1 to der ive  a different  character is t ic  of quasicon- 

formal  mappings .  I n  Sect ion 3 the  p rob lem is fur ther  ana lyzed ,  and  in Sect ion 4 we prove  

the  easy  pa r t  of Theorenl  1. Sect ion 5 deals  wi th  a class of expl ic i t  mappings  and  serves 

to  exhib i t  l imi ts  beyond  which the  es t imates  in Theorem 1 cannot  be improved .  The 

comple te  proof  of Theorem 1 follows in Sect ion 6, and  in a f inal  sect ion we give the  answer  

to  an open quest ion concerning absolu te  cont inu i ty .  

The inves t iga t ion  requires  r a the r  ex tens ive  computa t ions .  I n  order  to fac i l i ta te  the  

read ing  most  of these computa t ions  are  given in comple te  detai l .  A reader  who is in te res ted  

only in the  qua l i t a t ive  aspects  m a y  omi t  the  computa t ions  in Sect ion 4 and all  of Sect ion 5. 

2. Compact Families of Mappings 

2.1. In  this  sect ion we show t h a t  the  9-condi t ion can also be in t e rp re t ed  as a com- 

pac tness  condit ion.  This analysis  can be carr ied out  a l t e rna t i ve ly  for t r ans fo rmat ions  of 

the  uni t  circle or for t r ans fo rmat ions  of the  line which leave the  po in t  a t  c~ fixed. Since 

the  t rans i t ion  is ve ry  easy we shall  only  t r e a t  the  case of t i le  line. 
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As before,  # (x) shall  denote  an  increas ing funct ion  which sets up  a 1-1 correspondence 

of the  real  l ine wi th  itself. The l inear  t r ans fo rma t ions  x-->ax + b, a > 0 will be deno ted  

b y  S, T. W e  say  t h a t  a f ami ly  M of t r ans fo rma t ions  # is closed under  l inear  t r ans fo rmat ions  

if all  composed mapp ings  S~t T are  conta ined  in M toge the r  w i th / z .  

W e  shall  also say  t h a t  a ma pp ing  is normalized if #(0)  - 0 ,  ~(1)  = 1. 

2.2.  Le t  us  consider  the  following compac tness  condit ion:  

(a) Every in/inite set o/ normalized mappings # EM contains a sequence {#n}T which 

converges to a strictly increasing limit/unction. 

The following theorem holds: 

THEOREM 2. The mappings # in a/amily M, which is c/osed under linear trans/orma- 

tions, satis/y a e-condition, the same/or all #, i/ and only i/condition (a) is [ul/illed. 

2.3. Suppose f i rs t  t h a t  the  ~-condit ion is sat isf ied.  I f  # is normal ized  we f ind 

/ ~ ( 2 - ~ + 1 ) = > ( 1 + ~ ) # ( 2  -~) 

for any  n, and  since #(1)  - 1 i t  follows t h a t  

~ (2 -~) =< (3) 

for posi t ive  and  nega t ive  integers  n. 

F o r  any  a the  funct ion  

/z (a + x) -- /z (a) 

~u (a + 1) --/z (a) 

is normalized.  By  (3) we have  consequent ly  

~ (a + x / -  ~ (~/< (~ (a + ] / -  ~ (all o-~i (4) 

as soon as 0 ~ x < 2 -~. On the  o ther  hand ,  if a is r e s t r i c t ed  to  a f ini te  in te rva l ,  i nequa l i t y  

(3) with negat ive  n yields a bound  for ~ ( a  + l)  - # ( a ) .  Hence  (4) cons t i tu tes  an cquicon- 

t i n u i t y  condi t ion on any  compac t  set. 

I t  follows t h a t  we can select a convergent  sequence f rom every  inf ini te  set of norma-  

l ized mappings .  The l imi t  func t ion  is normal ized  and  satisfies the  ~-condit ion.  F o r  this  

reason i t  cannot  be cons tan t  on any  in terva l .  I n  o ther  words,  condi t ion  (a) is fulfilled. 

2.~. Conversely,  suppose t h a t  (a) is fulfilled. W e  set 

cr ~ inf # ( - 1), /3 - sup ~t ( - 1 ), 

9 -  563802. Acta rnathematica. 96. I m p r i r a 4  le 22 o c t o b r e  1956. 
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where be ranges over all normalized mappings  in M. There exists a sequence of #~ EM such 

tha t  #~ ( - 1)-+j3. Since a subsequence converges to a s tr ict ly monotone  funct ion  it  follows 

tha t / 3  < 0. The same reasoning yields ~ > - oo. 

