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Introduction.

This paper continues the work of our previous paper!, with which we shall as-
sume that the reader is familiar. There we were mainly concerned with finding the
inhomogeneous minimum M (f) of a rational indefinite binary quadratic form; and
occasionally the methods yielded also the second minimum M, (f). We show here
that our methods may be extended to deal with the problem of finding an enumerably
infinite sequence of minima.

This problem has been solved for the particular forms z2+zy—y? and 22— 242,
by Davenport [1] and Varnavides [2] respectively. The method used by these authors
is synthetic, and has the disadvantage of giving no information en the values of
M (f, P) close to (but less than) the limiting value M’'=1lim M (f, P).

We consider in sections 1 and 2 the norm-forms 22— 1142 and z2+zy—3¢2.
The first of these was chosen as the simplest form whose second minimum was not
easily established by the methods of our previous paper. We obtain for it, in
Theorem 1, a result precisely analogous to those found by Davenport and Varnavides,
with an additional clause on the existence of a non-enumerable infinity of incongruent
points P with M (f, P)> M’ —¢; and we may regard this as an entirely typical result.

In Theorem 7 of our previous paper, we proved that for the form z?+zy— 32
the first minimum M (f) is taken at both rational and irrational points; its behaviour
might therefore be expected not to conform to the usual pattern. We show in fact,

1 “The inhomogenecous minima of binary quadriztic forms (I)”, Acta Math. Vol. 87, 1952. Refer-

ences to literal theorems and to the bibliography reier* to this paper.
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in Theorem 2, that the enumerable sequence of minima extends below M’, and
establish the complete enumerable sequence.

The proof of these two theorems uses the ideas and general results of our
previous paper. It should be noted, however, that the fundamental concept is not
that of a point but of a point-series, i.e. a point and all its transforms under posi-
tive and negative powers of the fundamental automorph 7. This distinction was
not made previously, since we were mainly concerned with points fixed under a
small power of T.

In section 3 we establish two general results on the set of values of M (f, P),
and make some conjectures. Finally, in section 4, we indicate how our methods may
be extended to higher dimensions.

We wish to express our indebtedness to Dr. J. W. 8. Cassels for his criticisms
and encouragement.

1. Throughout this section we shall write

fz, y)=22—11¢2 E=z+yV11, 1]=x,—yl/l_1.
t=10+3V11-=19.9498 ... 7' =10—3V11=0.0501. . .,
, 10 33
r '( 3 10)’
so that T is the fundamental automorph of f(z,y) and 7 the fundamental unit of
the field k(Vl—l), and we have f=&9, v7'=1.

Theorem 1. With the notation above, we have

3125
_193s 1, -
Mzc(f)~22 209 Mk-3 To4g e (k=3,4,...) (3)
where
LAH+8 _ p-8k-3
Mk = 5xr —_—sk=i’ (4)

T T

(3711111 —11 684)
3971

Mo (f) = lim M, () = > =0.785689 . . .. (5)
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All these minima are attained, and the points at which M (f, P)= M (f) form a
patr of conjugate point series of f@'nite order, generated by the points + P, where

17 .
P~ (é, 2—2) (6)
98
p,- (o, -2—05) (1)
. ,l_lltk,;; 133*63/1,}0‘3 -
P,F( fua, 1520 ) k=3, 4, .. ), 8)

(except that for k=1,2 the two series comncide). There are thus 2 distinct points (mod 1)
for which M (f, Py=M,, 6 for which M (f, P)=M, and 4 (3 k—Db) for which M (f, P)=
=My (k=3,4,...). The points for which M (f, P)= M, form two conjugate infinite
pownt sertes generated by the pownts + P., where

(9)

b

P :(3Vﬁ-9 189 V11 — 497 '
o 2 418

However, for any fixed >0, the set of points P for which M., (f)> M (f, P)>
>M(f)—e has the cardinal number of the continuwm, and includes an infinity of

ratronal points.

These results are exactly analogous to those for 22+ xy — 2 and 22— 2 y2, though
Davenport and Varnavides have not given the results corresponding to the last two
sentences of Theorem 1. In order to make the argument clearer, each main step
has been stated as a separate lemma. The lemmas represent, however, successive
steps in a single argument, rather than distinet results which have to be combined
to prove the theorem.

We shall assume the portion of Theorem 1 contained in (1) and (6), which is
in fact the special case n=1 of Theorem 4 of our previous paper. We could clearly
obtain this again with the rest of Theorem 1, but it is convenient to have the
precise upper bound for M (f, P), in the application of Theorem B.

Lemma 1. If M (f, P)>0.78, then P lies (mod 1) 4n one of the three regions

Ri: 14554 <£<1.7125, —0.7125<py< —0.4554,
R::2.6041 <£<2.8613, —1.8613<y< —1.6041,
Rs:1.5221 <£<1.7945, - 1.7945 <9< —1.5221.

Moreover, the same is true for T" P for every tinteger n.
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The number 0.78 has no special significance; we could equally choose any num-
ber near to but less than M, (f). This will be clearer after Lemma 3, in which the
bounds for the three regions are refined to values which appear natural in the
problem and which do not directly depend (as the bounds above do) on the con-
stant 0.78.

The regions R;, Rz are each symmetric about z=1 and are images in y=1%;
the region R; is symmetric about z=0 and about y=4. It is therefore sufficient to
prove the lemma for points of the region 0<z, ¥y <1, since it can then be extended
to the whole unit square by suitable reflections.

Suppose that

P=(z, y) has M (f, P)>0.78 and 0<z, y<i.
It is impossible that f(xr—1, y)>0.78 for this would require

0<1ly?=(z—1)*~f(z, y)<1—0.78=0.22
and therefore
[f(z, ¥)|=|22— 11 42| <max (2, 0.22) < 0.78.

Thus we may take f(z—1, y)< —0.78, which is
(E-1)(np—1)< —0.78. (10)
We now consider the two possible alternatives for f(z+1, ):
() f@+1,9)=(z+1)2—1142>0.78.

Then 11 y2< (z+1)2—0.78 < 2.25 — 0.78 = 1.47, so that £ <3 +1/1.47 <1.7125. Now since
(E+D)(np+)=f(x+1, y)>0.78, this gives

_ 078
= 97195

—~1>0.2875—-1= —0.7125.

. 0.78 0.78
Now it follows from (10) that §>1—_7]+1>1.7125

+1>1.45b4, and since =z

IA
ol

112> (1—2)2+0.78>1.03, and so
n=2—yV11<0.5-V1.03< —0.5148.
These bounds on &, 5 together show that (z, y) lies in Ri.
(i) fe+lLy)=&+1)(n+1)< —-0.78.

We have trivially & <& (4, $)<2.1583, and therefore

7 < —1.2469.
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Now [(z—2, y—1)=(2+V11—-&) (2~ V11 —u). If this is negative, the second factor

must be so and we have
|[f(z—2, y—1)|<(2+V11) (VY11 -2 - 1.2469) < 5.3167 x 0.0698 < 0.78.
But this is impossible, and we therefore have
fx—2, y—1)>0.78. (11)
This gives 11 (1—y)?<(2—2)2—0.78 < 3.22, whence yV11>1.5221,
E=x+yV11>1.5221.

Substituting this back in (11) we find

0.78 0.78

2-V11—9> — >
g 2+V11—¢ 3.7946

>0.2055, 5< —1.5221.

On the other hand, it is trivial that 5> —3V11> —1.6584; and since &—z=
=2y V11<V11, we have £<1.7945. These bounds on £. n together show that (x, ¥)
les in Rs.

This proves the Lemma.

These bounds are very rough, however, and we have next to improve them as
much as possible. For this we must know something about the behaviour of T" P
for given P.

Lemma 2. Let M (f, P)>0.78. Then, using (z, y) co-ordinates,

(i) of PeER),, TPeRy+(154) or TPER:+(15,4);
(i) o PER:, TPeR+(27,8) or TPeR;+(288);
(iii) ¢ P€Rs, TPeR;+(17,6) or TPeRs+(15,4).
There are similar results for T‘IP, which may be deduced from these im-

mediately.
The bounds in Lemma 1 give us:

In Ri, 0.3714<2z<0.6286, 0.2879<y<0.3655;\]
In R:, 0.3714<2<0.6286, 0.6345<y<0.7121; (12)
In R;, —0.1362<x<0.1362, 0.4589 <y < 0.5411. J

The transformation 7T is equivalent to multiplying & and dividing % by =.
Thus 7 Ri is 29.0349 < £ < 34.1643, —0.0358 <7 < — 0.0228 whence, since & —# =2y V11,
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4.3806 <y <5.1559. Now from Lemma 1, T P € R;+ (z,, y,) for ¢=1, 2 or 3 and some
integers z,, ¥, Comparing the bound here for y with (12) we see that

either 1=2, y,=4 or 1=3, y,=4.

Moreover, since T P—(zy, y,) €Ri, n(T P)+y,V11—x, must be an admissible value
for  in R;, and a comparison with Lemma 1 gives (i) of Lemma 2.

(i1) now follows from (i) by simple reflexion in the point (3, 3).

