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1. Introduction

Let E be a compact subset of the complex plane and let Q be the complement
of E with respect to the extended plane. For O<a=1, we denote by Lip? (Q) the
set of bounded analytic functions defined on Q and satisfying a Lipschitz condition
of order a, ie., if feLip; (Q), then [f(@)—f(W)|=C/z—w|* for any z and w
in Q. We denote the union of all Lip; (2) by Lip?. We say that E is removable for
Lip? if the associated Lip% () consists only of the constants.

The problem of characterizing the removable sets of Lip2 has been investigated
in several papers, for example [1], [2], [4] and [6]. For O<a<1, DolZenko has
obtained the following result (see [2]). In order that E be removable for Lip?
it is necessary and sufficient that the (1+a)-dimensional Hausdorff measure
A144(E)=0.

The limiting case a=1 is particularly interesting and is treated in this paper.
The main techniques we use here involve extremal problems and singular integrals.
We obtain the following characterization for removable sets of Lip{. A compact
set E is removable for Lipj if and only if the 2-dimensional Lebesgue measure
m(E)=0. This is the main result of the present paper. It should be mentioned
that the implication m(E)=0=F removable for Lip{ is well known (see e.g.
Garnett [4], Chapter III, Section § 2.)

Finally, by using the techniques introduced in Section 3, we obtain an addi-
tional result concerning singular integrals. This result is included in Section 5.
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2. Definitions and notations

Let {x}.., be an approximate identity, where x,(z)=yx(z/e)/¢® and x is in
the set 2 (R? of infinitely differentiable functions with compact supports. Further-
more, we will assume that y satisfies the following properties.

@ x=0, suppycD(, 1) ={z: |z] = 1}.
(i) y is radial, i.e., x(re’®) = x(r) for all real 0.
(i) [[x(z)dm(z) =1.
I l=p=co and if fEL?(R?), we define

1@ = 1% = [[ .= dm ().

Similarly, for any finite Borel measure u, we set

1:(2) = %4 12) = [ [ 1.(z—0) du(Q).

Now we recall the following standard notations.
C,(R*)=the set of all continuous functions defined on R? which vanish at .
M(R?) =the set of finite Borel measures defined on R2
If E is an arbitrary compact set we define
C(E) = the set of all continuous functions defined on E.
M(E)=the set of all finite Borel measures supported on E.
Consider the direct sums C(E)DCy(R2) and M(E)® M (R?). The norms in these
spaces are defined respectively as follows.

(@, I = max {llglls, 1¥lls}, (@, ¥WIEC(E)DCo(RP).
G I = Nl +lIvE - (v, vIEM(E)D M (R).

Then C(E)DCy(R? is a Banach space and its dual is M(E)@SM(R?). The terms
on the right hand side of the second equality denote the total variations of u and v.

We shall also be involved in a particular type of singular integrals defined
as follows. If 1=p=eo and if feL?(R?, then we put

By =PV. [[ O _ am).

({—2)*
Similarly, for any measure ué M (R?) we define
_ du(©)
Bu(z) = P.V. f(g_z)z'

It is well known that these singular integrals exist almost everywhere and, further-
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more, there are absolute constants 4,>0, 1=p<oe, such that

2.1 1Bfll, = 4,1 fll,, fELP(R®) (1 <p=<o)
and
2.2) m({z: |Bu(z)| > A}) = -Al—jlfl-l—”-, HEM(R?),

For proofs of this and further results see [5], [7]. Note that property (2.2) has only
been proved for L'(R*-functions. The above extension for measures follows easily
by using a standard technique of truncation and convolution.

Finally, we need the following result which is obtained from Green’s theorem

2.3) 8o = [ 220D, peow.

3. Extremal problems

Suppose E is an arbitrary compact set with m(E)=>0 and fe¢Lj (R?. We
denote by I' (E) the set of all functions 2€ L= (F) such that [Af_ =1 and ||Bh|. =1
and set

(3.1) %, (E) =hes;1(g)|ffh(z)f(z) dm(2)|.

If the set E has a boundary consisting of a finite number of analytic Jordan curves,
we denote by Z(E) the set of those functions in 2 (R? with support contained
in E, and define
(3.2) GEY= sw |[fo@f@)dm()|.

® € IEINT(E)

Now we recall the following simple but useful corollary of the Hahn-Banach
theorem. If X is a Banach spaée and M is a subspace of X, then for any LeX™
we have

sup Ly = inf |L+2],
XeM, llxl=1 ZeM
and furthermore, there is always an element of M+ for which the infimum is
attained. For a proof see e.g. Duren [3], Chapter 7. If we apply this result to
X=C(EY®C,(R?), M={(p, Bp): 9€Z(E)} and L=(fydm,0), where fg is the
restriction of f on E, we obtain

(3.3) % (E) = min {| f dm+pl| + v},

where the minimum is taken over all elements (u, V)EM(E)DM(R?) satisfying
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the relation
(3.4 [ (@ du@)+ [ Bo(z)dv(z) =0, @€ D(E).
We shall call any such element which minimizes (3.3) an extremal element.

