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Introduction

In this work we will extend the notion of the classical Hardy spaces H?, p=1
of the unit disc, or of the half space, R? =R""*X(0, ), to the case of a bounded
C! domain D of R*. We first recall the definitions of these spaces (see [18]): In the
case of R%,, H?(R")={ii=(uy, ..., u,), il satisfies the generalized Cauchy—Riemann
equations, i.e.

3uj . 3ui n aul .
ek Siiax,

and (if)*, the non-tangential maximal function of ii, is in L?(R"~")}. To such a system
we associate the function f=u,|gs-s, which is in LP(R*™"). In every simply con-

-

nected domain, the conditions on # are equivalent with #=VU, AU=0 on R’,
oU '
and f then becomes e It is well known that, for p>1, the mapping i —f induces
n v
an isomorphism onto L?(R"™Y), and i may be recovered from f as the vector formed
by the Poisson integral of the Riesz transforms of f and the Poisson integral of f.
Another way of describing this procedure is the following: for X¢€R",, let Sf(X)=
1
Cn [rr-t IT_I"I f(»dy, where for definitencss we have taken »n=3. Then,
=y
I(X)=VSf(X). In the case p=1, we no longer get all of L'(R""), but only a
subspace, called H'(R"™?). This space has been extensively studied (see [18], [9],
[10]). It was proved in [18] that f€ H'(R"™Y) iff fand its Riesz transforms R, f belong
to L*(R"%). Under these conditions,.ii is recovered from f as before. It was shown
in [9] that H'(R""')*=BMO, the space of functions of bounded mean oscillation
introduced by John and Nirenberg. Also, C. Fefferman observed that as a con-
sequence of this duality, fe H'(R*™") iff f=3'A;a;, where 3'|A;|< oo, supp a,C B;,
1
IBy|”

Bjaball, g -= [ a;=0. This was later on extended to p<1 by R. R. Coif-
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man ([2]) in the case of H? of the real line, and for the #-dimensional case by R. Lat-
ter ([16]).

It is this type of definition and properties that we wish to extend to the case
of bounded C* domains. We consider only the case 1=p<e. Our definition of
H?(D) is the following: H?(D)={ii=VU, AU=0, such that (#)*¢L?(0D)}. When
D is simply connected, this corresponds precisely to solutions, i, of the generalized
Cauchy—Riemann system. To any such #=VU, we associate the function f: =N
on dD. fis in LZ@D)={feL?(@D), [,,f=0}. In the case l<p=<eoo, it follov?s
from the results in [7] that this induces an isomorphism onto L?(dD), and that i
can be recovered from f by #=VS(Tf) (), where T is an operator bounded and
invertible on L} (9D). We study the case p=1 in this paper, obtaining results anal-
ogous to the ones described for the flat case of R, : we give a characterization in
terms of Riesz transforms, an atomic decomposition, and a duality pairing with
BMO (9D). Moreover, we show that if fe H'(3D), then we can recover i from
it by (*).

In the case when D={z€C, |z]<1}, our spaces also essentially coincide with
the classical Hardy spaces. To be specific, classically (see [3]), Re H? (9D)={ f€ L? (0D)
such that f=ul,,, where u+iv=F is analytic in D, F*¢L?(@D)}. It is not
difficult to see then that using our definition of H?(9D), H?(0D)=Re H?(9D)n
{mean value 0}.

This remark also generalizes to the unit ball B, in R". For this particular example
the case p>1 of our results was established by Koranyi—Vagi ([15]), and the case
p=1 has recently been studied by Ricci and Weiss ([17]), who obtained the atomic
decomposition and the singular integral characterization. Of course, these authors
relied on specific formulas and properties available for the case of B, but unavailable
in the general case. To substitute these we use the theorem of A, P. Calderén ([1])
together with the results and techniques of [7], extended to the end point cases of
p=1 and BMO, and an extension of a result of Varopoulos ([20]).

Before beginning the major part of this work we need to introduce some of
the basic notations and definitions we will use.

Capital letters, X, Y, Z, will denote points of a fixed domain DcR". Lower
case letters x, y, z are reserved for points in R"~'. The notation (X, Z) denotes
the inner product in R” whereas x-z will be used for the inner product in R*™%.
Points on the boundary of D, 4D, will usually be denoted by Q and sometimes
by P. Also letters ¢, s will be reserved for real numbers.

Definition. A domain DcR” is called a C' domain if corresponding to each
point Q€dD there exists a ball, B, with center Q and a coordinate system of R”
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with Q as the origin such that with respect to these new coordinates
BAD =Bn{(x,1): xR, 1 = d(x), PcCIR"),

o

®(0) =0 = i

©), i=1,..,n)

and
BndD = Bn{(x, ®(x): xR}

We will assume throughout this paper that both D and R™ D are connected.
If D is a bounded C* domain we will let N, denote the unit inner normal to
oD at Q. Given O<a<1 we set

4 I,(Q) ={X€D: [X—Q| <4, (X—0Q, Np) > a|X—0}
an

[,5(0) = {xéR"™\D: [X—Q| < 4§, (X—0, Ny) <—a|X—0l}.
In general when the numbers o and ¢ are understood we will drop them as sub-
scripts and write I'(Q) and [(Q) respectively for the interior and exterior cone
with vertex Q.

By a surface ball with center Q¢dD and radius R>=0 we mean the intersec-
tion of D with a ball in R” of radius r and center Q. We will use the notation S,(Q)
for such a surface ball. Since our domain D is bounded, it is obvious that there
exists a constant 4 such that, for any Q€dD, and r=>4, S,.(Q)=0D. Hence,
we will restrict our attention to surface balls of diameter less than or equal to A.
For these balls, there exist constants ¢, and c,, depending only on D such that
" P =06(8,,(0))=cr™ . Here, ¢(E), ECAD denotes the surface area of the
set E.

