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Introduction

One of the problems in the theory of overdetermined systems of linear partial dif-
ferential equations is to prove the existence of local solutions. If D is a differential operator,
we would like to determine when we can solve the inhomogeneous equation Du=v. In
general, it is necessary that v satisfy a eompatibility condition D'v =0 for some operator
D’. We would like to prove that this compatibility condition is not only necessary but
also sufficient for the existence of local solutions. That is, if B, F, and G are the sheaves
of germs of differentiable sections of the vector bundles E, F, and G, where D: E— F and
D': F—@, then the complex of sheaves,

0’

0 6 E—2>F q 1)

is exact, where § is the sheaf of solutions of the homogeneous equation.
D. C. Spencer [7] has shown that, granted certain reasonable assumptions about D,
there exists a complex

Dt pn—-1

0 0 o o o 0 2)

of sheaves and of first order differential operators such that the cohomology of (2) at C*
is the same as the cohomology of (1) at F. Thus, it is sufficient to consider the Spencer
sequence of D.

In general, the Spencer sequence is not exact, but we would like to show that it is when
D satisfies some other conditions, such as ellipticity. Even in this case, however, it hasnot

been shown that the cohomology of the Spencer sequence is finite dimensional.
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In this paper, we consider several properties of a homological condition on the ¢-
complex of D, which we call the §-estimate. It seems that this condition is a reasonable
generalization to overdetermined systems of the notion of ‘‘diagonal” or ‘“uncoupled”
operators. With ellipticity, it guarantees that the D-Neumann problem for D is solvable
and that the Spencer sequence is exact. ,

If D: E~F is a differential operator of order %, then the highest order part of D may
be considered a map o(D): 8*T*® E— F. The kernel of this map we call g,. We may define
the prolongation g;.,, [>1, of g, and obtain the complex

s
0 Gr+2 2 T*®gi+1—— A T*®g,.

We assign metrics to 7* and £, which then induce metrics on the ¢’s. Then we may define

the §-estimate.
Definition. A differential operator D of order k satisfies the d-estimate if and only if
6] > 3 (B + 1) ||=|* for all € T*®gy+1 N ker &*.
We shall prove (Theorem II.3.1) that this is equivalent to the following definition.
Definition. D satisfies the d-estimate if and only if in the sequence
o o NI a0,
llo2||? = & ||=||* for all z€ T*®g? N ker &*.

Here g is the kernel of ¢(D?), where D° is the first operator of the Spencer sequence.
Since it is more convenient to work with the Spencer sequence than with (1), we
shall take the second definition as the definition of the d-estimate, keeping in mind that
we shall prove that it is equivalent to the first in Theorem II.3.1.
The J-estimate, although it can be stated entirely in terms of the operator DY,
actually gives estimates for the other operators D%, I>>1, in the Spencer sequence. In fact,

we have that in the sequence
0—— g — TR g —— APT*®C,
x> % o or all x€ T*®g¢g; N ker 6*.
ox||® ¢ for all T i N ker 6*

Here g} is the kernel of o(D").
In the course of proving these estimates, we shall prove that if D satisfies the J-esti-

mate, then g,,, is involutive, where % is the order of D.
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The importance of these estimates is that they enable us, in Chapter III, to
prove that the Kohn—Nirenberg estimate holds for the Spencer sequence, and therefore
that the D-Neumann problem is solvable and the Spencer sequence is exact.

The d-estimate was discovered by I. M. Singer, who recognized its role in the proof
of the Kohn-Nirenberg estimate,

Bull® < e{O Nl (Do) wlj®+ || Drufl+ ]}

for #€(Q, C') and u Edomain (D)*.

W. J. Sweeney published the first proof of the Kohn-Nirenberg estimate for elliptic variable
coefficient operators satisfying the §-estimate, as well as the proof of his stronger esti-
mate (Theorem IIL.2.1). V. W. Guillemin proved that the d-estimate implies that g, is
involutive, but his unpublished proof is quite different from the one presented here. The

new results in Chapters II and III are extensions of the J-estimate to estimates on
AT @ gha~ A T* @ g~ A T* @4y,

which give a new proof of Guillemin’s involutiveness theorem with a weaker hypothesis
discussed in Section II.1, and which enable us to prove the Kohn—Nirenberg estimate and
Sweeney’s estimate for all 1>1, which gives exactness of the Spencer sequence.

We state without proof the justification for considering the J-estimate to be a reason-
able generalization to over-determined systems of the notion of “diagonal” or ‘“uncoupled’
operators. To see this, we must consider the Guillemin normal form of the operator D°.
Suppose that locally we have a foliation F of the manifold which is given in local
coordinates by x'=const., ¢=1, ..., m, and suppose that the leaves of the foliation are
non-characteristic; that is, U®C%Ngl=0 where U is the sub-bundle of 7* which anni-
hilates the tangent spaces of the leaves of the foliation (and is generated by da', ..., dz™).
Then

m
D= D, + Z Ozt (Do) D,,
i-1

where D,: (°—+(C" is an operator tangential to the foliation and D, Q°—(C° is @/ox,+L,,
where L, is tangential to the foliation. There exist operators D; and Dy;, 1 <4, j<m, such
that

D,D,=D;D, 1<i<m
a’nd [Di"DJ]=D;fD0 l<z,7’<m

Therefore, for £€T*, the symbol maps o¢(D,), 1 <i<m, are a commuting set of linear
maps on the kernel of gi(D,). The J-estimate implies that each g¢(D,) restricted to the
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kernel of o¢(D,) is normal, and hence that the o¢(D;)’s may be diagonalized simultaneously
on the kernel of o¢(D,). However, this condition does not in general imply the §-estimate.

If D is hyperbolic then the maps g¢(.D;), 1 <t <m, are symmetric on the kernel of 65( D),
so there is justification in asserting that hyperbolic overdetermined systems satisfying the
d-estimate are a generalization of symmetric hyperbolic systems. Details will appear in a

subsequent paper.

The author would like to express his appreciation to Prof. D. C. Spencer for his advice
and guidance in the preparation of this paper, which overlaps the author’s Stanford doc-
toral thesis, and to Professors V. W. Guillemin and W. J. Sweeney for several helpful

suggestions.

I. Preliminaries
0. Introduction

In Sections 1 through 4 we define the §-cohomology and the Spencer sequence. For
proofs of the theorems in these sections, the reader should consult Goldschmidt [1]. Another
introduction to the formal theory of linear overdetermined systems of partial differential
equations, as well as motivation for the Spencer sequence, appears in the survey ar-
ticle by Spencer [7], on which portions of this chapter are based.

In Section 5 we define elliptic operators and complexes, and state Quillen’s theorem,
which guarantees that the Spencer sequence of an elliptic operator is an elliptic complex.
In Section 6 we define inner products on the fibers of various bundles. In Section 7 we
calculate the eigenvalues of the formal Laplacian operator, which we must know for

several of the proofs in Chapters II and IIIL.

1. Jets

Let X be a differentiable manifold of dimension n. Since we shall confine ourselves to
the C* differentiable category, ““differentiable” here means “‘differentiable of class C°”,
If E is a complex (differentiable) vector bundle over X, we denote, for each non-negative
integer k, by J,(E) the vector bundle over X of k-jets of E. The fiber of J,(E) over a point
x of X is the quotient of the space of germs of sections of £ at x by the subspace of germs
which vanish to order k+1. We identify J,(E) with E, and denote by n: J,(E)~X and
Myt Jy(E)—J_1(E) the natural projections. The sheaf of germs of (differentiable) sections
of E we call E. We denote by j,: E—J(E) the map which takes germs of sections of E into
their k-jets. T

We denote by T™* the complexified cotangent bundle of X, and by S*T™*, A!T*, and
®™T* the k-tuple symmetric product of 7%, the I-tuple exterior product of T, and the
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m-tuple tensor product of 7%, respectively. There is a natural vector bundle morphism
2. S*T*® E—J,(E), and the sequence

i

0—— S*T*QE

Jo(B) == T, (B)—— 0 (1.1)
is exact.

2. Differential operators and their prolongations

Let E and F be vector bundles over X, and let ¢: J,(E)— F be a morphism of vector
bundles. Then ¢ induces a sheaf morphism ¢: J(E)—>F.

Definition 2.1. The symbol o{p) is the composition
o(p) =g@ot: ST*QE—F.

Definition 2.2. A sheaf morphism D: E— F is called a differential operator (from E
to F) of order k if the triangle

E T

E Jo(E)
xl"”

F

commutes; ie., if D=goj,, where ¢: J(E)—~F is a bundle morphism. The symbol
o(D) of D is the symbol of ¢; i.e., 6(D) =0(p).

