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This paper is a direct sequel to Bers’ paper [5] on Eichler integrals with singularities.
We use Bers’ result to give a new proof of the structure theorems of [15] and [16] for
the Eichler cohomology groups of Kleinian groups I' that represent surfaces of finite type.
This new proof depends on the deseription of the first cohomology group of I' with holo-
morphic and smooth coefficients. For the sake of completeness, we outline simple methods
for obtaining the descriptions of these groups.

We also obtain a Riemann—Roch type theorem for meromorphic Eichler integrals,
and, in special cases, a lower bound on the number of linearly independent holomorphic
Eichler integrals.

In addition to the author’s papers on cohomology of Kleinian groups [14], [15], [16],
[17], the reader is referred to the work of Ahlfors [1], [2], Bers [4], [5], and Lehner [20].
The more special Fuchsian case has been treated by Eichler [8], Gunning [10], [11], Bers [3],
Husseini and Knopp [12], Knopp [13], and Lehner [18], [19].

1. Cohomology

Let T' be a (non-elementary) Kleinian group with region of discontinuity Q. Let A
denote an arbitrary I'-invariant open subset of Q. For convenience, we assume in this
section. oo ¢Q.

Let » and s be two half-integers such that »+s is an integer. We let the group I" act
on the right on smooth (C®) functions on A by setting for a smooth function ¢ on A
@y =vr.s @, where

(rrs®) G)=9(y2)Y' (1) V' (2)°, 2€A.
We obtain this way the T-module 07(A), and the submodule A4,(A) of 0F(A)=0y(A)

consisting of holomorphic functions on A.

(!) Research partially supported by NSF grant GP-12467.
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We fix once and for all an integer ¢>2. For us, the most important I'-module is
Il,, 5, the I'-module of polynomials of degree <2¢-—2, viewed as a submodule of 4, ,(A).

We denote the nth cohomology group of I' with coefficients in a I'-module P by
H™T, D). See [22, p. 115] for definitions.

A cohomology class p € H{T', I1,,_,) is called A-parabolic if for every (cyclic) parabolic
subgroup I'y of I' that corresponds to a puncture on A/T' (see, for example, [16] for

details), we have

p|T=0. 1.1

The subspace of A-parabolic cohomology classes is denoted by PHA(I", I1,, ). If (1.1) holds
for every cyclic parabolic subgroup of T', then we say p is (strongly) parabolic. We denote
this space by PHYT, II,, ,).

From the general theory of cohomology of groups we need two facts. First,
HoT, Py =) ={p€P; py =p all y€T}.

(Note that A,(A)I') will be written as A4/A,T). Similarly, CZ;(A) (T)=C2(A, T').)
Second, if

0 A—">B——C 0
is a short exact sequence of I'-modules and I'-linear maps, then we have a long exact se-
quence
0 —— AT) —— BI) —— c) —— B\, A) —— B'T,B) — ...,

where § is the familiar connecting morphism.

For the convenience of the reader, we recall the definition of the first cohomology
group. The group HY(I', D) is the group of crossed homomorphisms (mappings y: I'> D
such that y., .., =%y, Y2 T Xy, for all 1,9, €L, where g, is the value of the mapping y at
y €T} factored by the group of principal homomorphisms (mappings of the above type
with y, =py—p for some p€P, all y€I).

2. Automorphic forms, generalized Beltrami coefficients, and potentials

Let A be a I'-invariant union of components of the region of discontinuity C of a
Kleinian group I'. Denote by A the Poincaré metric on A. A meromorphic function ¢ on

A is called an (automorphic) g-form if

ye@ =@, (where y;=ys,o) all y€T. 2.1)
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A g-form is called integrable if

ff M=V Y plz)dz A dz| < oo. (2.2)
AT

An integrable ¢ has at worse simple poles in A. The Banach space of integrable kolo-
morphic g-forms is denoted by A A, T"). A g-form ¢ is bounded if

sup { 4(z) | p(z)|; € A} < oo. (2.3)

Every bounded form is holomorphic. The Banach space of bounded forms is denoted by
B, (A, T).
If ¢ is integrable and y is bounded, then we define the Petersson scalar product by

(psw) = f AM2)22(2) p(z) dz A d2. (2.4)
AT

It is well known (the proofs are outlined in [17]) that the Petersson scalar product
establishes an anti-linear topological isomorphism between B,(A, I') and the dual space
of 4A,T).

