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ON CLASSICAL SOLVABILITY
OF THE FIRST INITIAL-BOUNDARY VALUE PROBLEM
FOR EQUATIONS GENERATED BY CURVATURES

NINA IVOCHKINA — OLGA LADYZHENSKAYA

Dedicated to Jirgen Moser

1. Main theorem and estimations in C?

The aim of this paper is to prove the existence theorem announced in [5].
The proof is based on 4 priori estimates which were done in [6]-[8] for solutions
to equations including the equations from [5]. We have to add to these estimates
the estimates of Holder constants for u; and ug,.,. Section 2 is devoted to this
purpose.

We study the problems

(1.1) My,[u] = 3D Niwwr + fm(k[u]) =3Dg in Qp = 3D x (0,T),
(1.2) u=3Dyp ondQr, m e [2,n],

where Q is a bounded domain in R™ with a smooth boundary 0Q, &Qr =
3D0"Qr U Q(0), 9"Qr = 3D x [0,T], Q(0) = 3D{z =3D(x,t) | x € Q,t =
3D0}. Functions g : Qp — R! and ¢ : © — R! are known, and function
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376 N. IVOCHKINA O. LADYZHENSKAYA
u: Qp — Rl is to be found. Besides, k = 3D(k1,... ,k,) € R",

m

fm(k) =3DS)/™(k) and Sp(k)=3D > ki ...k

11 <o <lpm
We consider f,, on the cone
(1.3) (W =3D{k e R" | Sy(k) >0, I =3D1,...,m}.

The numbers k;[u](x,t), i = 3D1,... ,n, forming
klu](z,t) = 3D(k1[ul, ... , knlu])(z,1),

are the principal curvatures in the point (x,t) of the hypersurface 7; C R"*1,
given by equation

(1.4) Tpy1 = 3Du(x,t), =€ Q.

Number ¢ plays here the role of a parameter.

Let us define by K, the set of all functions v continuous with their derivatives
Vg,, Uz;z, 0 Qp and such that k[v](z) belong to T for all z € Qr. We will
say that v : Q@ — R is admissible for M, if v belongs to K,,, and v is an
admissible solution of (1.1) if v belongs to K,,, has v; belonging to C(Q) and
satisfies (1.1).

In this paper we deal only with admissible solutions and sometimes will omit
the word “admissible”. In many places we write ) instead of Q7.

We will use more abridged notation then in [14], they are close to the notation
in [13]. Namely, C(Qr) and C(Q) are sets of functions continuous on Qz or Q.
correspondingly. The norm in C(Q) will be denoted by || - ||oo.0r. C*(Qr) and
C*(Qr), a € (0,1), are sets of functions from C(Q7) or C(Qr) correspondingly
which are a-Holder continuous in Q7 or Q; with respect to parabolic distance

p(z,2') =3D|z —a'| + |t —t'|'/2, z=3D(x,t), 2/ =3D(',t').

The norm in C%(Q;) will be denoted by

[ulcoqr = 3D|uloo.gr + (U5,

where .
<u>g¥T) =3D sup Ju(z) = u(=)| u/(z )|
z,2'€Qr ,o(z, Z )
The number <u)gXT) < ugyT) is named Holder constant for v and o — its Holder
power. C?(Qp) and C?T%(Q;) are Banach spaces of all elements u of C(Q)
for which ug, ug, and u; belong to C(Q7) or C%(Qy) respectively.

The norm of u in C?(Qy) is determined by equality

[ulcz,0r = 3D|Ullco.@r + Uz lloo.@r + [[Uazlloo,@r + lutlloo.q
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and the norm of u in C?T%(Q;) is determined by similar equality in which
I - loo,@r is replaced by | - |ce.q,-

We suppose that boundary 92 has C4*t“- smoothness and 99 € 1"5,7; D This
means that in a small vicinity of any point 2° of 99 the surface 6 in R™ can
be presented as