Definition 2.3. The Ith prolongation p,(¢): J; (E)—>J (F) of ¢ is the unique morphism
of vector bundles such that the following diagram commutes:

Teal B) 22 5.y

jk+l‘ . Ifx
{e]
Pk F

The differential operator D;=j,0D =j,0poj,: E—J(F) is the Ith prolongation of the
operator D =@oj,: E—~F. We shall sometimes write p,(D)=p,(p) and p(D)=py(p)=¢.

In particular, let 1,: J,(B)—>J,(E) be the identity map. (The corresponding differential
operator is then j,: E—J,(E).) The Ith prolongation of the map 1, is a monomorphism of

vector bundles
2u(1y): T (B)—>J (T (E)),

and we identify J,. (E) with its image in J,(J,(E)).

Definition 2.4. For 1>1, define
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alp): ST E > S8'T*® F

to be the unique morphism of vector bundles such that the following diagram is exact

and commutative:

0 )
- l o(p)
S"*’Ii*@E 4 ST*oF
T (B)—242 5 (p)

!

Jraio1 (E)MJI-I(F)
| |
0 0

We set oy(@) =o(p), and o(D)=0,(p(D)). If £€T*, we define g¢(D) by letting c¢(D)(e) =

o(D) (¥ ®e).

Definition 2.5. A homogeneous linear partial differential equation R, of orderkon B
is a subbundle of J(E). A solution of R, is a section ¢ of F over an open set U < X such that
jx(e) (x) E R, for all x€U. The lth prolongation of R, is the subset

Rk+l = Jl(Rk) n JHI(E)

of Jy, () where both J,(R,) and J,(E) are regarded as subsets of J,(J,(E)).

If @: J,(E)~F is a bundle morphism of locally constant rank with R, as kernel, we
say that B, is the equation associated to the differential operator goj,: E~~F. Con-
versely, given a sub-bundle R of J,(Z), we can find a vector bundle F and a morphism
@: J(E)—~> F of locally constant ran such that R, =ker ¢p. We set R,_,=J,_,(E) for 1 <I<k.

It is easily seen that R, ; is the kernel of p,(p); i.e.,

0 Ry I 41 (B) 22 J (F)

is exact.

Let g, , < 8*"'T*®E be the kernel of the map m,,; ;: Rys1— Ryy y; iee., for 1>0,

0 i+t By Thric) Byy1
is exact. Then g¢,,, is also the kernel of o,(p): S**''T*QE—+S'T*Q F; i.e.,

0 ——> sy —— SFHT*QE -2, g+ F
is exact.

Definition 2.6. We call g, the symbol of the equation R, and set g,_,=8*"'T*® E for
1<i<k.
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It is important to note that R, , and g, are families of vector spaces over X and are
not necessarily vector bundles for 1>0 (with the exception of Ry, a vector bundle by

definition).

Definition 2.7. Let D=goj,: E—~F be a differential operator of order k, and let
By=ker ¢. Then D is formally integrable if, for 1>0, R,,, is a vector bundle and
Ter it Byprp1—> By, is surjective.

Formal integrability means that the ranks of the prolongations of D are locally con-
stant, and that formal solutions of the equation exist. A formal solution to the equation at
a point x€X is a sequence {ry, 7y,;, ...} Where 7, € R, ; such that m ,(r,,1,1)="%,, for

all I>0. It corresponds to a formal power series solution of the homogeneous equation.

3. The §-cohomology

Let §: 8"T™*—T*®8™tT* be the unique linear map such that
O(E ... £ = 3 EIQ(E-... -EE-... E™)
for all &, ..., £m€T*. We extend  to a linear map
0: AMT*R8™T*Q E — A' ' T*@ 8" *T*Q E
by setting d(u@v®e)=uAdv®e if u€AT™*, veS™T*, and ¢€ K. Clearly, §>=0.
One can show that the following square commutes:
AT @ SE+mHlps @ | 21D A 1ps @ gl o F
lo |
Al+1T*®Sk+mT*®E_"m_@_, AT 8P+ @) F
From this we conclude that
A T* @G me1) A T* @ G e

Thus, we have a complex for each m>=Fk,

O——»gm_i_.,T*(@gm_l_"__, .. "—6—>Am‘kT*®gk——d—->Am_k+1T*®Sk_lT*®E.
(3.1,)

Definition 3.1. The é-cohomology of g, is the cohomology of the sequences (3.1,,)
where m=>k. We denote by H™ "!=Hm"!!g) the cohomology of the sequence (3.1,)
at A'T* ®g,,-1. We say that g, is involutive if the sequences (3.1,,) are exact. We say that
gx is g-acyclic if H™!'=0 for m>k, 0<I<gq.
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We remark that, for each m>£k, the sequence

0 Im+1 2 T*®gm’—O_’A2T*®gm—1

is easily seen to be exact. Because of this, it is possible to define g,, inductively by setting
Imi1=T* @9 N 8™ T*Q E for m >k, where T*®g,, and S"T*@ E are both considered
to be subspaces of T*®S™T*® E. We shall occasionally use this fact.

The following theorem states that if we prolong a differential bperator sufficiently
often, its symbol becomes involutive.

THEOREM 3.2. (5-Poincaré lemma). If the fiber dimension of E is <e, there exists an
integer u=k, depending only on n (dimension of X), k (order of the differential operator),
and e such that H™'=0 for all m>u and 1>0.

Proof. See Sweeney [8].

4. The Spencer sequence

We wish to construct the Spencer sequence of R, which is a complex

D° Dt

0 922, 00 c L2 om 0, 4.1)
where D% C'—~(C'"! is a first order differential operator.

Let C°=R, and set C'=(A'T*®C%)[3(A'""'T*®g,,,), for 1>1. The exterior multi-
plication map T*®A!T*—~A'*1T* induces an epimorphism 7; T*®C'~(C"*™.

We have:

THEOREM 4.1. Assume that the equation B, is formally integrable and that C* is a vector
bundle, for 1<I<r. The following statements are equivalent:

(i) Gry1 s r-acyclic.

(ii) There exists a unique complex

0 0 I Qo De° gl b Qr—l ot gr
satisfying the following properties:

(@) The map D': C'—C"! is a first order operator induced by a morphism of vector
bundles o,: J,(C")—C'*Y, whose symbol is the morphism v,; T*®C'~C'*! 0<I<r—1.
(b) The complex is formally exact in the sense that the sequences

0 Rk+m Jm (00) Pm—10) Jm_l (Cl) D —2(01) . Jm_,. (0’)

are exact at R, ,, for m=1, and at J,_(C") for m=>1+1, 0<i<r-—1.
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Proof. SBee Goldschmidt [1].

Remark. In Chapter II and all of Chapter III, except Theorem II1.3.1, we shall not
have to assume that R, is formally integrable or that C',1>1, is a vector bundle. We shall
not be considering the operators D', but rather their symbols, o(D"), which exist as maps
of vector spaces at each point of P without these assumptions.

The operators D! are essentially the difference of exterior differentiation and formal
exterior differentiation (see Spencer [7]).

It is easy to show that the sequence

0 o —2= o

is exact, so we see that the solutions of the homogeneous equation Du =0 are the same as

solutions of D% =0.

5. Elliptic complexes

Since T™ is the complexification of the real cotangent bundle, we can identify the
sub-bundle consisting of real cotangent vectors. An operator D: E— F is called elliptic if
for every real cotangent vector &, the bundle morphism ¢¢(D): E— F is injective. A complex

of operators

B B B oo 2L B 0
is called elliptic if for every real cotangent vector &, the complex of bundle morphisms

0£(Do) Og(DD) o’E(Dn—])

0 E° Bt E? £ 0

is exact.
If there are metrics in the fibers of the bundles E!, we may define the formal adjoints
D* of the operators D, and the generalized Laplacian

Di—lD?—l +D'1Di: Ei - Ei-
If £ is a real cotangent vector, and if D, is first order, 6¢(D}) = —0(D))*. Therefore,
—0¢(Diy D1+ D D)) = 06(Di1) 0e(D11)* +06(D1)* 0e(Dy),

which is injective if the symbol sequence is exact. Therefore the generalized Laplacian
of an elliptic complex is a determined elliptic operator.
The following theorem due to Quillen guarantees that the Spencer sequence of an

elliptic operator is an elliptic complex.
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THEOREM 5.1. (Quillen). If g,,, ts involutive, and if £€T* is a non-zero covector, then
the following conditions are equivalent:

(i) The sequence
0—— B2 p
is exact.
(ii) The sequence
0 o og(D% o
1§ exact.
(iii) The sequence

oxDY  gDA—D)
1%, e

0—— 22 ¢ P — 0

18 exact.

Proof. See Quillen [5], Goldschmidt [1], or Sweeney [8].

6. Extension of metrics

We assume that we are given inner products on the fibers of 7* and E. We shall extend
these to inner products on A'T*®@8™"T*® E; C', 0<I<n; and all the other spaces we shall
consider.