We describe next what it means for a g-form to be meromorphic or holomorphic at a
cusp. Let ¢ be a meromorphic g-form on A. Let €A, the limit set of I', be a cusp. We
say @ is meromorphic at { if its projection to A/T" can be extended to be meromorphic at
the puncture determined by . Choose a Mdbius transformation 4 taking oo into { and
V.={z€C; 0<Rez<1, Imz>c} onto a cusped region belonging to {. Then p=Aj¢p isa
meromorphic g-form for 410’04 (defined on A-YA)). We say ¢ is holomorphic at { if

limyp(z)=p (2€V,) 2.5)

exists (and is finite). This definition does not depend on the choice of the M§bius trans-
formation 4. We say that ¢ satisfies the cusp condition at , if ¢ defined by (2.5) is zero.
In this case we also have that

lim g(z) =0 (2€ 4A(V,)).

2L

Every bounded form satisfies the cusp condition. So does an integrable form provided it
has only finitely many poles in the corresponding cusped region.

We shall also have to study bounded measurable ¢-forms; that is, measurable functions
@ on A that satisfy (2.1) and (2.3). The Banach space (of equivalence classes) of bounded
measurable g-forms will be denoted by L{(A, T'). Tt is clear that every element p € L{*(A,T)
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gives rise to a linear functional on A4 ,(A, I') via (2.4). (One defines similarly the space of
bounded measurable (r, s)-forms, for all half-integers » and s with r+s an integer.)
If n€LP(A, T, then v=22-29 is called a generalized Beltrami coefficient. A potential

F for » is a continuous function ¥ on € such that
F(z) = O([2]**-2), z > oo,
and 0F =0F|ez, in the sense of distributions, is a measurable function with
OF|A =y
and OF|[C—A =0 a.e.
It is easy to check that if F' is a potential for », then
py=yi-oF —F, y€T,

defines a IT,, ,-cocycle whose cohomology class is strongly parabolic and depends only on y.
The existence of potentials has been established by Bers [4], [5]. It is easy to see that
we have defined the (anti-linear) Bers map (see [15])

ﬁ* ILEIOQ)(A, F) ""PHI(F, Hza..g).

It is known ([4], [17]) that for u, and u, €LT?(A, T'), we have f*u; =f*u, whenever (g, pi;) =
(®, us), all p€ALA, T'). We may thus view f* as the linear map

g (AA, D) = PHYT, 1,,_5),

where, as usual, (—)* denotes the dual space of (—).

3. Cohomology with holomorphic and smooth coefficients

Throughout this section A represents a I'-invariant open subset of the region of dis-

continuity of a (non-elementary) Kleinian group I'.

Prorosition 3.1. We have
HYT, O (A))={0}.

Outline of proof. (See [15] for details.) Let p be a cocycle representing a cohomology
class of HY(I', C7%5(A)). Let  be a partition of unity for I" on A; that is, a smooth function
7 on A such that
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(a) 0<y<1,

(b) for each z€A, there is a neigborhood U of z and a finite subset J of 1" such that
7|y(U)=0 for each y€I'—J, and

(€) Dyern(yz) =1, 2€A.

Define

fz) = —2per n(y2)p,(2), 2€EA.
Then f€ C?,(A), and p is the coboundary of /.
ProsositrowN 3.2. If AT has no compact components, then
H\ T, A(A)) ={0}.
The proof of the above proposition is based on

LeEMmA 3.3. Let W be an open Riemann surface and n€Z. If uis a smooth (n, 1)-
differential on W, then there exists a smooth n-differential v on W such that dv=q.

