Vanishing cycles and 2-modules

M. G. M. van Doorn

0. Introduction

This paper arose while we were working on the problem of classifying regular
holonomic Zx-modules (X a complex manifold) with a prescribed singular support
i.e., the projection under n: T*X—X of the characteristic variety. In [2] we treated
the normal crossings case. We believe that such classifications should be done by
“@-module theoretic” methods. In other words one should not start to translate
the problem into one on classifying perverse sheaves.

The theorem on extensions of perverse sheaves of Verdier [12] has of course
an analogue in the framework of @-modules. This analogy arises by means of the
Riemann—Hilbert correspondence (cf. [9] or [6]). The main goal of this paper is to
give a “Z-module theoretic” proof of the analogue of the extension theorem (cf.
Thm. 3.2). Meanwhile we establish some results (Prop. 1.5.1 and Prop. 2.4.3) which
might be important on their own.

As a preliminary task one is forced to find analogous versions of the nearby
cycle functor ¥, and the vanishing cycle functor @, of Deligne [1], (where f: X~C
is a non-constant holomorphic function) and the natural morphisms can: ¥,—~®,,
var: @,—~¥,. In [8] Malgrange considered the structure sheaf @y and defined Zx-
modules corresponding with ¥,Cy and ®,Cy. In [3] Kashiwara treats the general
case; he defines functors ¢ and i such that for every regular holonomic 2 -module
M, oM tesp. YM agree with &, F resp. ¥, where F=Rliomg_ (A, Oy).
Furthermore there are natural morphisms c(#): oM~y M, v(MH): Yy M~ H
corresponding with can, var. The main result (Theorem 3.2) is then as follows
(cf. [12], Cor. 1).

Theorem. The functor

F: Ml — (MY, oM ==Y M, ) (7))
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defines an equivalence between the category of regular holonomic @y-modules and
the category of triples (N, ./VI%JVZ, «). Here n: M~ MH]f"1] denotes the can-
onical map and N, N, N; are regular holonomic Dy -modules such that:

N =N [f];

M, N are sypported by X,=f"1(0);

U, V are Dy -morphisms;

a: N—= YN is an isomorphism satisfying aUV =c(N)v(AN)a.

In §1 we introduce Kashiwara’s filtration and state the main properties
(Thm. 1.4). Moreover we put forward a nice description of this filtration (Prop. 1.5.1).
This enables a rather easy proof of the Artin—Rees property (cf. 1.6.3).

In § 2 following Kashiwara (cf. [3] and also [8]) we introduce functors ¢, y on
mod (Dy),,. We list some properties. Using material from §1 we deduce the
existence of a distinguished triangle in D, (Zy)

M~y M~ RI 3 M[1] ~ A [1].

We obtain some corollaries to be used later. We make some comment on relations
with Deligne’s functors and add a remark concerning why one should restrict atten-
tion to regular holonomic 2y-modules.

In § 3 we formulate the main Theorem 3.2. This section is rather technical.
By then it is obvious that the functor F is exact and faithful. However the difficulty
is to show that F is essentially surjective. To solve this problem we introduce an
inverse functor G which does the reconstruction for us. The details are in 3.2.3.

For a moment we return to the classification problem mentioned at the beginning.
Suppose one wants to classify holonomic @,-modules with regular singularities
along X,. The main theorem reduces this to a problem of classifying pairs A] =/
of regular holonomic & y-modules with support contained in X,. In a subsequent
paper we will return to this question.

The author is indebted to Prof. A. H. M. Levelt and A. R. P. van den Essen
for the stimulating discussions with them when studying [3] and [8].

N.B. If we write “module” we always mean “left module”.

mod (Dy)y, denotes the category of regular holonomic Z5-modules.
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1. The canonical good filtration
1.1. Definition

Let Y be a complex manifold and let Z be a closed submanifold of Y. Let &
be the defining ideal of ZCY i.e., the sections of @, vanishing on Z. Following
Kashiwara [3], (see also [1]), we define a descending filtration F* 2y on 9y by

F*@y = {PcDy|PZT c ZI+¥, all jeN}, for all k€Z.

In local coordinates (35, ..., Ym»Z1s --.» Zo) ON Y such that Z is given by y,=0,...,
v.=0, one has

0 d .
Zia—a—zi—EFO@Y, J’jEFl@y, EEF lgy;

F°9y is the subring of @y generated over Oy by

9 2,9 9
321 PR aZ" 7y1 aZl bR ] ymaym .

F°9y is a noetherian sheaf of rings. (Cf. [11], Ch. III § 1.4 and appendix C. 5; cf.
also [6], Ch.1 § 1.1.) The F*@y are coherent modules over F°Dy. F°9y/F'9y is
a coherent sheaf of rings.

1.2. Definition of good filtration
Let .# be a coherent @y-module. A descending filtration F'.# on . is called
a good filtration if
(1) F'gyF 4 c F**'.#, for all k,IcZ.
(2 M =Uyez F* M.
(3) F*4 is a coherent F®@y-module, for all k€Z.
(4) Locally one has:

F'@yF*Ml = F*'t if (I1=0,k>0) or (I=0, k<0).

If this is the case then for any k€Z, gt*.#:=F*#|F**' 4 is a coherent
F*9,/Ft9,-module. Notice that a coherent Zy-module has locally a good filtra-
tion. Moreover if 4 is a regular holonomic %y-module, such a filtration exists
globally.
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1.3. Definition of canonical good filtration

From now on we assume Y=XX C, X acomplex manifold. Let ¢ be a coordinate
on C. The ideal &=10y defines the closed submanifold XX {0}, which we identify

with X. Let 6 denote the vectorfield 9 on Y, where d=——. Clearly we have

ot
. F'9, K, if  keN
F'9y ={2’J;"0 F2,9, if —keN.
The coherent sheaf of rings F°2y/F'9y may be identified with Z,[0].
Let .# be a coherent Py-module with a good filtration F'.#. The filtration is
called a canonical good filtration if
(5) there exists a non-zero polynomial b€ C[@] such that
(i) b(B—Kk)F* < F*+*#, for all k¢Z,
(i) b7(0)c {zcCl0 =Rez<1}.
1.4. Theorem. (Cf. [3], Thm. 1 and [7], Thm. 3.1.) Let # be a coherent Dy-
module. Then:

() # admits at most one canonical good filtration.

(i) If # is holonomic, then M carries locally a canonical good filtration.