It vy, ..., V, are finite dimensional complex hermitian spaces, we obtain aninner pro-
duct on V,®...@V,, by setting

{01 ... @V W1 R . @Wpp> = V3, W1 ..V py, Wy

and extending linearly. Therefore we have an inner product on ®™T*. We define an inner
product on S™T* as follows. Let a be the monomorphism of S™7™* into ® ™1™ generated by

al... &™) = mi, 2EVR...QE™, g€ S(m),

where S(m) is the permutation group on {1, ..., m}. Then « induces an inner product on
8™T*. Similarly, let f: A!T*—>®T* be given by

I

BEA .. AE)= I JS(-IVEFVYR... @&, neS().

This induces an inner product on A'T*.
We now extend the metrics to J,(E). This cannot be done canonically; we must choose
a splitting » of the following exact sequence for each k>1:
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o—>SkT*®E@Jk<E)M»Jk-lwho.

For k=1, the choice of such a splitting is equivalent to the choice of a connection on E.
Furthermore, given connections on E and on T* (say the Riemannian connection) we can
define canonically a splitting of the above sequence for every k, and therefore a canon-
ical isomorphism

J(B)= S T*®E, (1=0,...,k).

This clearly induces an inner product on J,(E) for which the maps ¢ and 7,_, are isometric
injection and projection, respectively. See Palais {4, Chap. IV, § 9] for details. This inner
product induces one on R, =C®, which gives us one on A'T*®(C°. Since C' may be identified
with the orthocomplement of §(A' ' T*®g,,,) in A'T*®C®, we assign it the inner product
it has as a subspace of A'T*®CO.

These inner products and the volume element on X allow us to define L, inner products
on sections of bundles. If F is a bundle over X and if Q is a compact manifold-
with-boundary contained in X, we define I'(Q, F) to be the space of sections of F over

Q which can be extended to smooth sections over some neighborhood of Q. Then if
e, f€ET(Q, F) we define

Q =
e, > fn e, > dv,

and we define

e, fy = f (ef> da,
0

where da is the induced volume element on ¢Q.

7. The eigenvalues of the formal Laplacian

Consider the exact sequence
0 — 8T~ T*@ ™1 2 . 2 A1+ @ 1* s AmT* —s 0,
Since we have inner products on all spaces, we may define the adjoint 6* of 3, and the map
0* 8+ 80*: 8™ @ AMT* - 8™ 1T* @ AMT™,

Since ¢ is the formal analogue of exterior differentiation, we call §*0 +d0* the formal La-
placian.

The proofs in Chapters IT and III require that we know the eigenvalues of this map,
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so we calculate them here. The reader, if he wishes to avoid the calculations, may omit
this section after reading the statement of Theorem 7.1 and Corollary 7.2,

THEOREM 7.1. S™T*Q A'T™* is the sum of the eigenspaces ker 6 and ker 6*; on ker J,
the eigenvalue of 6*6+066* 18 (m+1)(m+1)/l, and on ker §* the eigenvalue is m(m +1)[(I+1).

COROLLARY 7.2. On S™T*QA'T*, the identity map is equal to

141, l ]
m(m+1) ¢ 6+(m+ 1)(m+1) 90",

The corollary is an obvious consequence of the theorem. To prove the theorem, we

need a series of computational lemmas which we give without proof.

Lremma 7.3. If (+&)™ is the symmetric product of & with itself m times, and if (&)™
18 the tensor product, then a(( &)™) =(®E&)™, where x is as defined in Section 6. Therefore we
shall write (£)* for both (-£) and (®&)-.

Lemyma 7.4. If B is the map defined in Section 6, then

CEN NEE AN A =(E®..QE B A... NTD.

Lrmwma 7.5.
1
BEA...AE ';‘ 2 (CDTE@BE A AEA ALY,
LeMma 7.6. &)™ ()" 1y =<KE DmTIKE L.
LeMMA 7.7.

5*((E)m—l®£1/\“./\§l+l)_—_ Z ( i 1 )m 1§i®§1 ./\éi/\“./\gl+1.

I+1 =

Proof. Since S™T*® A!T* is generated by elements of the form ({)"®C'A ... AL, it
is sufficient to verify that

BT A e AE), EV T RE A . AED
1+1

S (—D)FYETIEQE A AEA L AET. (1)

=Qreta.. Aty X

The left-hand side is
m{E, E" ML REC®... QL BE A  AET
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by Lemma 7.6 and Lemma 7.4. By Lemma 7.5, this becomes

1 1+1

m<$, E®. .0, 12 I IEQBE A .. AE A AETT))
i=1

which is equal to the right-hand side of (7.1). Q.e.d.
Now we proceed to the proof of Theorem 7.1. Any z€ S™T*® A'T* may be written
x=>,x;, where z,= (& )"®& A ... A&l. Then

6x=§6x,-‘=m;(s?>'"-l®f?Af}A...As

]
B =m3 L 3 (DHEITEOG A A E A G

i=0

1
pe=3 IR 3 (<) EEOE A AB A NG
* m+1 S i-1 m—1 g £ 1
Y x=§——l—’§1(—1) mEY" EQE A AEA . AE]+(m+ 1)

If 2€ ker 6%, then 0= (/(m + 1)) 66*=, so

1
lﬁ=m%§1(—l)‘ E) T ERE N .. AN AL

Then ((I + 1)/m) 6* bz = lx + mz, so 6*dx= (m{m + 1)/l + 1)) .
If x€ker 8, then 0= ((I + 1)/m) §*6x, so

1
0=m3 2 (-1 E"TEHOGA - AEA . NG
Then (I/(m+1))dé*x=(m+1) z, so 86* z = (m+1)(m+D)z. Q.ed.

I1. The j-estimate
0. Introduction

The purpose of Chapters IT and III is to prove the exactness of the Spencer sequence.

TreorEM II1.3.1. If D: E—F is a formally integrable elliptic differential operator
which satisfies the O-estimate, then:

(i) The Spencer sequence

0 6 2.t 2, Dl gon 0
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is exact, and is a fine resolution of the sheaf O of germs of solutions of the homogeneous
equation Du=0. Consequently the cohomology of

0——TI(X, ") —2->T(X, 0)—2—... 25 T(X, 0 — 0
is isomorphic to the cohomology of the manifold X with coefficients in 0.
(i) There exists an operator D': F—@G such that the sequence

E——F-"~¢g
18 exact.

The only difficult part of the proof is to show that on small, suitably convex domains
the D-Neumann problem is solvable. In order to solve the D-Neumann problem on a domain
Q, it is sufficient to prove the Kohn—Nirenberg estimate:

There exists a constant ¢ such that for all w €[(Q, C') in the domain of (D*1)*

% ull2 < A (D** ul|*+ 2| Dluf|* + 2w}
This is sufficient to prove that the cohomology
Q) —>-T(Q,cH)—2— ... 2 T(Q, 00— 0

is isomorphic to the harmonic space H=XH' on (), and that the harmonic space is finite
dimensional. To prove that the harmonic space is zero, we need the following estimate,

due to Sweeney [10]: There exists a constant ¢ such that
U aulf§ < e {OND ) ullt + D T}

for all w€I(Q, CY) in the domain of (D™1)*.

When we attempt to prove these estimates, we find that the only obstacle is the pos-
sibility that the integral of a certain bilinear form may be negative. The role of the J-esti-
mate is that it guarantees that this bilinear form and, a fortiori, its integral are non-nega-
tive. Thus the estimates hold.

Here is a brief outline of the argument and results of Chapter II. We start with the
following definition.

Definition. D satisfies the d-estimate if and only if, in the sequence
0—— g — > Tre —— ART*® 0",

l6zf2=> % ||=}|2 for all z€ T*®g% N ker o*.
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Here g} =ker o(D°). This definition is equivalent to the following statement, which

shows that to verify the J-estimate, we need not construct the Spencer sequence.
TEEOREM 3.1. A4 differential operator D of order k satisfies the d-estimate if and only if
o[> 4 (e + 12||%|[® for all € T*®gy+1 N ker &*.

Although we have begun with an estimate in the sequence
0—>g2->T*Rg1—~>A*T* @ C°
only, we shall see that it implies estimates in the sequences
AT @G> A T* @ge> A T* @ gi—1

for ] and k>1. In particular we shall prove the following in Section II.1.

TrEOREM 1.6. If D satisfies the -estimate, then ||0z||2> (k2[1)|||[? for all €A™' T*®
g% N ker 6*,

As an immediate consequence we conclude that the sequences

0= gn—>T*®gn-1~> ... A" ' T* @@}~ A" T*®C°

are exact. Hence g7 is involutive and, equivalently, g, , is involutive, which is the conclusion
of Theorem 1.7.

In Section II.2, using the estimates of Theorem 1.6, we extend the J-estimate to all

operators in the Spencer sequence.
TuroreM2.1. If D satisfies the d-estimate, then ||z||2 >} || |2 for all z € T* ®g} N ker 5*.