(If v is an n-differential on W, and v=}{z)dz", in terms of some local coordinate z,
then 0y = (8f/0%) dz"dz.)

Outline of proof. We first assume that W is a relatively compact subset of a Riemann
surface X of finite type, and that X —~CI W (C1 W =closure of W) has non-empty interior.
Furthermore, we assume that 4 is defined in a neighborhood of Cl ¥. It involves no loss
of generality to assume that X has the unit dise A as its universal covering space, since
this can always be achieved by puncturing X at three (or more) points that are not in
Cl W. By multiplying ¢ by a power of a nowhere vanishing holomorphic abelian dif-
ferential on Cl W, we may assume n= —1,

Consider the space of integrable holomorphic guadratic differentials on X. This is a
finite dimensional space that may be identified with 4,(A, I'), where I' is the covering
group of X. Let m: A—~X be the corresponding covering map and let Ay=n~1(W). The
(—1, 1)-differential u lifts to a smooth density (bounded (1, 1)-form) defined on Cl A,,
that is also be denoted by p. We extend u to A as a bounded density (generalized Beltrami
coefficient for ¢=2) and require that

(p, 25) =0, all p€ A,(A,T).

We now .choose 3 distinet fixed points of hyperbolic elements of [" and let F be a potential
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for y that vanishes at these points. Then 0F =y, and F induces the zero II,-cocycle; that
is 9, F=F, all y€T. Thus the projection of F to W is the required ».

To solve the general case, it is convenient to assume that n=0. (The existence of a
nowhere vanishing holomorphic abelian differential on W is a consequence of the gen-
eralized Weierstrass theorem (see, Florack [9] or Royden [23]).) Using the solution on
compact regions, a normal exhaustion of W, and the first approximation theorem of
Behnke—Stein [7] (see also Behnke-Sommer [6]), standard arguments complete the proof
of the Lemma.

We now exhibit a useful exact sequence of I'-modules:

0 —— A(A) —— CP(A) —"— O7x(A) — 0.
Exactness is a consequence of the previous lemma. The corresponding long exact

cohomology sequence begins with

0 —> 4(A,T) = C2(A, T) ~2» 024(A, T) = HYT, 4,(A)) ——> BY(T, C2(A) —2> ...

Since HYT', C7°(A)) ={0}, we obtain

Prorosition 3.4. We have

_CRATD)
H\T, A(A)) = 3CS(A,T)

We are now ready to return to the

Proof of Proposition 3.2. Tt clearly suffices to assume that A/ is connected. If A
does not contain any elliptic elements, then the result follows from Proposition 3.4 and
Lemma 3.3. For the general case, let u €C7°y(A, I'). There is a function f€C°(A, I') such
that of =u near each elliptic fixed point in A (see [15]). Let u, =pu —&f, and u, its projection
to A/T. Note that s, vanishes near the ramified points on A/T". Choose #; such that &%, = u,.
Then #, is holomorphic near the ramified points. To insure that the lift », of #, to A will be
holomorphic at the elliptic fixed points, we have to subtract from #; a holomorphic »-dif-
ferential ¢ so that #, —@ vanishes of sufficiently high order at the ramified points. We
then set y=p, +f.

Remark. Let M be a Riemann surface and O the sheaf of germs of holomorphic
functions on M. Then the first cohomology group of M with coefficients in O, HY{M, O), is
isomorphic to

smooth (0,1)-differentials on M
& (smooth functions on M)
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If we represent M as A/I" where A is the unit disc and I' is a fixed point free Fuchsian group

(we are eliminating certain surfaces), then

1 ~ Og?l(A’ P)

(For obvious reasons (§° is abbreviated by C®.) We have shown that for open Riemann

surfaces M, we have

4. Eichler integrals with singularities

In this section we outline the results of Bers’ paper [5]. Our definitions differ slightly
from Bers’.