T R is 30.3655 < &< 35.8001, —0.0900 <z < —0.0762, from which it follows that
4.5892 <y < 5.4107. Comparing with (12) and then considering possible values of 7

as above, we now obtain (iii)) of Lemma 2.

Lemma 3. If M (f, P)>0.78, then P lies (mod 1) in one of the three regions
Ri:dg<&<ihy, 1—-A<np<l—Ay;
Ry 14+V11—A <E<1+VI1—1, A,—V1l<y<i, —V1l;
Re: Vil—Ay<é<ly, —A<n<ity—VII;

where

67+ 39111 59+ 39)11 13+63V11
=TI ; VT oIV A . 2 176148 ..
A 196 1.55832..., 4, 1% 1.49482..., 1, 126 1.76148

Each region Ri is contained in the corresponding Ri of Lemma 1.

Corollary. Lemma 2 still holds if every Ri is replaced by the corresponding Ri.

The point series defined by (1) and (6) has no points in R, and satisfies the

conditions of Lemma 2. Thus the two cases
PeRi, TPeR;,+(15,4) and PER,, T PeR;+(27,8) (13)

of Lemma 2 are certainly possible, and there exist points in Ry, Rz with M (f, P)>0.78.
First, if there are no points in R3 with M (f, P)>0.78, then only the two cases (13)
of Lemma 2 can occur, and we can easily deduce from them that if P€R;, 7' P€
€Rs+(—6,1), and that if PeRs, T-'PeR;+(—18,5). Now Theorem D’ shows that
the only points with M (f, P)>0.78 are those given by (6), in which case Lemma 3
can easily be verified. ‘

Hence we may assume! that R; contains points with M (f, P)>0.78. Let the

1 We could also have shown this from the point series generated by (7), but this would have
been anticipating the subsequent course of the proof.
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upper and lower bounds of £, taken over all P€R; with M (f, P)>0.78, be i; and
A; respectively. By symmetry, the bounds for % in Rj, and for & # in R, must
take the forms given in Lemma 3, writing 4; for A; throughout. Similarly, if 1; is
the upper bound of & over all P€R;s with M (f, P)>0.78, the remaining bounds in
Rs must take the form shown. We have from Lemma 1

1.7125> 21 > 43> 1.4554,  1.7945> 25 >1V11 > 1.6583. (14)
Now it follows from Lemma 2 that
Min {164+ 5V11— 24, 15+ 5V11 - A]<74s,
741 <Max [16 +5V11 — 15, 15+4V11+45];
Min {27 +8V11+ 243, 28+ 9V11 - A]<t(1+V11-2)),
7(1+ V11 —A3) < Max [27 +8V11+Af, 28+ 8V11+4;];
Min [17 +5V11+ 23, 16 +5V11 - Aj< v (V11 —23),
7hs<Max [17+5V11+ 41, 16 +5V11—A;).
We may resolve the Max, Min by (14), and we find that these six inequalities become
T+ A <164+ 5V11,
TAs+As> 16+ 5V11, (15)
TAs— A <17+ 5V11,
each twice repeated. Eliminating any two of A7, A3, A5, we deduce that

MS67+39Vﬁ’ /1;2-5“39’/5, 1§<13+63Vﬁ
126 126 - 126
and these results prove the first sentence of Lemma 3. The rest now follows by
comparing these bounds with those of Lemma 1.
The Corollary is trivial. Since we shall henceforth work with the regions R; of
Lemma 3, rather than the R of Lemma 1, future references to Lemma 2 will be
to 1t as affected by the corollary.

We note that the A; satisfy the equations (15) with equality, i.e.
TA A =16+ 511, TAy+Ag=15+5V11, 16)
Thy— A, =17+ BV11.

It is convenient to break up R, into smaller regions. For this pprpose we define
Rij(4,7=1,2) as the set of points P for which 7-'P€R, (mod 1), PER,, T PER,
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(mod 1). It follows from Lemmas 2 and 3 that if M (f, P)>0.78 and P €R,, then

P lies in one of the four R;;. We next show the stronger

Lemma 4. If M(f, P)>0.18, P€R, then PERy or P€Ryy. These regions are
Ry V11— <E<Ay, ~Ay<y<i,—V1l;
Rap VIl —Ay<é<d, —A<y<iy—V11.
By Lemma 2, R,, is the set of points common to TR, —(15,4), Ry and 7' R, +
+(5,—-1)=T"[R,+(17,5)]. Now from Lemma 3, T R, —(15,4) is
Tl — 15— 4Vl <E<Ti,—15—4)11,
T (1 —A) - 15+ 4Vil<p<r i (1-A)— 15 +4V11,
which reduce by (16) to
VIl-A<&E<1+4V11—12, —Ay<n=<i —VIL. (17)
Similarly T7'R, + (5, —1) is
T 5~ V1l<E<t ' A4+ 5-V11, z(1-4)+5-Vil<y<t(l—2A)+5+VI1I,

which reduce to

VIl 2, <&<hy, A—1-V1l<yp<i,—V1L. (18)
Also R, is .
VII = Ay <E<ly, —Aa<n<iy—V1l.

A comparison of these three results gives the bounds for R, stated in the Lemma.
We may in the same way obtain the bounds for R, above and those for R,,, Ry

below : o —
R12:V11~'13§§S11, _A3S7]§21-V11;

R VIl—A<&<ky, —A<n<i,—V1L.
Now consider! in Ry, f(z+5, y—2)=(E+5—2V11) (y+5+2V11). Since &<, <
<2V11—-5<1.6333, we have
|[f(@+5, y—2)| <A+ V11 —5) (4, +5+V11)
< 0.07812x9.875
=0.771435 < 0.78.

1 To consideér this apparently obscure hyperbola is equivalent to considering f(r—1, ¥ —1)
for the point in Rz congruent to 7' P. That this last is a natural thing to do will be clear from the
proof of Lemma 8 below.
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Thus M (f, P)<0.78 for P€R;y; by reflexion in (0, 3), the same result holds for
PeR, ; this completes the proof of the Lemma.

We now define a point P as admissible if, for each n, T" P lies (mod 1) in some
Ri(1=1, 2,11, 22) and either PER, or P€Ry. By Lemmas 3 and 4, for any P
with M (f, P)>0.78 there is just one admissible P*= + P (mod 1). We now define,
for all admissible P,

J’ 1if T"*'*PeRyy or Ry, (mod 1),

n = &n Py=
o )= i i peR, or B, (mod 1).

It i1s clear that to every admissible P there corresponds the doubly -infinite
sequence {a,} of elements 0 and 1, in which two consecutive terms cannot both be 1.

Conversely we now show:

Lemma 5. Giwen any doubly-infinite sequence of elements 0, 1, such that no two
consecutie elements are both 1, there is an admissible P which has this sequence for
its {an}, and P is uniquely defined.

For the proof of this Lemma, we need the intermediate

Lemma 6. Consider any one of the sixz following cases :
() PeR,, TPeR, +(154); (i) PeR,, TPeR, +(27,8);
(i) PeR,, TPeR,+(154); (iv) PeR,, TPeR,+(2838);
(v) P€Ry, TPeR, +(17.5); (vi) P€R,, TPER, +(154).

In each case, the set of points P satisfying these conditions forms a parallelogram with
sides &= const, n=const; the bounds on & are those given by the condition on T P, and
the bounds on n are those given by the condition on P.

(i) and (ii) follow at once from (16); (iii) and (v) from (17), (18) and the ex-
pression for R;; in Lemma 4; (iv) and (vi) by symmetry from (iii) and (v) respectively.

Now we could clearly write in each case of Lemma 6 TP €R; (mod 1) instead
of TPeR;+(m, ), for we can obtain the z,  from Lemma 2. Let us now write
P™ for the point congruent to 7" P (mod 1) which lies in one of R,, R, Ry, Raa-
Lemma 6 now states that if the conditions P € R;,, P € R, are compatible (as given
by Lemma 2, or restated as the six cases of Lemma 6), then the only restrictions
they put on P are the bounds for & obtained from R: and those for 7 obtained
from Ri,. It follows from this by induction that if in the doubly infinite sequence

of conditions P™ € R;, (— oo <n<o0) every consecutive two are compatible, then all
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are compatible and define P uniquely, the & co-ordinate being given by the behaviour
of P™ as m— + 0o and the 5 co-ordinate by the behaviour of P™ as n— —oco.

To prove Lemma 5, it remains to show that the sequence {«,} of clements 0
and 1 corresponds to just one doubly infinite sequence of conditions on the P™
compatible in pairs. Now, from Lemma 2 or Lemma 6, we must have ‘qfn=1 or 22
for » even, 2,=2 or 11 for n odd. It follows at once that the only possible sequence
of 1, is

11if ,,=0, n even;
2 if ap, 1=0, » odd;
11 if e 1=1, % odd;

22 if ap-1=1, n even;

and that with this definition, the conditions on two consecutive P™ are compatible
(remembering that two consecutive 7, cannot both be 1). This proves the Lemma.