Thus, by assuming the j-estimate on the symbol of D® we obtain the same estimate on
the symbol of D' This is exactly what we shall need in Chapter III to prove the Kohn—
Nirenberg estimate for each I>1.

1. The §-estimate and involutiveness

The proofs in this and following sections are diagram chases with norms added, and
are simplified if we observe that if f: V- W is a linear map of complex hermitian spaces and
A is the least eigenvalue of f*f, then >0 and ||fv[[2=>1||v||? for all vEV.

The ¢-complexes
0->go~>T*®gn-1~>...> A" T* @3> A" T* @ C° (L.1)

are related to each other by the following diagram:
7 — 712904 Acta mathematica 126. Imprimé 16 8 Janvier 1971
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Each row is the usual d-complex with a symmetric tensor space added, on which &
acts as the identity. The vertical maps, denoted by ¢, act on ST*® AT™* and as the identity
on the g’s and C° Clearly the diagram commutes and the columns are exact.

Diagram chases will relate the eigenvalues of §*3 on the various spaces. These calcula-

tions, however, require several lemmas.
LevMma 1.1. The composition §*6,

8 o
0 * 2 0 0
grr1— T* @ ge— gr+1

is (k+121.
Proof. The above composition §*6 is the composition §*0 in the sequence
4 N
S @ 00— T*@S"T*@C"—L» SRy Yol

restricted to g%, followed by projection onto g% .. But since the eigenvalue of the formal
Laplacian is (k4 1)? on 8**17*® C°, the composition §*0 is (k+1)2I on S**'T*®C°. Thus if

we restrict it to g%,,, the projection onto g%, is the identity. The lemma results. Q.e.d.
Definition 1.2. Let
7 AT @8I * @00 > T*Q A T* @ 8K T* ® C°
be the unique linear map satisfying
(@) = (k+DEDEA ... AETREN

when z=F£ A, AETI@(EY)FHL
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Since # is the identity on A'~27"* and § on S***® (", it restricts to a map
7 ATIT* g% > T* QAT ' T* @4k
By Lemma 1.1, we know that if x€g},,, then ||6z|®=(6*dx, 2> = (k+1)?|l2|]*, so for
€ ATMT* ®gh+1, we have |lnz|? = (k+ 1) ||=||*
In the diagram (1.2,) we know that 6 and ¢ commute, and therefore that ¢* and &*
commute. The following lemma, which is important in almost all the proofs in this chap-

ter, indicates by how much § and &* fail to commute in a special case.
LeMma 1.3. In the following rectangle
%@ A% @ 84417 @ 00 -2 * @ AT @ ST © 0
{s* 7 ]e*
AP @ 851 @ 00— A1 @ SHT* @ (0

we have.

(i) en=(—1y"16
and
(i) 6% = (I —1)3e* +(—1)""1y.

The diagram restricts o

T*@A"W*@g}’m—é—» T*®A"‘T*®g‘,’c

&t n &*

A T*@ghn A'T*®gi
and (i) and (ii) hold for this rectangle also.
Proof of (i). Let x=E'A... AET1@(E)** ®c. Then
en = (=1 E+D(EA L AETAERE D) = (~1) T or.
By linearity, we obtain (i) for all z€ A" T*QS**1T* @ C".
Proof of (ii). Let = be as above. Then
le*dw = (k+1) (él(—l)“IE’@E‘/\ o AEA L /\§’®(E’)"®c).
Similarly,

i=1

(I—1)oe*x=(k+1) (l§(~l)“‘&“®§1/\ e NEEA L A§’®(£‘)"®c).
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Therefore, (le*d — (1 —1)de*)z = (—1) g2

Then (ii) follows by linearity. That the diagram restricts as asserted is obvious. Q.e.d.
We may now state and prove the main theorems of this section.
THEOREM 1.4. If

ll6zf|?=e(1,1) |=|[2 for all z€ T*®g} N ker &*,

then 6|2 = c(1, k) ||=|i2  for all € T* @41 N ker &%,
- _Mz_) :
where c(1, k) (1 To,%-1) k.

In particular, if ¢(1,1) =1, then ¢(1, k) =4k2.

Remark. The recursive relationship of the ¢’s indicates the naturality of the } in the
d-estimate. It is the least constant which guarantees that c(1, #)>0 for all %.

Proof of Theorem 1.4. Consider the following diagram, which is part of diagram (1.2,,,),
for k>2:
0—— T*@gh—— T*@T*®gh-1 —— T*@ A T* ® g s
le be le (L.3x+1)
0—— gl ——T*OR—— A*T*®gt 1, ——AT*®g}-s

The proof is by induction on k. The theorem is trivially true if k=1. Assume that
k>2 and that the theorem is true for k —1. Let x € T*®g¢% N ker 6* be a non-zero eigenvector
of §*0 with eigenvalue . Since

P> T*Rgv—~ A2 T*®gh_1

is exact, we know that 1>0.
By Lemma 1.1, 6*6e*x/k? =¢*z. Because 6* and &* commute and 6*6x=Ax, §*c*0x/A

also equals s*z. Therefore ¢*(0e*z/k? —e*0x/1)=0. This has two consequences. First,
{(Oe*x/k? —&*Ox[A), Oe*x[k?> =0

80 l0c* k2|2 = (1/Ak?) {e*Ox, de*x). (1.4)

Second, we can apply the inductive hypothesis to obtain

||6(0e*2/k2 —e*bz/A)||2 = (1, k — 1) ||Oe*x/k? — *S/A||2.
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Since 62=0,

|8e*x/A]|2 = (1, k& — 1) {||0e*x[k?]|2 — (2/AK?) (Be*x, *dx) -+ |[|e*Ox[A] 2}
By applying (1.4) to this we obtain
[|0e*da/A)|2 = e(1, & —1) {||*Sz/A)|2 — ||0c*x/k2]|%}. (1.5)

Since ||de*z/k?||2 =k~%(0*de*x, £*z), Lemma 1.1 implies that

Joetafit]s = k-2t
Since ee* on T*®g is the identity map,

[
and l|e*02/A]| = A-%8*0x, x> = A-1||z||2.
With these substitutions, (1.5) becomes

||6e*0z/A]|2 = c(1,k —1) (A1 —k2) ||| 2. (1.6)
Now apply Lemma 1.3 to dx with [=3. Then,

36*0% = 0 = 20"z + (— 1)z,

s0 4||0e*0x||? = ||néx||® = Atk —1)? ||]|2.
Now (1.6) becomes
((k—1)2/42) ||| = (1, k—1) (A2 — %) || (1.7)
(k—1) _
Therefore, iz (4c(l,k—l)) B=cQ,k).

Since all eigenvalues are bounded below by ¢(1, k), we have that ||0x||2>¢(1, k) |||

This completes the inductive step, so the theorem follows. Q.e.d.
TrEOREM 1.5. If
[|6x||2 = e(1, k) |||z for all xz€ T*®4% N ker 6%,
then 62|12 = e(l, k) ||||2  for all x€ A'T* ®gf N ker 0%,

Be(l—1,k) — i

where c(l, k)= N

In particular, if (1, k) =31k?, then c(, k) =k?/(l +1).

Remark.. Once again we see that § is the lowest possible value for ¢(1, 1) such that
¢(l, k)>0 for all I and k.
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Proof of Theorem 1.5. Consider the following portion of diagram (1.2, ,).

e T* QAT @ g —— T* O A T* @42
le le
e AR s ARG,
| |

0 0

The proof is by induction on I. If =1, the theorem is trivially true. Assume that !>2
and that the theorem is true for I —1. Let 2 €A'T*®g% N ker §* be a non-zero eigenvector
of 0* with eigenvalue A. Then ||éx||2=2]=||>

Since §*x =0, by the commutation of 6* and &* we have é*s*2z=0. Therefore we may
apply the inductive hypothesis to obtain

[loe*z|[2=c(l—1, k) ||e*=]|2 = c(l -1, k) [|=][2. (1.8)
By Lemma 1.3 (ii), we have
(I+1)e*dx = lde*x + (—1) 'z,
s0 12[|de*x||2 = (1 +1)2|[e*dz||2 —2(1 + 1) ( — 1) (e*dx, na) + ||nec]|2.

By Lemma 1.3 (i),
(e*0w, nxy = (—1)}||ox]|2,
80 2||6e*x||2 = (I + 1)2A|]|2 — 2( + 1) A|| ]| 2 + K2 ||| 2.
Thus, (1.8) becomes
(@+1) (I~ 1)A+E2) |2 > Pel— 1, &) [J«||?

Be(l—1, k) — k2

50 A2 a-0

=c(l, k).