If we consider the distance on 9D inherited from R”, the balls for this distance
coincide with our surface balls, and the triple (0D, d, ¢) becomes a space of homo-
geneous type (see [3]).

We now introduce the spaces we will be mainly concerned with:

Definition. BMO (0D)={ f€ L*(9D) for which there is a constant ¢ such that
for all surface balls S,
1

1/2
() o/ r@-fide) =

where f; = }TIST [ 7@do.

We let || fllgmopy=inf {c: (*) holds for c}. Hence, if we identify two func-
tions differing by a constant, BMO (9D) becomes a Banach space. It is well-known
([3] page 593) that an equivalent norm is obtained on BMO (9D) if we replace the
L?-means in (%) by L?-means, 1=g<-cc.
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If f€BMO (0D), we define | flymowpy=!flsmo@m T fll r2@p)- With this defini-
tion, bmo (9D) is a Banach space.

Definition. A real valued function a defined on 9D is called an atom if
there exists a surface ball S, such that suppacs,, f »pa(Q)d0=0, and

1
Al =——.
lall L=opy 2(S)

Definition. B* (D)= {f€ L (dD), such that (})f=2,Aa;, where the a’s
are atoms, and 2., |4]|<ee}. If fER (D), || fllaep=1nf 22, 4], such that
() holds.

It is well known (see [3]) that with this norm, 4'(dD) becomes a Banach space,
and (h'(0D))*=BMO (dD). Here, the duality pairing is given by [,,f+adQ,
where fE¢BMO (dD) and a is an atom.

In the first section we study the continuity and compactness on BMO (6D)
of the integral operator obtained by restricting to the 9D the classical double layer
potential.

Precisely we consider the principal value operator

Kf(P) = (j v f <’|’ o 9 10yd0, (n=2)

w, = area of {X¢R", |X|=1}.

where

We then apply these results to the study of the Dirichlet problem with boundary
data in BMO (dD) and the Neumann problem with boundary data in 4'(9D).

In the second section the results on the Neumann problem with boundary data
in A1 (QD) are used to study the Hardy space H!(9D). The main result of this paper,
Theorem 2.6, is proved in this section.

We remark that the Dirichlet problem with boundary data in BMO (9D), on
a bounded starshaped Lipschitz domain has been previously considered in [8]. What
is important to us here is that for C* domains the solution can be expressed in terms
of the double layer potential.

Section 1.

Theorem 1.1. K: BMO (9D)—~BMO (dD), and is in fact compact on this space.

Proof. Our first remark is that K is well defined on BMO (8D) since K (c)=% c
for any constant c. (See [7], page 170.)
Fix f¢BMO (0D) and a surface ball S,(=S,(Py)) of radius r and center



On the Hardy space H! of a C! domain 5

PycdD. Now,

KP) = [, 2 (10 ~fe,)dO

1 <P—Q9 N > <PO—Q’ N, >
+w—-/.3D\Szr( [P—QI"Q - |P0—Q|nQ )(f(Q)—szr)dQJrA(r, Py)

_ 1 '
where A(r, Py)= f o, <}B’o _Q’QJI\ZQ> (A(Q)—fs,,) 4O += fs,,- Using the fact

that X is contlnuous on L*(9D), it is easy to see that

[U(S) f |Kf(P)— A(r, Py)? dP)1l2< c[ f ]f(Q) fszrlz)llz

n—1

T2
tr OD\S,, [fs "

=c [Hf||BM0<ao)+f

(S)

(P=Q, No) _ (Py=0, No) ! B
|P_Q|" IPO_QIn ‘ dP) |f(Q) str' dQ

OD\S,, [Py— Q|n 1/(Q) fsg,|dQ] = ¢| flemowen)-

To show the compactness of K on BMO it will suffice to show compactness
on bmo. By the use of a finite partition of unity we may further reduce the problem

to the compactness on bmo of the operator, f—~K(yf), where Y€C;(B;) and
B; is a ball of radius 6=0 and center on 9D such that

B; n 9D = {(x, #(x)): xR"™%, e C3({|x| < 1}), |VD| = m,}

(see [7]). Choose now 8cC;°(B;) such that 6=1 on a neighborhood of the support
of y. It is easily seen that (1 —0)Ky is compact on bmo. Our problem is reduced
to the study of the compactness of K.

We now pick a sequence {®;}€C;°({|x|<1}) such that &;~® and V&;~VP
uniformly on R** and for febmo we define

K f(P)=6(P) [, k;(P, 0¥(Q)f(@dQ
where k; is defined on Bj; "ODXBy; nOD as
D;(x)—P;(2)—VP;(2) - (x—2) I
[1x—zI24(@,(x)— ?;()]"> VIF+IVe@E
(P=(x, 2(x)) and Q=(z, ¥(2)).)
The operator K; is compact on bmo.

We now show that K;—~8Ky on bmo (0D). The first observation we need is
that K;—~0Ky on L?(dD), for all 1<p< oo,

Now let g(P)=y/(P)-f(P). Then [ gllymo@y=¢ll flomo @py> 2nd g is supported
on 0D B;. Define now a function § on R*™), by g(x)=g(x, ®(x)). Then

kj(P5 Q) =
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&€BMO R, [ &l smomm-y=¢lllymo@ny» and supp § {|x|<1}. We now intro-
duce a sequence of operators on R"':

Ji @ (x)— B (x)— VP (2) - (x —2)
(jx— 2P+ @ (x) — 2(2)F)"

N 1 o
Kpg(x) = — p.v. 8(z) dz,

and

f D;(x)+P;(z)-VD;(2)- (x—2)
(Ix =z +[@;(x)— &;(2)")"*

It is easy to verify that for any constant ¢, Kgz(c)= Kq, (©)=0. Moreover, if PEB;n
dD, P=(x, 3(x)); 0(P)KWS)(P)=0(P) - Ko(£)(x), and K, [(P)=0(P)- Ko (&) ().
As Ko ~Kp in LF(R™ Hl<p<os, ;@ and VP;~VP uniformly, using the
proof of the first part of the theorem we see that ]I(Kq, —Kp)8llsmo wr-y=
&; 18l pmo®n-1, Where &;—;_ . 0. Using these facts once more it follows that if
S,(P,) is a surface ball on 4D, such that §,(P,)CB,s, then

Ko, 8(x) = g(2) dz.

