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The harmonic Bergman kernel
and the Friedrichs operator

Stefan Jakobsson

Abstract. The harmonic Bergman kernel Qq for a simply connected planar domain §2 can
be expanded in terms of powers of the Friedrichs operator Fq, if || F || <1 in operator norm. Suppose
that £ is the image of a univalent analytic function ¢ in the unit disk with ¢'(z)=1+1(z) where
¥(0)=0. We show that if the function 1 belongs to a space D,;(D), s>0, of Dirichlet type, then
provided that ||¢]|oo <1 the series for Qg also converges pointwise in Qx 2\ A(8€), and the rate
of convergence can be estimated. The proof uses the eigenfunctions of the Friedrichs operator as
well as a formula due to Lenard on projections in Hilbert spaces. As an application, we show
that for every s>>0 there exists a constant Cs >0 such that if [|9{/p, (D) <Cs, then the biharmonic
Green function for 2=¢(D) is positive.

1. Introduction

Let Q be a bounded simply connected domain in the complex plane C, and let
L?(2) denote the space of functions f on € for which

112 = /Q ()P dS(z) < oo,

where d¥(z)=n"tdz dy, z=z+1y, is the Lebesgue measure normalized so that the
unit disk D has mass 1. We denote the Bergman spaces of analytic, anti-analytic,
and harmonic functions on €2 by A2(Q2), A%(€), and HL?*(); they are defined as the
intersection of L?(£2) with the corresponding class of functions on Q. It is evident
that the sum A2(Q)+m is a subspace of the harmonic Bergman space HL?(Q)
on €, and one can show that equality A2(2)+A2(Q)=HL?(Q) holds if and only if

there exists a constant #<1 such that

(1.1)

/Q P2z dx(z)

<0 /Q () d5(z)
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for all f€ A%(Q) with zero mean value in , that is, fQ fdX=0 (see Proposition 4.6
in [7]). This is usually referred to as the Friedrichs inequality. Under the assumption
that the boundary of 2 has a continuous tangent except at a finite number of corners,
Friedrichs proved in [1] that the inequality (1.1) holds for A%(Q2). Later it has been
shown that it is enough that ( satisfies the interior cone condition [8], [9].

Related to the inequality is the Friedrichs operator defined on A?(§)) as the
conjugate-linear operator

(12) Faf(z) = /Q Kol OO dS(0), z€Q,

where K¢ is the analytic Bergman kernel. If the operator Fy, is compact (as it is if
the domain has no corners except for internal cusps [1]), it follows from the general
theory of Hilbert spaces that there exists a complete orthonormal basis of analytic
functions {e,}3%, in A%(Q) and a corresponding sequence of positive constants
{An}2 5, which tend monotonically to zero, as n— o0, with the property that for
every function f€A?(£2) we have

(1.3) /f ) dY(z Z)\ (f,en)d,

where (-, )q is the inner product in Lz(Q), An equivalent way to write this is
Fof(2)=>_ Anlen, flaen(z), feA*(Q).
n=0

We will refer to {e,}>2, as the eigenfunctions for the Friedrichs operator and
{An 52, as the eigenvalues, although the operator is only conjugate-linear. Since
the Friedrichs operator preserves constants, it is clear that Ag=1 and that eq is a
constant function normalized to have norm 1. All the other eigenvalues are strictly
less than 1. The next result, due to H. S. Shapiro and M. Putinar, shows the relation
between the Friedrichs operator and the harmonic Bergman kernel Qq.