Lemma 3.5, If the boundary OE is a finite union of analytic Jordan curves, then
there exists a function heI'(E) such that

6 (E) = [[ h(Df () dm(2).
Proof. Let {p,} be a sequence contained in P (E)nT(E) with

[ en(2)f(2) dm(2)

converging to % (E). Since |lg,|.=1 (n=1,2,...), we may assume (by passing
to a subsequence if necessary) that there exists a function #€L%(E) such that
l#l..=1 and ¢,~h in the weak-star topology of L~ (R?). Now let us consider
the convex hull co({¢p,}) and let {®,} be a sequence of functions in co ({¢,}) con-
verging to k4 in L2(R?). By property (2.1), B®, converges to Bh in L2(R?). Since
1BP,)..=1 (n=1,2,...), this implies that [|Bhi|.,=1 and hcI'(E). Hence the
lemma is proved.

Lemma 3.6. Let u be a finite Borel measure. Then we have the following pro-
perties.

(@) p.(2) converges to %(z) almost everywhere.
(b) Bu.(z) converges to Bu(z) almost everywhere.

Proof. (a) is well known. Since (b) follows from (2.2) if p is absolutely con-
tinuous, we can suppose u is singular. We consider a point z where Bu(z) exists
and such that

wl(D(z,))[r*~0 as r—0.

In the following, for convenience, we shall delete the symbol P. V. before singular
integrals.
With the aid of Fubini’s theorem we obtain

51, = [ (f 26~ D) o= = [ (J] L2 am@) dueo.

We divide this integral into two parts, over {¢: [f—z|>¢} and {t: [t—z|=¢}, and
denote the corresponding integrals by I,(z) and I,(z). We obtain

L (Z) flt —z|>¢ (-/f XS(C dm(()) d”(t) - f|t“z]>8 (:15(23)2 ’
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because 1/({— 2)? (as a function of {) is analytic in a neighborhood of D (¢, £). Hence
Li(2)~Bu(z) as &-0.

Now, since
a=f_ (/f e Ll dm(c)] du()
= [ e d’"‘?]d ®
we obtain
h@ =M auin =2

where M=|0y/0z|... Hence I,(z)>0 as &¢—0 and the lemma follows.

Theorem 3.7. Suppose that OF is a finite union of analytic Jordan curves. If
(u, VVEM(E)YD M (R? satisfies relation (3.4), then we have

i’t-l—(z) =—Bv(z) a.e. on E.

Proof. Let E,={z€E: dist(z, Q)=¢} and consider an arbitrary @€2(E,).
Then ¢,€%(E), and by (3.4) we have

[ 0.2y du(z)+ [ Bo.(2)dv(z) = 0.

Now, with the aid of Fubini’s theorem,
S o2 dn@z) = [[ 0@ u(z) dm(2)
[ Bo.(2)dv(z) = [[ Be(2)v,(2) dm(z) = [[ @(2) Bv.(z) dm(2).

J[e@um)dm(2)+ [ [ 0(2) By, (z) dm(2) =

for all p €2 (E,). This implies pu.(z)=—Bv,(z) on E,. Letting ¢ tend to 0, by Lemma
3.6, we obtain du/dt(z)=—Bv(z) a.e. on E.

and

So

4. Removable sets of Lip].
In this section we prove the result mentioned earlier in the Section 1 concerning
removable sets of Lipj.

Theorem 4.1. Let E be an arbitrary compact set of the complex plane. Then
E is removable for Lip{ if and only if m(E)=0.
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Lemma 4.2. Suppose m(E)=>0. If {E,} (n=1,2,...) is a decreasing sequence
of compact sets such that each OE, is a finite union of analytic Jordan curves and
E=nE,, then

C(E)= ,}Lrg % (E,).

Proof. Let h€I(E) and let n be fixed. Then there exists g=0 such that
h€l'(E)n9(E,) for all g¢<g,. Thus

|[f h@f @) dm@)| = lim| [ [ h()/(z) dm(2)| = €} (E))

for all n. Hence %,(E)=lim,_ 4} (E,).
Now, by Lemma 3.5, for each »n there exists A,€I (E,) such that

G (E) = [[ h(f @) dm(2).