Consider any  # in M. The mapp ing  

Et (y + t x) - be (y) 
(x) 

be (y + t) - # (y) 

< t t (Y - - t ) - -  be(Y) <_/3 
~ = ~ + t ) - - # ( y )  

1 ~ # ( y + t ) - - # ( y ) < _  1. 
o r  

:,. = # (y) - # (y - t) = fl 

Clearly, this implies the ~-eondition for ~ = max - e ,  - �9 

2.5. Theorems 1 and  2 yield the following: 

COIr A boundary mapping/~ can be extended to a quasicon/ormal mapping 

o/the hal/planes i / and  only i/ the /amily o/ all mappings She T satis/ies condition (a). 

Ins tead  of relying on quan t i t a t ive  s ta tements  this criterion emphasizes a dis t inct ive  

qual i ta t ive  feature. 

3. Quantities Related to Dilatation 

3.1.. If / is a differentiable mapping  of the half-plane on itself we shall denote  its 

maximal  d i la ta t ion  by  K I. For  a given boundary  correspondence ~t we set 

K(~)  = inf Kr,  

where the in f imum is with respect to all mappings  / such t ha t  / = #  on the real axis. 

The q u a n t i t y  K (be) is in the foreground of our interest ,  bu t  we shall also find it  illu- 

mina t ing  to in t roduce some other quant i t ies  of similar character.  

3.2. A quasiconformal mapping  with the maximal  d i la ta t ion  K has the following 

property:  if the real-valued funct ions U t and  U2 are related by  U 1 (z) = U2 (/(z)), then  the 

Dirichlet  integrals of U1 and  U 2 over corresponding domains  have a rat io which lies be- 

tween 1/K and  K. 

I n  part icular ,  we may  confine the a t t en t ion  to Dirichlet integrals over the whole 

half-plane. Let u 1 and  u2 be defined on the real axis and  related by  u 1 (x) = u 2 (# (x)). We 

choose U2 as the solution of Dirichlet 's  problem with bounda ry  values u 2. Then  the Dirich- 

let integral  ~ (U~) is given explicit ly by  I (u~) where 

A. B E U R L I N G  A N D  L.  A I t L F O R S  

is normalized and  in M. Hence 
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; ; ( : )  1 u ( x ) -  (y) 2 
. . . .  d x d y  x (~) 2 ~  x 

or - r  

is the well-known Douglas functional. 

By use of the Dirichlet principle we find at once that 

l (u,) <= ~ ( v l )  <_ K ~ (  U~) = K I (u2). 

Since the same reasoning can be applied to the inverse mapping we have also I(uz)<= 

K I (ul). 

This result leads us to introduce a quantity K 1 (#), defined as the least number K 1 

such that  

I < I (u2) 
K~ = I (ul) -< K1 (5) 

for all pairs of corresponding functions Ul,U2. We have just shown that  

- K 1 (#) :~ K (t~). 

The quantity KI(#) may be regarded as more explicit than K(/~) inasmuch as its 

definition does not involve two-dimensional mappings. 

3.3. In  the circular representation, let ~1,/~1 be any two disjoint arcs, and denote 

their images under the mapping # by ~2,/~2. The extremal distance between :r and ill, to 

be denoted by d (:% ill), is a function-theoretic quantity which in this simple case can be 

computed explicitly. I t  is equal to 1/O(U1) , where U 1 is the harmonic function with 

values 0,1 on :r whose normal derivative vanishes on the complementary arcs. 

The function U 1 minimizes the Dirichlet integral for the prescribed boundary values. 

Therefore, 
1 

- min ~ ( U I ) -  min I (ul) 
d (~1, ill) 

for the class of all function u 1 which are 0 and 1 on ~1, ill. But it follows from (5) that 

min I ( u l )  <= K 1 rain I (u2)  , and hence that d(a:, fie) ZK1 d(0~l, ill)" 

In  the present case there is symmetry between # and its inverse mapping, for the 

complementary arcs of :r have the extrema] distance 1/d(~l,/~). Hence the definition 

d (~ ,  fl~) 
K 0 (#) = sup d (:r ill) (6) 

implies the double inequality 

K 0 (#)  = d (0~1, ~1) ~ 1~~ 
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We have proved that 

Ko(#) g K~ (/~) =< K(#) .  

Of these three quantit ies K o is the most  explicit, for it is defined as the max imum 

of a function ra ther  than  a functional.  

3.4. For  a given mapping/~ of the real axis we denote by  ~ (#) the smallest value of 

Q such tha t  the Q-condition (2) is fulfilled. Our efforts will be directed towards proving 

inequalities of the form 

�9 (e(#)) =< K0(#)  ~ K (/~) =< ~ (#(#)). 

Here we m a y  let (I) and q? denote the best possible funetions of their kind. This amounts  

to sett ing 

( I ) ( o ) - i n f K 0 ( / ~ )  for Q(,u)~ e 

q ? ( o ) - s u p K ( / ~ )  for e(#)--<~. 