Lemma 1.1. Suppose that Q is a simply connected domain and that ithe
Friedrichs operator on A%(Q) is compact. Then the harmonic Bergman kernel for
HL2(Y) has the following expansion in terms of the eigenfunctions and eigenvalues
to the Friedrichs operator

(1.4)
Qo0 = i~ +zRe(§:jl (@) -2Re( 3 2en(zlentc)),

n=1
|Q|g:/ ds.
JQ

where
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We remark that if Q is not simply connected but the Friedrichs operator is
still compact, then (1.4) gives the reproducing kernel for the subspace of harmonic
functions with well-defined harmonic conjugates on Q. Since {e,}52, is a complete
orthonormal basis for A%((2), we have the expansion

Ko(2,¢) = ¢+Z en(2)en(C)

n=1

for the analytic Bergman kernel, and thus

1 ¥4
Qulz0)+ g~ 2Re K, =2Re( Y 2% en (a0

— 1-A3
(1.5) . \
_2Re<z 1_73\2 en(z)en(C)>.

The idea to get control over the harmonic Bergman kernel is to estimate the left-
hand side of this identity. In order to do the calculations, it is convenient to shift to
disk coordinates. Let ¢ be a conformal map of the unit disk D onto © and define
the kernel functions

(1.6) Ku(2,¢) = Ka(#(2),¢(¢)) and  Qu(z,()=Qale(z2), ¢(C)).

It is a simple exercise to show that K, and @, are the analytic and harmonic
Bergman kernels for the weighted space L*(D,w) in D for the weight w=|¢'|2.
Moreover, the weighted Friedrichs operator F,, associated to K, defined by

Fuf(z)= /D Ko(2, O F(Qw(Q) ds(C), €D,

has the same eigenvalues {A,}5°, as Fq, and the eigenfunctions {f,}52, of F,, are
related to the ones of Fg by f,=e,o¢. For our calculations, we need the following
explicit representation of the Bergman kernel K, at hand

1 1
¢ (2)¢'(¢) (1—20)%’

If Q is a disk, then it is known that all the eigenvalues A, are zero for n>1, and
it is obvious that they are invariant under translation, dilation and rotation of the
domain . Therefore, we have chosen to work within the class of domains which
are the image of the unit disk under a function in the class S, that is, Q=¢(D) for

(1.7) K,(2,0)=

z,eD.
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¢€S. We recall that an analytic function ¢ on D is in the class S if it is univalent
on D and ¢'(0)=0 and ¢/(0)=1. The derivative of such a function ¢ is

(1.8) ¢’ (z)=1+9Y(z), zeD,

where 7 is analytic in D and has v/(0)=0. The normalized area of the domain €,
[Qls, is then given by

o= [ PFas=1+ [ iz

Loosely speaking, we can say that the function v measures how much Q=¢(D)
deviates from being the unit disk, and we claim that it is possible to estimate the
right-hand side of (1.5) in terms of the norm of 4 in some suitable function space. To
formulate our main result, we introduce the family of Dirichlet type spaces D(D)
on the disk for s>—1. An analytic function f in D with power series expansion
F(2)=32, f(n)2" belongs to Dy(D), s>—1, if and only if

oo

(1.9) 1£1%, oy =

n=0

I'(n+2+s)

nll(2+s) [F(m)f? <o,

where -
I'(x) :/ t* et dt
0

is the Gamma function. When s=0, D,(D) coincides with the usual Dirichlet space
but with a different norm. The reason for choosing this normalization is that D, (D)
is isometrically dual to the weighted Bergman space A%(D) for the weight (1—|z|2)®
of Ds;(D) under the Cauchy pairing

(fe)r=>_ f(m)a(n), feDs(D), gcA}D),
n=0

where f (n) and g(n) are the Fourier coefficients for f and g, respectively. By appeal-
ing to the Cauchy—Schwarz inequality, it is easy to show that Ds(D) is continuously
embedded in H*(D) for s>0 and

IWJHOO SJSW/)”DS(D%

7 = > nlT(245) 1/2
s —T(nt+2+s))

where

Since ¢/=1+1 is in the denominator in the expression for the analytic Bergman
kernel we must require that ¢ does not attain the value —1, and therefore we choose
the norm condition on 1 in D;(D) to be such that the sup-norm of ¢ is strictly less
than 1. The main result of the paper is the following theorem.
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Theorem 1.2. Suppose that s>0 and R<3J,; 1. Then there exists a constant
Cr,s such that for all Y€Ds(D) with {[¢|p, py<R, the harmonic Bergman kernel
Q. for the weight w=|1+v|? in D satisfies the estimate

CRS
— 0<s<4,
=72 )
1.1 w —2Re K,(2,()| <
(1.10)  |Qu(z. O+ || Re K. (2 Q' Cr,s 1+log—1—.—, s=4,
=
CR,S) s>4.