(iii) If A is regular holonomic, then # has a canonical good filtration.

(iv) If M is regular holonomic, then for all k€ Z, g4 is a coherent Dy-module,
where F' M denotes the canonical good filtration. [ Notice that 9y Dx[td]=
F°9y/F19y and in general gr# is only coherent over Dx[td).] In that
case gr’.M is a regular holonomic Dy-module.

1.5. Let ./ be a coherent 2y -module equipped with a canonical filtration F'.#.
We want to give a more explicit description of this filtration. Therefore we introduce
the following notation: for a linear subspace ¥ c.# and any k€N put

t7* L = {meM|F meZL}.
Consider the descending chain of subspaces of .#
DR D TIFOM D FOM O tFO M O BFOM O ...
We claim that this is just the canonical good filtration.

1.5.1. Proposition. Let .# be a coherent Dy-module carrying a canonical good
filtration F' M. Then for all k€Z

F*#l = *F° M.
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Proof. Let b€ C[O] be a non-zero polynomial satisfying condition (5) of 1.3.
Observe that for keN¥,

F*f#f ct=*FoM, *F°4 C F*.H4.

Let us prove the other inclusions.

(1) Let k€N*. Suppose me€t *Fos ie., *mcF°.#. Hence O fmcF*4;
thus (8+k)...(0+1)meF~*#. On the other hand there exists NEN, N=k+1,
such that m€ F~N4; thus b(0+k+1)...b(0+N)mcF~*4. Because of condition
@) of 1.3 (5 (+k)...(p+1) and b(6+k+1)...b(0+N) are relatively prime.
This yields m¢ F*4.

(2) Locally there exists j,€N such that F/@y Flo#f=Fi*ho 4, for all j=O0.
It follows that Flot/.#/=¢ Fio 4, for all j=0. If j,=0 we are done, so assume
Jo=0. We will derive that Flo.#/ =tFiv=' 4. Let m€ Fio#. Then b(0—j,)me Flotl 4.
Hence there exists my€ Flo.4 < Fio=' 4 such that b(0—j)m=1tm,. Writing b(6—j,)=
05(0)+b(—jy), with becClO], we have b(—jo)ym=t(m,—0b(@)m). Note that
b(—j)EC*, my—db(O)meFlol.f and thus mé&tFo~l4. This yields Fe.#c
tFio~t /. The other inclusion is obvious. It follows that already Flo—'*+i 4=
U Fh=t 4, for all j=0. By descending induction we arrive at F/.#=¢ Fou,
for all j=0.

1.6. Using this description of the canonical good filtration we will derive that
a morphism ¢: 4, >4, of coherent Py-modules, carrying a canonical good
filtration, is a strict morphism between the filtered modules. By this we mean that

Im oNF* 4, = o(F*.4,), for all keZ.

This will be done by proving an Artin—Rees lemma for canonical good filtrations.
As a preliminary step we have:

1.6.1. The canonical filtration on J#y,.#

Let us first recall the following. Let ZCY be a subvariety defined by an ideal
%. For a @y-module # one defines

Iizy M = lim ﬁomay(@y/g", M).

This is a PDy-module with support contained in Z. (Cf. [4], § 1 or [9].) Let #,
denote the k-th derived functor of Ii. If . is coherent it is not necessarily the
case that #7 .4 is coherent. However Kashiwara proved:

— If . is holonomic, then %, .# is holonomic. ([4], Thm. 1.4.)

— If # is regular holonomic, then also Jférll ([6], Thm. 5.4.1.)
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The ideal 10, defines the closed submanifold XX {0}=X. Let .# be a coherent
Dy-module and assume that H#3.# is also coherent. We make the following ob-
servations:

1) HY M = {mE .M |there exists NEN such that Ym =0
[x1
= UkEN KCI‘ (tk, J/{)_
(2) >4 carries a descending filtration given by
29

Ker (¢7%, #) if —keN

k 0 —
F i # '_{ 0 if  keN.

(3) This is a good filtration, because:

(i) Conditions (1) and (2) of 1.2 are trivially satisfied.
(i) 1.2 (4) is true, because Ker (¢, #)= @;’:10 & Ker (¢, A).
(iii) Ker (1, #) is a coherent 9y-module ([4], Prop. 4.2), and thus a coherent
F°%y-module. This implies 1.2 (3).

(4) Furthermore (1d—k) F* % M < F** A3 M, for all k€Z as one easily
verifies. Thus the filtration given by (2) on 3.4 is the canonical good
filtration.

1.6.2. The induced filtration on a quotient

Let .# be a coherent @y -module and let A C.# be a coherent 2y -submodule.
Suppose # is equipped with a filtration F'.# which is canonical good. There are
induced filtrations on A" and /A" defined by

F*N = /' nF*4, for all keZ,
F*(M|N) = FFM|F* N, for all k€Z.
Proposition. The induced filtration F'(M|AN) is canonical good.

Proof. Clearly the induced filtration satisfies properties (1), (2), (4) and (5)
of the definition of canonical good filtration. Condition (3) is fulfilled, because
locally F*(.#].4") is a F*@y-module of finite type and it is a F°Py-submodule of
the coherent Zy-module .#/4". By [11], Prop. 1.4.2 and the last lines of 1.1
F*(#|A) is a coherent F°Jy-module, for all k€Z.

Note. By the last line F¥.4" is a coherent F?@y-module, all k€Z.
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1.6.3. The induced filtration on a holonomic submodule

Proposition. Let .# be a coherent @Dy-module and let N .4 be a coherent
submodule. Assume M carries a canonical good filtration F'.M. Then:

() Ker (t, #)YFO =0;
(ii) the induced filtration on A is canonical good.

Proof. We begin the proof of (ii) and meanwhile obtain (i) as a special case.
The induced filtration satisfies conditicns (1), (2), (3) and (5). The problem is to
show that F-A" satisfies condition (4) i.e., locally

FIgyFr/ =FH oy if (120, k>0 or (I=0, k<0).
We prove this in two steps.
1. F'9yF*N/ = F*'4 for all 1=0, k=—1.
It is enough to prove
F*lp =F-19,F*4, forall k=1

Therefore let k€ N* and n€ F~*~14". Let b€ C[O] be a non-zero polynomial
belonging to the canonical good filtration F'.# (cf. 1.3 (5)). Then b(0+k+1)ncN N
F*#=F*&. Write b(0+k+1)=0tb(0+1)+bk), bcC[O] and b(k)cC*
Further t6(0+1)nc F~*A", yielding that nc F-*/+-9F ¥ A=F 19, F~* /.