(1.61)  x, =3Dw(F), 7 =3D(zy,...,7,-1) € Ba(z°) = 3D{7|| |z| < d},

in Cartesian coordinates (Z,,) corresponding to z°. The latter means that
20 is the origin of these coordinates (i. e. z° = 3D(0,...,0)) and the axis
x, is directed along the inner normal to 9 at the point x°. (The function w
depends on z° but we do not indicate this explicitly). Moreover, we will take

axis x1,... ,ZT,_1 such that
(1.62) w(T) = 3D1 "21 Ao (@922 + O(|7]*)
2.5 " ’
for 7 € By(2°). Obviously, the numbers A (2°),... , \,_1(2°) are the principal

curvatures of 9 in 2°. The hypotheses 9Q C C* or C*** imply that w belongs
to C*(By(2°) or Ck+2(B4(20)) for all 20 € 9 and the hypothesis 99 € T
implies that vectors A(z°) = 3D(A1(z°), ..., An_1(2%)) belong to T\ for all
20 € 09Q. Here

I = 3p{k e R* ' | S)(k) >0, I =3D1,... ,m},
is a convex cone in R"1.
Number [0Q|cx is sup |w|ck, B, (20, [0Q]crta is sUP |w]crta g, g0y With a
20€0Q z0€oQ

number « € (0, 1), number d > 0 being common for all z° € 9.
To find an admissible solution u of problem (1.1), (1.2) we use the continu-
ation by parameter 7 € [0,1] in the following form. We consider the family of

problems
(1.1,) M, [u"] =3Dg" in Qr,
(1.2,) u” =3Dyp” on d'Qr,

where ©%(z) = 3Dy(z,0), ¢"(z,t) = 3D1p(x,t) + (1 — 7)°(x), 9" (x,t) =
3D7g(x,t) + (1 —7)g°(w), g°(x) = 3D fun (K[2"]).

For 7 = 3D1 this problem coincides with problem (1.1), (1.2) and for 7 = 3D0
the problem (1.1,), (1.2;) has a unique solution u°(z,t) = 3D¢°(z). Besides, we
have to suppose that ¢° € K,,. The other necessary conditions for the existence
of an admissible solution to (1.1), (1.2) are the compatibility conditions of zero
and first orders. The first condition we include in the conjection that ¢ belongs
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to C?T%(Qr) and u = 3Dy on &'Qr. The second condition is expressed in the
standard form

Pt 2
1.7) —————=+fm(k =3Dg on 0;,Q =3D{(z,t) | x € 092, t = 3D0}.
It is easy to see that for problem (1.1;), (1.2,) with any 7 € [0, 1] the compati-
bility conditions of zero and first orders are fulfilled.

Now we formulate our main theorem.

THEOREM 1.1. Problem (1.1), (1.2) has a unique admissible solution u be-
longing to C**P(Qr) with some 3 € (0,a] and having the derivatives g, Uy,
ug belonging to C*T(Q7) if the following conditions are met.

(a) O e TN O e CTYQr), ¢° € K, g € C*T(Qr) and the
compatibility condition (1.7) is satisfied,

(b) infg, g >0, inforg, us +infg, g =v1 and g <0 on Qp with a vy > 0,

(¢c) for all admissible solutions u™ of problems (1.1;), (1.2,), 7 € [0, 1] there
18 a common minorant ve in inequality

T

(1.8) inf inf U

> vs.
r€[0,1197Qr On 2

Each problem (1.1;), (1.2;) also has a unique admissible solution u™ with the
same smoothness as the solution u of problem (1.1), (1.2).

In (1.8) 2% (20,¢), 2° € 09, t € [0, T is the derivative of u” at point (z°,¢)
along the inner normal 7 to OS2 in zV.
It is easy to check that for each problem (1.1.), (1.2;) all requirements of (a)

and (b) are satisfied, but minorant 7, for
min u; +inf g7,
rar oY
is equal to min{vy; v}, where
vp = 3Dinf ¢° = 3D igf Fm ([°)).

Thus, for (1.1,), (1.2,) the inequalities
(b;) infg, g7 >0, infaqpu] +info, ¢" > 1 = 3D min{vy; 11} > 0,97 <
0,

follow from (b).

Theorem 1.1 is a slightly improved version of Theorem 1 from [5]. Its proof
will be given here.