Moreover, the constants Cr s tend to zero, as R—0.

The constants Cr ¢ depend in a quite complicated way on R, but they can be
estimated in terms of certain integrals, as will be clear from the proof in Section 3.

The main motivation for estimating harmonic Bergman kernels is the applica-
tion to biharmonic Green functions. If Gg is the harmonic Green function for a
domain €, then the biharmonic Green function I'q has the representation

(2,0) / Galzm)Galn, ¢) d=(n / / GalzmQa(n, §)Gal€, ¢) dS(n) dE(E).

By using this formula, P. R. Garabedian showed that if the biharmonic Green
function for a domain €} is positive then we must have Qq(z,{)<0 for z,{€0%,
2#¢ [2]. On the other hand, if Q is starshaped and the harmonic Bergman kernel is
sufficiently negative on the boundary, then it can be shown that the Green function
is positive too [5, Chapter III]. To specify what sufficiently negative means, we
change to the disk coordinates given by the conformal map ¢. If the the weighted
harmonic Bergman kernel Q,, on the disk for w=|¢’|? satisfies

1 Re[g(z)z¢/(2)] 1
1#'(2) 1% Re[6(()¢e/ ()] 12 —¢17
then the biharmonic Green function I'g is positive. This condition implies that a
semigroup of operators acting on HL?(Q2) preserves the cone of positive harmonic
function which, in turn, implies that the biharmonic Green function is positive. We
refer to [5, Chapter III] for more details. We obtain the following corollary.

(1.11) Qu(z,¢) < -

Corollary 1.3. For every s>3, there is a constant Cs such that if ||| p, o)<
Cs, then the biharmonic Green function for Q=¢(D) is positive.

As for the theorem, it is possible to estimate the constants C, in terms of
certain integrals, but we avoid this as the expressions are quite complicated.

Finally, the choice of the spaces D,(D) is a bit arbitrary and can certainly be
replaced by other spaces. One could also consider other types of condition on the
domain or the weight in order to obtain estimates for the harmonic Bergman kernel.
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1.1. An outline of the proof of the main theorem

For the proof of the main theorem, we need a result on orthogonal projections
in a Hilbert space due to A. Lenard [6]. Let £ and F be two closed subspaces of a
Hilbert space H such that ||PgPr||<1 in operator norm, where Pg and Pr are the
orthogonal projections onto E and F', respectively. Then E+ F is a closed subspace
of H, and whence equal to £V F' which, by definition, is the smallest closed subspace
which includes both E and F. The orthogonal projection onto EV F' is

(1.12) Ppyp = (Id —Pr)(Id — Pg Pr) "' Pp+(Id — Pg)(1d — Pp Pg) ' Pg.

(see also Problem 122 in [3] for a discussion of a related result). For our application,
we choose E and F to be the Bergman spaces A3(D,w) and A3(D,w), where the
subscript 0 indicates that these are the subspaces of A?(D,w) and A%(D,w) which
consist of those functions f with integral mean zero