The necessity in Theorem 1 will be proved if we show tha t  lira(I) (~) - c ~ ,  and the 

sufficiency follows upon showing tha t  qP (~) is finite. I t  turns  out  tha t  (I)(~) can be deter- 

mined explicitly, a l though in t ranscendental  form, and the t ranscendental  expression leads 

to the elementary minorant  ment ioned in the theorem. As for ~ ( # )  we prove a slightly 

bet ter  inequali ty than  XF (~) ~ ~2, and for comparison we shall also derive a minorant  of q?. 

4 .  P r o o f  o f  t h e  N e c e s s i t y  

4.1. I n  order to determine a minorant  of K0(/~), defined by (6), we observe tha t  the 

extremal distance d (~1,/51) is invariant  under  linear t ransformations,  and hence a funct ion 

of the cross-ratio of the end points of ~1 and ill. I f  ~1 = (tl, t2), fil = (t~, Q) we set 

= t3__-  t 2 : - - - t 4  -- t 3 

t 2 -  t 1 t4-- t I 

and obtain d(~l,/31) - P ( ~ ) ,  where P is a known function. 

The nota t ion is such tha t  P(0)  - 0, P (c~) = c~. Also, since the complementary  inter- 

vals (t2, t3), (Q, tl) lead to the reciprocal cr0ss-ratio, P ( ~ ) P ( 1 / ~ )  = 1 and P(1)  = 1. 

4.2. A minorant  for K 0(/l) is obtained by  restricting the choice of ~1,/31 to intervals 

of the form (x - t, x) and (x § t,c~). I n  this case ). = l, while the corresponding intervals 

:r determine 

(x + t) - # (x) 
# (x) - ~ (x - t) 
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Since sup ~' = Q (/z) it follows by  (6) tha t  

Ko >-P(q). 

4.3. On the other hand, let ~ > 1 be given. The upper  half-plane with vertices at  

- 1 , 0 , 1 , c ~  is eonformally a square, and the half-plane with vertices at  - 1 1 0 , o ,  oo is a 

rectangle whose sides have the ratio P (~). An affine mapping  of the square on the rectangle 

determines an extremal quasieonformM mapping  of the half-plane with constant  dilatation 

P(~). I f  the induced mapping of the real axis is denoted by  v we have thus K(v) =P(Q) ,  

while evidently ~ (v) ~ ~. The latter inequali ty implies K 0 (v) _~ P (~), and therefore K 0 (v) = 

= K (v) = P (~). This proves: 

The best lower bound r o/ Ko(#) is equal to P(~), the extremal distance between 

( - 1,0) and (q, co). 

4 .4 .  I t  is worthwhile to determine elementary estimates for P(o) .  The exact  expres- 

sion for P(~) reads 

or 1 

P(e)= VX(x-1)(x+e) Vx(1 x)(x+e) 
1 0 

On introducing the hypergeometrie  funct ion 

I 

F (t)= F (�89 �89 1, t) 1 f dx  
: ~  l l x ( l _ x i i l _ x t )  

0 

it is possible to write 

F Q 

P (e) = 

A classical computa t ion  (Carath6odory, Funktionentheorie I I ,  p. 169) yields 

1 F (  1 ~-2" 

Here F [1/(~ + 1)] varies between F(O) = 1 and F( �89 = 1.1803. Consequently we can 

write 

P(O) - 1 =O(q) log O, 

where 0(~) increases f rom 0 (1) = .2284 to 0 (o~) - 1/~ = .3183. 
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5. A Class of Explicit Mappings 

5.1.  I n  th i s  sec t ion  we s t u d y  a class of exp l i c i t  m a p p i n g s  for  which  K ( # )  a n d  ~(#)  

can  be  c o m p u t e d .  T h e y  are  used  to  d e t e r m i n e  a m i n o r a n t  of ~F (if) (see 3.4 for  t h e  de f i n i t i on  

of  ~F). 
F o r  a n y  g i v e n  at > 0 we cons ide r  

# (x) = sgn  x .  ]x  L ~. (7) 

A c o r r e s p o n d i n g  m a p p i n g  is o b t a i n e d  b y  s e t t i ng  ] / (z) l  = I z ]~, a rg  / (z) - a rg  z. I n  t e r m s  of 

s = log z a n d  a = log /(z)  t h e  m a p p i n g  is aff ine,  

a = a t  R e  s §  I m  s, 

a n d  we see a t  once  t h a t  t h e  d i l a t a t i o n  is c o n s t a n t l y  equa l  to  at if at >_ 1 a n d  1/at if at g 1. 