{
(S, (Py)) / 5,(Pp) [0(P)(KYf)(P)—K; f(P)—[0K(Yf)— K, fls,| dP

= gj(”g”BMO(R"’l)+”§”L"‘1(R”‘1)) = cg I £ lomo D) -

Now, as K;~0Ky in L?(@D) for l<p<<- and from the above estimate in
BMO (dD), we conclude that K;—60Ky in bmo (dD).

Theorem 1.2. 1 I+ K is invertible on BMO (dD), and 4 I—K* is invertible on
B (OD). (K* denotes the adjoint of K.)

Proof. It was shown in {7] that —;—I +K isinvertible on L2(dD). (It was actually
shown in [7] that —;—I + K is invertible on L2(dD) for n=3. The result however
remains true in dimension n=2 and the proof given in [7] is valid also for this case.
Referring the reader to the proof of Theorem 2.1 in [7] one only needs to observe
that if f satisfies (3 /+K*) /=0 then [,, fdQ=0 and, therefore

faDIOgIX—QIf(Q)dQ=0(IXI“1) as  (|X] - ).

From the invertibility on L#(dD) it is immediate that 37+ XK is 1—1 on BMO (D),
and, hence, by Theorem 1.1 it is invertible on BMO (@D).
It was also shown in [7] that iz I-K* is invertible on the space

L3(0D) = {fe L*(oD): [, f=0}.

(Again the invertibility of +7—K* on L%({@D) was stated in [7] only for n=3.
The proof given there (Theorem 2.5 in [7]) is also valid for n=2 since, as pointed
out above, [;,log|X—Q|f(Q)d0—~0 as |X|-< provided [,,f=0.) The in-
vertibility of 3 7—K* on L}(AD) implies the same for the adjoint operator, 3/—K,
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on the quotient space, L2(@dD)/constants. In particular %I —K is 1—-1 on
BMO (9D), and so, by Theorem 1.1, it is invertible.

Since the dual space of #(9D) is BMO (see [3]) the invertibility of +7—K*
on /#1(@D) will follow from the invertibility of +7—K on BMO provided we know
that %I —~K* is indeed continuous on A'(dD). The validity of the continuity on
AL(AD) is in fact a consequence of the continuity on 4* of a space of homogeneous
type of a general class of operators discussed by Coifman and Weiss on pages 598—
600 in [3].

The invertibility of +/—K* on A'(dD) immediately suggests the solvability
of the Neumann problem for the Laplace operator in the form of a single layer
potential. In the next few results we want to formalize the notion of solvability.

Theorem 1.3. Suppose a is an atom. Let

1

Sa(X)=Cnf —a(Q—)—dQ (Cn“—‘—m

o0 A= ] for n=3

and

S.(x) = [, loglX—Qla(@Q)dQ for n=2.
Given O<a<1, there exists d, p such that
(VS)*(Q) = sup |VxSo(X)l, Q¢€aD
belongs to LY(0D) and ¢
f o (VS dQ = ¢, independent of a.
(Recall Ty={X¢eD: |X—Q|<d, and {X—Q, No)=a|X—0[}.)

Proof. Assume a is supported in the surface ball, S,, of radius r=0. Now
[adQ0=0 and |a|~gp=cr’" with ¢ depending only on dD.

[s, VS0dQ = er B ([ (VS)*2do) = e al o = c.
Let O denote the center of S,.

Vi Su(X) = [, (k(X, Q)—k(X, §))a(Q)dQ
1 X0
w, |X=0I""
Set I'p={XeD: |X—P|<é, (X—P, Np)=a|X—P|}. Clearly for & small
enough, depending only on « and D, I'p ndD={P} VP¢AD. For

where k(X,Q)=—

Xelp, [VxS,(X)| = ¢, |X— Q~|"‘fsr 10— 011a(Q)| dQ = ¢, r|X—0|™"
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Using this last estimate we have

* =
[ oo, (V50 (P)dP = c,.

As an immediate consequence we have the

Corollary. Given O<a<1, there exist 6=0 and c¢=>0, such that for any
fen (0D)

1VS) I 11opy = Cllf Imeny-
Here, as in Theorem 1.3,

Sp0) = ¢ [, g QA0 for n=3,
S;(X) = [, log(X—Q)f(Q)dQ for n=2

and ’
(VS,)"(Q) = Sup [V S/ (X)I.
Q
We will now show that the Neumann problem is solvable in the form of a single
layer potential with a density in 4*(9dD) provided of course the data also belongs
to A (dD).

Theorem 1.4. Given gch'(0D) there exists a unique (modulo constants) har-
monic function, u(X), such that
i) for any O<a<1 the function
(Vw*(Q) = sup [Vxu(X)|

Q
belongs to L*(0D) and (V)| 10y =Cllgllx with C independent of g, and
it) (Vyu(X), No)—~g(Q) pointwise for almost every Q€cdD as X¢I, tends
to Q.