Let A be a I'-invariant union of components of a Kleinian group I'. An Eichler integral
(of order 1—¢ for I" on A) is a function £ holomorphic on A, except for isolated singularities,

such that for every y €I, there is a p,€Il,, , such that
Vi B —E=py|A,

where A’={z€A; E is holomorphic at z}. In this case, y+>p, is a one cocycle called the
period (pd) of E. If E is an Eichler integral, so is E +p for every p€ll,, ,. Two Eichler
integrals are identified whenever they differ by an element of [1,, ;. The cohomology class
in HYI', II,, 5) of pd E depends only on the equivalence class of E modulo Il,, ,.
Henceforth, all spaces of Eichler integrals will be taken modulo IT,, ,.

Note that Proposition 3.2 states that the period map is surjective when A/I" has no
compact components (even when we require all Eichler integrals to be holomorphic on A).

If ¥ is an Eichler integral, then ¢%—'E is a ¢-form on A’ (0=0/0z). We shall say that E
is meromorphic, holomorphic, or satisties the cusp condition at a cusp if 0**-1F is mero-
morphic, holomorphic, or satisfies the cusp condition respectively. The space of Eichler
integrals on A that are meromorphic (or holomorphic) on A and its cuspsis denoted by

152 (A, T) (or Y%, (A, T)).

An Eichler integral E is said to be A-parabolic (or parabolic) if its period is. The con-
dition of A-parabolicity can be expressed in terms of the Fourier series expansions for ¥
about the cusps in A. The spaces of meromorphic and holomorphic parabolic Eichler
integrals are denoted by PETS(A, T') and PETL(A, T).
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Note that E€PE"(A,T) if and only if E€E}Y(A,T') and E satisfies the cusp
condition at each cusp of A. (For A/T’ of finite type, holomorphic Eichler integrals have
been called guasi-bounded integrals, and the holomorphic parabolic integrals have been
called bounded integrals in [16].)

We set A=AU {cusps on A}. By a distinguished neighborhood of a point z€A

we mean an open disc U< A such that

(i) 2z€U if z€A, and z€CL U if z¢A,
(ii) y(U)=U for y€T,, the stabilizer of 2z, and
(il p(IYN U= for yeI'—T",.

Let z€A. By a principal part of an Eichler integral at z we mean a pair (U, h), where

U is a distinguished neighborhood of z, 4.1)
h is holomorphic in U - {z}, and (4.2)
yi_gh =hfor y€T,. (4.3)

Two principal parts (U, k) and (U,, h,) at z are equivalent if h; —hy is (can be extended
to be) holomorphic at z.

It is quite clear that if E is an Eichler integral, then the principal part of  at z€A
does determine a principal part of an Eichler integral. The same is true at z€EA-—A
provided that E is holomorphic in a half plane belonging to the cusp z.

Let H be a principal part of an Eichler integral at z€A. We associate with H a linear
functional I on the space of automorphic g-forms @ that are holomorphic (and satisfy the

cusp condition at z if 2z¢A) at z. We set
lp) = 273 Res, ke, (4.4)

where the residue of kg is computed on the, not necessarily connected, Riemann surface
AL,

Bers [5] has shown that ! defined by (4.4) is a continuous linear functional on 44(A, T
and may hence be viewed as an element of (4, (A, I"))*. Clearly, a finite set of principal
parts defines in an obvious way a continuous linear functional on the space of integrable
holomorphic g-forms.

Let there be given a system ¥ ={H,, ..., H,} of finitely many principal parts at non-
equivalent points z,, ..., z, of A. If E is an Eichler integral on A that is holomorphic at all
points of A non-equivalent to 2, ..., z,, and if H ;is the principal part of ¥ at z; (j=1, ..., r)

then we call H a complete system of principal parts for H.
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ProrosiTioN 4.1. Given N, a finite system of principal parts, and the corresponding
linear functional 1, then there exists a parabolic Eichler integral E such that N is a complete

system of principal parts for E. Furthermore, pd E=g*1.

The above proposition is the main result of [5].