I t  fo l lows t h a t  K (/~) __< m a x  (at, 1/:r 

5 .2 .  I n  o r d e r  to  d e t e r m i n e  K 0 ( # )  we cons ide r  t h e  i n t e r v a l s  ( - r, - i / r )  a n d  ( l / r ,  r) 

for  r > 1. T h e i r  e x t r e m a l  d i s t a n c e  is g iven  b y  P (4r2 / ( r  2 - 1)2), a n d  the  i m a g e  i n t e r v a l s  h a v e  

t h e  e x t r e m a l  d i s t a n c e  P ( 4  r2~/(r 2~ - 1 )2). F r o m  the  a s y m p t o t i c  d e v e l o p m e n t  P (t) ~ ~ / l o g ( 1 / t )  

for  sma l l  t we  o b t a i n  

4 r2  ~ ~ r - - > ~  

P ~(r 2 -  1 ) 2 / ~ 2  log  r 

P - - -  2 ~ r - ~ ,  2 Vog r 

a n d  hence  t h e  r a t i o  t e n d s  to  at. W e  conc lude  t h a t  K 0 ( # ) >  max(a t ,  l /a t ) .  T o g e t h e r  w i th  

K0(/x ) g K ( # )  g m a x  (at, 1/at) i t  fo l lows t h a t  

K 0 (#) = K (#) = m a x  (at, i f :c) .  

5 .3 .  Be c a u se  # (kx) = sgn k" I k [~ # (x), t he  r a t i o  

# (x + t) - # (x) 

(x) - ~ (x - t) 

t a k e s  t he  s a m e  va lues  as 

# ( l + t ) - I  
] -~ (1  -t)" (8) 

W e  m u s t  t h e r e f o r e  s t u d y  t h e  m a x i m u m  of (8) in  i ts  d e p e n d e n c e  on the  p a r a m e t e r  at. The  

cases  at > 1 a n d  at g 1 will  be  t r e a t e d  s e p a r a t e l y .  
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5.4.  Suppose  f i rs t  t h a t  ~ > 1 .  F o r  0 < t < l  (8) t akes  the  fo rm 

( l + t )  ~ - 1 
1 -  (1 - t )  ~" (9)  

A look a t  t h e  g raph  of x ~ shows t h a t  [(1 + t) ~ - 1]I t  increases  a n d  [1 - (1 - t )~]/ t  decreases 

wi th  inc reas ing  t. H e n c e  (9) is inc reas ing  a n d  a t t a i n s  i ts  m a x i m u m  for t = 1, i ts  m i n i m u m  

1 for  t = 0 .  

Fo r  t > 1 (8) becomes  

( t +  1) ~ - 1 
q (t) - 

(t-1)~+1" 

A s imple  ca lcu la t ion  shows t h a t  q' (t) has  the  s ame  sign as 

p( t )  = (t + 1) 1-~ + (t - l )  1-cr - -  2. 

B u t  p (t) decreases f rom o0 for t = 1 to  - 2  for t = c~. Therefore  q(t) has  a s ingle  m a x i m u m  

w h i c h  is a t t a i n e d  a t  t h e  roo t  t~ of t he  e q u a t i o n  

(t Jr ] ) 1 - ~  A_ (t - l )  1-~r = 2. 

The  v a l u e  of t h e  m a x i m u m  equa l s  

q ( t ~ ) =  \ ~ !  = 2 ( t ~ +  1 ) ~ - 1 -  1. (10) 

F r o m  w h a t  we h a v e  said i t  follows also t h a t  t he  va lues  of (8) are > 1 for t > 0, a n d  

hence  < 1 for t < 0. W e  conc lude  t h a t  Q (it) = q (t~). 

5 .5 .  As ~ - + 1  i t  is clear t h a t  t~-+]/2.  To o b t a i n  a n  e l e m e n t a r y  b o u n d  for q(t~) w e  

observe  t h a t  p ( V 2 ) >  0 for the  s imple  r eason  t h a t  (L/2 + 1) ~-~ a n d  ( L / 2 -  1) ~-~ are reci- 

procals .  Th i s  impl ies  t~ >V~2, a n d  b y  (10) we f ind  t h a t  

Q (/~) = q(t~) < (]/2 + l )  2(~-1). 

W e  k n o w  t h a t  K ( # )  = ~ a n d  are  t h u s  ab le  to  conc lude  t h a t  

~F(~) > l  + log~o . (11) 
= 2 1 o g ( ~ + l )  

5.6.  F o r  large va lues  of ~ the  e s t ima te  (11) can  be rep laced  b y  a m u c h  b e t t e r  one  

which  we f ind  b y  choosing :~ = 1 / K  < 1. The  co r r e spond ing  va lue  of Q (#) can  be ca lcu la ted  

in  the  s ame  w a y  as above ,  w i th  t he  di f ference t h a t  (8) is n o w  < 1 for pos i t ive  t. Accord ing ly ,  

we f ind  t h a t  9(/~) = 1/q( t~)  where  q(t)  a n d  t~ h a v e  t he  s ame  m e a n i n g  as before. 
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This t ime  we are in te res ted  in small  values of ~, and  i t  is easily seen t h a t  

t~ ~ 1 +~. log 2 for :r W e  shall  show in a m o m e n t  t h a t  p(1 + e log 2) > 0, p rov ided  t h a t  

is suff icient ly small .  Since p (t) is now increasing this  implies t~ < 1 + ~ log 2. 