We see, as in the proof of Lemma 3.5, that 4, converges to a function 2€I'(E) in
the weak-star topology. Therefore

lim 67 (E) = lim [ h,(2)f(2)dm(2) = [ [ h(Df(2) dm(2) = €, (E)
and the lemma follows.

Lemma 4.3. Let E be an arbitrary compact set of positive Lebesgue measure
and let feLi, (R?). If f#£0 on E, then €;(E)=0.

Proof. Let {E,} be a sequence of compact sets having the properties mentioned
in Lemma 4.2. For each n, let (u,, v,)E M(E,)® M (R?) be an extremal element of
(3.3), so that

%7 (E) = | fe,+tall il

By Lemma 4.2, we obtain
%,(E) = lim {1l £, + sall + 1val1}-

Let us assume %,(E)=0. Then the above equation implies

@) [f 5

) gl ~0 as n—0, where y is the singular part of u,

f@)+ 2 )

i dm(z) -0 as n —>oo

i) ||v,| >0 as n—>oco.

By (iv) By, (z) converges to f(z) a.e. on E for some subsequence {r,}, because
dy,/dt (z)=—Bv,(2) a.e. on E,. Furthermore, because of (vi) and (2.2), By, con-
verges to 0 in the mean. This implies that f=0 on E. Hence %,(E) must be positive
if f#0 on E.
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Proof of Theorem 4.1. As we have mentioned earlier, the implication m(E)=
0= E removable for Lip} is well known: However, for the convenience of reference
we include a proof of this result.

Suppose then m(E)=0 and let FeLipj (). Let z€ Q and choose a sufficiently
small ¢=0. We cover E by a finite number of squares R; with center z; and side
r; such that z¢ UR;, RinR}=0 if j=I and Jri<e. By Cauchy’s integral
formula we have

F(2) =—2—2%f3 f@ dl + F(e),

where JR; denotes the boundary of R; taken in the positive sense. But, if /;(2)
denotes the first term on the right hand side of this equation, then
F (C) F (Z,)
L) = sz S, —
So
1 [FO—f(z)] < Crry _ Cre
[I(2)| = 227t faRj = dif| = > 7= 0 as ¢ ,
where d=dist (z, ; R;). Hence F is constant.
Now let us assume that m(F)=0. According to Lemma 4.3, there exists
hel (E) satisfying the property

[fr(dm(z)=o.

F@ = [ 2 dm).

We observe that F is nonconstant, because

F'(>) = lim zF(z) = — ffr©dm@) <o.

Furthermore, since
£ = [ 728 ame),

we have OF,/dz=Bh,=(Bh), and OF,/0z=—nh,. It follows that

Let

oF, oF,
0z 0z

Thus, |F,(z)—F,(w)|=4(1+n)|z—w| for all z,w and &>0. Letting ¢ tend to
0 we obtain the Lipschitz condition |F(z)—F(w)|=4(l1+n)lz—w|, hence the
theorem is proved.

=7

o |

oo oo
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5. Estimation of %, (E).

The quantity %,(F) is particularly interesting when f=1. We obtain in
this case the following estimate.

Theorem 5.1. There exists an absolute constant K,>0 such that
(5.2 %,(E) = K\m(E)
for any compact set E with positive Lebesgue measure.

Lemma 5.3. Let ¢ be a complex number and let r=0. Then we have the follow-
ing properties

(@) GE+0) = 4,(E)
® (£

7] ~ ()

Proof. (a) is obvious. To prove (b) we associate to each function 2¢ L™ (E)
a function k€L*(E[r), where k(z)=h(rz). Then it is easily seen that Bk(z)=
Bh(rz). Thus the mapping h—k is an 1-—1 correspondance between I'(E) and
I'(E/r). Furthermore, by changing variable we have

ffE/rk(z) dm(z) = leffE h(z)dm(2).
Therefore, %,(E)=%,(E/r)/r* and (b) is proved.

Proof of Theorem 5.1. Since the two set functions %, and m are both homogen-
eous of degree 2, it is clearly enough to prove (5.2) for an arbitrary compact E
with m(E)=1. Furthermore, according to Lemma 4.2, it suffices to show that
% (Ey=K, for any compact set E with m(E)=1, and with a boundary con-
sisting of a finite number of analytic Jordan curves. Now, if (¢, v) is an extremal
element of (3.3), then

GH(E) = lxe+ul+IDl = [f [1-Bv(z) dm(2)+]v].
Let F={z€E:|Bv(z)|>3}. By (22) m(F)=24,|v|. Hence
ffE]I—Bv(z)] dm(z) ;[[E\F [1—Bv(2)| dm(2)

=

m(ENF) = 5 (124, ).

DO

Therefore we obtain

 (B) = max [T~ ylol, Iol} = 5

= .
2(1+4y)
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