Lemmma 7. Let P be admissible Then using (&, n) co-ordinates, P is given by
(; 2721/_1—} ?(—r Xn_1, § 22V11~ > —)t ) Further, P™ 45 given by
(,ul+ -1 i: " Xman-1s Mz*(—l)"m§1(~r)1’mocnfm)

where Uy, u, are given by
P™ER, or Ryt pty= 2 53 1/11 ﬂz—%—272 V11;
P™ER,: Yy = ;%Z V11,  pp= ; % D)1
P™ER,: yl——%+;gV11 = ; 22l/_l

Let the point given by the formula be P™ = (&,, 7,). Then after the uniqueness
clause of Lemma 5 it is enough to prove that
(i) P™ lies in the same R; as P™,

and
(i) if P®=P™, then P"*P=P"* and conversely.

If P™¢€R,, then n is even and «, 1=0. Hence

-2 o ~1 0

l_T—ézgt_zm g /"1——1 2____2,’:1-2111’




The Inhomogeneous Minima of Binary Quadratic Forms (II) 289

-1 o 0 -2

-7
1-2m = -2m

=27 =Yg = — 2T = 3"
1-7 2 ; N — Mg % 1—7¢2

10 1 10
These reduce to —V11>§n> 2+ 33 Vll, 5 33

P™e€R,. Similarly for the other three regions.
Now suppose P™®=P™¢R,. Then from Lemma 2, remembering that = is even,

—V1lz7,>1 V—l 80 that by Lemma 3,

P<"+1>—TP<"> (15+4V11, 16—4V1])

1 15
Umin-1, 2 22

I

(9 22ﬁ+z(— "g(’—z V1l —z(—1)" z( ) a,,_m)

1 15 n+1‘:’° — a\-m
(2+221/11 wn+(—1) ;( 7)™ tmyns
1 15 il -
5 22V—i an—(—1) “?(—1:)l an+1~m)
=P(n+1)

and this argument can clearly be reversed. Similarly for the other regions. This
proves the Lemma.

Lemma 8. ILet P be admissible, and write
M3 ()= ME = ( VIi+s +z(—z)* St 1) (%Vﬁ$—12-+z(~r)l-manvm)-
1
Then M (f, P)=Min{ M3}, taken over all n and both signs.

It is clear that every M% >0, since both factors are positive.

By Theorem B, the set of values less than ~—-M1 (f) taken by f at points

congruent to P is the same as the set of values less than —272 taken by / at points

(z, y) congruent to some P™ with

W <44, |y|<0.6572. (19)
From this and |2®—114%|< 22, we deduce also that

o 247

2 |z] < 2.3694, (20)

44°
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We must now find which hyperbolae we need to consider in each of the four regions.

We write a suffix n for the co-ordinates of P™,
(i) P™eR,. Then from Lemma 3
28— 1<&—ma=29.V11<22, -1,
whence 0.2999 <y, <0.3192; and by (12), 0.3714 <z, <0.6286. Thus by (19) and (20)
we need only consider f(z,—2, yn), f(xa—1, y), f(Zn, yx) and f(z.+1, y,). But
|f (xn—2, yn)|=|(én—2) (77n~2)|2(2¥21)(1 +25) > 0.441 % 2.494 > M (f),
f@nt 1y =[(Ea+1) (g + D= (2- 1)) 1+ 25)> M (f),
so that we may neglect these two; for the other two we have
F@n—1, yn) =Mz, f(2n, ya) =Mz,
since # is even.
(i) P™€R, By symmetry from the previous case we need only consider

f(fl'n_l, yﬂ—1)=M7‘:r f(zn, yﬂ‘l)zM;'

(iii) P™€R;. Then we have an_1=1, an.s=a,=0, so that

- 7 1, Tt 7 1 72
My < (22V11—§—r +1_7_2) (ﬁm +é+1_1—2)

< 0.5053 x1.5580 < 0.79.

But since- P* P €R, or R,, the earlier parts of the proof of this Lemma show that
we have M (f, P)<M,_,<0.79, so that in R, we need consider only values less than
0.79. We now show there are none such.

In Ry we need consider, by (12), (19) and (20), only

f(xn, .7/71); f(xn, yn_“l), f(znil’ ?/n), f(wni], yn_l):
F (@2, yn), f(@nt2, yn—1).

By the symmetry of R; we need consider only one function from each group. Now

we find

| @ns )| =1&nma | > (V11— 202> M ();
1@ =1, )| == 1) (g~ 1) | 2 (VT1 = Ao = 1) (1L~ Ay + 1) > ML (f);
|1 @0 =2, gn) | =1 (62— 2) (5~ 2)| = (2~ 29) @ +VI1~ 1)
> 0.2385 x 3.5551 > 0.8478 > 0.79.
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To conclude the proof, we need merely remark that if P™ € R, then My =
=f(Tn, yn— 1), My =] (xn+1, yn—1); whileif P € Ryp, M7 = f (¥n, yn), Mn = [ (%n — Lys).
Temmas 5 and 8 at last give us a sound algebraic basis on which to work.

We have obtained in the course of the proof the further results:
Corollary 1. If the sequence { o, } contains any elements 1, M (f, P)<0.79 <M (f).

Corollary 2. In evaluating the Min in Lemma 8, we may confine ourselves to
those n for which an_;=0.

It follows from the first of these that the first minimum corresponds to the

sequence o, =0, as may be verified by direct calculation.

Now write @n,=ou_,, so that the sequence {&,} is the reverse of the sequence
{an}. Then if o, 1=0,

7 1 & 7 1z
+ [ - _ -m o = — -m = ] 7—-71, =\ .
M; () (22V1‘1+2+§( ) amn,l) (22Vﬁ 2+§( T) a,,,,,,,l) M;_.(@);
so that by Lemma 8 and Corollary 2 we find the more symmetric form
M (f, P)=Min[M; (), M (@)], (21)

which we shall use henceforth.

Now we want a simple rule for comparing the values of two M, (x); and since
changing n in M, («) is equivalent merely to starting the doubly infinite sequence
{a,} in a different place, it is enough to compare Mg (x), Mo (f).

Lemma 9. Let {a}, {8} be two sequences satisfying the conditions of Lemma 5.
Let the terms be written, for comparison, tn the order

-1, g, K2, &7, KX-3, Xy, . . .

B-1, Bos B2 Br, B3, P - -
and let o, Pr, be the first distinct pair. Then Mg (x)— Mg (B) has the sign of

(= 17" (ar, = Br).

Write
70— 1 2
5(&)32—2V11—§+§(—t) %n—1,
(@)= YT+ L4 S (—pn
K 22 974 %
so that

M () =M (B)=&@) (@)~ EB)nB)=&@) {n() -5 ()} +n(B){£(x)—£(B)}.

19— 523804. Acta mathematica. 88. Imprimé le 16 déccmbre 1952.
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It is easily seen (cf. the proof of Lomma 7) that for any sequence {a}

10,— 1 31 10— 1
g?—’l/ll—és&(_oc)s%l/l_l—l, 3—3V11+§

31, —
<p(e)< o VII+1. (22)
66
Let 7,>0, r,<0 be the values of 7 nearest to 0 on each side for which « #f;, so
that 7y=7, or 7, according as 7 +7,< —2 or > —1. The first non-zero term in
E(x—p) is given by n=r+1, and the first non-zero term in n(x—pf) by n= —r,

Hence, since

1~r*1—r“2—---=9_m, 1+‘L’71+‘L’72+"-=3+V11,
6 6
we deduce that
9-¥11 . 3+V11
T = Be) @B < ]

/il /i =
SN ey w2 |

If ro=r;, we have 7 +7,< —2 and it is easily verified from (22) and (23) that
[& (@) (g =@ <]n6) (E@-EB)I,
and so My (x)— Mg (B) has the sign of &(a)—&(B), ie. of (—7)*" (ar,— fr,)-
Similarly, if ry=7r,, we have r;+7r,> —1 and
& (o) (7 ) = B> 9 (B) (¢ (0 —&B);
and so Mg (x)—M; () has the sign of #(x) =% (f), i.e. of (=)™ (ar,—fBr,).

We must next consider sequences {x}. To save space, we write [ ] to indicate
that the set of elements inside the square brackets is to be repeated % times. In
the special case k=oo, the side(s) of the brackets on which oo lies will represent
in which direction(s) the infinite repetition happens.

After Corollary 1 of Lemma 8, we may assume that not every «, is 0. We look
for those sequences {«} giving a larger Min[M, («), M, (&)] than the sequence

{a®}:  [100]100001 [001].,. (24)
This sequence is symmetric, and it is easily seen from Lemma 9 that the least

M; () occurs when «5”=1, preceded by four elements 0. Thus for the corre-

sponding point, taking n =0 for convenience,
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(L d et ) (e )
M(f,P)—Mo—(22V11 577 +7 T+ 22V11+2+1- 74

7.— 1 7% 7 = 1 1
(Tl TN (T o1
(22”1 2 r3+1)(22'/11+2+r(r3+1))

the value we have asserted for M. (f). We shall call a sequence strongly admissible
if it has an M (f, P) not less than this, ie. if M, ()= My () for all n.

We shall now obtain certain conditions on strongly admissible sequences. In
each case we use Lemma 9 to show that My («°?)> M (), when {a} satisfies some
condition and the starting point of it is suitably chosen.