Since the eigenvalues of §*0 are bounded below by ¢(l, k), we have that ||0xz]|2 =>¢(l, k) ||z
This completes the inductive step, and the theorem follows. Q.e.d.
Theorems 1.4 and 1.5 together imply

TuEoREM 1.6. If D satisfies the d-estimate, then ||0x||2 > (R%[1) ||«||2 for allz€A' ' T*®
0 *
g% N ker 6%,

Remark. These estimates are the best possible, since there exist operators such that
the above inequality actually becomes an equality for some z. The 8 operator in several

complex variables is such an operator.
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THEOREM 1.7. If D satisfies the 3-estimate, then g, is involutive.

Proof. I the sequence
AT @G —— AT Qg —— A'T*@gh s
were not exact for some [ >2 and k=1, there would exist an z€ A" 'T*®g% such that z 40,
6z =0, and §*z=0. But this contradicts Theorem 1.6. Thus ¢? is involutive. This is equiva-
lent to gy, being involutive. The proof of this consists in showing that the obvious map

from A'T*@S*"T*Q E to A'T*@8S™"T*®S*T*® E gives an isomorphism between the 4-
complexes for g,,; and ¢}. We omit the details. Q.e.d.

Remark. The hypothesis of Theorem 1.7 is stronger than necessary. Recall that the
metrics on 7™ and £ have been given, and that all other metrics have been induced by
these. Suppose that for every positive ¢ it is possible to find metrics on T* and E such that
with these metrics

6|2 > (3 —e)||#||> for all z€ T*®g}0N ker 6*.

Then g, is involutive.
To see that
AT RG> AN T* Qg ~ A T* gk,
is exact, note that ¢(l, k) is a continuous function of ¢(1, 1). By choosing ¢ small enough
so that ¢(l, k) >0 when ¢(1, 1)=% —¢, and by choosing metrics on 7* and E such that

ll6z)|2 = (3 —e)||=||2 for all z€T*®g?N ker 6*

we can make ker 6* N ker 6 =0, so that the sequence is exact. Since this ecan be done for all
I and k, ¢? is involutive, so g, is involutive.
Thus we are led to conjecture that the converse is true; i.e., if gy, is involutive, then

for any £>0 there exist metrics on 7™ apd E such that
6|2 = (3 —e) |[=|> for all z€T*®g¢}n ker 5*.

This conjecture is true for W. J. Sweeney’s example of an involutive differential operator
with a noncompact Dirichlet norm [9]. We know that this operator cannot satisfy the d-
estimate, since the results of Chapter III would then imply that the Dirichlet norm is

compact. But the Sweeney operator does satisfy the conclusion of the conjecture.

2. The j-estimate on gi, 1> 0
THEOREM 2.1. ] [ D satisfies the S-estimate, then

[l0]|2 = ||| for all x€T*®giN ker &%,
where g4 =ker o(D?).
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Proof. The theorem is a consequence of two lemmas.

LemMa 2.2. If D satisfies the d-estimate and if x€g'*! is an eigenvector of o,(D")oy(DY)*
with eigenvalue A, then 2>2.

Proof. Consider the following diagram:

e € oy (DY)
5 ] s Ty | %3 Tyl %

s T AT R g? L S AT 00 T S2TF R O — 0

£ £ a (DY)
6 st 6 x7 xl X

Lo QAT @) o T A IR0 To M0 — 0 (2.1)

P> P> o(D'*Y)
8 s 8 %
___,AH-IT*®92 A2 00 1 AN o+ —0
0 0 0

This diagram is a part of (1.2,,,) which has been extended by adding the cokernels
of the final 4 maps. The first two columns are exact as usual, and the rows are exact since
g1 is involutive. A diagram chase shows that the last column is exact. The diagram com-
mutes because (1.2,,,) commutes and because the ¢ maps are induced by the £ maps.

Recall that the metrics on the spaces " were defined so that the » maps are projections
(i-e., wn* is the identity). Recall also that ¢* from the bottom row to the middle is an iso-
metry because se*=1 on the bottom row. We shall denote all of the ¢ maps by o. The
context will always make clear which one is meant. Now we proceed with the proof.

Suppose that z€gi*! (i.e., x€ T*®C'"*! and gx=0) and that g¢*x=Ar. Then by
exactness of the last column, 1>0. Let 2,=0*2/A. Then ox,=2 and |lz,]|* = (1/2) ||«
Furthermore, z, is the element of least norm in S27™* ® ¢! which maps onto z. For, assume

oxs=2z. Then by the exactness of the column, Ty — z,=o0y. Thus

iy — x4, 23) = {0y, 6*x/A) = {a0y, z[A) =0
80 lzill? = llez — 2all® + [[2l1* > [}l

Thus, x, has the least norm.
Let x, =n*z. Then ||, ||? = ||z||2. Let z, =&, and 2, =&*#,. Since, as we proved in Chapter
1, Corollary 7.2, e*+ec*(1+1)/2(1+2) =1 on T*@A*'T*®C(°, we have

lzol|2 = flzallz + €+ 1)/2¢ +2) [Jas][>
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Since x; =c*n*x=n*c*r, we have that ||z;[2=]||o*z||2=A]|z|2. Thus

Al+1
el (1 -3 5) el @

By commutativity, mr,=0cx=0, so there is an z;€A'*'T*®g? such that dz;=u,.
Choose z; to have minimal norm, so &*z;=0. From Theorem 1.6 we conclude that
l| 65)|2 = (1)1 +2) [} ||2 or since dzs=z,,

llzslf? < @+2) |l ])* (23)

Let xzg=c*r;, and x,=0x,. Then |z4]|2=||;||2 and e(x; —z;)=0. Since I=e*+
ee*(1+1)/20+2) on T*RATIT*QC0, if zy=((+1)/2(1+2))e*(x,—x;), we have sxg=
x; —@;. Then ||ag]|2= ||z, —a,}|2C+1)/2(+2). Since {x,, %> = {ndxs, > =0, we have that
11— ol[* = [|2]1* + [l ]| . Thus

lzell* = (ll]l* + 211 €+ 1)/2€ +2). (24)

Let zg=nzg. Then ||2,||% < ||5]|? and oy =0z = mexs =n(x, —2,) =x. We have already
proved that z, is the element of least norm in S27*®C"' which maps into 2, so therefore
llall? < J|o]|* < [l ]} Thus,

(1/A) [[#]]* = flall® <(ll=]]*+ |l=1% ¢+ 1)/2¢ +2),
or 2> (20 +2)/A@+1) = 1) || (2.5)
Apply Lemma 1.3 to the rectangle
T*@A’T*@gg s » T*@AIHT*@O"
l -2 lB

AHIT*@gg ¢ Al+2T*®00

to obtain
(1 +2)e*0ws = (1+1)de*x5+ (— 1)y,

Using that ||e*dz;||2 = ||2,/|2, that |[nas||2=]||zs||% that <e*das, nasd =(—1)""!||z,||% and that

de*zy =x,, we can conclude that
A+ 12|22 = UT+2) ||oca ]2+ || s 1%
Combined with (2.5), this becomes
UT+2) JJacaf2+ |2 12 = (20 + 1) E+2)/2) — (1 +1)2) ||]f>. (2.6)
With (2.3) and (2.2) this gives
FI+D(I+2)—-A0+1)2) = 1/A) 20+ 1) (1 +2) - Al +1)32).

If <2 we face a contradiction, because then 2(1+1)(!+2)—A(l+1)2>0, so that $=>1/4
or 4=>2. Thus we conclude that 1>2. Q.e.d.
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Lemma 2.2 shows that the d-estimate implies a restriction on the spectrum of
6,(DYo(DY*. Lemma 2.3 will show that this spectrum is essentially the spectrum of §*6
on T*®gh N ker 6* multiplied by 4.

LemMma 2.3. Assume that g, is involutive. Let A be the spectrum of ¢,(D")o,(D')* on
T*®C", and let A’ be the spectrum of 6*6 on T*®g\. Then the map A—A[4 is a one-to-one cor-
respondence between AN (0, 4) and A’ N (0, 1), where (a, b) is the open interval between a and b.

Proof. Observe that 4 is the maximum possible eigenvalue of oy(D')oy(D")*, since
a,(D?Y) is a restriction of 8: S2T*® C°-> T*® T*® (P, and the eigenvalue of 6* on S2T™*® C°
is 4. Similarly, 1 is the maximum possible eigenvalue of 6*6 on T*®gh N ker &*.