B y  use of (10) we ob ta in  

q (G) > 2 ('2 + ~ log 2 )  ~ - 1  - -  1 
2 ~ 1 + ~ log 2 

1 >  1 
l + : ~ l o g 2  I + ~  l o g 2  

5 log "2 

1 + 2 log "2 

On subs t i tu t ing  q(G) = 1/o and  ~ - 1/K we are led to the  e s t ima te  

> log 2 
~ ( 0 . ) = ~ ( e  1) (12) 

which is va l id  for suff ic ient ly  large e. 

To prove  our  conten t ion  t h a t  p(1 + s l o g  2 ) > 0  we make  use of the  inequal i t ies  

e x ~ l ~ ,  x a n d ( 1  + x )  - ~ > l - ~ x . W e o b t a i n  

( 2 + c ~ l o g 2 )  1 - ~ = ( 2 + ~ t o g 2 )  2 ~ 1+ .~  l o g 2  

"~ (2 + ~ log 2) ( 1 -  ~ log 2) 1 - ~ l o g 2  

> 2 - ~ l o g 2 - 0 c  2 ( 1 +  log 2) l o g 2  

and  fur ther  
(e log 2 )  1 e - -  ~ log 2 (~ log 2) -~ 

> e log 2 (1 -- e log e -- ~ log log 2). 

W h e n  these inequal i t ies  are a d d e d  we f ind t h a t  p(1 + ~ log 2) > 0 as soon as 

log 1 /~  > 1 + log 2 + log log 2, 

1 
i.e. if ~ < - -  �9 

= 2 e log 2 

Hence  the  es t imate  (12) is va l id  for o > 4e + 1. 

6.  T h e  S u f f i c i e n c y  P r o o f  

6.3. I t  r emains  to f ind an upper  bound  for K when Q is given. To this  end we mus t  

cons t ruc t  expl ic i t  quas iconformal  mappings  with a given b o u n d a r y  correspondence #. 

We define a mapp ing  [(x, y) - u ( x ,  y)+ iv(x, y) by  
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1K x - t  / t ( t )d t=  K~( t )~ t (x+y t )d t  I 

i ,  ;l ,x t, ; j 
where the kernels K1, K2 are given as follows 

I(  l ( x ) = [  �89 for - l < x < l  

for Ixl l ' 

We observe 

K,~ (x) = K 1 (x) ~ign x. 

ues  # (x), 

(13) 

t ha t  /(x, y) is defined by a l inear  operat ion on the bounda ry  val- 

/ X - -  t 
(K = K 1 +irK2). 

which we shall use later to make the di la ta t ion as small 

K1, K 2 the defini t ion can be rephrased as 

[# (x § ty) +/~ (x - ty)] dt 

(l.4) 

[# ( x + t y ) - / z  ( x - t y ) ]  dti 

The cons tant  r > 0 is a parameter  

as we can. 

Withou t  use of the nota t ions  

I 

u ( x ,  y ) = ~  . 

0 

1 

v (x,  y)  = ~ . 

0 

6.2. The following properties are evident:  u and  v are defined and  cont inuous in the 

closed half-plane y _> 0,v > 0 for y > 0, and u (x,0) =/~ (x), v (x,0) = 0. Hence / (z) has the 

r ight  bounda ry  values. 

As to the behavior  at  oo we see tha t  u(x, y)--~ + oo for x ->  t-c<)andu(x, y ) - - > - o o  

for x--> - ce, uniformly in y .  Similarly, v(x, y)--~ + c<~ for y--> + co, and  the convergence 

is uniform when x is restricted to a finite interval .  We conclude tha t  ] ( z ) ~  oo for z~cx~. 

I t  will be seen tha t  the Jacobian  of the mapping  is always positive. I n  view of this 

fact, and  by  vir tue of the bounda ry  correspondence, it  is a simple mat te r  to show tha t  

the mapping  is au tomat ica l ly  topological, and  tha t  the image of the half-plane, y > 0 is 

the whole half-plane v > 0. 

6.3. We shall have to determine the part ial  derivat ives of u and  v at  a point  (xo, Yo), 

Y0 > 0. I t  is easy to prove tha t  the derivat ives of a convolut ion of the form used in (13) 

are given by 
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~x -~- K ( t ) # ( x + y t ) d t = y  K ( t ) d # ( x + y t )  

9 fK(t)~(x+yt)dt=~ tK(t)d~(x+yt). 
~ Y .  Y 

C o n s e q u e n t l y ,  if we i n t r o d u c e  t h e  n o t a t i o n s  

we o b t a i n  

1 0 

~:yo d#(Xo ~yot), t~=yo 
0 1 

/ / / , 1 t d # ( x o + y o t ) ,  fl, 1 . . . .  ~ t d # ( x ~ 1 7 6  
YO 0 1 

u z = ~ + ~ ,  u~=~'-fl' 
v~ = r ( ( z -  fl), vy=r(:r247 

(15) 

On s u b s t i t u t i n g  these  va lue s  in  (1) we f ind  

1 ( ~ § 2 4 7 2 4 7 2 4 7  2) 
D +  D -  2 r ( :c fl ' § cc' fl ) 

(16) 

I t  is to  be  n o t e d  t h a t  a,  fi, ~ ' ,  fl' a re  a l l  pos i t ive .  Th is  s u b s t a n t i a t e s  our  c l a im  t h a t  

uxvy - uyvx = 2 r ( ~  fl '  § ~r fl) > 0. 