By taking in each case «, as the element in heavy type, we find that no

strongly admissible sequence can contain any of:
L1010, .. L. 1000100 . . » ...00001000 ... ...000001001...

or the reversed subsequences. It follows from this that every strongly admissible
sequence is made up of blocks of 001 and 00001, and that we cannot have two
consecutive blecks of the latter sort.

Now suppose that a strongly admissible sequence contains
... 00001 [001], 00001 [001], 00001 . . .
and, taking o, to be the 1 in heavy type, compare My (o) with My (). The first

terms which are different, before and after «, are azn;3=0 and «-3,-s=0. Thus
from Lemma 9, for the sequence to be strongly admissible we must have
n<m+1, 3xn+3 even (and so n odd)

or
nzm+2, 3m+8 even (and so m even).

By considering the reversed sequence, we must have in the same way

m<n+1, 3m+3 even (and so m odd)
or
m=n+2, 3n+8 even (and so n even).

Comparing the parity conditions, since we cannot have both m>n+2 and n>m+1,
we must have n<m+1, m<n+1, m and n both odd, whence m=n.

Thus the only possible strongly admissible sequences are
(010> c[001]co, o[100]100001[001],0, [00001 [001]ss1]e (=0, 1, 2, . .).

It only remains to find M (f, P) and a generating point for each of these sequences.
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The sequence . f[0]. is already known to be that given by (1) and (6) — the
first minimum.

For the sequence .[001],, we have at once

_(L Y e V(i e s
—(22Vﬁ 57 +T T+ 22111+2+r T+

T 3125
( V11~é~1+1)( V_H + 3+1)‘3971'
The generating point, in (£, ) co-ordinate 's( Vil+ v 17 -5
& e potns, 1 ts, 1 1naves, 1 P12 23 ?+1)’
. . . 9 65 .
which reduces, in (z, y) co-ordinates, to 19’ 209) - The transforms by T' of this are
98 10 65 . .. . ..
(0, 2—09) and ‘(1—9: 209), with their images in the origin.

For the sequence [100]1100001[001], we have already found M (f, P). The
) i (&, ) co-ordi-

nates, which reduces, in (z, y) co-ordinates, to (31/1;‘9, 189@‘118_ 497).

. .. 1 7° 1
point series is generated by ( Vll—f-é—; 511 Q_—2_2F 3+1

It remains to study the sequence

[00001 [001 T2 % +1]oo-

It follows from Lemma 9 that M (f, P)= M, («), where ay=1 is preceded by four

elements 0. This gives, remembering the definition of ux in (4),

0
z(_z,)wnan_lz(_r—l_{_rwl_”‘+T—6k~4)+(_r—6k—9+_._+T*12k—12)+‘_.___
1

- - —6k— k- He
=(—g = Y (1 8+~--)=*1+_r,3,
and similarly
S (g o P
g( T e 1+7°

Thus

M(f,P)=M6(oc)=(zl2Vﬁ‘glg—1 )( 2 1+ )

19 325 1

2
T2 2097 T 74z
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The corresponding point is, in (&, ) co-ordinates,

(G311 - VT -2,

2 1+7% 2 22 1+ 78

. e tepe . - 133 - 63
which simplifies, in (z, y) coordinates, to (1 2‘“ k, 3418 “ k)-

Thus the possible Strongly admissible sequences have the values of M (f, P)
given in (1), (2), (3), (5), and are obtained from the corresponding point series
specified by (6), (7), (8), (9). All that remains is to arrange these minima in de-
creasing order. This we could do from Lemma 9; but it is simpler to argue as follows.

. . 19 _3125_19 325 1,
We can verify directly that 997997133 209 ”"—?942 ué. Moreover

5(3711V11-11684) 19 325 . 1

3971 22 200" 7942°

All the results we want now follow from the fact that ux is monotone increasing and
tends to 771, ’

It only remains to prove the last sentence of the theorem. It follows from the
proof of Lemma 9 that if o, =g, for all |n|<mn,(¢), then | My (a) — My (B)| <&. From
this, we deduce that all sequences consisting of blocks 00001 and 001, with the
00001 all very far apart, have M (f, P) very near M, (/) — aud less, by the main
result of the theorem. The number of such sequences has the cardinal number of
the continuum, and there are an infinity of them which are periodic and so correspond
to rational points.

This concludes the proof of the Theorem.

2. Throughout this section we write

f(x’ ?/)=w2+3xy—‘y2,‘ §=x+3_‘|—_2l/‘]§y’ n=m+i_2V13y’

3+V13  , 3-V13 (o 1)
T= T = N T—_—- »

2 2 13

so that T is the fundamental aytomorph of f(x, y)=£&%, and v is the fundamental
unit of the field % (/13), with 77/ = —1.

0 +1
F1 O
{(z, ¥) has not one conjugate as in the previous section but three: (—z, —y), (y, —2)

Owing to the existence of the trivial autemorphs ( ) of f(z, y), any point

and (—y, «). However, a point series may have 0, 1, 2 or 3 distinct conjugate
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point series, and if they are finite they need not all be of the same length, as we

can see from the example

B (33 Gy

We know already that /(z, ¥) cannot, in its chain of minima, behave exactly
as x2—11¢?% for Theorem 7 of our previous paper shows that M, (f) is taken for
two distinct types of point series, one rational and the other irrational; but if we
ignore this distinction we could state a Theorem very similar to Theorem 1 above,
whose proof, as we shall see, wounld be relatively simple. However, the analogy
breaks down when we come to the last sentence of Theorem 1, for we find that
there are only an enumerable infinity of values of M (f, P), each corresponding to
one point series and its conjugates, in a neighbourhood of M, (f). Thus we may
continue the investigation below M., (f), obtaining the more complete result of
Theorem 2 below.

Theorem 2. With the notation above, let us write

M=t M-t

M,=26—4V13’ M1v=51V13--17f _ 517165

13’ 39 26 13 (25)

Then there are constants My, (k>0), My (k>0), My (h,k>0), My’ (k>0), M,, M,, M/
alone being rational, satisfying
M,>My>My>My> - >M > >M;>M;
>My >MyY > > My3> My 3> M)
>My > My > > Mys> My 5> M3/, : (26)
> ..
> MY,

with limit points

M =lmM,, M =lmM;,, MY=limM,=TLnMy"
k—o0 h—>oc0 k->00 k—oo
such that the set of values of M (f, P) not less than M™ is precisely the set of numbers
in (26). Any such value of M (f, P) is taken only at the points of one point series and
tts conjugates — finite of M (f, P) s rational and infinite otherwise; except that M,
18 taken both at four rational points and at the points of four infinite conjugate point
series. All these values of M (f, P) are attained except M,.
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On the other hand, for any fized >0 the set of values of M > M (f, P)> M"Y —¢
has the cardinal number of the continuum, and contains an infiwity of values taken

at rational points.

The precise values of My, M), M;’, My, will be obtained below (equations
(34), (36), (39), (41) respectively) together with the points that generate the corre-
sponding point series.

The proof of Theorem 2 is basically similar to that of Theorem 1, and we shall
set it out similarly as a chain of lemmas. To save space, where the proof of a
lemma is sufficiently similar to that of a lemma in § 1, we shall omit it, giving

instead a reference.

Lemma 10. If M (/, P)>;11', then P lies (mod 1) in the region

and the same s true for T" P for every integer n.
Moreover, if PER, then

TPeR+(0,1) or TPER+(0,2),
and
T'PeR+(—1,0) or T'PER+(—2,0).

This is the analogue of Lemmas 1, 2 and 3.
In the unit square 0<z, y <1 we have
O0<é<l+r, 3—T<gy<l.
Now in the region 0<&<1, 0<n<1 we have |f(z, y)l=]§n]§i or |[f(x—1, y)|=
;}—E; according as &+#7<1 or £+5=1; thus we may neglect this

and the three conjugate regions,

=[(1-81-n)l<

t<é<t+l, 3-T=<n<4-r7;
0<é<r, 3-1<n<0;
1<é<t+1, 4—1<9<l;

and we have only to consider

R :1<é<t, O<p<d-7.
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Now since yV13=&—7, zV183=19—7' E=vy+(r—3)& we have in R’
7-3<yV13<7, v—-3<zl13<7. (27)
But TR is t<é<7®=37+1, ¥ (4—1)=13—-47<9<0, so that
1<yV18<77-12, v—38<zV/13<t. (28)

Comparison of (27) and (28) shows that the transformation laws stated in Lemma 10
for R hold already for R’; now an argument analogous to that of Lemma 3 shows

that we can reduce R’ to R, in virtue of

(1+1) 1+7
T 3 =—T7

3

and the three similar equations. This proves the Lemma.

As in the previous section, we define P as admissible if, for every integer ,

I™ P lies in R (mod 1). Thus by Lemma 10 all points with M (f, P)>217 are admis-

sible. For any admissible P and any integer », we define P as the point of R
congruent to 7" P (mod 1).

We now subdivide B. We define the four regions R;(1=1, 2, 3, 4) as the set
of points Pe R for which

Ry: TPeR+(0,1), T7'PeR+(—1,0);
R,: TPeR+(0,1), T'PeER+(—-2,0);
Ry: TPeR+(0,2), T 'PeR+(—1,0);
R,: TPeR+(0,2), T 'PeR+(—-2,0).