Now consider the diagram:

0 0 0
1 . l ! l 1+1

0 g,z 7 ST+ @ oy (D)) T*®01+10'_(,L_),01+2_>0
ls |0 y 18

0— e - rer e ~2°2L g on 0

o |8 |8
0— AT*® 0" - A2T*QC! 0

which restricts to

0 0 0
0 91{1 i, SzT}® ct (D) glll“ 0
b Io (27)

. 1
0—_"T*®g'1'1'—>T*®T*®C’ 1®G(D) T*@C’H‘l——*O
|6 lo

0— AT*Q 0! —2s A2T* @ O 0

The diagram is commutative and, since g,, is involutive, is exact. Also, 1®a(D is
a projection. To see this, recall that m: A'**T*®C%—('*! is a projection. Then by consid-

ering the adjoint of part of diagram (2.1, ,)
T*@ AT+ @ 00 T* @ Ct— 0
Ie* IO.(DI)*
AI+IT*®00 n* ¢t 0

l |

0 0
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we see that if 2€C'*!, then ||| =|jn*z| =||e*n*z|| = ||n*c*z|| = ||o*z]]. Thus o(D"* is an
isometry, so ¢(D') is a projection. Therefore 1 ®c(D') is a projection. We shall denote both
o,(DY and 1®a(DY by o.

Let A€AN (0, 4). Then there is a non-zero z€g'*! such that oo*r=Ax. Thus ¢do*x =
doc*x =Adz. Then o(o*20x —d0*x)=0 since oo* is the identity on T*®C'*!. Therefore

0*A0z —do*x = 11*(c*Adx — do*x), or since i*¢* =0,
Ac*dx —dc*x = —ii*do*x. (2.8)
Now we claim that ¢*dc*z is an eigenvector of §*3. Since i*i is the identity on A2T*®C",

0*01*dc*x = F*t*idi*dorr = §** 0¥ dot .
By (2.8), this becomes

—6**0(Ao*0x —do*r) = —A6**00*6x = —Ai*0*0c*dx.
Since on T*® T*® (", the identity map is 6*6 + }66*, this becomes
—M*(I —}06*)6*0x = (A/4)3*08%0*0x = (1/4)3*06*0*dx = (A/4)i*0c*z.

Therefore +*do*x is an eigenvector of §*) with an eigenvalue 4/4. We must prove that i*dc*x
is not zero. Suppose that +*dc*x =0. Then o*odo*x =dc*z. But we know also that ¢*odo*x =
o*0oc*r =Ao*0x. Therefore do*r=~Ac*0x. This, with commutation, implies that Ado*z =
Ado*0*0x =A00*c*6x =00*0c*x. But 6*6 =41 on S2T*®C(C°. so Adc*xr=40c*x. We assumed
that <=0, so 6" ==0. Therefore A=4. This contradicts the assumption that A€A N (0, 4).
Thus ¢*do*r <0, and /4€A’'N (0, 1). A nearly identical diagram chase will show that if x
is a non-zero eigenvector for 6*9 in 7*®gj, with an eigenvalue //4€A’' N (0 1), then od*ix
is a non-zero eigenvector of oo™ with an eigenvalue A.

Now we return to the proof of Theorem 2.1. We must prove that if D satisfies the o-

estimate, then
[6]>= 3 [|=]? for all z€ T*® 4} N ker &*.

By Lemma 2.2, we know that 2 is a lower bound for the eigenvalues of g,(D*) a,(D")*. If there
were a non-zero eigenvalue of §*0 less than }, then by Lernma 2.3 there would be a non-zero
eigenvalue of ¢,(D')o,(DY* less than 2. Thus the minimum positive eigenvalue of §*5

is bounded below by 1. But since the sequence
0->g5>T*RF>ANT*RC!

is exact, we know also that zero cannot be an eigenvalue for §*6 on T*®gllﬂ ker 6*. There-

fore
ll6z|l>> % ||l||> for all z€ T*®@4% Nker 6*. Q.e.d.
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We conclude this section by deriving an equivalent form of the d-estimate which
will be used in Chapter III to prove the Kohn—Nirenberg estimate.

TrHEOREM 2.4. If D satisfies the S-estimate, then for each 1>1,
<S(1®a(D ), (1@a(D'H)*s) >0
for all vE€g}, where
8: T*T*R®C > T*@T*@C!
is the switching operator, the linear map generated by S(dz'@dr!®c)=da’Rdx'*®ec.
Proof. By Lemma 2.2, if D satisfies the J-estimate then

floo(D~1y*z|j2 = 2|j=||2 for all z€g).

Now consider again the exact commutative diagram (2.7,-,):

0 0 0
. l i-1 1
0 g —it s emeo—aP) L,

It ) |6 - |6
0— T¢®gll—1 L,T*®T*®Cl—l.l_€(>_g.g_)__), T*@C” —0

|6 ) |6
0— AMT*@C1 o A2 @ !

0

0

We claim that §=186* —*S since, by the calculations of the eigenvalues of the
formal Laplacian,

(¢ @8®c) =3E e - £ ®c)
and 108" ('8 ) =1 (E08Rc+ERE ®0)
80 (188*—6*0) (' @& ®c) =& ®c.
Then (SA@a(D'™)*v, A@c(D')*v) =<(}68* —8*8) 1 @a(D' ™)) v, 1@a(D'H)*v)
= 1[8*A@a(D')* ol — |61 @ (D' 1)) o],
Since 1§6*+8*d=1 on T*@T*® C'1,
I8 A @a(D 1) ofl* + |81 @a(D' 1)) of|* = |1 @ (D' 1))* 2.

We noted in Section IL.2 that (1®c(D'™!))* is an isometry, so ||(L@a(D'))*|2=||v||*.
From this we see that
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SA@a(D' v, (1@a(D')*o) >0
if and only if 18 A @ (DY) o2 = o]
where v€g} is considered to lie in 7*®C* on the second line of the diagram.

By commutativity of the diagram, §*(1 ®o(D'~Y))*v =a,(D'"})*6*v. Now 6*: T*®C'—~g}
is simply projection onto g}, so since v€g}, we have v=0*». Thus

SA@a(D )y, (Loa(D')*o) >0
if and only if "%(DI"I)*”"?' > 2|jv||%,

which was established at the beginning of the proof. Q.e.d.

- 3. The §-estimate on g,
We have defined the -estimate for D on the sequence
0->g3—>T*®gd > A*T*®C".
This was convenient for obtaining the estimates on the sequences
0->g2>T*@gi~ A T*® C*

which we shall use in the next chapter, but it has the fault that it requires that we construct
the Spencer sequence in order to see whether D satisfies the d-estimate. In this section we

shall prove that the J-estimate is equivalent to an estimate on
0= guia = T* @iy ~ A*T* @y

so that whether D satisfies the d-estimate or not can be verified without constructing the
Spencer sequence.

THEOREM 3.1. The following estimates are equivalent:

(@) |ox||2=ck+1)2||||2 for all x€T*®g,,, N ker 6*,
and

(ii) |I6z||2=c|jz||z for all x€T*®gIN ™
In particular, an operator D of order k satisfies the 8-estimate if and only if

6|2 > 4 (B + 1)% ||| for all x€ T*®gi+1 N ker 8*.

Proof. Recall that g, may be regarded as a subspace of R, =C?. Since ¢(D°): T*®C°->(?
is ‘the natural projection onto Cl=T*®C(C%dy,,,, we see that ¢g]=dg,,,. Then g3=T*®
910 82 T* g,
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Now consider the following diagram which is an analogue of (1.2,,,):

0

L
0 S‘ZT*@gk-—->...
N L
00— T*Q¢1 —T*OT*@ gy — -
e e

0— gise ’é"T*®9k+1 9, A T*®g, 4, ...

|

0 0

Since g} =dg,+,, we can collapse this diagram to obtain

/

0— T*®gy+ MT"@!]? —0

N A

AT*®g,

A diagram chase shows that the dashed arrows may be added to make the diagram
commutative and exact. Observe that the e-sequence has become the usual é-sequence and
that by Lemma 1.1, (1®46)*(1®4) is (k+1)21.

If 2€T*®g,,, N ker 6%, then 0=50*(1®0)*(1®J)z = **(1®J)x. Since f* is injective,
(1l®d)x=0, so 1®6: T*®g, 4N ker §*>T*® g2 N ker ¢*. Dimension considerations show
that this must be an isomorphism.

Now we show that (ii) implies (i). If z € T*®g,., N ker 6*, then (1®J)z € T*g} N ker &*
and ||(1®6)z||?=(k+1)?||z[|2. Then by (ii), [|6z||2=||s(1@d)z|]>=c|(1Qd)z|? so |d=||2>
c(k+1)?|z||2. The demonstration of the converse is similar. Q.e.d.

Remark 3.2. As we have observed, g =g,,,, but é acts on them differently since g,

is considered to be contained in §**17*® E and g} is considered to be contained in 7™*® C°.
It is for this reason that the &’s differ by the constant (k+1).

4. Examples

Example 4.1. The gradient operator d. Define d: C—T*, where C is the one dimensional
complex trivial bundle over X, by df =2 of/dx,dz'. Then o(d): T*®C— T* is the identity.
Therefore g, =0 and the d-estimate holds vacuously. The Spencer sequence in this case is

the de Rham sequence.
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Ezxample 4.2. Covariant derivatives. A first order linear operator V: E-»T*®E is a
covariant derivative if ¢(V): T*® E—T*® E is the identity. Again g, =0 so the d-estimate
holds vacuously.