Moreover u may be written as the single layer potential of (31—K*)7'g i..
u(X) = S(—%—I—K*)-Ig(X)'

Proaf. The invertibility of %I —K* on 1*(0D) (Theorem 1.2) implies it is suffi-
cient for a proof of Theorem 1.4 to show the nontangential convergence almost
everywhere of the normal derivative of

uXx)==S 7 (X )
to the value (+7—K*)f when fci'(dD). More precisely we would like to show
that (VyS;(X), No)~(3 I—K*) f(Q) for almost every Q€oD.
We write f=2>7" A;a; where aq; is an atom and [J;/<<. From the Corol-

lary of Theorem 1.3
(VSz5 100"
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has arbitrarily small L' norm over 9D for N sufficiently large. Hence the existence
almost everywhere of the above limit and its equality with (3 I—K*)f will follow
provided for almost every Q

(Vx Su(X), Npy = ~ (3 I-K*)a(Q)

as X—~Q, XeI'p, when a is an atom. Since atoms in particular belong to L2(dD)
this last fact was already shown in [7].

For the uniqueness part of the theorem, we need two lemmas. The first one,
although not explicitly stated there in the form we need it, was proved in [7]. We
first need some notation.

Since D is a C* domain, there exist =0, and a finite covering of the set
{X, dist (X,0D)=6} by balls B;=B(P;,r;) with center P,€0D such that
B(P;, 4r)) n D=B(P;, 4r)) n{(x, ¥); y=>P;(X)}. (See the Introduction.) ‘

Now, let {i;} be a finite partition of unity for the set {X, dist (X, 0D)=4},
subordinate to the cover {B;}. We assume each y;¢Cy”.

For each ¢=0 and sufficiently small, we set

D, ;= B(P;,4rp n {(x,y); xe R y > &,(x)+1},

L, ; = B(P;,4r) 0 {(x, ®;(x)+1); xe R}

and

Lemma 1.5. Suppose that Au=0 in D, and that for some p, 1<p< oo,

[y, Wi@)-u@rd@)”=C, (Q«r.)

where C is independent of t and j, for sufficiently small t. Then, if u(X)—~0 as X—
QcoD nontangentially for a.e. Q, u=0 in D.

The proof is given in Theorem 2.3 of [7].
Lemma 1.6. Suppose Au=0 in D, and for some O<a<l1, (Vu)*(Q)=
Oou
supy, [Vu(X)|€L*(@D). If WEO on OD, then u is constant in D.
)

Proof. Using the fundamental theorem of calculus to express # in terms of
Vu, and the convexity of cones, it is not hard to show that u*cL'(9D). Thus, u
has a nontangential limit a.e. on dD. Now, pick a j, and a sufficiently small 7. For
x€R™Y, et f; ()= ;(x, 1+ P;(x))- u(x, t+ P;(x)). Then, f;, is in L'R")
independently of ¢, and Vf; .(x) is in L'(R"™") independently of 7. Hence, by the
Sobolev embedding theorem, f; €L" *"~2(R"™). Thus, the nontangential limit
of u on @D belongs to L"~"=%(dD), and u satisfies the hypothesis of Lemma 1.5,
with p=n—1/n—2. Hence, if we show that u|;;,=c¢, Lemma 1.6 will follow from
Lemma 1.5.
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We are going to show that fan u(Q) - ®(0)dQ=0 for every ¢cC(9D) such

that f op Pd0=0. This will certainly imply that u|,,=c. Pick such a @. Let B
0B

be the solution to the Neumann problem AB=0, in D, N (Q)=®(Q) on 9D
)

(see [7]). As B is the single layer potential of a function in LP(dD) V1<p<e, B

is bounded on D. Moreover, it was shown in [7] that (VB)*(Q)ELP(@D) V1<p<-<e.

Now, let

up=g-f, 8@-@d0 =3, [, 4,00 2(Q)P(Q)dQ.
Soptig-@dQ =lim [ ;(Q)u(@)(VB(Q), No,)dQ:

=lim [ (V,;u)(X), VB(X))dX.

t>0+

[y, VW, VBYAX = [ (Vu(Q), No)¥,(@)B(Q) 0,
[ V5@, Nopu(@)BQ) A0~ [, (44)(X)-u(X)BI)dX
=2 {W,(X), Vu(X)) B(X) dX.

Letting t—0%, we have

[ b2 0200 = [, 500 ©)-2(0)- (@0

— [, @)X -u@) - Bxydx -2 [ (V§,;(X), Vu(X))- B(X)dX.
Adding in j, we get
[,, 8 @40 =~ [ A(Z;¥;)-u(X)- B(X)dX
=2 [V 39,0, (X)) BQX)dX =~ [ A[(Z;v,)-u]-BX)dX.

Let now Y=1-3,y;, then, —A[(3;¥,) -u]l=4@-u). Moreover, if v=yu,
v vanishes on a neighborhood of @D, and so, an integration by parts shows that
f p 4(v)- BdX=0. Hence, f o0&+ @-d0=0, and the lemma and also the unique-
ness part of Theorem 1.4 are established.

We now turn to the Dirichlet problem with BMO data. As mentioned in the
introduction, this problem has already been treated in the more general case of
Lipschitz domains in [8]. We will sketch an alternative approach for the case of
C* domains.
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Definition 1.7. A measure u on D is called a Carleson measure if p{X¢€D,
[X—Q|<r}=Mr""* for all Q€dD. The least such M is called the Carleson norm
of .

Theorem 1.8. Given gcBMO (0D), there exists a harmonic function, u(X)
such that

1) The measure dp=d(X)-\Vu(X)|?dX is a Carleson measure on D, with
Carleson norm bounded by a constant times the square of the BMO (0D) norm og g;
here d(X)=dist (X, dD).

il) u(X)—~g(Q) for almost every Q€dD as X<l tends to Q. Moreover, u
maybe written as

(%) w0 =, f,, 2000

iiiy Conversely, if du=d(X)-|Vu(X)|?dX is a Carleson measure, then there
exists a function g€eBMO (0D) such that u--g nontangentially and such that (%)
holds.

( 1+K)"1(2)(Q) Q.