The statement about uniqueness holds due to the following known compari-
son theorem (see, for example, [8]).
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THEOREM 1.2. If u and v belong to C*(Qr) N C(Qr) N K, and M, [u] >
M, [v] in QT then
sup(u — v) = 3D sup (u — v).
Qr 'Qr
This theorem was used when we derived estimates for derivatives of admis-
sible solutions u. In Section 3 of paper [8], devoted to the estimation of |u,]|, we
have formulated a sufficient condition on data when we could find a minorant v,
for Ou/0On|orq,. It has the form

1.9 g = max g < U,
(1.9) g=paxg<p

where p is a constant determined by data. For m € [2,n — 1]

(1.9) p=3D inf SL/m(\)(20).
For m = 3Dn majorant u depends not only on A\(z%), 2° € 99, but on majorants
for |9z, 3 |#lc2 5 and [0Q|cs, where Q =3DQy x [0,T] and Qg = 3D{z € Q|
dist{z; 9Q} < d}. It depends also on majorant 11 for supg [¢ —u[. The minorant
vy for Ou/0n|snq, depends on £ in all cases m € [2,n]. But, as we show below,
a minorant [ is easily calculated (see (1.11) and (1.12)).

For problems (1.1;), (1.2,) the results of [8] lead to the following statement.

PROPOSITION 1.3. Let the conditions (a) and (b) of Theorem 1.1 be fulfilled.
If

max max g’ =
7€(0,1]1 90" Qr

where p is a constant determined by data then there is a common minorant vy

ax max{g(z, t); max Fm (KD (@)} < ny

in (1.8) that can be calculated. For n € [2,m — 1] number u is given in (1.9").

We remark that here we have applied results of 8] to problems (1.1,), (1.2,),
7 € [0,1], and used (1.9).

As it is well known, the most difficult part of proving the existence theorems
is obtaining proper & priori estimates for all possible solutions of the problem
under investigation and of some auxiliary problems connected with it. In our
case the role of these auxiliary problems play problems (1.1.), (1.2;), 7 € [0, 1].
For all admissible solutions u” of these problems it is desirable to find a majorant
¢ in the inequality

(1.10) sup |u"|c2+6 g, < €,
T€[0,T]

with a 8 > 0. Such estimate is sufficient for the validity of the last affirmation
of Theorem 1.1 on solvability of problems (1.1,), (1.2;).

We explain this in detail in Section 3.
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In papers [6]-[8] we obtained estimates of |u|c2 g, for solutions u of problem
(1.1), (1.2) using only the properties of data ¢, g and 9 indicated in Theo-
rem 1.1. Since all these properties are valid for data ¢7, g™ and 9f) of problems
(1.1,), (1.2;), 7 € [0,1], we can apply results of [6]-[8] to these problems. Let
us remind those which are useful for our purposes now.

As it was pointed out in Section 2 of [6], the hypothesis g; < 0 implies the
estimate u;(z) > ming g, uy for all z € Q. For g7 we have g] = 3D7g; < 0 and
therefore

(1.11) uy (2) > minu; > inf minu] = vs.

0'Qr 7€[0,1] 9'Qr
This gives the following minorants for u”
t
(1.12) u”(x,t) > % (z) +/ ug (v, &) d§ > igf o0+ [%ij;](l/gt) = uy.
0 ,
To estimate u” and Ou” /On|s»q from above we keep in mind the inequalities
(1.13) S1(k[u))(z) >0, z€Qrp,

which are valid for any element of K, and for admissible solutions in particular.
These inequalities and the comparison principle for operator S; guarantee the

inequalities
(1.14,) u(x,t) < Uz, t), xe,
and

ou™ _ Ou
1.14 < = "Qr,
(1.142) o S, ™ Qr

where u are solutions of problems
(1.143) Sy (k[a])(z,t) =3D0, xz€Q, u(z,t) = 3Dp(x,t), x € IN.

In [20] (see also [3]) the classical solvability of this problem was obtained for

)

any smooth function ¢ if only 99 € F§n71 . In particular, there was done an

estimate for |u(-,t)|c1.o. We can use these estimates as condition 02 C an_l)
follows from our assumption 02 C I‘Sff b, Thus, the estimates

(1.151) supu’ < supu = vs,

Q Q
and
T a"’
1.15 su <sup — =V
( 2) 8”8 on — 6”8 on 6
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follow from (1.14%), k = 3D1,2,.... From (1.15;), (1.8) and (1.12) we draw the

conclusions

(1.16) sup [[u[[oo,@ S vz, sup |lugllec,orq < v
T€[0,1] t€[0,1]

Now we can use Theorem 1.2 from [8]. It guarantees the estimate

117 Juflle.e < @(eg s U7 lloo.: 1uf lloo.0r@s 197 oo 192 l0.@) < s,

where ® is a continuous nondecreasing function of indicated arguments. Theo-
rem 2.1 of [8] gives an analogous estimate for ||u]||oc,o With a majorant ®, which
does not depend of T' but depends on ¢ 1 where ¢ is taken from the inequality

0 fm (k)

(1.18) %

>c¢o >0 forall kel™ with k; <0.