5. Divisors on A/T

Let I" be a Kleinian group and A an invariant union of components of the region of
discontinuity of I'. We assume throughout this section that A/T" is of finite type. We denote
by AJT" the (not necessarily connected) Riemann surfaces obtained by the adjoining the
punctures to A/I"; that is, S =AT~ A/T. By a divisor d on AT we mean a formal sum

d= 3 n(@)z,

e S

where n(x)€Z and n(x)=0 for all but finitely many x€S8. There is, of course, a natural
partial ordering on the additive group of divisors.

If @ is a meromorphic g-form that is not identically zero on a component S, of 8,
then we define the (reduced) divisor of ¢ on S_ by

(@) =(®)= > ord, D,
zed,

where @ is the g-differential obtained by projecting ¢ to 8. (For convenience we let o be
the divisor of the zero form, where oo =d, for all divisors d on A_/f ) If zEA, then it is easy
to see that if r=ord,p, B=ord,,, ®, v=ord T',, where m: A—A/T is the natural projection
map, then

R=%(r+q)—q. (5.1)

If 26 A—A, then
R=r—q. (5.2)

To interpret (5.2) we must explain what is meant by the order of an meromorphic g-form
at a puncture. If oo is the fixed point corresponding to the puncture generated by the
parabolic element z+>z+1, and if the Fourier series expansion for ¢ in the cusped region

determined by the puncture is given by

@(z) = > a, ¥ for Imz>0,
n=r
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with a,+0, then we set ord, @ =r. Using (5.1) and (5.2), it is thus possible to define (¢)
directly in terms of the zeros and poles of ¢.

For every integer ¢ (not necessarily > 2) it is convenient to introduce a g-canonical
ramification divisor «® by

o= 2 nyx),
€S

1
h = - - — .
where ng() [q(l v(x))]’ (6.3)
where [y] is the greatest integer < y and 1<yp(x)<oo is the ramification number of
z€A/T", and where

(5.4)

l1—q if ¢>0
ng(w) =

—q if ¢<0

for k€ §—A/T" (points of ramification number o0). Note that (5.4) is the limiting case
of (56.3) with »— oo,
It is easy to check (see [1]) that

0l + o1~¢ = 0. (5.5)

1f d is any divisor on S, then we denote by A4 ,(d) the space of meromorphic g-forms on
A whose reduced divisors are multiples of a?+d. Note that for ¢=2, 4,(0)=4,(A,T")=
B,A, ).

From now on we return to our original convention ¢ >2.

The zero set of an Eichler integral is not invariant under the group I'. It is hence
impossible to define a space consisting of Bichler integrals that are multiples of an arbitrary

divisor d. However, for d <0, we can introduce two spaces:

E,_,d), the space of meromorphic Eichler integrals whose reduced polar divisors
are multiples of a!~?+d;

PE,_,(d), the corresponding space of parabolic Eichler integrals.
By the (reduced) polar divisor of an Eichler integral F we mean
n(x) x,

where n(x)=n, () if F is holomorphic at z, and n(x) is the value of R given by (5.1)
or (5.2) with —r, the order of the pole of F at x and ¢ replaced by (1 —g), if F is not holo-
morphic at z.

It is clear that E,_,(0)=E1(A, ") and PE,_,(0)=PE}"(A,T).
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6. Structure of H'(T', ITz4_2)

In this section we derive some of the consequences of Proposition 4.1. We assume
throughout that I' is a Kleinian group with region of discontinuity Q, and that A is an

invariant union of components of ) such that A/T" is of finite type.

TarorEeM 6.1. Let H be a finite set of principal parts at non-equivalent points of A.
Then W is a complete system of principal parts for a meromorphic (1 —q)-form E on AT

if and only if the linear functional 1 associated with H vanishes on A, (0).

Proof. If l(p)=0 for all p €4,(0), then there is a p€Il,, , and an Eichler integral ¥
(with ¥ as a complete system of principal parts) such that E -+ p is a meromorphic (1 —¢)-
form by Proposition 4.1. The converse follows since Eg is a 1-form for all ¢ €4,(0), when-
ever K is a (1 —¢)-form, and the sum of the residues of K¢ (on AT ) is zero.