Proof. For the proof of iii), we refer to [8]. Since g€ L2(9D), using the unique-
ness results of [7], and Theorem 1.2, we see that all we have to show is that if #(X)=
<X— Qa N, >
& for = gm
X -0
Carleson measure.
Fix a Q,€0D, and an r=>0. Let S,=S5,(Q,). Then f=(f~fs,)xs, +

(f—=fs. ) x5, Hfso, =fitfetSs,,, and so u(X)=u,(X)+u,(X)+fs,, and hence,
Vu(X)=Vu, (X)+Vu,(X). We note that

[ = 1/ 1kmoomo(Sy), and so, [ITAP = C|fIkmo w0 (Ser)

where T=(3I+K). Hence, if we use the fact that if « is harmonic, then

[, d@ - Vu@Pdx = [ 1u(Q)2do,

F(@)dQ, where fcBMO (9D), then u as defined in (i) is a

(see [6]); the term corresponding to u; is taken care of.
By the formula we have for u,, it is easy to see that

1 1
Vu,(X)| = ¢ Sé"rm |f(Q) “fs2,| dg=c Sgrm |f(Q) —fsz,| g

c
=__
r

£ llemo @py-

From this, the desired estimate for u, easily follows.
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Section 2.

In this section we will study Hardy spaces on D and we will identify them
with spaces of functions on dD. We start with three technical lemmas. The first
one is by now classical:

(n—2)

Lemma 2.1. Suppose U is harmonic in DCR?®. Let i=VU. Then for p= D)’
n —

lii|? is subharmonic in D.
For a proof of this theorem, see [19], page 234.

Lemma 2.2. Suppose v(X) is continuous, nonnegative and subharmonic in D. In
addition, assume there is a p, 1<p=oo, such that for each a, 0<a<1, v*¢L*(@D),
and assume v{X)—>g(Q) as X-Q nontangentially for almost every Q¢oD.

Let P(g)(X) denote the Poisson integral of g(i.e., u(X)=P(g)(X) satisfies
Au=0 in D, u*¢L?(@D) for each O<a=1, and u—g non-tangentially almost
everywhere). Then v(X)=P(g)(X) in D.

Proof. There exists a sequence, {V;(X)}, of nonnegative subharmonic func-
tions with each V,€C?%(D) and such that V;~V uniformly on each compact sub-
domain of D. In particular AV;=0 in D.

Take now a function @,(X)€C,°(D) with ¢,=0 in D, &,=1 on

{XeD: dist (X, dD) = ¢}
and ¢,=0 on
{XeD: dist (X,0D) = ¢f2}.

If G(X, Y) denotes the Green’s function for the domain D (see [7, page 183]) we have
2.V, (X) =— [, GX,Y)A(¥;8)(¥)dY
=2/ (W G(X, Y), Vy O(Y)V,(¥)dY + f G(X, Y)4®,(Y)Vy(Y)aY.

Letting j—~< we obtain the same inequality for V. It easily follows that the same
inequality holds for the subharmonic function
W(X) = V(X)—P()X).

Since W*€LP(pD) (for each O<a<1) and W(X)-0 nontangentially at almost
every point of the boundary, the argument given in [7, page 184] shows that

lim S/ (R GX,Y), Vy @YW (Y)dY =0,
and
lim f LG, V)48, (V)W (Y)dY = 0.

This of course implies W=0 in D.
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We also need the following extension of a result of N. Varopoulos (20]), for
the half-space, to the case of a bounded C?! domain.

Lemma 2.3, Assume f¢BMO (0D). Then, there exists F(X)ECY(D) such that
for almost every Q€0D, F(X)—~f(Q) as X—~Q nontangentially, and \VF(X)| is
density for a Carleson measure, with Carleson norm bounded by the BMO norm of f.
Moreover, if we use the notation introduced before Lemmal.5, F=73; F;, where
each F; is compactly supported in B;, |VF,| is the density for a Carleson measure,
and there exists g,€LP(0D) for all 1=p<-<s such that for t sufficiently small and

X =(x,0;(x)+1)€l,;, |F;(X0)| = g;(x, ;(x)).

Proof. We may assume [, /=0, and hence | fllymoony=Cll Slemo ony-

Let y; be as in Lemma L.5. The function f, (x)= ¥,(x, @;(x) - f(x, D;(x))
belongs to BMO (R"™%). Fix now a non-negative function KeCy([x|<1) with
integral 1. By Theorem 4.3 of [12], there exists a Carleson measure Py, on R%

such that f, (x)=[[w; X y(x—2)-dyy, (2,7), where K, (@=y~"vk (i) More-

over, the Carleson norm for ”f./, is bounded by the BMO norm of fw Fix now a
C* function b on [0, =) such that b(t)=1 for 0=¢=1/2, b(t)=0 for t=1. Let

now F, (x,1)= [ [en Kj(x— z)b[ ]duf (z,y). Then, arguing as in the second

proof of Theorem 1.1 in [20], we see that \VF (x t)| is a Carleson measure in
R” , with Carleson constant bounded by the’ BMO norm of f,,, Moreover,
Fy (%, 8) =0 £y, (x), and |F, (x, )| = [ fpr K, (x— 2)ldyy, M=g,(). g @) is
in BMO (R"™") and, hence, locally in every L? space, 1<p<o<>

Pick now 0;€Cy(B)), 0,=1 in a neighborhood of the support of ¥ ;. Set now,
for X¢B;n D, X—(x,y), y=®;(x), Fi(X)=0;(X)-F, (x,y—?;(x)), and F;=0
outside B;nD. Let now F(X)=3 F;(X). “

Certainly, F(X)cCl(D), and for almost every Q¢9D, F(X)—-f(Q) non-
tangentially. Moreover, if X€B;nD, X=(x, ®;(x)+t)cl,;, then |F;(X)|=
|6j(xs I+ gzsj(x))I “1Ey (X, Nl= Iej(x, t+0j(x))l lg;()=c 'XBjﬂaD(x’ ?;(x)) - g; ().