Inequality (1.18) can be extracted from several papers. In [1] it was proved for
k satisfying additional inequalities 0 < v < f,,,(k) < p. But in fact, it is true for
any k € F,(ﬁf ) with k1 < 0 due to the following known inequalities:

n

SHm(k) < 87T (k) for Sy (k) = 3D < >1 S (k),

m
SH=D gy < STV kL k) (as ky < 0),

m—1

and hence

On the other hand

a rd 1 ral —m m o

and therefore
0 ~ 1
1.18 — SV k) > =,
(118) SO ) =

m
Theorem 2 from [6] and (1.17) give a majorant vg for u] in @, which with

—1/m
From (1.18') follows (1.18) with ¢y = 3D L ( " ) .

(1.11) gives the inequalities
(1.19) vs <ui(z)<wvg, z€Q, T€0,1].
The estimate

(1.20) s lloo.07Qr < V10,
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is actually proved in [7]. It follows from Theorem 1.1 of [7] since all conditions of
the theorem are valid for problems (1.1;), (1.2;). Among these conditions there
is the requirement on the existence of a positive minorant for

im=ul +9"/1+ (ul)? in Qr.

Due to (b;) and (1.11) the number 7 is the minorant for j7. All other conditions
of Theorem 1.1 from [7] are also fulfilled.

The estimate

(1.21) sup [|ug, [lso,@ < vi1,
7€[0,1]

follows from the results of [6], Section 3. The condition (3.53) of [6] is fulfilled
and we know some frontiers for f,,,(k[u"]) (the latter ones are denoted in [6] by
vy and v5). Namely, due to (1.1;)

f(k[u]) = 3Dg7 + ——

L+ (up)?
and due to (1.11), (1.17) and (b,)
(1.21) fm (k™)) > ! {min T 4 inf ] >_ v
: m(k[uT]) > —— u > =19
1+ (up)? | o e 1+ 02 -

As a majornat for f,,(k[u"]), we can take

Vi3 = 3Dvy + supmax{g(z,t); ¢°(x)}.

Qr

The fulfilment of condition (3.53) for f,, = 3DS,™ has been checked in the end
of [6].

So, we can assume that constants v11, 112 and 143 are known and they are
positive.

Because of this, equations (1.1,) are uniformly parabolic on «” and we know
the positive constants v14 and vy5 in inequalities

(193) € < 5 [f(kl7]) VT RIS < s

for all £ € R™. The information about 4™ which is now available is sufficient to
find majorants for Holder constants (u[)ég), and <UIM>£§) with 6 > 0. Next
section is devoted to these problems.
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2. Estimation of Holder constant for u] and u]

Tz

The estimates which we will obtain here are proved identically for solutions
uw of (1.1), (1.2) and solutions u™ of (1.1;), (1.2,), and as to g and ¢ we will
use only information about majorants of some of their norms. Therefore, we
can restrict ourselves to the study of solutions w to (1.1), (1.2). It is known
(see, for example, any of [6]-[8] or preceding papers [1], [4] devoted to stationary
equations (1.1)) that equation (1.1) can be represented in the form

(2.1) —ut + Fi(U(ga)) = 3Dgy/ 1+ u2,

where F,,(A) = 3DS,’;% (A), Sy (A) is the trace of order m of symmetric matrix A,
U(gz) = 3DT Uy, T, where T = 3Dg_1/2(u$) and g(u,) is the metric tensor of the
surface 7; determined in (1.4). The elements g;; of g(u,) are equal §7 + Uy, Ug, -
Numbers k;[u](z), i = 3D1,... ,n, are eigenvalues of matrix (1+u2)~2u(,, (2),

so that

(2.2) Frn(U(zz)) = 3D frn (K[u]) /1 4 u2.