/ f(2)w(z)d¥(2)=0.
D

In this case, the condition || P Pr||<1 is equivalent to that the Friedrichs inequality
holds with a constant strictly less than 1. The idea of the proof is to combine the
representation of the harmonic Bergman kernel given by Lenard’s formula and the
representation in Lemma 1.1. The lemma is actually a consequence of Lenard’s
result if the Friedrichs operator is compact. A series expansion of (1.12) gives
terms which are powers of the Friedrichs operator and it converges in operator
norm if || £, ||<1, but we need pointwise convergence in D x D\ A(T), where T is
the unit circle and A(T)={(z, z):2€T}. To prove the pointwise convergence of this
series, we use the duality between the Dirichlet type spaces Ds(D) and the weighted
Bergman spaces A%(D). We show that all but a finite number of the integral kernels
are bounded functions on D xD, and that the tail of the series can be controlled
with the aid of the first singular value A; and the sup-norm for the integral kernel
of an even power of the Friedrichs operator. The number of unbounded integral
kernels depends on s, and if s>4, then all terms, except for the Bergman kernel
itself, are bounded.

To carry out this program, we need some technical results which we present
in Section 2. We introduce an integral operator which annihilates anti-analytic
functions and enable us to convert certain integrals on the disk to integrals on the
circle. Finally, we present some estimates of integrals which depend on several
parameters and variables. These estimates are crucial in order to get control over
the series expansion of the harmonic Bergman kernel.
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2. Bergman and Dirichlet spaces of analytic functions

The purpose of this section is to prove some technical results which we need for
the proof of Theorem 1.2. These results are related to the general theory of weighted
Bergman spaces, as presented by the books [4], [10]. We begin by introducing the
weighted Bergman spaces AL (D) and show that they are dual to the spaces Ds;(D)
for p=2 and a=s. We also present two families of integrals which depend on several
parameters and variables and show how they can be estimated. Finally, we prove
some properties of an integral operator P:L'(D)—O(D) which we need later.
Here, O(D) is the space of all analytic functions on D.

The weighted Bergman space AP (D), 0<p<oo, a>—1, is the class of all ana-
lytic functions f in D such that

gy = et1) [ IF@IP(12)7 () <00

Here we are only concerned with the case p=2, which is the Hilbert space case. For
p=2, the norm of a function f with power series expansion f(z)=3_ " f(n)z" is
2. T (24+a)

— I{n+2+a) )P

(2.1) ||f||?4§(D) =

A comparison with the norm for the Dirichlet type spaces shows immediately that
D,(D) and AZ(D) are isometrically dual to each other under the Cauchy pairing
as claimed. We will also use the integral version of the Cauchy pairing which looks
like

(o= tim [ o)ty doe)

where do(z) is the Lebesgue measure on the unit circle T normalized so that T has
mass 1. In the sequel, we will adopt the common practice of omitting the limit in
the Cauchy pairing.

Define the linear operator P;:L'(D)—O(D) by

(22 PR = [ 2RO @20, 2eD.

This operator has the property that if f is an analytic function with f(0)=0, then

(2.3) RGLGE / HOPTFIC) do ()
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whenever both sides are defined. The right-hand side should be interpreted in the
sense of the Cauchy pairing. It is clear from the definition that P} annihilates anti-
analytic functions, and by direct integration one shows that for all positive integers
k and [,

Zk—l

[~k <l _
if k>1, and that the left-hand side is zero otherwise. For our application, F' will be
the weight w and f an analytic function of several variables. To apply the duality
between Dirichlet type spaces Dg(D) and the Bergman spaces A2 (D), we need some
technical results.

Proposition 2.1. Suppose that s>0 and f€D,(D), then P}[f] and P?[|f]?]
both belong to Ds2(D), and if f(0)=0, then

1P D,y S fllD. ()
1PN

Dora() < Ls ”f”%s(D)‘

Proof. We start with P¥{f]. By expanding f in a power series and integrating,

we obtain R
. Sz
Piine=3 LT
where f(2)=3""°, f(n)2", and therefore
o~ [(4+s+n)

P25, 00 = 32 a sy (01

The first inequality now follows from well-known properties of the Gamma function.
A similar calculation for the other term gives

. +k)f k
PP ZZ—%@%

and

IPZIF B, 00 Z Z (n)