Let k=dim A4,(0). We shall say that k+1 divisors {dy, ..., dy,,} are adopted to A,(0) if

0=dy<dy, <dy<..<dp,, (6.1)
and if there is a basis {p;, ..., gz} of 4,0) with
(¢) > o8 +d,, and (p;)*ad+d, (6.2)
for all divisors d with d;<d<d;,;, j=1, ..., k. Select points x;€A/T" such that
d;tx;<d;, forj=0,..k (6.3)

Let E; (j=1, ..., k) be a strongly parabolic Eichler integral whose polar divisor is
«'~?—d;—=;. Such integrals exist by Proposition 4.1. Set —d =d, +a,. Let E5_,(d) be the
space of Eichler integrals spanned by E,, ..., B, and E,_,(0), and PE}_,(d), the space
spanned by E,, ..., E, and PE,_(0). Obviously PE}_(d)=PE,_,d)and E}_,(d)< E,_,d).

THEOREM 6.2. We have
H\ T, TMzq-0) = EY_(d),
and PHAT, I3, o) =PE} ,(d).

Proof. If AJT" has no compact components, let A, =A. If §=A/I" has compact compo-
nents, select a point in each such component and let S, be § punctured at these points. Let
A,=n"(8,) where m: A-A/T" is the natural projection map. In either case A/T'=A/T is
a finite union of compact surfaces, and A /I' is a finite union of open surfaces.

The isomorphism of the theorem is the period map, pd. Let E€ E}_,(d) and assume
3~ 17129068 Acta mathematica 127. Imprimé le 28 Mai 1971
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pd E=0. We may without loss of generality assume that E is a meromorphic (1 —g)-

form. Write

k
E= Z CiEi, (64)
=0

with ¢,€C, ¢o=1, E,€E,_,(0). Let j be the largest integer <k such that ¢;=0. If j>0,
then Eg, is a meromorphic 1-form with a single simple pole ;. Since the sum of the residues
of a 1-form is zero, we conclude j =0. Thus the Eichler integral Z is a holomorphic (1 —g)-
form. By Riemann—-Roch or Gauss—Bonnet, #=0. Thus pd is a monomorphism. We must
show that this linear map is surjective.

Let p be a cocyle that represents a cohomology class of HYT", I1,, ,). By Proposition
3.2, there is an Eichler integral £, holomorphic on A such that pd £, =p. There are fin-
itely many non-equivalent points in A —A,. The Eichler integral E, determines a principal
part at each of these points. Let H; be this finite system of principal parts, and I, the as-

sociated linear functional.
Let E} be the linear functional associated to the principal part of E,, i=1, ..., k.

Observe
Ef(p)=¢e6y fori=1,.., k j=1, ...k,
with &,€C—{0}, and ¢,; the Kronecker delta function. Thus the & x k matrix
Ef @) 4.i=1, ...k (6.5)

is non singular, and {E’f, s E:} are linearly independent linear functionals on A4 ,0).

In particular, we can choose constants &;, j=1, ..., k, such that
k
L= > b;Ef on A40).
j=1

Let ¥, be the finite system of principal parts of B,=>%.,b, E; and ¥ = H, — H,. Thelinear
functional associated to H is zero on A,(0). Thus there exists a meromorphic (1 —g)-form
E, such that 3 is a complete system of principal parts for £,. In particular, £,=
E,—-E,— E, is a holomorphic Eichler integral, and pd (£,+ £,)=pd (B, — E,)=pd (£,).

COROLLARY 2. There exist divisors d such that

pd: By_y(d) —— H\(T, Myq_o)

and pd: PE,_ (d) —— PHA(T, zq_s).
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Proof. Tf suffices to construct divisors {dy, ..., dy,;} as in (6.1) that satisfy (6.2) and
such that there exist points z; (j=0, ..., k) with

d;+a;=d,.,. (6.3)’

Such divisors can clearly be found, since we may work with each component of A/T" sepa-

rately.

CoroLLARY 2. We have canonical isomorphisms
HY(T, Tgq-2) = (44(0))* + By _o(0),
and PHA(T, Tgq-2) = (44(0))* + PH1o(0).