The cone 1"57?) determined in (1.3) corresponds to the cone K, in the space
M7?*™ of all symmetric matrices n x n. This cone is determined as follows

(2.3) K,,=3D{A|Ac MstX",Sl(A) >0, 1=3D1,... ,m}.
This cone, as the cone Fgff), is a convex set. On it
OF,, (A
(2.4) a’”T()gigj >0 forall A€ K, ¢ecR"\{0},
J
where A;; are elements of A, and F3, is concave, so that

By virtue of (2.5) and convexity of K, the inequality
OFm(A)

(2.6) 5,

(Bij — Aij) 2 F(B) — Fin(A),
holds for all A and B from K,,. Since F},, is 1-homogeneous the inequality (2.6)

is equivalent to

OFm(A)

_ op9Fm(B)
T, =3D

/
(2.6') a5,

Bij > Fo(B) Bij.

We will use also the equalities

1 1
(2.7) F(B)-F(A) = 3D/O d%F(AE) d¢ = 3D/O d€(Bij — Aij),

OF (AS)
0A;;

where AS = 3DEB + (1 — €)A and A, B belong to K,,.
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Let us remark that the stationary parts of equations (1.1) do not satisfy the
conditions which were imposed in the papers of Erance [2], N. V. Krylov [12]
and in the book [3] by D. Gilbarg and N. Trudinger on the equations

F(ugy, tg,u,z) = 3Dg(x),

when they derived Holder estimates for ug,,;. In all these papers and in the
book [13] by N. V. Krylov, devoted to parabolic equations

(2.8) —uy + F(ugg, Uy, u, x,t) = 3Dg(z, 1),

the authors supposed that functions F' are determined on the whole space R =
MM™m x R" x R x R¥ (k = 3Dn or k = 3Dn + 1) and satisfy the condition of
ellipticity

8F(A7p7 u’ Z)

2.4'
(2.4) o

fifj >0, for all ¢ e Rn\{O},

and the condition of convexity

0?’F(A,p,u, 2)

2.5

GijCu <0, forall ¢ € M,
also on the whole R.
But equations (1.1) as well as equations in our previous papers [9]-[11] do

not satisfy these hypothesis and therefore we had to find majorants for <ut>(QﬁT)

and (uIIJ>gT) It was done in [9] for solutions of some class of nontotally par-
abolic equations. In [4] the author attempted to adapt some considerations of
N. V. Krylov to the stationary equations (1.1) and on the base of these adap-
tations in [10] Theorem 2 was announced. In this theorem we asserted the
possibility to estimate (uz%)g? for solutions u of equations (2.8) if the inequal-
ities (2.4") and (2.5") take place only on the investigated solution u(z) (i. e. for
A = 3Dug(2), p = 3Du,(2), u = 3Du(z), z € Q7)) and if a majorant ¢ for
|u|c2,g, is known. But soon after the publication of [10] we found a mistake in
[4] (see pages 884-885), and therefore we had to state that our Theorem 2 from
[10] has no proof. Maybe it is not even true.

So we had in [9] and [11] to find majorants of (um%}g) for solutions u of
equations —u; + F'(u,,) = 3Dg. Here we do this for equations (2.1), using some
proposals from [15].

REMARK. In Theorem 6.1 of [9] taken from the paper [15] (see also [16] or
[17]) there are two misprints (in [15]-[17] all is correct)):
(1) after inequality (6.9) it is written “for all & > 0” but has to be “for a
k>0,
(2) in (6.10) instead of “inf” should be “infg,”.
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Let us introduce the abbreviations u; = 3Duy,, uj; = 3DUyg,s,, 50 that ug;
are elements of matrix uz,. The elements of matrix u(,,) = 3D7T Uy, T we will
denote by u(;;). For them we have the representations w;;) = 3D7,7jjux where
Tik = 3Dy, are elements of matrix 7 = 3Dg~1/? (ug) = 7 (ug).

We start with the evaluation of <ut>£§ ) with some B > 0. For this purpose

we differentiate (2.1) with respect to t and get

6Fm (’U,(mm))

(29) — Ut +
Auij)

Let us introduce the notations

aFm (u(xx))

(2.10)
Auij)

ik () Tj1(ug) | (2) = api(2),

and remark that for all 2 € Q@ and all £ € R” we have inequalities

(2.102) V€% < ap(2)&r6 < pé?,

with some known positive constants v and pu.
The estimates (1.20) and (1.23) guarantee (2.102). The relation (2.9) we
consider as a linear equation for u;:

(2.11) — Oty + AUy, + Dk, = 3Dgi/1 + u2.