I'(4+s+k)
k'F (A+8)(1+m~+k)(1+n+k)

|f(mAk) f(n+k)|-
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From the properties of the Gamma, function, it follows that

T'(4+s+k)
< kIT( 44 5)(1+n+k)?

|f(n+E)* <1 f13. )

and therefore, by Cauchy—Schwarz inequality, we have

PSP, oy < MWDoy D 2 1 m)f

m=1n=1

Another application of the Cauchy-Schwarz inequality then yields

IPEIf P, oy S T2 D, D)
The proof is complete. [

The next result is a classical integral estimate which has many applications in
the theory of Bergman spaces [10], [4]. Tt is often used to treat duality questions for
different types of spaces of analytic functions in D and this is the way we intend to
use it as well.

Theorem 2.2. For any real 8 and a>—1 let

(1 —|w[*)*
Ia,ﬁ(z):/r)mdx(w), z€D.

Then we have
1, 3<0,

1
log ——— =0
Iaﬁ(Z)X 0g 1—|Z|27 B s

1

Gy P

as [z|—1_.

By the symbol =< we mean that both sides are comparable in size asymptotically.
We shall also use the symbol <, which should be interpreted as the left-hand side
is asymptotically less than a constant times the right-hand side. We will need the
following lemma which we state without proof (see [5, pp. 124-125] for a proof).

Lemma 2.3. For «, 3 and v which satisfy 2+a>max(3,7) and min(3,v)>0,
define the function

—w?)

Tz b (1 zw)ﬂ 1_ Cwde(W (2,¢) eDxD\A(T).
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Then we have

1, B+y<2+a,
log ——— =2
o0 <] Sy PHEEe
1
B+ >24+a,

Tagpraa’

as |1—2(]—0.

3. Expansion of the harmonic Bergman kernel

The formula (1.6) shows that a Bergman kernel for a simply connected domain
corresponds to a Bergman kernel for a weighted Bergman space in the unit disk.
This follows from the fact that if ¢: D—( is conformal, then the linear mapping
L2(Q)2h—ho¢pc L?(D,w), w=|¢'|?, is an isometry which preserves analytic and
harmonic functions. Similarly, the Friedrichs operator for €2 corresponds to the
weighted Friedrichs operator F,, on D.

To prove the main theorem, we apply Lenard’s formula (1.12) for the Bergman
spaces A3(D,w) and A3(D,w). The reproducing kernel or the Bergman kernel K., ¢
for A2(D,w) is related to the Bergman kernel K, for A%*(D,w) by

1
Hop=Hu Qs
where Q=¢(D) and

= [ 2= [ wam =1+,

(Recall that ¢'=1+1 and 1(0)=0.)
We now define two linear operators on L*(D,w):

Toof(z)= /D T (2, Q) F(Q)w(C) dS(0)

and

Suof(z) = /D S 0(2 O F(Ow(C) dS(C)
which have the integral kernels
Ty o0(2,C) = /D Ko 0(5m) Koy (¢ m)eo(1) 45 (1)

and

Sw,o(z,C)Z/D/DKw,o(zvn)Kw,o(é,n)K'w,o(S,C)W(S)W(n)dE(é)dE(ﬂ)-
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Note that the integral kernels are defined with respect to the weighted measure w dX.
The operators 1;, 0 and S, 0 play the role of the composition operators PgPp
and PgPprPr when E=AZ(D,w) and F=A2(D,w). Restricted to the subspace
A%(D,w), we have the following relations to the Friedrichs operator: If C is the
conjugation operator (Cf=f), then Fo0=T1,0C and Sw,O:FjO. The operator
S0 is, in contrast to F,,, linear and self-adjoint, and it satisfies the operator in-
equality 0<S,, 0<Id (to be interpreted in the sense that 0< (S, of, f)u <|If||% for
all f€ A%2(D,w)). The last property follows from the equality