6.4.  S ince  ~ (t) =/~ (x 0 § Y0 t) sa t i s f ies  t h e  s ame  e - c o n d i t i o n  as/~ (t) we lose no  g e n e r a l i t y  

if we choose  x 0 - 0, Yo = 1 in  (15). I n  o t h e r  words ,  i t  a m o u n t s  m e r e l y  to  a change  of n o t a -  

t i on  if we r e p l a c e  (15) b y  

1 0 

0 - -1  

1 0 

0 --1 

B y  m e a n s  of t h e  e - c o n d i t i o n  

1 # ( x + t ) - # ( x )  
- <  --<e (17) 
e t t ( x ) - # ( x - t )  

we o b t a i n  a t  once  : r  :r (18) 
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6.5. Corresponding estimates of ~'/:~ and fl'/fl are a little less obvious. We prove in 

this respect: 

LEMMA. T]~e ratios ~' /~ and fi'/fi lie between 1/'(9 i l) and ~/(~ -i- 1). 

For  the purpose of proving the Lemma we m a y  assume tha t  # (0) = 0,/~ (1) -- 1. Then 

1 

r162 i- f # d t ,  
0 

and we have to prove tha t  
l 

- - - -  ~ # d t S  ~ �9 (19) 
~ o + 1 -  ~ ~o§ 

Let  Co be the family of all # which are normalized by #(0) = O, #(1) - 1 and satisfy 

(17) for points x - t, x, x + t contained in the interval (0,1). We set 

M (x) = sup /~ (x). 
;~eCo 

I t  is clear tha t  M ( i )  ~ / ( ~  + 1). Furthermore,  it follows from the definition of 

M (x) tha t  

M(x) <_ M(�89 0 <_ x < �89 

M( �89189  O g x 2 � 8 9  

Hence M(x) + M (  1- + x) ~ M(1) + M(2x)  

1 1/2 I 

and f M ( x )  d x =  f [ M ( x ) + M ( � 8 9  M ( 1 ) + � 8 9  fM(x)dx. 
0 0 0 

We conclude tha t  
1 1 

# d t <  M ( x ) d x g M ( � 8 9  + 1 
0 0 

The left-hand inequali ty in (19) follows on replacing #(t) by  1 - / t ( 1  - t ) .  The same 

bounds for fl '/fl are found when we replace # (t) by  - # ( - t). 

6.6. We simplify (16) by writ ing ~ r  fl'=~//~. Then 

D-~ D - 2 r ( ~ + ~  ) ~ ( 1 + ~ 2 ) + - ( 1 + ~  2) ( l + r 2 ) + 2 ( 1 - ~ r ] ) ( 1 - r ~ )  , 

and the point  (~, ~1) is restricted to the square 

1 

~ + 1 ~ , ~  �9 
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Because of the  s y m m e t r y  we m a y  suppose t h a t  ~ > z]. Unde r  this  condi t ion our expression 

has i ts  largest  value  when ~/fl  a t t a ins  i ts  m a x i m u m  9- Hence  we f ind t ha t  

1 
D + ]5 --< F (~, ~) (20) 

where  F (~, ~) - a (~, ~1) ~- b ($, ~) r, 
r 

( e + l )  2 ? ( 9 ~ - ~ ] )  2 b(~, ~1)_(9--1) '~ (95 ~-~) 3 

a (~, ~j) - '2 (~ + ~) ' 2 (~ + V) " 

The funct ions  a (~, ~) and  b (~, zt) are  seen to  be convex (from below) for ~ + ~ > 0. 

Hence  the  m a x i m u m  of F ( $ ,  ~1) in the  t r iangle  under  considera t ion  can only be a t t a ined  

a t  one of the  ver t ices  

(1 1)( o 1) 
9 + 1 '  ~ + 1  ' 9~--1 'e~--1 or 9 + 1 '  9 + 1  

W e  denote  the  values  a t  these  po in ts  b y  F~, F 3, F a  respect ive ly ,  and  set F~ = ai/r + b~ r. 

6.7. W e  have  a l r eady  p roved  t h a t  the  d i l a t a t ion  is bounded,  for i t  follows from 

(20) t h a t  

1 
D + ] 5 <  m a x ( F  1 , F  3, F3). 

I t  remains  to  de te rmine  an expl ic i t  bound  b y  su i tab le  choice of r. 