2. The problem seems to be in the tail of the filtration. We shall derive that

F'@yF* 4 = F**!' 4, for all k,I¢N.

It suffices to show that F**' 4 ctF*A4", for all kEN.
Let us first treat the special case

2a. N =M.

Let k€N and ne F*¥' N =N ~F*tl4. By Proposition 1.5.1 there exists
mEF*# such that n=tm. Because A =25, # there exists NEN such that
t"n=0. Itfollows also N+'m=0, hence m¢ HygM=N. So n=tm with meF*N.
This yields F*+'A ctF*A.

Hence in the particular case A '=#3 .# we have established that the induced
filtration is canonical good and by unicity (Th. 1.4 (i)) equals the filtration given
in 1.6.1. In particular Ker (¢, £)NFO C N nFu =0, so this yields part (i).

2b. The general case.

Let k6N and let n€F**'. There exists m€F*# such that n=tm
(Prop. 1.5.1). Denote with m the image of m in #/A4". Then tm=0 in /N
Hence mcKer (¢, M| N)NF (M [N )YKer (1, M[N)NFO(M[A). By Proposition
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1.6.2 the induced filtration on .#/A4" is canonical good, hence by (a) above m=0.
It follows that me ¥ NF*4 =F*4" and n=mmetF*4". This yields F**' N ctF*N
for all k&cN.

1.6.4. Corollary, Let ¢: M, —~H, be a morphism of coherent Dy-modules.
Assume My and M, carry canonical good filtrations F' My, F'M,. Then ¢ is a strict
morphism of filtered modules.

Proof. Put A" =Imoc.#,. Then F .#, induces a canonical good filtration
on A" (Prop. 1.6.2). Also F'.#, induces a canonical good filtration on A" (Prop. 1.6.3).
But there can be only one canonical good filtration on A", hence o (F#)=A4
F¥AM,, for all keZ.

1.6.5. Corollary. Let M~ .#,—~~ M5 be a short exact sequence of coherent
Dy -modules with a canonical good filtration. Then for all k€Z we have exact se-
quences:

(i) Fkﬂ]_ Co Fkﬂz > Fk./%g Of Fogy'modules;
(i) gr¥d, <> gt My — gt My of Dx[6]-modules.

1.6.6. Remark. Let .# be a coherent @y-module admitting a canonical good
filtration F .. The multiplication with 7 induces, for all k€N, a bijection gr*.# =
gr**+1.4. This follows from 1.6.3 (i) and 1.5.1.

2, Vanishing cycles and nearby cycles

Let X, Y be asin 1.3. Let f: X—~C be a non-constant holomorphic function
on X.
Let
it X>Y =XXC, xw(x,f(x)

be the embedding on the graph of f.
Finally put X,:=f"1(0).
2.1. Let # be a coherent P y-module. Then
LM =(Dy|Dy(t—)Ray M

(where we have identified X with the graph of f) is a coherent Zy-module supported
on the graph of £, If .# is holonomic, then i, .# is holonomic (cf. [6], Lemma 5.1.9).
If .# has regular singularities, then i, .# has regular singularities (ibid.). In fact
i, is an exact functor and establishes an equivalence between the category of coherent
Zy-modules and the category of coherent Zy-modules with support contained in
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the graph of f (cf. [4], Prop. 4.2). The inverse functor of i, is given by
Ker (t—f, -} = fiomg, (Oe/(t~f) Oy, -).
In fact one has the identification
i M=Clo]Q4,

where the 9y-structure on the right-hand side is determined by (in local coordinates
X150y Xg, ton Y): for all me.#, i€N:

t'@m) =—id ' @m+I Qfm
IO Om) = Fem
9,0 @ m) = 0 R, m—0+1®d,(f)m,

for all w«€{l, ..., d}, (30, = 3x¢]'

2.2. Definitions

2.2.1. The category of coherent Py-modules # satisfying the requirement that
i,/ admits a canonical good filtration is by 1.6.2, 1.6.3 and 1.6.4 an abelian cat-
egory. Let us denote this category by #. Following Kashiwara [3] (see also Mal-
grange [8] and M. Saito [10]) we define for any #€%

YoM = FO(, M)F iy M)
oM = F~1(i, M)[FO(i, M),
where F*(i,.#) denotes the canonical good filtration on i, ./#.
2.2.2. Left muitiplication with ¢ resp. @ induces maps
c(M): oM —~ M,
o(M): M~ oM.

2.2.3. If we make the identification X=XX {0} (see 1.3), then y¥.# and ¢.#
have the structure of a module over F°%,/F'9y=9[t0]. Moreover Y.# and
@# are coherent Py [td]-modules. The mappings c(.#) and v(.#) are Dy-linear
and the action of ) on @.# (resp. Y.#) is given by v(.#)oc(#)—1,4 (resp.
c(M)ov(M)). The Dy-modules y.# and p.# have their support contained in

i(X)n(Xx{0}) = graph ()n(Xx{0}) = X, x{0}.
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2.3. Restriction to regular holonomic modules

By Thm. 1.4 (iii) the category £ contains the category of the regular holonomic
modules wmed (D), According to Theorem 1.4 (iv) Y.# and @.# are regular
holonomic Zy-modules if .# is regular holonomic. The restrictions of ¥ and ¢ to
meod (Dy)y are still denoted ¥ and ¢. We view then as functors from zed (D),
to itself. There exist natural transformations c¢: ¢y, v: y—¢@. These satisfy the
condition that for any A€ med (Dy),, there exists a non-zero polynomial b¢ C[O]
such that:

(i) the y.#-endomorphism c(#)v(4) satisfies b(c(M)v(M))=0,
(ii) b-1(0)c {2 Cl0=Re z<1}.

2.4. A distinguished triangle

Our goal in this subsection is to show the existence of a distinguished triangle
in D, (Py), the derived category of bounded complexes of Zx-modules with reg-
ular holonomic cohomology. For any #¢ med (Yx)n: there exists a distinguished
triangle

oM ~ Yy M - RIx M1} —~ oM [1].

Or in more down to earth terms, there exists an exact sequence of regular
holonomic Zy-modules

%[9(0]./” > (p./” __C_) w.// —>> '%lxolﬂ'
We start with a lemma; its proof is a bit technical.