The form of by is not significant for us. For us only majorants for ||by|ec,0
and |lg1\/1 + u2||eo,@ are important. Besides this, we can calculate explicitly a
majorant for ||u,gH(ao,%2 This information is enough to find a majorant for <Ut>g)

with a 8 € (0, a] (see [15-17]). Thus, the estimate
(2.12) (u)y) < e,

is in our hands.
In the next stage we will find a majorant for (uij>(§,)Q on the boundary 9”Q.
We do this as in Section 5 in [9], using the following Lemma for a linear operator

(2.13) L, =3D — 0; + ay0?

Trxy?
with ag; from (2.107).
LEMMA 2.1. Letwv € C(Q) N C2(Q), Vg € C(Q), U|3HQ = 3D0, U|t:3DO €
C*(Q) and let v satisfy the inequality |L,v(z)| < c1 in Q. Then
[0s, 5 < €2, i=3DL,....n

with some 3 € (0,1). The numbers 3 and co are determined by numbers v=1, u,

c1, n and |v(-0) g‘).
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This lemma follows from the results of [18] and from [19] (see, also [13]).
Let all above relations be written in cartesian coordinates z = 3D(Z, x,,) corre-
sponding to z° € 9. We apply Lemma 2.1 to any of v(x,t) = 3Dv*(x, t){(z),
k=3D1,... ,n—1,in the cylinder Q(2°,d) = 3D[QNB4(2°)]x (0, T) with d < 1.
The function ¢ is a cut-function for Bq(z°). It is equal to 1 for € Byo(z),
to zero near dBy(z°) and ((x) € [0,1]. The functions v* are determined by
equalities

v (@,t) = 3D(u(@,t) — o(@,1)a, + (u(@,t) = 9(2,8)s,wa, (@), Kk <mn,

where w(z) = 3Dw(Z) for x = 3D(F,z,,). It is easy to see that v*( are zero on

§"Q(a0, d),
(2.14) L.l <c in Q. d),

and some majorants for |ka|t:3D0|g}‘) are known. To prove (2.14) we differen-
tiate (2.1) with respect to xy, represent the result in the form L,up = 3D®y

and remark that we know a majorant for all ||®y||s 0 (20,4), ¥ = 3D1,... ,n.
Due to the above said and Lemma 2.1 we know on the part X4 x [0,7]

of boundary 9”Q(x°,d) the estimates |U]7ji|(zﬁd)><[0,T] < ¢, i=3D1,...,n, from

which we conclude that

(2'151) |uki + UniWs, |(2ﬁd)>< [0,T] < ca,

with § which is minimal of 1/2 and previous 8. Because of (2.151), for any
20 = 3D(2%1t) € Q(2°,d) and any 2’ = 3D(2',t') € X4 x [0,T], we have the
inequalities

(2152)  Jugi(2) = uri (2%, )] < e3p” (2", 2%) + uni (2" )wa, (2)] < ap® (2, 2°),
for k € [1,n — 1] and 7 € [1,n]. Here we have taken into account that
W, (%) =3D0  and |w,, (2)] < ¢’ — 2.

For the estimation of |ty (2') — Unn (2°)] we consider the difference of equations
(2.1) at points 2’ and z

(2'16) J = 3DFm(u(mx)(Z/)) - Fm(u(wz) (ZO))
= 3Du(2) — (%) + (gv/ 1+ ud)(2) — (gv/1 +ud)(2").