All that remains to show then, is that VF;(X) is a Carleson measure on D
with Carleson norm bounded by the BMO norm of f. It is enough to consider balls
B,=B(Q,) with 0=2r=A4, where 4 is as in the introduction, Q,¢dD.

As we can assume that if X¢B;nD, X=(x, §;(x)+y), then dist (X, D)=y,
we see that if B,nB;n D0, and XcB, N B;n D, then there exists a constant ¢
depending only on D such that B, n B;n DcB,,((x, ®;(x))) n D. Thus, it is enough
to check that for the function |V, (6;(x, 1+ @,;(x)) F, (x, 1)| and for any ball
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A contained in R"?!, with radius d=c4, the

f::fAd IVx’f(gf(x’ t+&;(x)) F,,,j(x, t)] dxdt = ¢+ 6" V| fllsmo ony-
Now,

fzanlej(x, t)ldxdt‘éfzfA6 |Fy, (x, ) =f,, ()l dx dr+6 fA(, £y, (0l dx.
3 [, Vo @] dx = 2 fy luo-n oy = 82 flomorom = €' Ismo -

Also,
f:fAé IF'/’J'(x’ t)_f'l’j(x)l dxdt = f:an (f(: |VF.pj(x, s)| dS) dxdt

=c+0"lfy lsmo@r-n = ¢+ 45" fllamo @p)-

As we already know the required estimate for Vx,,F‘,,j (x, 1), the proof of the lemma
is completed.

Definition 2.4. (a) H?(D)={ii=(u,, ..., u,); such that #=VU, U harmonic in
D, and for some O<a<1 the function [ii ]*(Q)=suprQ [ii(x)| belongs to L?(9dD)}.
Here we will consider only the case 1=p< oo,

—

Remark. If D is simply connected, the vectors #i=VU, AU=0 on D coincide
. o, Ou;
with the set of vectors #i={(u, ..., 4,) such that A#=0, divii=0, and 5—=3—1,
X § Xy,
i.e. i satisfies the generalized Cauchy—Riemann equations, and our definition
coincides with the one used by Stein and Weiss in [18].

For a vector # in H?(D), we set || goepy=#]*Il ooy -

From the results of Hunt—Wheeden [11], and Dahlberg [4], we know the exist-
ence of non-tangential limits for each #<H?(D) at almost every (surface measure)
point Q€dD.

In particular, if #i=VU, then

. oU
lim (N, VU(X)) = E(Q)
non-tang.
€L?(@D), and a localization procedure

0
U
as the one used in Lemma 1.6 shows that [ ‘”’W:O'
2

exists for almost every Q. Moreover,

Definition 24. (b) H?(D)={fcL?@D); f(Q)=(Ng,@(Q)), for #CH?(D)}.
We also set | fil geopy= lﬁl*“m(am-
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Remark. If l<p-<oo, the results in [7] show that H?(9D) with the norm
defined above is a Banach space which coincides as a set with L5(9D)=
{ feLP(ODy; f oD f=0} moreover the H” norm is equivalent to the L? norm.

Hence, we will restrict ourselves from now on to the case p=1. Lemma 1.6
shows that H1(dD) is a Banach space, which can be identified with H(D).

Lemma 2.5. Assume i€ H*(D). Then (| gapy= il 1apy- Hence, if f€ H* (D),
F@)=Ng, 4(Q)), Il fl mromy =111l 1omy-

Proof. Use Lemma 2.1 to pick r, O0<r<1 such that v=|i]" is subharmonic
in D. By Lemma 2.2, with p=1/r, we see that v=P(Ji|). As [v*/*"=[P(liE[)*]"",
we see that

1% e S|ryx]l/r - 77
[, lardg = [ [PQary1rdQ = c [, 1ildQ,
and hence the Lemma is established.

Remark. This Lemma also shows that different «’s yield comparable norms in
H(D) and in H' (D).

We are now ready to state our main theorem, which gives several equivalent
characterizations of H(dD).

Theorem 2.6. Assume that feL'(9D), f op J=0. Then, the following conditions
are equivalent:

) fCHY(D), ie. f(Q) = (Ny,#(Q)), it = VU, AU =0, and (@)*¢ L'(ID).
ii) feh'(@D), i.e. f= 2, Ma;, where the a; are atoms, and 2 || <+ .
ii) (VSf)*ELl(aD).

iv) R; f(P) = ¢, p.v. f #=9) f(Q) dQ, 1 =j = n, belong 1o L'(OD).

lP QI
Moreover, all the corresponding norms are equivalent, and if f satisfies any of the
equivalent conditions, (3 1—K*)7'f is defined, and =V Sy, K1

As a consequence of this theorem, and its proof, and of Theorem 1.8, we obtain
the following result for BMO (9D):

Theorem 2.7. The following conditions are equivalent for a function f in L*(9D):
i) £ is in BMO (D).
i} The measure d{X)Vu(X)2dX on D is a Carleson measure, here d(X)=
dist (X, 6D), and u is the solution to the Dirichlet problem with f as boundary data.
iit) fis the boundary value of an FEC(D), such that \VF|is a Carleson measure,
and F satisfies the conditions in Lemma 2.3.
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) f=fot+ 2. R; f;, where fo,f1, ..., [u€L7(0OD), and R; are the operators
defined in Theorem 2.6.

We now turn to the proof of Theorem 2.6. This will be accomplished in several
stages. We will first show that 1)«ii).

Theorem 1.4 shows ii)—~i). The proof that i)—~ii) is accomplished in two steps.
In the first one, we show the equivalence for all starshaped C* domains, and in
the second step we pass to the general case. We now study the starshaped case.

Lemma 2.8. If D is a starshaped C* domain, the continuous functions with mean
value zero are dense in HY(OD). In particular, for starshaped C* domains, h*(0D) is
dense in H'(0D).