The above is (essentially) the Main Theorem of [16].

The next corollary is a sort of Riemann-Roch Theorem for Eichler integrals.

CorOLLARY 3. The following is a commutative diagram with exact rows for every

divisor d <0:

0> Ay o(d) > PHy_(d) B PHA(T, Ty 5) %5 (4,(~ @))% —0

A

; d
0 Ay o(d) ~> By_o(d) 2= HY(T, Ty o) 5> (4,( — d))* =0,
where i is the inclusion map, pd is the period map, and * is defined as follows: If
pE€HN I, I,, ), then p=pd E, with E a meromorphic Eichler integral. We set *p=E*,
where E* is the restriction to A, (—d) of the linear functional associated to the (finite) system

of principal parts of E.

Proof. Clearly * is well defined. The inclusion map ¢ is injective since there are no auto-
morphic polynomial forms for I'. Let E€E,_ (d) and assume pd E=0. Then we can find
a representative for ' that gives the zero cocycle; that is, £ €4, ,(d). We have shown kernel
pd<image 3. The reverse inclusion is, of course, trivial. Next assume that p €pd E,_,(d).
Then p=pd E with E€E,_,d). Hence Eg is holomorphic on A for all ¢ €4,(—d). Thus
E*|A,(—d)=0; that is, p€kernel *. Hence image pd<kernel *. To establish the reverse
inclusion, choose k+1 (k=dim 4,(0)) divisors {d, ..., d;..,} adopted to 4 ,0). Furthermore,

we may assume that (see 6.3)
gy, Fa;, S —d<dj 4y (6.6)

for some j;, j4=0, ..., k.

Recall the strongly parabolic Eichler integrals E,, ..., E, constructed in the proof of



36 IRWIN KRA

Theorem 6.2. 1f p € HY(I', 11,, ), then p=pd E with E given by (6.4). If p €Ekernel *, then
(6.6) shows that E€H,_,(d). It remains to show that * is surjective. But this is an easy

consequence of the arguments in the proof of Theorem 6.2.

7. Holomorphic Eichler integrals

Let A be an invarjant component of a finitely generated Kleinian group I'. In this
section we obtain lower bounds for dim E3°L(A, I') and dim PEL(A, T).

Recall that A/T" is a Riemann surface of finite type. Let A’ be the complement in A
of the elliptic fixed points in A. Then A’/T" is again of finite type. Thus A’—A’/I’ exhibits
A’ as a planar regular covering surface of A’/[". By Maskit’s planarity theorem [21] there

exists a finite set of simple, closed, mutually disjoint, orientation preserving loops

{uy, ..., we} (7.1)
on §=A’/T", and there exists a set of positive integers

{otg, vy 04}

so that every loop » on A’ may be deformed to a loop of the form
k
[1Tw.o,w, (7.2)
i=1

where U, is some lifting of u§*, and W, some curve in A’, =1, ..., k. Note that A’—8
is the highest regular covering of 8, for which the loops uf lift to loops. The covering group
N of the covering A’—S8 is then the smallest normal subgroup of 7,(S), the fun-
damental group of §, that contains all the elements ufi. (We have suppressed all refer-
ence to base points. Thus for =,(S) we must choose a base point 0€S and we view u}?
as an element of 77,(8) by joining ufi to 0 by a curve f; and taking the homotopy class of
fioufiofit)