2.4.1. Lemma. Let M be a Dy-module. There exists a natural isomorphism of
Dy-modules

Hiyo M =~ Ker (t, iy M) = ficmg, (Or/10y, iy M).
Proof. Recall that (cf. 1.6.1, 2.1)
Hy gl = UpenKer (f*, M) i, M= C[O]DA.

Let p=27_,0/@mci, M.
Then =27} ¥ ®(—(j+1)m;,,+fin;)+8"®fm,. Hence
péKer (4 i, M) IE fm, =0, nm, =fm,_y,..,m =fim,
iff fMimy =0,
Jjim;=fim, for all je{l,...,n}.
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This clearly implies that the injective maps

&, (M): Ker (f*, M)~ Ker (¢, i, M),

m »ng:o%af@ffm, for all m,
induce a bijective Ox-linear map
e(M): H M —~ Kex (1, iy M).

Clearly ¢ is functorial in .#, so it remains to check that ¢(.#) is Dx-linear. Therefore
let &€ Der (Oy), meKer (f*, #). Then EmcKer (f"+1, ). Using the description
of the Zy-structure on C[d]®.# in 2.1 one obtains

S
G MYm) = & 3y @f m
S S . I
= 2_,‘:0ﬁal®§f1m_2j=oﬁaj+1®€(f)fjm
s 14 L
= 2o ¥ O LN m
"+1_1_ J j-1
_Zj=1 (j—l)!a QNS tm
S |
=2 j=07—!3f®ff€m = (M) (Em).
2.4.2. Corollary. Let 4 be a Dx-module. Then
RIx M —=> R fome, (Oy[t0y, i, M).
Proof. The result follows once we have checked that

A injective Dx-module = i, . is acyclic for Aomeg, (Oy/tOy, —).

But this is clear, because an injective @y-module # is injective when considered
as an 0x-module. Hence .# is divisible by fi.e., multiplication by f on .# is surjective.
This implies that the multiplication with ¢ on i, is surjective i.e.,

é’(ttéy(@y/@yt, i*;/”) = 0,

for all i>0. The argument is as follows: Let m€.#. There exists nc.# such
that fn=m. Proceed by induction on j, using #(d’@n)=—jd*@n+d@m.

2.4.3. Proposition. Let M E€mod (Dy)n. In Dy (Dyx) we have a distinguished
triangle, functorial in M,

oM ~ Yy M ~ RIy 1 H[1] - o M[1].
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Proof. Let # be a regular holonomic Zy-module. Consider the short exact
sequence of F°Zy-modules

Fo%, M < iy M — i MF%, M,

where F'i,.# denotes the canonical good filtration on i,.#. The functor
R Homq  (0y/t0y, —) applied to this sequence yields a distinguished triangle

R ﬁOﬁZay (ay/twy, i*./”/Foi*c/”)
y N
N
RﬁOMQY (wy/t@y, Fof*-/”) - R ﬁomoy (wy/t(oy, i*./”).
By 2.4.2 we have
RﬁOM@Y ((py/t@y, i*-/”) = RF[XO]‘/”'
By Proposition 1.6.3 (i) and Proposition 1.5.1 it follows
R fiomg, (Oy/10y, FOi, M) = FOi, M[tFi, M[~1] = Yl [~1].
By Proposition 1.5.1
Ker(t,i, #/F°i M) =t F° M|F°i M = QM.

Let us investigate Coker (t, i, #/F%i, #). Therefore let mci .#. For some
NeN*, me F~Ni . 1t follows that a(8)me FOi, .#, where a(0)=b(0+1)...b(0+N)
and b€ C[6] is a non-zero polynomial satisfying (5) of Subsection 1.3. Then a(f)=
10d(0)+a(0) with d€C[O@] and a(0)€C*. Thus a(0)m+tdd@(@)ymec Foi M. We
conclude that Coker (¢, i, #/F°i, M)=0.

Finally collecting things we end up with a distinguished triangle

oM ~ Yy M~ RIx M [1] > @A[1].
2,4.4. Some easy consequences
Let A Emod (Dy),. There are two natural distinguished triangles in Dy, (Zy)
oM~y M~ RIx M (1] ~ @M[1] M~ M f71] > R4 [1] - A[1].
It follows immediately from these triangles.

2.4.4.1. Proposition. For every M€ mod (Dy),, the following are equivalent
() A= MF7;
@iil) c(A): oM~y M is an isomorphism.



Vanishing cycles and 2-modules 231

2.4.4.2. Proposition. For every MEmod (Dy), the following are equivalent:
() supp () < X;
() Myl = M;
(iii) #[f™1=0;
i) oM =M.
Furthermore any of these conditions implies .4 =0.
Proof. The equivalence of (i), (ii) and (iii) is well-known. (iv)=(i) is clear.

Now (i) implies 7, .4 =9ﬁ§x(oni*.ﬂ, hence Yy#=0 (cf. 1.6.1) and thus @.#=
RF[XOI%:‘”'

Remark. With a little more effort one can show that y.# =0 implies ¢.#=.4.

2.44.3. Corollary. Let MEmod (Dy)y, and let n: M—~M[fY] be the can-
onical map. Then:

@ y(n): Yyl ~y(M[f7Y) is an isomorphism;
(ii) there exists an exact sequence

Hig M < @M 2 (M f7) > KM
(iii) c(ALfop(m)=y(n)oc(A).
2.4.5. An alternative proof of 2.4.3

The reader who is not happy with the given proof of 2.4.3 is offered a different
approach. We give a derivation, in the category med (Dy)n, of an equivalent
formulation of 2.4.3. We avoid the use of Corollary 2.4.2. First we need some pre-
liminary results.

2.4.5.1. Sublemma. Let .# be a coherent Dy-module with support contained in
X, (thus M=Ky M).
Then oM =M and YyM=0.

Proof. Note that i, .# is coherent Py-module supported on X=XX{0} ie.,
iy M=H5i, M. Thus the canonical good filtration F*i,.# satisfies (cf. 1.6.1)
F~li #=Ker (t,i, M) and F*i,#=0, for all kcN. Thus Y.#=0 and by
Lemma 2.4.1 o4 =.4.

2.4.5.2. Sublemma. Let 4 be a Dx-module. Then the map “multiplication by t”

i (M) L (A7)

is bijective.
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Proof. The injectivity follows using Lemma 2.4.1. The surjectivity follows (as
in the proof of Corollary 2.4.2) by induction on j, using #(’Qf 1m)=—jd''®
[ im+-d'®@m for all me#[f].