Proof. We may assume that D is starshaped with respect to the origin. For a
given d€H' (D), set ii,(X)=ii(tX), O<t<1. The function (N, i (1Q))=£(Q) is
continuous, with mean value zero, hence, it belongs to A'(dD). Moreover, by
Lemma 2.5,

[{Ng, #(1Q) ~# (@)l mem = f, [E(1Q)—#(Q)] dQ.
This last integral converges to zero as ¢ converges to 1, since [i|*€L'(dD).

Theorem 2.9. Given g€BMO (9D), define for each fc H* (D)

lg(f) = [, (VG@), VU()dX,
where G is the function constructed in Lemma 2.3, and ii=VUEcH (D) satisfies
oU
- (Q)= . Th
o, (Q)=f(Q). Then
g ()] = clglemo ey - | flm2om),

where ¢ depends only on D. Moreover, if for p>1, fc HY(3D) n L?(9D)= L5 (0D), then
Ig (N)=f4p & -fdQ.

Furthermore, if D is starshaped, and 1¢ HX(QD)*, then there exists a unigue
g€BMO (D) such that 1=lg.

Proof. By Lemma 2.1, we can find a number r, O0<r<1, such that |[VUX)[
is subharmonic in D. By Lemma 2.2, |VU(X)|=P[|VU|T'"(X) in D. Hence,

[, IVGMIIVUX)IdX = [ IVG)IP(VUTY (X) dX,

and since [VG]| is the density for a Carleson measure, we have the last integral bounded
by c-lglsmown fan VU(Q)ldQ=c-llglsmoomy* I [ zomy> (see [5]).



On the Hardy space H* of a C! domain 17

Remark. The above proof can also be obtained using a purely geometric argu-
ment, without using the subharmonicity property of the gradient, or the results
in [5].

Assume now that f€LE(D), 1 <p<oco. Then, by [7], (VU)*¢L?(0D).

g (f) :fD {VG, VU>dx=2,.fD (VG;, VU dx;
here we are using the notation in Lemma 2.3. Moreover,
[, VG, VU)dx = fBjnD<VGj, VU) dx = lim wa (VG;,VU) dx,

since the integral on the left hand side is absolutely convergent by the first part of
the proof. Now, using Green’s theorem, we see that

[, (V6. VU)dx = [ G)(@)-(VU@). No)dO.

Moreover, since |G;(Q)|=g;(Q), g;6L¥(dD), and (VU)*€LP(3D), the dominated
convergence theorem shows that the last integral converges to f a0 G (Q)- f(Q)dQ
as ¢t—0. Adding now in j, we see that 1g(f)=[,,g-f-dQ.

Assume now that D is starshaped, and [¢ HY(dD)*. Since h'(0D)c H(9D),
there exists g€BMO (dD) such that for any atom, a, /(@)= [,;a(Q)g(Q)dQ=
3NQ" =g, and
G(X) is the function constructed in Lemma 2.3. Using the first part of the present
theorem, and Lemma 2.8, we have l(f):fD (VU,VG)dx for all feH'(0D), with

[p{VU,, VG(X))dX, where U,(X) is harmonic in D, and satisfies

U
AU=0 on D, and N f. The uniqueness of g is obvious.
)

Remark. Once we establish the equivalence of i) and ii) for general C* domains
the condition that D be starshaped in the last part of Theorem 2.9 can be dropped.
Also, Theorem 2.7 is then seen to follow from Theorem 2.6 and Theorem 2.9, using
the argument given on page 145 of [10].

Corollary 2.10. If D is a starshaped C* domain, then h'(0D)=H(dD).

Proof. By Lemma 2.8, h'(dD) is dense in H1(9D). By Theorem 2.9, it is closed
in H'(0D). Hence, both spaces are equal. We now show that i)<~ii) for arbitrary
C'-domains.

Theorem 2.11. For D a bounded C'-domain, h'(dD)=H'(dD).
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Proof. We just have to show HYW0D)ch*(9D). Let feHY(0D); let #ic H1(D)
on 9D.

U
be such that #=VU, f=
su at i f o

Using a regularized version (to make it of class C*) of the construction given
in Section 2 of [21], we see that for each point Q¢dD, we can find a ball B=35,,
with center Q and radius r, and we can construct a C*-starshaped domain Dy such
that B,,nD>Dp,dDy>B,, 0D, and with the additional property that
dcH (DY H (D).

We then cover D by a finite number, {B;}, of the above balls, and we let
Y;€C*(@D) be a finite partition of unity of @D subordinate to the above cover.

From Corollary 2.10, f;= (@, N D ) belongs to i? (BDBj). Since we may assume
atoms are supported in surface balls of diameter smaller than any preassigned posi-
tive number, we can write V¥, f=y,g;, where g;€h'(0D). We now observe that
if h¢h'(@D), and YcCY(@D), then -h—m(y-h<h(@D), here m@yh)=

—a__—(;D) fapW¥-h. Since fa,,f=0, >;m@; )=0, and so 3;m(y;g;)=0. More-

over, f:Z'j|//jf=2'jt//jgj=2j(lpjgj—m(npjgj)):zjhj, where h;ch*(0D), and
thus feht(9D).

Remark. Theorem 2.11 shows that as sets A'(@D)=H(@D). However, since
A! is continuously embedded in H?, the open mapping theorem gives the equivalence
of the two norms.

We proceed with our proof of Theorem 2.6.

The corollary to Theorem 1.3, shows that ii)—iii). For the converse implica-
tion, we need the following uniqueness result:

Lemma 2.12. Assume fEL'(dD); [, f=0. Assume that |VxS:(X)||gp=0-
Then, f=0.

Proof. Lemma 1.6 implies that S,(X)=c, a constant for all XcD. In R\ D,
S, is harmonic, and since [,5, f=0, S;(X)=0(X|'™™ as |X|-co. Also it is easily
seen that the function §f*(Q)=supr [S;(X)| (T is the truncated exterior cone
defined in the introduction.) belongs to L?(@D) for some p=1, and moreover,
limy 5 x¢ fo S,(X) exists for almost every QcdD. This exterior nontangential
limit is the same as the interior one, which is, of course, the constant c.