Example-4.3. The Cauchy-Riemann operator. If X is a complex manifold, then 7* =
H®H where H (resp. H) is the space of holomorphic (resp. anti-holomorphic) cotangent
vectors. In terms of local coordinates {z,}, H is generated by {dz,} and H by {dz,}. Define
o: C—~T* by

of = 2 of/02,dz;.
Then ¢(9): T*®C—T* is the identity on H and is zero on H. If we choose any metric on
T* such that H L H, we have that g1=H, T*®gl=H®H®ﬁ®H, g, =S2H, and
ker * = {z|2€T*®g, and z1g,}=A*HOH®H.

We must prove that if z€ A2H@®H®H, then ||0x||2 =(8*dx, z) > }|jx||. Since A2H and
H®H are invariant under §*3, we may treat the two cases separately. If x€A2H, then
80z =z, so |||éz|j2=|x|[% If z€ H® H, then we may write z= a,dz'®dz’. Then §*4 is the
orthoprojection of 12 a,(dz'®dz’ -dz'®dz') onto HR®H, so (§*6z, ) =12 |a,[* = }||=|%
Therefore the d-estimate holds.

Example 4.4. The operator 90. Define 8: C—~T* by 0f =X 0f/0z,dz, Then o(9):
T*®C—T* is the identity on H and is zero on H. If A” denotes the space of exterior
vectors of type (p, g), then ¢ and @ extend to give an operator

6B AP-a—s AP0+,
and the symbol of 95: A%~ ALl is given by the composition
S2T* @ A%O 6@ T* QA% oD | At

We claim that 80 satisfies the §-estimate.
By Theorem 3.1, the d-estimate holds for 82 if and only if

llox]|2 = (9/2)||«[|2 for all x€T*®g,N ker 6*
in the sequence

0—=>g,~> T*®@g, > A2T*®g,. (4.1)
However, by the proof of Theorem 1.4, it suffices to prove that

||6z|[2 = 2||«]|2 for all z€ T*®g, N ker 6* (4.2)

in the sequence
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0——r gy —2— T* @g,—— A2T* @ T* ®A™° (4.3)

since (4.1) is the d-sequence obtained from (4.3) by prolongation.

If we let S™? be the symmetric tensors of type (p,q), we have that g,=ker ¢(69):
S2T* > ALl i S29¢)8%2 gince ¢(00)(dz?) —=0(8)(dz?) =0, and ¢(00)(dz,0d%,) =dz, A d7,. Hence
ga=T*®g, N S3T* =830 803, Then the sequence (4.3) becomes the orthogonal sum of

0—— 02 L H8 02 L A2 H
0—— 83— Hos"?—2 > A%2@H
02— Hos"*——AroH
0 -~Hes* LA eH

(4.4)

Thus to verify that the estimate (4.2) holds on (4.3), it suffices to prove that it holds for
each sequence in (4.4). The first two are trivial d-sequences, and Theorem 1.7.1, which states

the eigenvalues of the formal Laplacian, applies to give
|| 6|2 = 4|=]|2 for all zEker &*.

The third and fourth sequences are similar, so we consider only the third. Let x=§ ®f2e
H®A8%2, where £ and { are unit vectors. Then |z]|2=1 and dz=2&A{®E, and |0z|2=
4|EAEP=4| 1t -{®¢&)||*=2. Thus ||6x]|>=2||=||2. One can extend this argument to
prove that for all x€ H®S8%2, ||6z|2=2|j=[>. Therefore, for all four sequences in (4.4),
the estimate (4.2) holds. Therefore, the operator ¢@ satisfies the §-estimate.

1. The D-Neumann problem
0. Introduction

We shall use the estimates of Theorem I1.2.4 to prove that the Kohn-Nirenberg
estimate holds, and therefore that the D-Neumann problem is solvable. The rest of the
proof of the exactness of the Spencer sequence follows quite easily.

Recall that the Kohn-Nirenberg estimate states that there exists a constant such that

ell® < PN Dy wl* + O D ulf® + lul]®}

holds if  is in the domain of (D'~1)*; that is,if w €T'(Q, C*) and ¥ D' v, u) =% v, (D' 1)*u)
for all v€T(Q, C'~1). The only obstacle to proving this is that the integral of a certain bilin-

ear form may be negative. The estimate of Theorem II.2.4,
S(l@e(D' )y, 1®o(D' Y)*vy=0
for all v€g}, however, is sufficient to guarantee that this will not happen.
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In Section 1 we discuss the D-Neumann problem. In Section 2, we state the theo-
rem which says that the Kohn-Nirenberg estimate and Sweeney’s estimate hold on cer-
tain domains for elliptic operators which satisfy the -estimate, and we prove the theorem
in the special case of constant coefficients. Finally, in Section 3 we prove the main pro-

position, Theorem III.3.1, which asserts that the Spencer sequence is exact.

1. The D-Neumann problem (see Sweeney [8])

For notational convenience we shall consider the graded bundle 0= @®C'!>0) and
we shall write D for the graded operator which is D' on I'(Q, C*) and D* for the graded
operator defined by (D*)!=(D'")*, where (D'~1)* is the formal adjoint of D'~!. Then D
is graded with degree 1 while D* is graded with degree —1. Since D* is not defined on C°
it is convenient to consider ¢’ = @CYl>1).

Let Q be a compact manifold-with-boundary contained in X. Define the Neumann
space N=@®N!(!>1) to be the graded space of all sections w€I'(Q, C") satisfying the
boundary conditions

AU Dy, u> =% v, D*u> for all veT'(Q, O) (1.1)

X Dv, Duy =%*(v, D*Du)> for all v€(Q, C). (1.2)

Thus % €N if and only if both 4 and Du are in the domain of D*. Define the harmonic
space H=@®H'(I>1) to be the kernel in N of DD*+ D*D. Since *((DD* + D*D)u, u) =
Q|| D*u||2 +9|| Du|? for w€N, we have

H={u€N: Du=D*u=0}

Definition 1.1. We say that the D-Neumann problem is solvable for D on Q if H is
closed in L,(Q, ¢"), and if there exists a bounded graded operator of degree zero
N: Ly(Q, C"y—~L,(Q, C') mapping I'(Q, C") into N such that

(i) NH=HN =0, where H: L,(Q, ¢')-H is the orthogonal projection;
(ii) each w€I'(2, C') can be written

w = DD*Nu+ D*DNu + Hu, (1.3)

where the terms are mutually orthogonal by (1.1) and (1.2); and

(iii) DN=ND. '

One reason for wanting to solve the D-Neumann problem is that the decomposition
(1.3) gives a cochain homotopy 1—H =D(D*N)+(D*N)D, which says that if Du=0,
then u is cohomologous to Hu. Therefore the cohomology of the sequence
8— 712004 Acte mathematica 126. Imprimé le 8 Janvier 1971
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e, o) —=2-rQ, o) —=2- ... Z5T(Q, ") —0

is isomorphic to H=@H'(l>1).

If we complete N abstractly to a graded Hilbert space B with the Dirichlet inner
product Q(u, v) =% Du, Dv) + ¥ D*u, D*v) + % u, vy, we may show thatB may be consid-
ered a subset of L,(Q, C"). Let L be the Friedrichs extension to B of DD* +.D*D. Then
we have

TaHEOREM 1.2. Assume that D is elliptic and that the inclusion B—Ly(Q), C') is compact.
Then we have:

i) %€NQ, C’) whenever Lu€l'(Q, C');

(i) H 4s finite dimensional, and the range of L on I'(Q, C') is closed; and

(iii) the D-Neumann problem is solvable for D on Q.

Proof. (See Sweeney [8].)

Remark. That (i) is true is a result of Kohn and Nirenberg [3, Theorem 3]. Our assump-
tion that D is elliptic comes in via Quillen’s theorem, Theorem I.5.1, which implies that
DD*+ D*D is then elliptic. The Kohn—Nirenberg theorem requires that the boundary be
non-characteristic for DD*+ D*D.

To show that the inclusion B—L,(Q, C’) is compact, it is sufficient to prove the Kohn—

Nirenberg estimate [3], which we shall do in the next section.

2. Integration by parts
Let r be a smooth function on X such that

(i) r(x)=0 if and only if z€0Q
(il) r(z)<0 for z€Q
(iii) |dr] =1 on Q.