2.4.5.3. Corollary. Let .# be a coherent Dy-module such that i, M admits a
canonical good filtration. Assume that the canomical map n: M~ M[f7] is an
isomorphism. Then c(M): oM~y M is an isomorphism.

Proof. Consider the commutative diagram with exact rows

F% M F7Y M > QM
glt- |t' IC
v ¥ ¥
FY M~ FOl M M.

The left arrow is bijective by Prop. 1.5.1 and Prop. 1.6.3 (i). By Sublemma 2.4.5.2
the middle arrow is injective. This Lemma together with the fact that F i .# =
t71F% # (cf. Prop. 1.5.1) yield the surjectivity of the middle arrow. Hence ¢ is
bijective.

2.4.5.4. Proposition. Let M EcMod (Dx)n.. There exists a natural exact sequence
of regular holonomic Dy-modules

Higg M > QM — Yy M ~> Hix A
Proof. Consider the short exact sequences of Zy-modules
‘;ﬁ%o]‘/ﬂ — M~ '//i
M M7 > Mg M

where #=Tm (M ~.4[f7Y])). In view of Sublemma 2.4.5.1 these give rise to two
commutative diagrams with exact rows
bk ke
0 <yl »~yM
QM = (M) > Ak M
lc e I
i ¥ ¥
Ml > (M) > O

By Corollary 2.4.5.3 c¢(#[f~Y]) is bijective. Hence the second diagram gives
Ker ¢(#)=0, Coker c(/i)=9ﬁ}( 4. Now using the first diagram it follows that

Ker C(./ﬂ) = .%”&0] M, COkCI’C(.//{) = '%o[}(o]'/”'
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2.5, Relation with Deligne’s functors

2.5.1. It is well-known that the contravariant “solution” functor

S: Med (Dx)y —~ Perv(X)
defined by
S(AM) =R Homgy, (M, Ox),

establishes an (anti-)equivalence of categories. Here Perv (X) denotes the category
of perverse sheaves on X. This is known as the Riemann—Hilbert correspondence
(cf. [9] or [6]). Via this equivalence the functors ¢ resp. Y correspond to the van-
ishing cycle functor @, resp. the nearby cycle functor ¥, as introduced by Deligne [1].
More precise for M cMod (Dx)y, there are natural isomorphisms (cf. [3], Thm. 2)

S(pM)lx, = ¢, (SH)[ 1],

SWM)lx, = P (SAH)[—1].

exp (2nif)—1
0

the variation map var: ®,—~Y¥,, where 6=cv. The monodromy on ¥, is given

by S(exp 2rif) (loc. cit.).
Furthermore

¢ agrees with the canonical map can: ¥,—~®;, and » agrees with

SRIix, M) = S(H)\x,

for every regular holonomic Zy-module .#. (Cf. [9], Prop. 1.2.1). So our distin-
guished triangle corresponds to the fundamental distinguished triangle in Perv (X)

S(M)lx, ~ U (SM) ~ By(SM) ~ S(M)x,[1]

2.5.2. We have seen that we might define functors ¢ and § on a somewhat
bigger category £ (cf. 2.2.1), the abelian category of coherent Zy-modules .# such
that 7, .# carries a canonical good filtration. To assure that ¢.# and .4 are again
regular holonomic Zy-modules we restricted those functors to the category
Mod (Dy)y, (cf. Thm. 1.4 (iv)). We shall indicate that in some sense this is nec-
essary too.

Note that, for A EMod (Dy)n, S(H)ED (X), the derived category of bounded
complexes of Cy-modules with constructible cohomology. On this level § is not
an equivalence. The functors @, and ¥, are defined on D_(X) and take their values
in D (Xp). In D (X,) there exists, for all Fe¢D,.(X), a distinguished triangle

'g;IXo - Tfy—’ Qfg'. ing f'xo[ll.

e Assume that for any M €X' =RMod (Dn:
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— there exist natural isomorphisms
S(pM)x, =P(SM)—-1], SWM)x, = ¥ (SA-1].

Note that ¢.# and y.# are holonomic Zy-modules.
Under these assumptions 2.4.3 still holds i.e., for any #¢%, we have a distin-
guished triangle in Aod (D),

@M~ yll ~ REjx M 1] - 0.4 [1].
This triangle corresponds via S to the triangle above (take F=S(4)). This

yields S(RIx,.#)=S(M)\x, ie., M is regular along X,. So in order that (e)
holds, we have to limit ourselves to regular holonomic Zx-modules.

3. The main theorem

Let X, Y, f, X, be as in § 2. In this section we prove that the mapping, for all
MEMod (D),
Mo (M, ol ==Y M, Y (7))
(with =n: A4 ~H#[f1 the canonical map), defines an equivalence of categories.
By the Riemann—Hilbert correspondence (cf. 2.5.1) this corresponds to Verdier’s
extension theorem of perverse sheaves {cf. [12]). Of course this offers a way to prove

the above claim, but we prefer to give a derivation using only the language of Z-mod-
ules (without an appeal to the Riemann—Hilbert correspondence).

3.1. Definitions and notations

First of all we introduce some notations in order to be able to formulate the
theorem correctly. Let #od (Px)x n. denote the category of regular holonomic
Zy-modules with support contained in X,.

3.1.1. Let % (@x)xo’h, denote the category determined as follows:
— Objects: quadruples (A, #,, U, V) where
My, MoE Mod (Dx)xy s
UcHomg, (A4, #;), VEHomg, (My, My).
— Morphisms: (o, ay)€ Hom ((My, My, U, V), (M , My, U, V7)) iff
wncHom, (M, Hy), wcHomg (A,, My)
such that
Uy =0, U, ,V=V"a,.
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% (Px)x,,nc 1s an abelian category. For details we refer to [2, § 1]. Note that for all
MEMod (Dx)y. We have (@M, M, c(M), v(M))EF(Dx), Where for convenience
we dropped “Xo, hr”. If a: .#—.4" is a morphism, then (¢(a), ¥ () is a mor-
phism in € (Dy).