I n  order  to  t r e a t  th is  technica l  quest ion we compute  

( 9 -  1 ) ( 0 2 + 3  9 §  

a l - a 3 =  4 ( 9 + 1 )  

bl _ b3 = ( 9 -  1) ( g a -  9 -  4) 
4 (9 + 1) ~ 

( 9 -  1) (94+3  93+ 8 92+ 3 9 +  1) 

a l  - a a =  493 (9 + 1) 

( 9 -  1) ( 9 5 -  9~ + 3 9 +  1) 
b 1 - b 3 = 4 93 (9 + 1) 3 

I t  is seen t h a t  a 1 - - a  3 and  b 1 - b  a are bo th  > 0 for Q > 1, and  hence F1 > F 3 for all  r. 

Consequent ly ,  we need only compare  F~ and  F 2. 

The inequa l i t y  F x > F 2 holds if 

(al--a2) ~-(bl-b2)r2~O. 



THE BOUNDARY CORRESPONDENCE U57DER QUASICONFORMAL MAPPINGS 139  

The min imum of F 1 is a t t a ined  for r = Val/bl, and  we conclude t h a t  this  m i n i m u m  is g rea te r  

t h a n  the  corresponding va lue  of F 2 if 

(a, - %) b 1 § (b I b2) a I > 0. 

Af te r  a l eng thy  compu ta t i on  one f inds t h a t  this  expression equals  

( ~ - l )  ~(~§247 
8 (~ + 1)a 

and  hence t h a t  i t  is indeed posi t ive.  

Accordingly ,  we have  p roved  t h a t  

§  l = 2 V a  l b l ,  K 

and  hence t h a t  K _< }/a 1 b t ~ V'a~ b I - 1. 

We prefer  to replace this  compl ica ted  resul t  b y  the  s impler  i nequa l i t y  K ~ o 2 announced  

in the  theorem.  To obta in  it., i t  is sufficient  to show t h a t  

( ' ;  4 a l b t ~  ~2+~.2 �9 

Expl ic i t ly ,  this  inequa l i ty  reads  

(~ - 1)(3~o 7 + ~6 -i- 895 + 1294 4 e - 4 ) > 0  , 

and  i t  is obviously  sa t is f ied for all o > 1. 

7. Absolute Continuity 

7.1. I t  has been an open quest ion whe ther  the  b o u n d a r y  correspondence induced  

b y  a quas iconformal  m a p p i n g  is a lways  given b y  an  abso lu te ly  cont inuous  funct ion fl- 

Our Theorem 1 reduces th is  quest ion to  one t h a t  deals  only  wi th  monotone  funct ions  of 

a real  var iable .  The answer  is in the  negat ive ,  and  even the  following s t ronger  s t a t e m e n t  

is t rue:  

THEOREM 3. There exists a quasicon/ormal mapping o / the  hall-plane on itsel/ whose 

boundary correspondence is given by a completely singular [unction ,u with ~ (tt) arbitrary 

close to 1.1 

1 We wish to acknowledge that Mr. Errett Bishop has also constructed a function which 
satisfies a ~-condition without being absolutely continuous. The construction that we shall use is 
essentially different from his. 
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F r o m  a f u n c t i o n - t h e o r e t i c  v a n t a g e  p o i n t  t h e  m o s t  s t r i k i n g  consequence  of th i s  theo-  

r e m  is t h a t  t he  d i s t i n c t i o n  b e t w e e n  sets  of zero  a n d  p o s i t i v e  h a r m o n i c  m e a s u r e  is n o t  

p r e s e r v e d  u n d e r  q u a s i c o n f o r m a l  m a p p i n g s .  

7.2.  L e t  ~ > 1 be  g iven .  W e  choose  an  i nc r ea s ing  sequence  of n u m b e r s  o,,, 1 < o~ < ~, 

a n d  a f i xed  n u m b e r  ~, 0 < ~ < ( ~ i -  1)j ' (~l  § 1). 

W e  a re  go ing  to  c o n s t r u c t  a n  in f in i t e  s equence  of i n t ege r s  0 < n I < n 2 < ... w i t h  t he  

p r o p e r t y  t h a t  t h e  f u n c t i o n s  ,u~(x), de f i ned  b y  

v 

# , , (x )=0f  ~l~I 1~ (1 + 2  cosn~x) dx, 

sa t i s fy  ~ (/&) _< o, a n d  conve rge  to  a s i ngu la r  f u n c t i o n  # (X) w i th  ~ (#) _< ~. 