Let us assume that ¢>0, and for simplicity we take ¢=0. Choose a ball
B so large that DcB and |S;|<e& on B, with ¢ an arbitrary but fixed positive
number.

From Lemma 2.2, we have |S;(X)|<c+e VX¢€ B\, and from this we con-
clude |S,(X)|=c in all of R™\D. Hence, cither S;(X)==c in all of R™\D
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or |S;(X)|<c inall of R™\D. Hence, at almost every point Q€dD,

0 = Jim (Np, VS, (X)) = (5 I+K*)f(Q).
Xefy

Moreover, from the interior normal derivative, we have %— f—K*f=0 on 0D, and
hence K*f has mean value 0 on dD. We then have (3 I+K*)f=0, and so f=0
on dD.

If the constant ¢ equals O we easily deduce that S,(X) is zero also in R™\D,
and once again, the jump relations on the normal derivative give f=0 on 9D.

We now prove iii)—~ii). Assume f satisfies iii). By the equivalence of i) and ii),

0
we have that (37—K*) f~——— S,;€H(dD). By Theorem 1.2, there exists f¢4(dD)
such that

(FI-K9]= (3 I-K")f.

The function S,_(X) satisfies the hypothesis of Lemma 1.6, and hence it is iden-
tically constant in D. By Lemma 2.12, f=f, and thus fch'(9D).

We now show that iii)<-iv) in Theorem 2.6.

For fcI*(oD), Dy S;(X) has a nontangential limit at almost every point
Q¢dD, and this limit equals lN < f(PY+ R, f(P). It now follows that if iii) is
satisfied, and f€ L1(dD), then 1v) holds

Conversely, now assume iv). From what we just noted in the above paragraph,
|VS €L (9D), and I”VSf]”Ll(ab)§c{”f”L1(3D)+2:=1 ”Rif”Ll(aD)}-

For any fcILl(dD), it was remarked in [7], that (VS,)* belongs to weak L!
of 9D. In particular, for each r, 0<r<1, (VS}) belongs to LY**(9D), &=0.
However, by Lemma 2.1, there exists », 0<r<1,.such that |VS,(X)|" is subhar-

monic in D. If we choose £>0 such that 1—&=r, and let p= , then p=>1,

r4-¢
and so we can apply Lemma 2.2, to show that VS, (X)'=P(IVS,[)(X), and
so (VS)*(Q)=P(IVS/"*(Q)"". Hence we conclude that

[,, VSpraQ =c [, VS (@) dQ,

and so iv)—iii). Thus the proof of Theorem 2.6 is finished.
We give an application of Theorem 2.6 to a special two-dimensional situation.

Theorem 2.13. Let I' be a simple closed C* Jordan curve in the complex plane
C. Set

SO ) dt] = lim 1 f© ail

Sz = 2ni f 0 21V z—tj<e 2~

where d|(|=arc length and z€T, and let HY(D)={fcLM(T'): f real valued, [ fd|(|=0,
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and CfeLX(I)} with
anﬂl(r) = ”f”Ll(r)‘H] Cf”l)(r)-

Then H*(I')*=BMO (I).
Proof. We need only observe that Cf¢L)(I') if and only if the principal value
operators

anf(C)M—CII{zSSO—)dm and ff(C)Mgli(CD-dICI

belong to L1(I'). These two operators are exactly the Riesz operators defined in
Theorem 2.6 for the domain D=inside of I'. The conclusion of Theorem 2.13 is
now immediate from Theorems 2.6 and 2.9.

This completes, in the case of bounded C* domains in the complex plane, a
remark made in [14]. We can conclude, using the notation of [14], that if flo and
C(flw) are in L'(A,d|]), then fis the real part of the boundary values of an
analytic function F¢€H'(0, dw). The opposite implication was shown in [14].

Some concluding remarks: Let D be a bounded C! domain in R™ Let X™* be
a fixed point in D, and let do=dw*"* be harmonic measure in D, with pole at X*,

dw
and w’=~d— be its density with respect to surface measure. If n=2, the equiv-
[

alence between i) and ii) in Theorem 2.6 follows combining the results in [13] and
[14], even in the case of Lipschitz domains. Moreover, if we let H,(dD, dw)=
{f, f=u|3p, Au=0 in D and u*€ LY(QD, dw)} (here & stands for ’Dirichlet data’),
then, for n=2 and arbitrary Lipschitz domains, f€ H} (0D, dw) iff g=f-wc H*(dD),
where this is the space defined in this paper. This also follows from [13] & [14].

Also, if again n=2, and D is C? {to insure that —dg—EA,,,], and we let

H? [D, %"]:{ ii =VU, VU=0, and (@)*c L (31) ﬁ)}

o0, ) = V= g 5 =V aem 2. 7))

and H (0D, do)={f, f=ulsp, Au=0 in D}, and u*€ L*(dD, do), then using [13] and

[14] we can see that feHL(ID,ds) iff g=f-wcH! (3D, —(g) Moreover,
d .

gEH‘[{)D, __w_aJ it g=24;a;, 2 ia;, J A<+, suppa;CB;, lo;l.=

doy? .
[ijﬁ) , fajdo:O. Also, fe€HL(OD,ds) iff f=32;b;, Al<+eo,
supp b;C B; ||bjlle.=—15~ (B) fb dw=0.
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We conjecture that these results also hold for n=>2, and already have some

partial positive results in this direction.

Finally, we remark that the analysis of H?(dD), p<1, along the lines of this

paper, on a bounded C' domain remains open. Moreover, the study of the situa-
tion considered here in the setting of an arbitrary Lipschitz domain in R*, n=>2,
is also open, even in the case p=>1.
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