Now we can conclude that the absolute value of the right-hand side of (2.16)
does not exceed cp®(2', 2°) with some ¢ and 3 > 0. The left-hand side of (2.16)
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we represent, using (2.7), in the form

(2.17) § =3Dad;j[uj)(2") — us (z%)]
= 3D [(uriminTin) (2') = (wraminTin) (2°)]
= 3D (2°) ik (2°) [ura (2') — wra (2°))]
+ @ [(rinmjn) (2) = (Tanjn) ()] ura (27)
=3D = 3Da” [upt(2') — u (29)] + O(p° (¢, 2°)),

where

ai; = 3D/ (m) d¢ and ufm) = 3Dy (') + (1 — ) tu(an (2°).
l])
In this connection we used convexity of the cone K., and known estimates for u.
Additionally, for quadratic forms @;;£,£; and éij&gj we have inequalities (2.1053)
with positive constants v and p under control. From this follows the estimates
Gnn > v and |§ij| <, i,j =3D1,...,n. These inequalities permit draw from
(2.155)—(2.17) the conclusion

(2.18) U thn (7)) = tunn (2°)] < ¢pP (2, 2°).

Since 2" is an arbitrary point of 8”Qr, we obtain from (2.15;), k = 3D1, 2, and
(2.18) the desirable estimates

(2.19) (s, )y S € 4,4 =3D1,...,n
with some ¢ and § > 0. For estimation of <uij>g) we use Theorem 6.2 from [9].

LEMMA 2.2. Let functions v* : Qr — R', k = 3D1,... N, belong to
n+1(QT) NC(Qr) and satisfy inequalities |Uk|ca oor < and

(2.20) (= Luv®) 4 lnt1,0r < c2,

with some ¢1 and ¢y where L, has the form (2.13) with ag; satisfying (2.102).
Let also the inequalities

N

(2.21) ¢ Z — ok (z)]y < Z [vF (22) — 0" (21)] = + c3p™(21, 22),
i=3D1 i=3D1

be fulfilled for all z1,2z0 € Qr with some positive § and cs. Then for all k =

3D1,...,N, v* belong to CP(Qr) and [v*|cs g, < ca, where cy is determined

by 6= and ¢;, i = 3D1,2,3. Number 3 belongs to (0,a] and is also determined
by 6! and ¢;, i = 3D1,2,3.

In [9] we did a proof of this statement and pointed out that it is a general-
ization of some statements from [13].
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The collection {vk}f;’:3 p; of functions to which we will apply Lemma 2.2 has
no relation with functions v*, k = 3D1,... ,n—1, used before for proving (2.19).
Here we construct v®, k = 3D1,..., N, with the help of second derivatives of
u having the form u* = u,, ., = 3Du;j cos(vk,z;) cos(Vk,s;), k = 3D1,... N,
where ~1,...,vn is a collection of unite vectors including vectors ey, ... ,e,,
their combinations e;ftj =3D(e;e;)/V/2,i # j, and some other vectors. We will
describe it below. Due to relations

1

o2 . — =02

1 1
92 o =3D=(0p, +04,)° — =
2( 1+ ]) 2 TiTq 2 Ti;Tj?

TiTj

each second derivative u;; can be represented as a sum of uk, k=3D1,...,N.
Each of u” satisfies a certain differential inequality. Namely, let us differentiate
(2.1) along the direction . It gives

(2.22) — Uyt + =3D(gv/1+u2),,

where w, = 3Du; cos(v, ;). Now, we differentiate (2.20) along the same v and
reject in the result the nonpositive number

82 Fm (U(m) )

Ui )~ U s
3U(ij)3u(kz) (i) v U(kl)~y

(see (2.5)). It gives the inequality

aF"'L (u rxr )
(2.23) Uyt + T;))u(ij)nw > (gv/14+u2)yy.
This relation, taking for all v = 3Dy, we rewrite in the form
N N A
(2.24) Laf+ Y > cful, >, k=3D1,...,N.
1=3D1i=3D1

where cfi and ®* are continuous functions of z € Q for which we know majorants
of their modulus. Operator L, is taken from (2.13) and the inequalities (2.102)
hold four its coefficients.

As it was understood (see for example [14]) while evaluating of Holder con-
stants for derivatives u,, of solutions u to the quasilinear elliptic and parabolic
equations, we have to pass from the collection {uk}kN:3 p1 to another collection
{v*}N_. 5, which has the following two properties:

(1) any v* satisfies an inequality
(2.25) L% >e¢5, k=3D1,...,N,

(2) quantities (1/’9)25)7 k = 3D1,...,N, can be majorized by quantities
(") and [|uM]| o,