Notation. In the sequel we use the notation JZI%,//{Z to denote the object
("%19 "”27 Ua V)E(g(@X)
3.1.2. Let Rc(X, X,) denote the category determined as follows:
— Objects: triples (.4, ,/{1%.//12, «) where
MEMod (Dy)y. such that 4 -=- #[f~1] (canonical map);
My == MoEE (D)
a: My-=> Y M is a Dy-lincar isomorphism such that
oaUV = c(M)v(M)o.
— Morphisms:
(ﬁa ﬁls ﬁz)EHom((v”, -'lll = '/”23 ('Z), (-’”Is "”1’ = V”é’ “'))
ff B: M~ M is Dylinear and
(By, By)eHomy, (My = My, M{ = #3) such that
o« By = Y (B)a.
Rc (X, X,) is an abelian category. Note that for all AE€Mod(Dx)p:
(t, My =5 My, @)ERE (X, X,
c(M): oM —~yM is an isomorphism (by 2.4.4.1 (iii)). Note furthermore that we
have a morphism (c(.#)'aU, a)¢ Homg (My =My, oM =Y M).
3.1.2.1. Remark
Let (4, .lll%./ilz, @)éRe (X, X;). M, (resp. M) can be given the structure
of a Zx[td}-module by defining the action of 19 as the Dy-endomorphism VU-—1
(resp. UV') (1 denotes the identity map on .#,). Let b C[@] be a non-zero poly-

nomial belonging to the canonical good filtration F*i,.# (cf. (5) of 2.1). This
implies:

b))y =0,
b71(0)c {zeCl0=Rez <1}
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Hence b(19).#,=0. Further Ub(t9+1).#,=b(t0) U#,=0 ie., dtb(0t) #,=0. So
we see that #;==.#, satisfies the additional requirement (compare with 2.3): there
exists a non-zero polynomial a€ C[@] with:

a(td) M, = 0,

a(t0+1) .4, =0,

a 1(0) c {z¢Cl[0 =Rez < 1}.
3.1.2.2. Remark

Let MeMod (Dx), and denote n: #—~#[f*] the canonical map. By
Corollary 2.4.4.3 we have that ys(z) is an isomorphism and that v (r)c(A)v ()=
=o(M[f))ec(A]f )Y (r). From this it follows that

(HLf3, ol ==yt Y (m))eRe(X, Xy).

Furthermore if «: .#—~.#" is a morphism, then (a[f~1, ¢(x), Y(@)) is a
morphism in Re (X, Xp).

3.2. Theorem. The functor
F: Mod (D) ~ Re (X, Xy)
defined by, for all MEMod (Dx)y,
M s (MU, @l ==Yl (7))
establishes an equivalence of categories.

The rest of this subsection is devoted to the proof of the theorem. As we men-
tioned already this theorem is an analogue of a theorem on extensions of perverse
sheaves due to Verdier [12]. Before we begin with the proof we derive two lemmas.
These throw some light on how to reconstruct .# from the data F(.#). Needless to
say that they will be used in the derivation of 3.2.

The difficulty of the derivation lies in the reconstruction. Given an object
(N, M=AN;, )ERc (X, X,), find a regular holonomic Zy-module .# such that
F(#) is isomorphic to the given element in Rc (X, X;). The idea is to recapture
the various levels of the filtration from the given data and thereby reconstructing .#.
By considerations in § 1 F°, .#, the zeroth-level, must equal F°,.4". The first
lemma we derive, Lemma 3.2.1, tells us how the (—1)-level can be regained.
Successive applications of the second Lemma 3.2.2 take care of the (—k)-levels
for all k=2.

During this process a lot of things need to be checked. This we plan to do in
Subsection 3.2.3. Finally in Subsection 3.2.4 we finish the proof of Theorem 3.2.
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3.2.1. Lemma. Let MEMod (Dy)n. Denote F'i, M the canonical good filtra-
tion on i M. Denote ©: M —~.#[ f] the canonical map. Consider the commutative

diagrams
F% A > Yy F~Y M > oH
gl ixm '=~l i) l ixm |¢(1t)
¥ \ ¥ A
FOU M > M), F UM > oM [f7Y]

where the horizontal arrows are the obvious projections.
Then these are pull-back diagrams of F® 9y -modules.

Proof. By Cor. 2.4.4.3 (i) y/(n) is an isomorphism. It follows from the Corol-
laries 1.6.4 and 1.6.1 (2) that i, n: F°, .4 —~F%, #[f™"] is an isomorphism. This
settles the diagram on the left. The assertion about the diagram on the right is easily
verified by chasing in the following commutative diagram with exact rows and
exact columns. We leave it to the reader.

F YU H5q M = o(H3nHA)
' v
Fi M < F Y .UM > oM
"'Ilaﬂf Iu‘ﬂ '(PU!)
F %[f‘ll ~ F~ Il*vﬂ'[f_l] - fp(lf[f‘ll)
3.2.2. Lemma. Let .# be a coherent Dy-module carrying a canonical good

filtration F*.4#. Then, for any k€N, k=0, we have a push-out diagram of pr—'Dx-
modules (pr: XX C—X denotes the projection)

F*+1 g s Ft gy
la la
¥ Y
F-k 4 c. Fp-k-1_g

Proof. Let k€N, k0. We must show that the following sequence is exact (as
pr ! Dx-modules)

F+1 4 Lo F-* Y @F-* M > F~*1lf - 0.
me(—0m,m) (m,m’)— m+om'.

Clearly sr=0. Now let m, m’¢ F*.# be such that s(m, m)=m+9m’=0. Hence
Om' =—tmeF~*1 . But b(1d+k)m’ ¢ F** .4, where bcC[@] is a non-zero
polynomial as in (5) of 1.3. As k=0, 29 and b{(t9+k) are relatively prime, this
implies that m’¢ F~*+'.4 and thus (m, m’) r(m’). This establishes the exactness
in the middle.
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Finally let us show that s is surjective. Let n€ F*~1L#. Then
b(to+k+1DnecF*4.

As b(td+k+1)=0tb(1d+1)+b(k), with b(k)cC* (because k=0) and some
beClo], it follows that n€ F~*.# +9F *.#=Im s.

Remark. We have seen in 1.1 that pr~'2y is a subring of F°%9y. Elements
of pr—19y commute with 9. In fact pr* Px[td]=F°9Dy.

Remark. The lemma implies that 9: gr—*.# —gr—"-4# is bijective for k=1.
Compare this with 1.6.6.