Transforming the equations in each line by 7, 7 respectively, and comparing, we
find that for admissible points P,

if PeR, then PY€R, or R, and P"P€R, or R,;
it PeR, then PY€R, or R, and P"V€R, or R,;
if PER, then PY€R, or R, and P"V€R, or R,;
if PeR, then PPY€R, or R, and P"P€R, or R,;

We now define, for all admissible P,
{ 1 if P€R; or R,
Ofn“‘xn( = .
0 if P™€R, or R,
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Lemma 11. Given any doubly-infinite sequence of elements 0, 1, there ts an ad-
misstble point P which has this sequence for its { a, }, and P ts uniquely defined (mod 1)
by the sequence. Moreover, using (&, n)-coordinates, P™ s given by

o0
+ 2T ™ i, -2

(1Jrlr S 47
3 m=0 3 m=1

(=" ann)

The proof of this is similar to the proofs of Lemmas 5 and 7, the existence
and uniqueness corresponding to Lemma 5 and the actual formula to Lemma 7.
If we denote the coordinates of P™ by a suffix », the actual formula may be veri-

fied from the equations
Enin=t1&— T+ ), Nun=7"1+a)—7 " %n
We note that the conditions for P” to lie in any particular R; are as follows
Rt =0, a1=0; R.: ay=0, a 1=1;
Ryt wy=1, a_1=0; Ryt ap=1, ay=1.
Now the three conjugate points to (£, %) are respectively (1+7—§, 1—7 ' —p),
(I1+vy, 1—772¢) and (z—77, v €—7""); and we may now deduce from Lemma 11,

with a little algebraic manipulation, that the three points conjugate to {«,} may
be obtained from it by the operations

(i) write 1,0 for 0,1 respectively;

(i) write 1,0 for 0,1 respectively when % is even, and then interchange «,
with a_, 43

(iii) write 1,0 for 0,1 respectively when # is odd, and then interchange «,

Wlth A_n-1.

We have next to find which hyperbolae we need consider; in other words, to
obtain an equivalent result to Lemma 8.

Lemma 12. If P is admisstble and P™ 15 (€4, 0,), then

M (f, P)=Min | ()]

taken over all n, where fn(a)=(&n—on-1—T %) (R —tn_y+7 ' ctn).

In other words, if P™ lies in R;, R,, R, R, respectively, then we need only
consider f(z, ), f(x—1,9), f(x, y—1) or f(zx-1, y—1) respectively.
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1t is easily verified that Lemma 12 holds for the known set of points at which

M(f, P)=M,(f)

=é—; a result which follows at once from f(%, :13) =% and the conju-
gate results. Thus in Theorem B we can take K=7Z, so that the bound we obtain

. 1 3 5 4
is |y|<§, and so ]x+§y|<(—;, |x|<§

g:

. 1+ . 1 1 _
Now in R we have x+1:y=§2_—§f, so that if y<-, z>-; and z— 1 y=

3 3
27t . 1 2 . e 2
=n< , 5o that if y<§, x<§. Using also the similar results when y>3, we
find that we need only consider f(z, ¥), f(x—1, ¥), f(z, y—1), f(x—1, y—1). We can

2741
3 >

deduce either from Lemma 11 or from the definition that in R, and R,, § <

so that

— 47-8 2, 2
yV13=F—n<>" 8=-37(V13~~1), y<3
so that in R, and R, we need only consider f(z, v), f(x—1, ).

- 27—1
In R, we have EZIJ?:T, nz%g, so that |f(z, ¥)|=&n=> t

>;‘1§. If P™eR,

we have to separate cases. First if PP € R,, then since Zni1="¥n, Yni1=2n+3¥yn—1,
we have
F@e—1, yn)= —f(¥n, Tu+3yn—1)= — [ (Tn41, Yn11),
478
3

3

a value which is already being considered. Second if P™*V€R,, then &>

so that

. 47—-11 47—11 137—407_1
@=Lyl = - (A= —x—g— =g >3

Thus in neither case need we consider f(z—1, y). With the similar results for R,
and R,, this proves the Lemma.

We have now to find a rule for comparing two values of f,(a); or, which
comes to the same thing, for comparing f, (x) and f,(B) for any two sequences {a},
{B8}. It will be seen that replacing {a} by any of its three conjugate sequences
leaves |f,(x)| unchanged; so we may assume for our purpose that a«y=a_1=0,
Bo=PB-1=0, in which case f,(x)>0, f(8)>0.

Lemma 13. Lot f =1, f.1=B,=p,=0, and let a_1=0o=0. Then either of

the two following sets of conditions
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(1) X-2= O,

(i) oa.g=a_g=a,=1,
ts sufficient to ensure that fo(x)>fo (8)>0.

In fact we have

1+7 172 4—7 773 8—1 br—16 417—133
f"(ﬂ)s( 3 +1~T-1)( 3 1—‘1-2)" 3 T3 T T g '

[

Also in case (i)

1+7\ (4—¢ ¢ 1+7 37—11v 26-77
= (157) (55 - - BT T )
since 7 < 145—89; and in case (ii)
1+ \N(4-71 o 5 t*' ) 4r—8 28v—92 848256«
fo(a)2< 3 +7 )( 3 T+ 1= 2] = 3 X 3 - 9 >f0(ﬂ)
since <g8—1-
T

As in the previous section the element «, of a sequence {«} will be printed
in heavy type. The comparison sequence {#} in Lemma 13 is ... 1000.. ., and

its three conjugates are, by the rules above, ,..0111..., ...1011... and
... 0100 . . .. The two possibilities for { « } not covered by the Lemma are . . . 1000. ..
and ... 01001 ... In the latter case we have

a@l=| (54 S 1) (5= S e wa=1) =l @,

since 7 (%2) = p:)}-_l and 7~ (%) = - é%-r But if P?is {as }, PSP is ... 01001 ...

which is a conjugate bf ... 1000 ... Hence we deduce

Corollary 1. If {«.} contains none of the subsequences 1000, 0111, 1011, 0100, then

417—-133 _1 .
— otherwise not.

M (f, P) has a higher value than

Corollary 2. If {an} contains at least ome of the subsequences 1000, 0111, 1011,
0100, then in Lemma 12 we need only take the minimum over those values of n for
which oy is the third term of one of these subsequences.
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Obviously our first concern must be with those sequences that satisfy the condi-
tions of Corollary 1; but we shall find that it is also necessary to consider other
sequences, and so we next set ourselves to find selection rules analogous to Lemma 9.
In this case, the selection rules are not complete (and it is in fact difficult to make

them so0); but they are sufficient for our purpose.

Lemma 14. Let {«}, {B} be two sequences both containing ...1000 .. .; and

let —mny, n, be the greatest megative and least positive values of n for whick on7# fn. Then
(1) of m<my+1, fo(@)—fo(B) has the sign of (=) (x-n,—B-n);
(1) of m=my+3, fo(2)—fo(B) has the sign of (n,~ fa,);
(@) of (=) Hoaon,~Bon) =1 and on,—fa, =1, o (2)>/y (B).
In the obvious notation, f, (a)= &, (o) 7o (a). Then

fo (@) = fo (B) = &0 () { o (o) — 239 (B) } + 100 (B) { &0 () — &0 (B) ), (29)

and in this we must find estimates for the four expressions on the right. In fact

8—71 T-27 51—16
- =<

and

pd

( _l_i) (a)—-a&o(ﬁ)lsr‘"”(“ﬁ)’
) )

713”5(;22333 T2, (30)
Ey (@)= & () 2 T+1 )
7o () — 7o (ﬂ) 3

It M =Nyt 1 we have | & (@) {7 () =70 (B) } | = |90 (B) { &0 (@) — & (B) } | with equality
only if there is equality both on the left in (30) and on the right in (31). But in

this case we must have & (a)= Lﬂ <& (B) and 1, (B) = 51; 10

terms on the right of (29) have the same sign. Thus in any case f, (x) = 1o (B) has
the sign of &, () {170 (®) — 7o (B)} which has the sign of (=) (t—n,— B-n,). This
proves (i).

<|n (a)—no(ﬁ)lsr‘"*(H-

T—

ot

from which we obtain

T—2¢<t’e ™

(1)

> 1o (), when the two
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Again, if n;>n,+3, we have from (30) and (31)
[&0 () {770 () =730 (B) } | <70 (B) {&0 () — &4 (B) }],

so that by (29) f,(«) —f,(8) has the sign of #,(B8){&,(«)—& (B)} which has the sign
of (otn,— fn,). This proves (ii).

(i) is trivial, since each factor of f,(«) is larger than the corresponding factor
of f,(8). It is only useful when »n,=n,+2, since otherwise it is contained in (i)
or (ii).

We next consider the sequences satisfying the conditions of Corollary 1. We
use, for sequences {«,}, the notation of a square bracket and suffix already defined
in § 1.

Lemma 1%. There are precisely an enumerable infinity of sequences {an ] which
do not contain any of the four subsequences 1000, 0111, 1011, 0100. They are given by

w0[0]oos  [01[10]0;  o[1100]e, o[0J[1100]cs, 0e[0][1100] [10]eo, o[0][1100]c 11[01].,

where wn the last two cases k>0, k>0 respectivelyl, and the conjugate sequences.