To s i m p l i f y  t he  n o t a t i o n  we shal l  use  t h e  s ame  s y m b o l s / ~ ,  ~nd  l~ for  t he  c o r r e s p o n d -  

ing i n t e r v a l  a n d  se t  func t ions .  Since  

p,.~ ~ (x) = i (1 + 2 cos n,.: ~ x)/u,((x) dx 
o 

< /~+1  (oJ) ~ 1 + 
we h a v e  1 - ) . =  ,uT(0 ) ) - :  

for  a n y  i n t e r v a l  ~o. F o r  a n y  p a i r  of i n t e r v a l s  co, co' we o b t a i n  

1 - ) ~  < /~,, ~ 1 (co) #,, (~o) 1+)~ 
1-~-),--tl~l(o./)~ : - - - - - / t ,  (~o') "-< 1 - ) ~  " (21) 

7.3 .  W e  can  choose  an  a r b i t r a r y  n 1 > 0, for  i t  is obv ious  t h a t  Q (/q) < (1 + 2) / (1  - 2) 

< O~. S u p p o s e  t h a t  na , . . . , n , ,  h a v e  been  d e t e r m i n e d .  I f  

i - 1  

2~ 

t h e n  f #~ (x) cos n,.~lxdx=O. 
0 

F o r  th i s  r eason ,  a n d  b y  R i e m a n n - L e b e s g u e ' s  L e m m a ,  

3~ 

f ~ :  (X) COS nv+i x d x - - > O  
o 

when  n,,-1-->o0, u n i f o r m l y  for  all  x. H e n c e  #~+1 t e n d s  u n i f o r m l y  t o / ~ .  

L e t  ~o a n d  o~' d e n o t e  t w o  n e i g h b o r i n g  i n t e r v a l s  (x - t, x) a n d  (x, x § t) of l e n g t h  t. 

S ince  #~ (x) is u n i f o r m l y  c o n t i nuous  we can  f ind  ~1,, > 0 so t h a t  
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l + ) t  1 _ < f f . ( ~ o ) < l - - 2  

1 - ) .  q,,+l ff~ (aY i = 1 + ) .  ~.+1 

whenever  t <~/~. Toge ther  wi th  (21) i t  follows t h a t  

1 ,u,+l(w)_<e.+l 

q,+i ff.+1(r 
(22) 

under  the  same condi t ion  on t. 

Because if,,+1 tends  un i fo rmly  to  #~, and  because ~(#~) =< ~ < ~+a, we can choose 

n,+l so t h a t  (22) is also t rue  for t > ~/,. I n  o ther  words,  we can choose n,,+l so t h a t  ~ (ff~+l) 

< ~+1. I n  addi t ion ,  we can and  will make  sure t h a t  

1 
I if,,+1 (x) - i f ,  (x) l < (23) y2 .N,, 

for all  x. 

7.4. F o r  v~>oo the  sequence {#,~} converges un i fo rmly  to a non-decreas ing l imi t  

funct ion  p.  I t  is clear t h a t  ff (0) = 0, ff (x + 2~) - / t  (x) + 2z ,  and  ~ (if) ~ ~. W e  claim t h a t  

,u is pu re ly  s ingular .  

To see th is  we wri te  
oo 

g ( x ) =  log (1 + 2  cos x ) =  ~ 7ke~'~, 
oo 

where  

a n d  oo. 
-oo 

if Y 0 = ~  l o g ( l + 2 c o s x )  d x = - a < O  
0 

W e  de t e rmine  q so t h a t  

ik l>q 

a eikx Then g ( x ) <  - 2  + ~ yk 
1_-<.1 k I:.<q 

and  log ff~ (x) = ~ g (nj x) < - + ~ ~k e 'knJ ~ j=l 2-  (241 
l < l k l < q  = 

- va+qb,(x) .  
2 

The Four ie r  expans ion  of r conta ins  a t  most  2 q,, d i f ferent  powers,  and  in each te rm 

the  coefficient is 
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' f  Hence  ._~ . r dx "/5 '2 q~ S 2. 

0 

As a resul t  the  subset  of (0, 2 7~) on which r > a v/4  is of measure  < c/r, where c is 

a cons tan t  t h a t  depends  only on 2. Because of (24) this  set conta ins  the  set E ,  defined 

b y  the  inequa l i ty  
a i1 

~: (x) > e - 7 .  

Consequent ly  the  measure  m(E,.) of the  l a t t e r  set t ends  to 0, while on the  o ther  hand  

# (E,.)-->2 ~. 

W e  make  use of the  fac t  t ha t  #'~ (x) is a t r igonomet r ic  po lynomia l  of degree _< N~ = 
i, 

: ~ .  hi. F o r  this  reason E,., considered on the un i t  circle, consists of a t  most  N,. 
1 

arcs. F r o m  (23) we ob ta in  ]f~(x)- / , , . (x) l<l / (v-1)N, , ,  and  we conclude t h a t  

i#(E~)--/i,,(E,.)l < 1 / ( v -  1). Hence  / . t (E~)-+2u,  and  since m(E,,)--~O i t  follows t h a t  /t 
is pure ly  s ingular  on (0,2~), and  consequent ly  on the  whole real  axis. 