3.2.3. The reconstruction procedure

The reconstruction is rather technical. We begin with defining an abelian cat-
egory &/ and an additive subcategory &/*. The category &/* serves as in intermediate
in the construction of a Zx-module .# from the given data

N = (’A/" % = ‘/VZ‘S a)ERC (X’ X0)7

such that F(#)=N. We define a functor P: &/*—~&/* that takes us from the
(—k)-level to the (—k—1)-level of the filtration to exist on i, #. Repeated appli-
cations of P yield an inductive system. Taking the direct limit gives a functor
P A* > Mod (Dy) which regains i, # from the (— 1)-level of the filtration.

Finally in 3.2.3.5 we define a functor Q: Re (X, X,)—~&/* that extracts the
(—1)-level from the given element N¢€Rc (X, Xy).

In 3.2.3.6 we consider the composition P”Q and introduce the inverse
G: Re (X, Xo)>Mod (D y)g;-

3.2.3.1. Denote « the category defined as follows:
— Objects: (G, H,1,5) where G and H are pr~! Z,-modules and
1,0: G~H are pr—!Zy-morphisms.
— Morphisms: («, f)¢Hom, (G, H,1, ), (G’, H',V, §"))
iff 1 GG, B: H>H’ are pr-!9,-morphisms satisfying
pr=vua, pé=56"n.
&/ is an abelian category (because it is a functor category. Cf. [2], § 1). The kernel
and the cokernel of a morphism in & are evident.

Define a map P: & -~ as follows: for every (G, H, 1, 6)c, let P(G, H,1,8)=
(H, Ly, 6,)¢ be given by the push-out diagram of pr—! Z,-modules
G—-H
s s
A ¥

HX- T
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Because of the universal property of push-out, P is functorial. This yields also that
P is right exact.

3.2.3.2. Denote &* the subcategory of o/ given as follows:
— Objects: (G, H,1, §)€ o/ that satisfy the additional requirements:

(i) the pr—Py-structure on G (resp. H) comes from a F°Py-structure on
G (resp. H);
(i) 1 is a F°9-linear injection;
(iii) for all he@y: Sh—hé=10(h);
(iv) tHcIm: ie., t: H~H factors through 1; [Abusing language we denote
the factorisation by 7: H—~G (thus 1#=t). There will be no ambiguity for
1 i injective.];
(v) the action of € F°Py on G (resp. H) is given by the pr— 9, -endo-
morphism 2§ (resp. 61—1).
— Morphisms: («, f) as above but « and B are now supposed to be F®Py-
linear.
Certainly «/* is an additive subcategory of & it is not abelian, because of
the injectivity condition in (ii). But it perfectly makes sense to talk about exact
sequences in «/*, namely those sequences which are exact when considered in 7.

3.2.3.3. Lemma. P restricts to an exact functor from £* to sf* which we still
denote by P; let (G, H,1,0)¢4™ and let us put (H,1,1,,8,)=P(G, H,1,5). Then
there exists a unique structure of a F°Dy-module on I that satisfies (i) to (v) above.

Proof. Let us first see that P(&*)cof* Let (G, H, 1, 0)eL*. Then
P(G, H,1,9) is given by the push-out of pr—12,-modules

G>H
s la
¥ ¥
H s 1

Iis a pr~' @, -module. We extend this structure to one over F°9, as follows. Let
heOy. Consider the C-linear mappings

o h—uo(h): H—~1, yh: H-—~L
These satisfy
(6:h—1,0(M)1 =6,1h—1,10(h) (1 is F°Dy-linear)
= 1,(6h—10(h))
—1,h5 (by (i) of 3.2.3.2).
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Thus by the universal property of push-out there exists a unique C-linear map,
denoted h: I-1, satisfying hd;=05,h—1,0(h) and hi,=1,h. This defines the structure
of a pr*Zx-module on J, extending the pr—! 9, -structure and satisfying (iii) of 3.2.3.2.

Further 1, becomes pr* 9,-linear. Observe that 1, is injective. Note that §,/—
1n=1(6t=1), so t: I-I factors through 1,: H—I This yields 3.2.3.2 (iv).

Denote ¢: I-H the factorisation. One has #5,=46f—1 1i.e., the action of
t0c F°Py on H is given by 15,. Define the action of #9€ F®Py on I to be &;71—1.
This gives I the desired structure of a F®2y-module i.e., 3.2.3.2 (i) and establishes
3.2.3.2 (iv).

Note further that (#6)1,=(6,2— D1, =0,t—1,=1,(8¢—1)=1,(t0), hence 1, is
F0%y-linear. This establishes 3.2.3.2 (ii) and all together P(«/*)c /™

The next thing we must check is the functoriality of P|_.. So let
(o, B): (G, H,1,6)~(G’, H',v', §') be a morphism in «/*. By the universal property
of push-out there exists a unique pr—! @-linear map y: I-1I’ satisfying yd,=46,f,
y1,=1, B, where I is as above and (H’, I’, 11, §))=P(G’, H’,V, &). Thus P(x, B)=
(B, 7). We must verify that y is F*@y-linear. Therefore let h¢Oy and consider the
C-linear mapping yh—hy: I-I’. It satisfies:

(yh—hy)d; = yhé,—hyé,
= y(8,h—1,0(h))—ho1 B
= 61Bh—11BO(h)—hé1 B
= (5£h——l{3(h)—h5{)ﬁ =0

(vh—hy)1y = ynh—hiB = 1 (Bh—hp) = 0.
It follows, by the universal property of push-out, that yh—hy=0. Consequently
y is pr* @y-linear. Especially we have 1;fr=yi,t=1,ty, yielding Pr=ty as 1y is
injective. This implies
Y(10) = (6,1 ~1) = y6;t—y = 61 ft—y = (01t—1)y = (19)y
ie., y is F°@y-linear.
Finally the fact that 1 is injective implies that P is exact.

and

3.2.3.4, ¥rom o* to Mod (Dy)

Let Acsf*. Lemma 3.2.2 suggests that we should take a series of push-outs,
yielding an inductive system {((P*4),, 1,)lk€N} of F°Py-modules. Here for any
j€{1,2,3,4) (), denotes projecting on the j-th factor; for all k€N, 1,:=(P*4),
is an injective F°9D,-morphism from (P*4), into (P*+'A),.

Put P=A:=inj. im (P*4),cMod (F°Dy).

We give P”A4 a Dy-structure as follows. For any k€N define &;:=(P*4),
a pr-19Py-linear map from (P*A4), to (P**+'4),. These satisfy &, 31 =1;416;, for
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all k€N, yielding a pr—* 9y -endomorphism é of P”A4. For any hc@; we have
6h = inj. lim (8, h) = inj. lim (hS;+1,0(h)) = hS+d(h).