Since the subsequence 1000 is excluded, any sequence containing 000 must extend
to the left merely as [0]. By conjugacy, similar results hold also to the left of
111 and the right of 101, 010.

Now suppose the sequence {«,} contains 1100. Then we select any one such
occurrence, and take the longest subsequence of alternate pairs 00 and 11 containing it.
This must take one of the forms

00{1100], 11, 00[1100%, [1100], 11, [1100],

where % is so interpreted as to include the possibility of extending to infinity on
either or both sides. Suppose first that this subsequence is bounded on the left and
begins with 00. If the previous term is 1, the one before it can neither be 1 (giving
another pair, against our assumptions), nor 0 (giving the excluded subsequence 0100).
Thus the previous term is 0 and, by the remarks above, the whole of the subsequence
to the left must be simply .[0]. By conjugacy, we can now deal with the cases
when the subsequence begins with 11, or when it ends with 11 or 00. Thus all

1 We suppose k finite. If k= % we may interpret the infinite repetition as extending in either
direction, and obtain in each case a sequence which we are already considering explicitly. It should
be noted, however, that we are not entitled to deduce the value of M (f, P) simply by letting & tend
t0 o, since this is equivalent to inverting the order in a double limit.
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sequences containing 1100 (or, by conjugacy, 0011, 1001, 0110) are included in the
list in the Lemma.

We now consider sequences satisfying the conditions of the Lemma which do
not include any of these four subsequences. We may suppose that such a sequence
contains 00, for it must contain at least one of the four conjugates 00, 11, 10, 01.
Since the sequence cannot contain either 1000 or 1001, the previous term must be 0,
and so the subsequence extends to the left as ,[0]. Thus, either the sequence is
w[0]w Or 1t begins [0]1. In the latter case, since we can never have a further
00 or 11 by the previous argument, the sequence must be [0][10])..

Conversely, all the sequences given in the lemma obey the conditions.

We have now to evaluate M (f, P) for these various sequences. In each case
the relevant point may be found from Lemma 11. In particular, the points corre-
sponding to the first three sequences of Lemma 15 are respectively, in (&, n)-coor-

dinates,

1+7 4~r) (1+2r 4—1) (91+6 33—-97
3 3 ) U3 "3 ) Uiz’ 13 )

and so, in (z, y)-coordinates,

(,1, 1) (_@H V13+_1) (E 3).
33/ \3/13 213 137 13

Thus (by Theorem 7 of our previous paper) they represent the two types of point
_4
13

(We could also, of course, have obtained the minima for these point series in the

series at which M (f, P)=M, (f)= %, and the point series at which M (f, P) = M, (f)

same way as we shall do below for the other sequences of Lemma 15.)
We next consider the sequence [0][1100]., defining, for reference, oy as the
last 0 in [0]. We may clearly ignore any values of |f,| in which one factor is at
1+ ' 4—7 : 1
least —3;[ and the other at least —3—1 , since the product of these is M, (f)=§'
In particular, for this sequence we need only consider |f, (x)| when n>0. Now by

Lemmas 11 and 12

= 271 1477 [27-5 -3 ___—4 = —an|
fro 0= = {5 L (B8 oy T
27+2 1+77%) (827 ~ W
f“”*z(“):{ 3 _1—1“4}{ 3 _(71_74)%’4_’”%’
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. =2 T i+77%) (v—1 4 e _4n}
frs @)= ~ (S5 L T - ey S ),

147 z7l4+77% (4—7  _ e
f4N+4(°C)={ 3 -+ 1_74 }{ 3 —(t Pt 3)%‘{ ¢ }’

where N >0 in each case. It follows from these that Min|fswn.o(e)|, Min|fsyes ()]

. 4 .
and Min|fsy:4(x)| are all taken at N=co, and are thus at least — by comparison

13
with [1100],. Again, Min|f, v («)] is taken at N=0 and is
47—6 27-5 38-87 . 4
hE@l="g= =75 ~M'<j

Thus for this sequence (and its four conjugates) M (f, P)=M’.
We next consider the sequence «[0][1100]x[10]w, defining «, as above. By
conjugacy |fu (@) =|fsx+1-n («)|; and as above we need not comsider |/, ()| for n<0.

Thus we need only consider fyn.1(a), faw+z () (0<N<k). For these we have, by
Lemma 11,

o f27-1 IR Sl {21—5 P
fawer (@)= 3 (1+77%) % T 1_1—2}X 3 +(t T )%T }»
2719 g ENeL e
f4N+2(0()={— 3 —(1+7 3) 20: Tt ———1—:—1_—_—2—}><
«[8-27

N-1
_ (1’_..1 - 1—4) z 1—471 — T~4n—1 } R
0

\

Now it is easy to see that |fiy.s(x)| is greater than the corresponding |fsy+s ()]
for the sequence ,[0][1100],. above, and so a fortiori greater than —1%3; thus we may
neglect it. Also, in |fiv.1(x)| both factors are increased by increasing N, so that

M(f, P)= ~fi (@)= {2’3"5} {2’;1*(1*-1'1) (1117;j4k)”1i:f2}=

=M 4tk ( (32)

11#23)‘
117

We argue similarly with [0]{1100]c 11[01]... In this case conjugacy gives
|fu(@)|=|fsn+s-n («)], and we need conmsider only fawi1(2) (OsSN<k) and finis(a)
(0<N<k). In these cases we find
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2 _1 kE-N ~4(k—N)-3 __5 N-1
fanei (@)= — { 13 “(14-1'71) % ,[~4n_'5_1::—_2__} {213 +(ti3~—5‘4) % T_4n},
+1 k-N —4k-NADY (4 N
fanva(e)= {T_’“+(T‘1+T—2) Sooint —,T} {J*(t"z—r‘?’)zr‘“}.

3 0 l1—-7 3 <

Now |fews+s (@)| is greater than the corresponding |fiw.s ()| for the sequence

4 . .
-~ : thus we may neglect it. Again, In

»[0][1100],, and so a fortior: greater than 135

|fs w41 ()| the first factor is

21—1*1+r_1_1‘4(k‘N“) __1+1’1 :47_6_1,-40:-1\1)-2 T+b
3 1-7% 1-7z% \" 11¢¢? 13 39

47—14<¢

39
that Min |fsn+1(a)| is attained either at N=0 or N=Fk, the two extreme values
of N. But

T e | B ()]

. 41—-6 .
and the second factor is ~—‘£13——1:‘4." ( ) It is clear from these two results

3 13 39 117
| Farsr ()| = 2 13_ 5 { 411; 6_ 74k (17%914_1)}:]", . (11;—1—72—3) )
so that
M(f, Py=M'—77**2 (l—l—%ﬁi))) . (33)
If we write
My=M +(—v%F (11;;723)7 (34)

then (32) and (33) show that M (f, P)=M;, or My, respectively; and 2k, 2k+1
are the number of alternate pairs 11,00 not included in the semi-infinite ends ,,[0]
and [01], or [10]..

In view of Corollaries 1 and 2, we have now proved that part of Theorem 2
which is concerned with the top line of (26). This is the most interesting part of
the Theorem, since it shows that f/ does not behave in the same simple way as the
other quadratic forms that have been investigated. It will be clear to the reader
that if we had only been concerned to prove this -much, we could have simplified
the work in several places (as well as omitting Lemma 14, which, is only useful
later). We shall in fact sketch an alternative proof of Lemma 15 — the crux of
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the argument — on lines which make the cause of it much clearer and enable us
to dispence with the «, altogether.

We define the region Rix (¢, 4, k=1, 2, 3, 4) as being the set of points P for
which P€R;,, TP€R; (mod 1), T7'PeR, (mod 1). It may be verified that there
are just 16 such regions, and (for admissible points) any one of them is defined by
specifying o s, ®_y, @, and o, Moreover, if P is admissible and P® € R}x, then
PP eR,;, where =1 or 3if j=1 or 2, A=2 or 4 if j=3 or 4. Corollary 1 now

becomes

Let P be admissible. Then the necessary and sufficient condition for M (f, P)>
- 417133

5 is that no P should lie vn any of Ris, R, Ris or Ris.

In this form, the result can easily be proved in the same way as Lemma 4. It
remaing to show that there are only an enumerable infinity of point-series satisfying

this condition. We group the remaining twelve regions as follows

Si: R, 52,
S:: R, 30,
S3: Ris, 1 ‘R§3, R,
Sit Rl Riss

S . 1 4
5 11, 445

It may now be easily verified that

(i) if P? lies in a region of §;, then P™ lies in a region of some §; with
j<i;

(i) If P®, PP lie in regions of the same §;, then the region in which P®
lies uniquely determines the region in which PY lies.

From these it is clear that if #; (which can be + o) is the greatest » for which
P™ lies in some §; with j>4, then the whole route, and so P9, is determined by
the integers = (=2, 3, 4, 5) and.the regions in which P™?, P™*D Le. Thus the
routes depend on the n; and a finite number of choices, and so form an enumera-
ble set.