Then +dr is the volume element on 9Q. From Stokes’ theorem we get for all smooth func-
tions f and one-forms o,

Q<df7 a> =Q</’ d*a> +aﬂ<fdr’ d).
This result extends to sections of bundles and first order operators D: E—~F to give
A De, fy =Xe, D*f>+%%au(D)e, >

for all e€T(Q, E) and f€T(Q, F). Consequently, the condition that »€I'(Q, C") be in the
domain of D* is equivalent to a4 (D)*#=0 on 6.
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TrEOREM 2.1. If Q is a sufficiently small ball in terms of some local coordinates, and
if D is an elliptic operator which satisfies the d-estimate, then

(i) Bfjul® < e{ D*ull® + || Durff® + ]l }
and
(ii) Haull§ < D ullf + || DullF}

for all w€T(Q, C') in the domain of D*; i.e., for all u suchthat o4, (D)*u=0 on Q. In particular,
if p s a point in X with a neighborhood N, there is a compact manifold-with-boundary Q
such that p€Q< N and (i) and (i) hold on Q. Here ©|| ||, ts the Sobolev s-norm on Q.

Proof. This theorem is proved by Sweeney [10]. Since our concern is the function
served by the J-estimate, we shall prove only (i) under some restrictive conditions; the
role of the d-estimate in the more general case is the same. We assume that in some lo-
cal coordinates D has constant coefficients, but we do not need to assume that Q is small

or that D is elliptic. In the general case, ellipticity is used to bound the derivatives of the
coefficients of D*.

Clearly we can assume that » is concentrated in I'(Q, €% for 11, so that Du=D'u

and D*u=(D'")*u. We assume that in terms of our local coordinates,
n
D=3 4,8+ A,,
=1

where 9,=28/ox;, and D'=% B,3,+ B,,
where all the coefficients are constant. Then
(DY) = -2 A}o,+ A5
By Theorem 11.2.4, the §-estimate implies that
SA®a(D' ), (1®a(D')*v) >0

for all v€ gj =ker o(D'"). Therefore we have that > (Afv, Afv,>>0 for all v,,...,v, in
C' satisfying > B,v,=0. Hence we obtain the estimate

— 2K 45 v, AT v <c|Z B
for all vy, ..., v, in C'. But clearly

N 2 Biaull® <2{°|D*ull* + | Byul|*},
8% — 712004 Acta mathematica 126
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and O Byull® < ¢ ful?,
50 — > % At0,u, AT oud <c {0 D'ull® +°|lulf?}. @.1)

If u satisfies the boundary condition o,,(D'~')* =0 on &Q, then % is in the domain

of the adjoint of > 4,0, since this operator has the same symbol as D'~, Therefore,

> ATou|P= — 3% 4,47 8,0,u, uy = — 3o, A 0,u, AT u)
= ZQ<A:‘3}’“’ Afai“> - Zm<‘4731“, (07) A;“>-

Since > At ol < e {OND N wl* + a3,
by (2.1) we obtain
= 290 ATo,u, (Byr) AT w) < c{O|| Dul® + 2| (D1 |2 + ]} 2.2)
The left-hand side of (2.2) is
— 2.9, ((0rr) ATu), A ud + 29K(29,r) AT w, A u).
The first term is zero, since by the boundary condition on «, we have
Oar (D) u =3 (8,r) AT u=r(z) K(x)
on a neighborhood of 6Q in Q where K(z) is differentiable. Differentiation yields
2.9,(@yr) ATw) =2, (9yr) K(%) + 2 r(z) (9, K)
which is D (9;7) K(z) on 8Q, where r=0. Therefore,
39949, ((9yr) AT w), A} ud = 39 (3,r) K(w), AT uy = 39X K (%), (8,r) AFuy =0
since 2, (9,7) A7 u=0 on Q. |
If we let Lu= > <(9,0;r) ATu, A} u) be the Levi form for the problem, we have that

| muse@la e+ o+,
o

If the Levi form is positive definite, then [aqLu>c®@|[u|* and we obtain the Kohn—

Nirenberg estimate

A ull® < e{ (D" + D ul|? + P}

To determine under what conditions the Levi form is positive definite, consider the
Hessian of Q, a bilinear form on 7* ® C*| 5q given by H(u, v) = > {(8,8,r) u;, v;>
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where u=> u,dz' and v=> v,dz’. In terms of the Hessian, the Levi form is given by
Lu = H(g{(D"*u, 6(DY*u).

It is well known that the Hessian of a strictly convex domain € is positive definite on
T*(©Q), the cotangent bundle of the boundary of Q. Since ¢4 (D")*u=0, we have that
a(DY*u lies in T*(2Q)), and therefore that

Lu = H(o(D"*u, o(D")*u) >c|o(D')*ul|®.

Finally since o(D"): T*®@C'~C'*! is surjective, the adjoint is injective, so Lu>¢|u||? if
Q is strictly convex. Therefore the Kohn-Nirenberg estimate holds on strictly convex
domains for constant coefficient operators satisfying the d-estimate. Q.e.d.

In general, with variable coefficients, the Levi convexity condition is more compli-
cated, as in the example of the Cauchy-Riemann operator where the required convexity
is strong pseudo-convexity. Sweeney’s proof of the above theorem, however, shows that in
any coordinate system a sufficiently small sphere satisfies the necessary convexity con-

ditions.

3. The exactness of the Spencer sequence

THEOREM 3.1. If D: E— F is a formally integrable elliptic differential operator which
satisfies the O-estimate, then:

(iy The Spencer sequence

0 ] 2.2, Zon 0

s exact, and is a fine resolution of the sheaf O of germs of solutions of the homogeneous

equation Du=0. Consequently the cohomology of
0—I(X, 021X, )2 ... ZLT(EX, ) —— 0

ts isomorphic to the cohomology of the manifold X with coefficients in 0.

(i) There exists an operator D': F—G such that the sequence

0 0 E

18 exact.

Proof. Since D satisfies the d-estimate, we know that g, is involutive. Since D is
formally integrable, we can define the Spencer sequence and the operators D’, and we know
that C? is a bundle for 1>0.
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To prove (i) suppose that f is a germ of a section €’ such that D'f=0. Then there exists
a local section f on a neighborhood N such that Df=0. Let Q< N be the convex neigh-
borhood described in Theorem 2.1. The Dirichlet norm is compact on €, and by Theorem
1.2, the D-Neumann problem can be solved on €. Therefore, an isomorphism from the
cohomology of

LQ, 0" -2, rQ, 0 —2 ... 2L 1(Q, ") —— 0 (3.1)

to H=> H'(I>1) is given by the homotopy operator 1 —H =D*N D + DD*N, which shows
that each v €['(Q, O") satisfying D'u=0 is cohomologous to Hu, and the harmonic space

is finite dimensional. But by the estimate
Nl <@ ulft+ D}

for all w €I(Q, C") in the domain of (D'"l)*, it follows that the harmonie space is zero, for
if (D'"")*u=D'u=0, then ®||uf;=0 so u=0.} Therefore (3.1) is exact, and there exists a
section g€L'(Q, C*~) such that D'~'g=f on Q. If g is the corresponding germ, D' “'g=f, so
the Spencer sequence is exact. ’

The sheaves C" are all fine sheaves, since they are sheaves of germs of differentiable

sections of a vector bundle. That the cohomology of
0——I(X, 0" 251X, 00— ... 25X, 0 ——0

is the cohomology of X with coefficients in § follows from standard sheaf theoretical argu-
ments.

Part (ii) follows from several diagram chases which prove that there exists an oper-
ator D": ['(Q, F)—~T(Q, @) such that the cohomology of

IQ, E)—2-T(Q, F)—=—T(Q,6)

is isomorphic to Hl. See Sweeney [8]. Q.e.d.

References

[1]. GorpscEMIDT, H., Existence theorems for analytic linear partial differential equations.
Ann. of Math., 86 (1967), 246-270.

[2]. GuLEMIN, V., Some algebraic results concerning the characteristics of overdetermined
partial differential equations. Amer. J. Math., 90 (1968), 270-284.

[3]. Konn, J. J. & NIRENBERG, L., Non-coercive boundary value problems. Comm. Pure
Appl. Math., 18 (1965), 443-492.



[41.
[5].

[6].
[7].
[8].

[9].
[10].

A GENERALIZATION TO OVERDETERMINED SYSTEMS 119

Pavais, R. 8., Seminar on the Atiyah-Singer index theorem. Ann. of Math. Studies, 57 (1965).

QuiLLEN, D. G., Formal properties of overdetermined systems of linear partial differential
equations. Thesis, Harvard University, 1964 (unpublished).

SpENCER, D. C., Deformation of structures on manifolds defined by transitive, continuous
pseudogroups: I-II. Ann. of Math., 76 (1962), 306-445.

Overdetermined systems of linear partial differential equations. Bull. Amer. Math.
Soc., 75 (1969), 179-239.

Sweeney, W. J., The D-Neumann problem. Acta Math., 120 (1968), 223-277.

~—— A non-compact Dirichlet norm. Proc. Nat. Acad. Sci. U.S.4., 58 (1967), 2193-2195.

~—— A uniqueness theorem for the Neumann problem, Ann. of Math. 90 (1969), 353-360.

Receiwved March 4, 1970