< wOfa > _HFw()f||2

and the fact that ||F,0||<1 in operator norm. We point out that everything we
have said so far also holds for the Friedrichs operator F,, on A%(D,w). The only
difference between F,, and F, o is that the former preserves constants while the
latter maps them to zero. To estimate the integral kernels for 7, o and S, 9, we
need the P transform of the weight. Since P} annihilates anti-analytic functions
we have

Pilw](2) = P[] (=) +P; |97 (2).
So if $>0, we have by Proposition 2.1

(3.1) [P wlllp, o) <

For the rest of this section, we assume that |[4|lp (p)<Z; !, We want to prove that
the kernels for S, ¢ and 1., o are smaller and more regular than K, o in some sense.
To do this, it is convenient to split K, o into two parts, one which is unbounded
but contains the factor z¢ and the other which can be estimated in sup-norm by
the norm of ¢ in the Dirichlet space. Specifically, we have

Kw,O(za C) - Aw(27 C)+Bu(za C)’

where
Au(2,0) =K (2,0 —K,(2,0)-K,(0,{)+K,(0,0)
and
Bu(2,) = Ko(2,0)4 Ko (0,0) ~ K, (0, O)wﬁ
>

An explicit computation of A, yields

(2—=20)+(w(2)/2)(¥(0)/O) (1 —2C)°
¢'(2)¢'(C)(1-2¢)?

Aw(za C) = Z{.
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and since |¢'(2)|>(1—ZTs||v|

D,(D)), A obeys the estimate

|2¢] 7

32 14w OV < 75, gl )2 11=2CP

Since |Q|E:1+||1[J||1243(D)7 the term B,, equals

1 160 GO0
Bu(2,Q) = ms 2 - : ,
=0 QMMMMOMMM¢WW@ PRy )
and therefore,
4

(3.3) 1B 1< 5 oo

where we have used that ||¢HA3(D)§%. By property (2.3) of the operator P, the
integral kernel T,, ¢(2, () can be split into a sum of the four terms

/mwmmmmmeww,/awm&mmHmew,
T T
lﬁm@m&@mmwmmwmﬁﬁm@mm«mmmmw.

Proposition 3.1. Suppose that s>0. Then there exists a constant D such
that for all YED(D), [Wllp, () <Zs, we have

1

_— 0<s<4,
Il S
D, (D)
3.4 T, 0(2.¢)| <D 1
B4 ool& OIS D ) - 5 F Lilog — o\ s=4,
[1—2(]
1, §>4,

for the weight w=|1+1|>.
Proof. We denote the four terms which constitute 7;, o above by T}, T3, T3,

and Tj.
By the duality between A2, ,(D) and Ds;2(D), we have

ITI(Zv C)I S ||Aw(z7 . )AW(C7 : >”A§+2(D)||PI[W]HDS+2(D)



The harmonic Bergman kernel and the Friedrichs operator 101

Since A, (z,7) satisfies (3.2), the first factor on the right-hand side satisfies
UI| )s+2
Aw 27 <7 N / | —
R L (e 7 Py AT T
Lemma 2.3 together with (3.1) shows that the kernel T satisfies the right type of
estimate. Similarly, by using Theorem 2.2 we obtain
19120y
(1- Is||1/)||D3(D )

d3(w).

[Tkllco < Cr

for k=2, 3, and finally for k=4,

113, oy
(1 L|1¥llp,y)*

[Talloo <

This proves the inequality. 0O

The operator S , where n is a positive integer, is defined as the composition of
S.,,0 with itself n-times, and Sj; 470, 0 is the composition of this operator with T, o.
These operators arise when we expand Lenard’s formula (1.12) in a Neumann series.
The next result show that their integral kernels can be estimated. Recall that we
consider the integral kernels with respect to the measure w d3.