A more detailed consideration of the possibilities (which are most simply repre-
sented diagramatically) gives the whole of Lemma 15. It will be seen that though,
for example, R}, and RZ are conjugate, they play essentially different roles — which

is bound up with the fact that (0 “§) does not commute with 7.
20 — 523804, Acta mathematica. 88. Imprimé le 17 décembre 1952,
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We have now to consider sequences which do not satisfy the conditions of

Corollary 1.

Lemma 16. For the point series defined by the sequence ,,[001110110[0011].
we have M (f, P)=M". Moreover, the last sentence of Theorem 2 holds.

We shall for convenience define oy as the first 0 in [0011],. Now, by Corol-
lary 2, we need only consider in Lemma 12 the cases n= —3,0; and these are
conjugate points which give the same |f.(a)|, so that we need only consider the
latter. Thus

1 -2 -3 — —5_ .6
M(f:P):{TZ +7 +?4}I4 T*r"z--%T"3+E~—~J~4--}

1—1 | 3 R

_41+7X1131—371_511~165:

v
13 13 13 LA

The other result in the Lemma follows at once by the same argument as the corre-
sponding result in Theorem 1, since both the semi-infinite ends of the sequence
giving M are made up of an infinite repetition of the same subsequence (unlike
the sequences of Lemma 15).

We now define a sequence as strongly admissible if for the corresponding point
series we have M (f, P)>M" and the sequence contains one of the subsequences

1000, 0111, 1011, 0100. We now obtain some properties of strongly admissible

: . . 1
sequences by using Lemma 14, noting that MIV>1.

Lemma 17. Suppose a strongly admissible sequence contains 1000. Then it con-
tains 1t as part of the subsequence 0011011000110; and similarly for the conjugate

subsequences.

For convenience of reference we take a, to be the second 0 of 1000. An im-
mediate application of Lemma 14 (i) shows that « 3=1. We next see that «a_,=0
and «,=1, since any other pair of assumptions conflicts with one of the parts of
Lemma 14. Repeating this argument, we have further «_;=1, az=1. Thus 1000 is
certainly contained in 101100011. By conjugacy, 0111, 1011 and 0100 must be con-
tained respectively in 010011100, 011011000 and 100100111.

Now the sequence we are working with cannot have «,=1, since it would then
contain 0111 in a manner inconsistent with our last result; therefore we must have
ay=0. Since the sequence now contains 1011, we can insert the result for it, and

this gives us the whole of Lemma 17.



The Inhomogeneous Minima of Binary Quadratic Forms (IT). 309

Now let us consider any strongly admissible sequence {«,} containing 1000.
Let —mn,, n, be the greatest negative and least positive values of n for which «,
is not the same as for the Dbasic sequence in Lemma 16. Thus by Lemma 17,
n =9, ny,=bH. We see at ohce that the cases n;,=0,2 (mod 4) or n,=0,2 (mod 4)
are impossible, since one of the subsequences 1011, 0100, 1000, 0111 would then
occur in a manner inconsistent with Lemma 17.

Applying Lemma 14, we find also

(1) if ny=1 (mod 4), then n,>n,+1;

(i) if #y,=3 (mod 4), then n, <n,+3;

(i11) we cannot have n,=1 (mod 4), n,=3 (mod 4);
and to these we may add the conjugate results

(iv) if ny=1 (mod 4), then n, <n,+7;

(v) if ny=3 (mod 4), then n,>n,+5;

(vi) we cannot have n,=1 (mod 4), n, =3 (mod 4).
Thus the only possibility is

n,=ny=1 (mod 4), n;=n,+4.

Let us write, for convenience, n,=~4k+1, n,=4k+5 where £>0. Then the portion
of {on} which is the same as the basic sequence is [0011], 01100[0110],. We con-
sider how this may be continued on the right.

We know that oyr.i=on,=1, by definition. Now there are two possibilities
for ogr.q:

(i) osr+2=1. We have now the subsequence 1011; and by Lemma 17 and (35)
the sequence must continue (starting at oux.:) 1100[0110],, with the same value of
k as before.

(1) o4r+2=0. It may easily be seen that the rest of the sequence is simply
[10].. since any other continuation would contain a subsequence 0100 or 1011 in a
manner inconsistent with Lemma 17.

Thus, using conjugacy, we have
Lemma 18. The strongly admissible sequences are precisely
»[001110110[0011]00,  o[0110[0011Tx]eo,  oo[0] [0011]: 0110]..,
(0] [[0011], 0110], [0011]x [10] 0,

(where h=>0, k>0)2, and their conjugates.

1 We suppose &, k finite, for the reasons already stated in the footnote to Lemma 15.



310 E. S. Barnes and H. P. F Swinnerton-Dyer.

The first of these sequences has been discussed in Lemma 16. It therefore only
remains to find the values of M (f, P) for the other three and to arrange these values
in order. We shall write the minima for the last three sequences as My, My, M.,
respectively.

We first consider M;. By conjugacy, all the values of |/, ()| which we have

to consider (after Corollary 2) are equal, and we have

" j1+r*r’2+1"3 T~4k—1¥_’:—4k—3} [4—1 '571—'[’2* A
e R T L T L () N S P g L)
w_j7+41+(9r+3)‘5‘4k‘41 [19—-47  30-97 }
L 13 L-g 5t [ 713 It
B S R i e CE S Lo
13 13 1—7 13 T—g4Ft (1 — gtk 4y

*% +’W 4k -4 _ —-4k—4)2' (36)

T

177 51VB(1_+;4“)_ g tr
11— (1

M, is obviously rational, since it is generated by a periodic sequence, i.e. a rational

point. Also, by Lemma 14, or directly from (36),
My > M, My>MY, lim M, =M". (37)
We next consider My, taking for convenience oy to be the last 0 in [0]. By
Corollary 2 we need only consider those f, () for which
n=4k+2 (mod 4%k+4), n>0 or n=1 (mod 4£+4), n>4k+4;
and it now follows from Lemma 14 that the least |f, (x)| is given by n=4k+2;
and consequently that

My >M, >M;,,, lim M. =M". (38)
We have also

o t+1 77 42 1—772 4—7 (r’2~1’3)(1—r*4k)}
M “*< R P +1~f“*1_7}{*3 T g

_ {113~321_3(T~3)r’4k‘4} j7r~17+(51~14)174k}
- 13 1—7 %% [ ] 13 39

174-51¢ =%t  (T—7)v** 47-147 T F
— wv_ -+ T-C . T [
=M A P L R Y 13 1- gtk

1 274
v —dk _ ).
=M+t (T~1) (39 1_1«4;%4) (39)
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Finally we must consider My%. If we define «, as before, as the last 0 in

»[0], arguments similar to those above show that My s =|fix:2(x)|, and we may
deduce by Lemma 14 that

1223 122 rr 11t 11 . rre 14
My > My > Mo, Minar>Me s, %nn My, =M . (40)
—>00

The inequalities (37), (38) and (40), with the results already obtained, complete the
proof of Theorem 2. Tt only remains to calculate My, and we find

7+1 v leg2 1772 rl’“(k“)[
ZI/I/// _ _ _ 4Rkt — >
e {T g -7 )( -7 ¢ 1—7*4’“4) 1—772 [°

j4*1_(1’2~r’3)(1—r’4k) .
><1 3 " +7 1}

13 117 (41)

=My (1 _r—4h(k+1))* R ED (6 -9 (117-23) Tu) .
3. If we apply these methods to a general form, we can no longer obtain as
much. In what follows, we assume that f(z, y)=aa*+bxy+cy® is an indefinite
binary quadratic form with integral coefficients, which does not represent zero.
It is natural to conjecture that M, (f) is rational and assumed at rational points —
though not necessarily there alone; and it seems probable that this can be proved
by the methods of this and our previous paper. All we have been able to prove,

however, are the following simple results.

Theorem L. (1) To any point P there corresponds a point P, such that M (f, P)=
=M (f, P,) and M (f, P;) is attained.
(1) The set of values of M (f, P), as P varies, is closed.

The second part of this generalizes Heinhold’s result (our Theorem A) that M, (f)
1s an assumed upper bound.

Let T be the fundamental automorph of /. - For any point P and any integer n
we define P™ = ('™, 4™) as the point congruent to 7" P in the unit square 0 <z, y <1.
Now from Theorem B,

M (f, P)=Min Miir} (X +2™, Y +y™)| (42)
n X,
taken over all n and a certain finite set of integer pairs (X, Y) depending only on

/ and 7. We may choose a subsequence {n;} of the n such that
M (f; P)=lim Min |/ (X +2%, ¥ +5™)[. (43)
i—=>00 T,Y
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We may without loss of generality suppose that all the n; are distinet; for this is
clearly possible if M (f, P) Is unattained, while if M (f, P) is attained the theorem is
trivial. Now let P, =(z,, y,) be any point of condensation of the P™’. Then it fol-
lows from (43) that

M (f, P):l}(an} [ (X vy, Y+uy)| =M, P).

On the other hand, since cvery P is a point of condensation of the P, it follows
easily from (42), applied to P,, that M (f, P)< M (f, P;). These results together
prove (1).