Consider k loops UT, ..., Uk lying over the loop uf, ..., u3* and eliminate from the
set {UT, ..., Uk} loops that bound a punctured disc in A’. Note that every puncture on A’
arises from a fixed point of an elliptic element in T'; that is, the punctures on A’ are precisely
the points in A —A’. We obtain this way K <k loops. We choose K as low as possible. Let
us assume that we have chosen in this manner the loops UT, ..., U% that cover the loops
Uy, ..., ugE. In this way every element in s;(A) may be represented by a loop of the

form (7.2). However, the product extends from 1 to K.
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TaroreM 7.1. We have

dim PE}. (A, T) > dim By(A, T) — (2¢ 1) K,
and, dim B} (A, T) >dim By(A,T) +n— (29— 1) K,

where n is the number of punctures on AL,

Proof. Let p€B, (A, I'), and set

1 2
F(z)= @72 L (z =P %(2) de,

where z,€A is fixed, z€A is arbitrary, and we integrate over an arbitrary path in A from
2o to z. It is clear that F is locally well defined and 82¢-1F =¢. Thus F€PEIY(A,T)if

and only if for every C€n,(A) and every z€C, we have

L (2= 0" (L) d¢ =0. (7.3)

{Recall that m,(A) is in general a free group on infinitely many generators.) Note that (7.3)

may be rewritten as
fcéjtp(i)d(§=0, j=0,1, .., 2¢-2. (7.3)

We have observed that (' is homotopic to a curve of the type (7.2). Thus

[ e-vrtoac=3 (| I I e T

Since (fw +fw _1) (2= C* %p(8)dE =0,
W

we conclude that

L (=0 Pp0)dl=2 | (2= 0" %p({)dL.

i=1JU;

Thus in (7.3) we need consider only curves €=U, some i. Note that if

J*(Z—C)Zq'2¢(5)dé=0, =1, ..., K, (7.4)

Uj

then J (z— 4‘)2“_2(;0(@‘) dt=0, all U, (7.5)
U;
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For given a U,, it lies over uf. So does U7. Thus there is an element y€I" so that
Ui =y U:k.

We compute using the identity

L=yl =(C =2 ()7 (=)

f . (?2—5)2"‘2¢(C)d5=f*(yz—yi)zq‘ztp(yé)y'(é“)dé
b7 U

U
=y'(2)*" .L*- (==Y Pp(y0) y'(0)ds = 7'(z)q_lfv¥_ (z— 0 %p()dL.

Thus we have shown that (7.4) implies (7.5); and, hence, a necessary and sufficient
condition for F to be well defined is (7.4). Recalling the equivalence of (7.3) and (7.3)’, we
see that (7.4) imposes (29—1)K conditions on the elements of ByA, I'). We have veri-
fied the first inequality of the theorem. The second is a direct consequence of the first

and the Riemann-Roch theorem.

8. Generalizations

Let I' be a Kleinian group and ¢>2 an integer or half-integer. Let y be a character on
I' (that is, a homomorphism of I' into the multiplicative group of complex numbers of

modulus one). We may define an action of I" on II,, , by

(py) (2) = p(y2)y (&)~ %(y), 2€C, p€lly, 5, y€T. (8.1)

If g is a half-integer (and not an integer), we must, of course, assume that it is possible
to select branches of {(;)}; y €'} such that for all y; and y,€I" and all 2€C, we have

(110 72) (2)F = p1(ya2)ya(e). (8.2)

We obtain in this manner a cohomology group that may be denoted by HY(I', IT,,_,, x).
The preceeding development generalizes to this setting. There are, of course, some
obvious changes. The orders of zeros of automorphic forms at elliptic fixed points
depend on the character y. So does the concept of parabolicity of cohomology classes.

If X%(y) =1 for every y €I that generates a parabolic subgroup of I' that corresponds
to a puncture on A/I", then

PHIA(F’ H2q—2: X) = Hl(]-—" H2q—2a X)-
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By invariance of parabolicity under conjugation it suffices to assume y(z)=z+1. Let p
be a cocycle that represents a cohomology class of HYI', Il,, ,, ). We must show that

there is a v€ll,, , such that p,=vy—v. Consider the linear map 0: Hy,_->1I5,_, Where
(00) (2) = yv(z +1) —2(z),
with y=yx(y)=+1. The map 0 is clearly injective, and thus surjective.

Problems. (1) For what Kleinian groups I' is it possible to choose a selection of
branches of {(y’)}; y€I'} that satisfy (8.2) for all 2€C, all y,, v,€1"?
{2) Describe the character group of a Kleinian group.
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