Corollary 3.2. Suppose that s>0. Then there exists constants By, s and Dy, ;
such that the kernel functions for Sg o and Sj (T, 0 can be estimated by

1

ll2]1 % i o
n D (D)
3.5 8" 0(2,0)| < Bps [ 1
(3.5) | ,0( Ol (1T, Hd)“D (D) )8n 1+log —— s (] 2=mns,
1, 2 <ns,
and
(S
S 0T 0(2, )| < D (
| ,0 w,O( )| (1—Is||¢||DS(D))8n+4
1 1
(3.6) |1—2C[2—@n+1)s/2” 2> 5(n+1s,
1
1+log ————, =3(2n+1
Ve PRl
1, 2 < 5(2n+1)s,

forn=1,23,....
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Proof. The result follows from the previous proposition and Lemma 2.3 by
applying the same techniques. [

In terms of the eigenvalues and eigenfunctions, the integral kernels 7, o and
S,,0 are given by

B7)  Tuo(z0)= ZA Fa(2)fn(Q) and Suo(z,0) ZA%
and the powers Sﬁ,o and Sf)’()Tw,O, have similar expansions:

(3.8) S o(z,¢) = ZAQ% D fa(Q) and LT o(z ZA%“fn 2) fa(€)-

n=1

Friedrichs showed in his original paper [1] that the inequality which bears his
name is equivalent to the existence of a constant v>0 such that

(3.9) /D W2(2)w(2) d5(2) <4 /D V(2)w(z) dB(2),

provided u is the harmonic conjugate to the harmonic function v, and u satisfies

/ w(z)w(z) dE(z) =0.

D

The constant @ in the Friedrichs inequality is related to v by
(3.10) 0=—.

The inequality (3.9) can also be stated as the operation of taking harmonic conju-
gates being continuous in HL?*(D,w). As this operation is continuous on HL?(D)
with constant 1, it follows that the Friedrichs inequality holds for A%(D,w) if the
norm is comparable to the unweighted norm. We use these facts to estimate the
first eigenvalue A; of the Friedrichs operator.

Proposition 3.3. Suppose that Ye€Dy(D), and |[¢|p,y<Z,'. Then the
first eigenvalue Ay for the Friedrichs operator F,,, w=|1+|?, satisfies

27,
A< Qlﬁ”’p;(D) .
4213, o)
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Proof. Under the hypotheses of the proposition, the weight w satisfies the fol-
lowing bounds

inf w(z) > (1T [¢lp,0))* and  supaw(z) <
z€D zeD

D).
If w is the harmonic conjugate to v€ HL?(D,w), and fD uw d¥=0, the argument
before the proposition shows that

ull?, _ sup.ep w(z) Jull® _ sup.ep w(2)
[o2 = nfecpw(z) [0l = f.ep w(2)

?

where we have used that
inf w(2)[|I£F]I* < | fIZ < supw() I f1°
z€D 2€D
for all feL?(D). Therefore the constant + can be chosen so that
sup.ep w(z) _ ( D))
T infiepw(z) T (1—- D))?

Since A; is the best constant in the Friedrichs inequality, the result now follows
from (3.10) together with the bounds on the weight. O

We are now in a position to prove the main result.

Proof of Theorem 1.2. Let k be the smallest positive integer which is larger
than 2/s. It follows from Lemma 1.1 together with the formulas (3.7) and (3.8},
that the identity

1 k=1
Qu(z,¢)— o —2Re K, 0(2,¢) 2Rez (z,0)—2Re > _ & (T, 0(2,¢)
i=1
A2k A2+

+2Re<z T8 (2 )—Z 2 fulz )J%(C))

holds. To prove the theorem, we have to estimate the modulus of the left-hand side.
According to Corollary 3.2, the integral kernel for S ; is bounded on D xD, and
since Ay is the largest characteristic value, the modulus of the infinite series can be
estimated by

oo /\2k )\Zk—l—l 2
2
<T——n ol

Here, we have also used the Cauchy—Schwarz inequality in the last step. The theo-
rem now follows from Proposition 3.1 and Corollary 3.2. O

2

2) fa ()

n=1
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