The proof of (ii) is similar. We suppose a sequence of points P; such that

lim M (f, Pi)=k,

and we have to find a point P for which M (f, P)=Fk. After (i), we may assume
without loss of generality that every M (f, P;) is attained. Thus for each 7 we can

find an n; for which

M (f, Py=Min|[ (X +2i™, Y +4™)],

in virtue of (i). Now let P be any point of condensation of the P{"”. By an argu-
ment cxactly analogous to that above, we see that M (f, P)=k, and this proves

the theorem.

Theorem M. Given any >0, there is a rational poimt P such that M (f, P) >
>M,(f)—e.

Suppose that the linear factorization of [ is f=£&#, and suppose that 7>1 is
the fundamental unit of % (V(}/_), so that T changes & » into 7&, 7"y, where 77/ = + 1.
Since M, (f) is attained, there is a P, such that M (f, P,)= M, (f). We shall denote
the coordinates of any P; or P{™ by the corresponding suffixes and indices;'and we
give (X, Y) the same meaning as in the proof of Theorem I. We choose & >0 so
that, for any pair of points P,, P; with |x,| <Max|X|+1, |ys|<Max|Y]|+1 and
|&2—Eal<ey, |ma—ms|<er, we have |&n,—&nyl<e

Now consider the P§”. We can chooss two values n,, n, of n, with ny>n,,
such that | &5 — &2 | <1e), |55 — 78| <4e. Let 4 be the integral point such that

Tre ™ Py = P§o + 4,
We define the point P, to satisfy
T ™ p =P + 4,
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so that P, is rational and mimics P§"® under small positive powers of 7. Then

) _ gy
02— &g

k) s 202 . = AU\ S
‘S;"’ So i 0 M=o ™ ]

{724}
0

We can clearly assume that ¢": ™ >2, so that these give
g
(N} ny- N (1) .
|& — &M [<e v || <e

Hence, for n, <n<n,, we have

I e A L

By the same argument as in the proof of Theorem L. we now deduce that M (f, P,)>
>M (/, P,)— ¢, which proves the theorem.

It is clear from Theorem L that if % is any positive real number not a value
of M(f, P) for some P, then we can carry through the arguments of the previous
sections in a finite number of steps; and that all the points with M (f, P)>k can
be repfesented by sequences !y}, subject only to local conditions similar to those
in Lemma 5. Moreover, there will be an algebraic representation of the point in
terms of the oy, similar to those of Lemmas 7 and 11. For any given form, it is
now possible to lay down selection tules (cf. Lemmas 9 and 14), and so to obtain
the complete enumerable sequence of minima of M (/, P). However, since these selec-
tion rules may be of arbitrary complexity, we do not see how to prove any general
result by these methods. Conversely, though we can lay down selection rules cor-
responding to almost any behaviour of the M (f, P), it is impossible to work back
from them to a form. The rest of what we have to say in this section is therefore
conjectural.

The normal result is that of Theorem 1; to this type also belong the forms
?+xy—yf, ¥~ 24, investigated by Davenport and Varnavides. This is the behaviour
we should have expected @ priori, by analogy with almost all the results that have
been obtained in the Geometry of Numbers. We must consider what deviations from
it are likely, and what peculiarities of the form would be needed to bring them
about. We believe that the following two statements are true:

(i) M, (f) is rational, isolated and taken at rational points (though possibly also
at irrational points in the field & (Vd));

(ii) M, (f) exists, and is taken at points in the field & (Vd);

and that no stronger results are true in general, In particular, there may well exist
forms for which M, (f) is not isolated.
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In support of this last statement, consider the effect of replacing —7v by +7
in the formulae of Lemmas 7 and 8. It is easily seen that then M, (f) would be
given by the sequence [1], and M, (f) by the sequence .[1]0[1].; and that the
set of values of M (f, P) in any interval M, (f)> M (f, P)> M, (f)— & would have the
cardinal number of the continuum. The suggested alteration is not obviously im-
plaustble, but it is not clear how to find a form corresponding to it.

The reader will note that the proof of Theorem 2 carries over to the general
form 2+ (2n—1)zy—¢?% as Theorem 7 of our previous paper would suggest. Apart
from these, the only form we know whose behaviour does not follow the pattern of
Theorem 1 is #*+axy—154%% In Theorem 11 of our previous paper we proved that,
for this form, M,(f) is taken at both rational and irrational points; but we have
not constructed the complete enumerahle sequence of minima, since it is already
clear from the proof that M,(f) is isolated.

It would be of interest to find further examples of forms for which there are
only an enumerably infinite number of values of M (j, P) in a small neighbourhood
of M’'=lim M (f, P). For any such form, supposing reasonably simple selection rules,
M’ must arise from a sequence {e,} whose semi-infinite ends are periodic. More-
over, the periods on the right and left must be differcnt, since otherwise we can
apply the argument by which we proved the last assertion of Theorem 1; thus, in
particular, the reversed sequence cannot give the same minimum M’

An examination of the proof of Theorem 2, especially Lemma 11 and the second
proof of Lemma 15, suggests two possible reasons for the irreversibility of {a,} when
f=2*+3zy—¢*: (i) the fundamental unit v has norm —1; (ii) the form is ambi-
0 -1
1 0
commute with the fundamental automorph 7. The second reason is more likely to

guous, and so possesses an automorph U :( ) of finite order which does not

be the deciding factor, since it introduces a lack of symmetry into the definition of
conjugate points without destroying the obvious symmetry in 7 and 77! It seems,
however, that if M, (/) is taken at any of the points (, 1), (0, 1) or (3, 0), as with
the forms investigated by Davenport and Varnavides, this introduces enough extra
symmetry to prevent any anomalous behaviour.

We list below those forms with small discriminant which have either of the
two properties (i) and (i) given above. We omit forms which may be shown by the
results of Heinhold [I] or Barnes [1] to take their first minimum at (&, %), (0, )
or (4, 0). Table 1 gives forms with D=1 (mod 4), and Table 2 forms with D/4=2
(mod 4). In each table, the first section gives forms with both properties (i) and (ii);
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TasLe 1.

D=d=1 (mod 4), *— Du*= +4.

i d t w
2254 Bay— 24° 41 54 10
32+ 52y— 3y° 61 39 5
42+ Bay— 448 73 2136 250
40+ Bay— 44° 89 1000 106
2275+ 9uy— 24° 97 11208 1138
sat+ Say— 5y 100 261 25
154 Try— 44° 113 1552 146
26+ 1oy — 248 137 3488 298
5%+ Tay— 5y° 149 61 5
38+ 1lay— 34° 157 213 7
525+ Qxy— 5y 181 1305 97
48+ 1lay— 44° 185 136 10
22 F 13wy~ 24 185 136 10
324 1lay— 34 205 43 3
5t llzy— 54° 221 15 .
25+ 1Tay— 247 305 978 56
32t 18wy~ 54 229 15 1
42?150y — 1147 201 40 2
3%+ 190y~ 747 445 21 1

the second section, forms with (ii) but not (i); the third section, forms with (i) but
not (11).

4. Many of the results of this and our previous paper may be extended to
norm-forms in % variables, both of real and of complex fields. For a complete set
of units of the field defines an infinite Abelian group G of automorphs of the form;
and the part of the fundamental domain R of G in which the form is bounded is
itself bounded. This is the analogue of Theoremn R; the exact algebraic formulation
presents no difficulties.

Theorem D is now true as it stands, and Theorem C needs only a few obvious
alterations. In particular, it should be noted that to fix P we do not need to know
the behaviour of P under every transform of G, but only under those of a cyclic
subgroup of G.

Most of our general theorems follow from Theorems B and C, with the Heine-

Borel Theorem; thus they carry over immediately to the. general norm-form. In
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TaBLE 2.
D=4d, d=2 (mod 4), #~ Du*= +4.

f d t u
T4+ 6zy— T4° 58 198 . 13
32t 1day— 34° 58 198 13
527+ 14y — 5y° 74 86 5
922+ 102y — 94° 106 8010 389
5224 18zy— 5y° 106 8010 389
78+ 18xy— T4t 130 114 5
a2+ 6zy—114° 130 114 5
32°+22ay— 342 130 114 5
T2+ 220y— 742 170 26 1
92°+22xy— 94° 202 6 282 221
1%+ 18xy—114° 202 6 282 221
1322+ 14 xy— 13 y° 218 502 17
5a°+22my— 5y° 146 290 12
322+ 26xy— 34° 178 3 202 120
5a2 4 26xy— 5y’ 194 390 14
522 +382y— 54° 386 223 110 5678
a2 +34zy— 1142 410 162 4
325+ 162y — 64° 82 18 1
32°+ 282y — 104> 296 30 1
62"+ 200y — 214> 226 30 1
92+ 162y —184° 226 30 1
327 +822y— 642 274 2814 85
325+ 34y —19y° 346 186 5
62> +32xy—154° 346 186 5
325+ 40wy — 14 4° 442 42 1
6a°+40ay— 74° 442 42 1

particular, this is true of the isolation Theorem G; the lack of this has cost previous
writers some trouble.

All that have to be abandoned are the arithmetical Theorems H, J and K.
It is possible to obtain analogous results in more variables, but these are so-tedious
and require the consideration of so many special cases as to make them almost
useless. However, these theorems, though convenient, are not essential to our method,

and it is perfectly possible to work with the hyperboloids direct.

Trinity College, Cambridge.