Consequently P*A becomes a Py-module by defining the action of 9€Zy as
the endomorphism §. Obviously P~ A4 is functorial in 4 i.e., we get an exact functor
P oA* —~ Mod (Dy).

Note that (P*4), may be regarded as a F°Py-submodule of P~ A. These induce a

filtration on P A4.

Note added in proof. As was kindly pointed out to me by A.H.M. Levelt the above
procedure can be simplified by noting that (P"(G, H, 1, 6)),=Coker (¢,: G"~H"*")
for all néN—{0} and that P=(G, H, 1, §)=Coker (¢e: G —~H™), Here for all
(g1, ---» g4)€G" we have put

%,(815 > &) = (0(8), 8 (g —1(81), .-, 5(8n)—1(gn-1)> —1(8)
and o (g1, g2, ---)=(6(g0), 6(g)—1(g1), ...) for all (g, gs, ...)EG™.
3.2.3.5. From Rc (X, X,) to o/*
The final step (that is the first step of the reconstruction) is to define a functor

Q: Re (X, Xp)—~*. Its definition is suggested by Lemma 3.2.1.
Let (A, A{:Z——*sz, ®)éRe (X, X,). One has:

D) & =AH[fY, thus c(A") is an isomorphism (cf. Prop. 2.4.4.1);
@) M, Nz, @A, YA have the structure of a module over gr® Z,=94[10]
(see 2.2.3) and thus a F°9,-structure;
(iii) « and c(A)"taU are F°%P,-linear;
) U, V, c¢(A), v(A") commute with pr! D, F'9y.
Denote F'i, 4" the canonical good filtration on i,.4" and define G:=F% A",
Consider the diagram of F°Zy-modules

N
lc(#')—laU
FY N —> oA
Define H to be the pull-back (as F°Py-modules). This yields a commutative dia-
gram with exact rows
G < H - N,
” ‘ I o(N)-1alU
A A
FY% N > F7Y, N —>> N
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Evidently we have a pull-back diagram

G - N,
FOi, N > YN

By the universal property of pull-backs V: A4 induces an unique pr—!%y-
linear map 6: G—~H.

We verify that (G, H, 1, §)¢of*. Clearly 3.2.3.2 (i), (ii) are true. Also 3.2.3.2 (iii)
is easily checked. Of course U: A;—A; agrees with t: H—~G, which establishes
3.2.3.2 (iv). Finally the action of t) on G (resp. H) is given by 5 (resp. dt—1),
which takes care of 3.2.3.2 (v).

Clearly this construction is functorial and therefore yields a functor

0: Re(X, Xy) ~ o£*.
Note furthermore that Q is exact.
3.2.3.6. The inverse functor G

In this subsection we investigate the effect of the functor P=Q on objects
in the image of F, the one in Theorem 3.2. Does the reconstruction work well?

Let MeMod (D), anddenote F'i, .4 the canonical good filtration on i, ..
For all k€N denote by 1,: F~*i M —~F*'i 4 the inclusion. By Lemma 3.2.1
and the definition of Q there exists a natural isomorphism

Q(F M) = (F i M, FYi M, 19,0).
Applying P* to both sides and using Lemma 3.2.2 yields a natural isomorphism
PQ(FM) = (F*i M, F*i M ,d), forall keN.
Hence there exists a natural isomorphism
P=Q(FM) =i, 4.
Therefore the next definition doesn’t come as a surprise. Define
G: Re(X, X,) > Mod (Dx)
by putting for all MeRce (X, Xp),
G(M):= Ker (t—f, P*Q(M)).

The foregoing can then be restated as: there exists a natural isomorphism
GF(M)=M, for al MEMod (Dx)u-
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3.2.4. Proof of Theorem 3.2

It remains to verify that for all M€Rc (X, X,):
(D) G(M)eMod (Dx)nss

(i) FG(M)=M, functorial in M.

(i) Let M=(A, A{%Jff?, a)éRec (X, X,). In ¥(Zy) we have an exact se-
quence

Ker U M oN Coker U
[ A
0 A Y4 0
This yields an exact sequence in Re (X, X,)
(%) F(KerU)c> M - F(A") -~ F(Coker U).

Here
F(KerU)=(0,Ker U = 0, 1),

F(Coker U) = (0, Coker U = 0, 1),

because Ker U and Coker U are regular holonomic 2,-modules with support
contained in X, (Prop. 2.4.4.2);

F(H) = (N N ==y N, 1)

because A =A[f71]. By 3.2.3.6 we obtain an exact sequence (for P~ and Q are
exact) of Zy-modules

i,KerUs P~Q(M) -~ i N —> i, Coker U.

It follows that P~ Q(M) is supported on i(X), so applying the functor Xer (:—f, -)
yields an exact sequence of 2 x-modules

Ker U < G(M) - N —> Coker U.

So finally we arrive at the conclusion that G(M) is a regular holonomic Zy-module
and G(M)[f =>4

(i) Let McRc(X, X;) be as above; then i, G(M)=P~Q(M). Let keN.
Applying the exact functor P*Q to the exact sequence (*) yields (by 3.2.3.6) an
exact sequence of F°%Zy-modules

F*i, Ker U~ (P*Q(M))y, — F~*i, /¥ —» F~*i, Coker U.
It follows that (P*Q(M)), is a coherent F*@y-module, for every kcN. By con-
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struction i, G(M)=P~Q(M) carries a filtration F'i,G(M), where for kcZ

Im (P~*Q(M)), = i,G(M)), if —keéN
*F°, G(M), if  keEN*

So we have established that this filtration satisfies 1.2 (3). By construction of P~
it satisfies 1.2, (2) and (4). The definition of the Py-structure on P~ Q(M) implies
that the filtration fulfils 1.2 (1). Hence it is a good filtration. By 3.1.2.1 there exists
a non-zero polynomial b€ C[@] with: b~1(0)c{z€ C|0=Re z<1}, b(19)#;=0 and
b(t0+ 1) A, =0. Clearly this implies 1.3 (5) i.e., it is the canonical good filtration on
i,G(M). Consequently FG(M)=M.

We leave it to the reader to verify that the isomorphism is functorial in M.

F*i G(M) = {
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Note added in proof. After the preparation of the paper the author was informed that C. Sab-
bah, M. Saito and B. Malgrange have obtained similar results.
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