ON SOLVABILITY OF PROBLEM FOR EQUATIONS GENERATED BY CURVATURES 389

Such collection is constructed in the following way: at first we “normalized” u*
taking 4" (z) = 3D(u*(z) —my ) /(m;} —m;) € [0,1] with m;| = 3D supg u* and
m;, = 3Dinfg u” instead of u¥. We have for them the inequalities (2.24) only
with others coefficients cfi and other ®*. Since these changes are not important
for our main purpose we will suppose that u* themselves have the properties
u¥(z) € [0,1]. Using such u* we construct the collection

N
(2.26) v*(2) =3Du(2) +¢ > [Wl(2)]’, k=3D1,... N,
1=3D1
with a small positive ¢ (¢ € (0,1]). Due to (2.24), functions v* satisfy the
inequalities (2.25) with some ¢5 < oo if only € > 0. Besides this, the differences

u™ = 3Du™(z9) — u™(z1) and v™ = 3Dv™(z2) — v™(21) are connected by
equalities
N
o =3Dd" +e Y adl,
1=3D1

where a; = 3Du'(23) +ul(21) € [0,2]. They imply

N N N
> a@* =3D ) akﬂk<1—|—e > aﬁl), k=3D1,...,N,

k=3D1 k=3D1 1=3D1

and therefore

c N
> @', k=3D1,...,N.

(2.26) " =3D0" - ——————
L+e3 7 3p1 @ 12501

Due to this the estimates [0'| < ¢p®(21, z2) give the analogues estimates for |u*|.

Now we show that the inequalities (2.21) hold for {v*}X¥_,, if the collection
of directions vy = 3D Z?:3D1 Yri€i, k = 3D1,... N, is selected so that all
a;;(z) can be represented in the form

N

(2.27) a;j(z) =3D Z B (2)YmiYmj,» 4,7 =3D1,...,n,
m=3D1

where 0 (z) belong to [v*, u*] with some positive numbers v* and p* determined
by n, p and v from (2.102). A possibility of such a representation is guaranteed
by Wasov-Motzkin Lemma (see, for example, [9] or [13]).

Let us take relation (2.16) for arbitrary points z; and 2o from Q:

(2.281)  j(z1,22) = 3Duy(22) — w(21) + (gv/ 1 + u2)(22) — (gv/1 +u2)(21),
where

(2.282) J1(21, 22) = 3D Fp (U(g)(22)) = Fon(U(aa) (21)),
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and, using (2.6), evaluate j from below

8Fm (u(m) )

(22)[ugig) (22) — uizy(21)] + j1(21, 22) = 3D
A (i) (i)

J(z1,22) >

= 3Daki(22)[uri(22) — uri(21)] + j1(21, 22),

where
Ji(21,22) = 3DW(Zz)ukl(zz)[(Tiijl)(zz) — (rieTj0) (21)].
By virtue of (2.27)
N
(2:29) J(z1,22) = Y Bm(z2)[w™(22) — w™(21)] + a2, 22).
m=3D1

It is easy to see that the sum of absolute values of j; and the right-hand side
of (2.281) does not exceed cp®(z1, z2) with some ¢ and o > 0, and therefore we
can conclude from (2.28;) and (2.29) that

N
(2.30) D Bml(z)u™(22) —u™(21)] < cop® (21, 22) = cop™.
m=3D1

Because of ,,(z2) € [v*, u*] we have from (2.30) the inequalities

N N
Y @l Y B < ot
m=3D1 m=3D1

where U™ = 3Du"™(z3) — u™(z1), [a]+ = 3D max{0;a}, [a]- = 3D max{0; —a}.
From these ineqaulities we deduce

N N *
(2.31) 6 Y @< Y @) e, 61 =3D2
m=3D1 m=3D1 K

For v™ determined after (2.26), we have, using (2.31), the following

By <@y +2e Y [a')y

1=3D1
N N
= > ["y<e Y [@M)y, es=3D1+2N,
m=3D1 m=3D1
N N N N
[@")- =3Dp"—c > ai]l-= Y [@"]-< > ["-+2Ne > [,
1=3D1 m=3D1 m=3D1 1=3D1
N N

< > [P +2Nest D [@™- + 2Ny erp®
m=3D1 m=3D1
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For € < §1(4N)~! the last inequality gives the relations

N N
(2.32) So@mo<2 Y [0 +cop®, co=3DANecrsy .
m=3D1 m=3D1

From these relations and from (2.31) we obtain the inequalities

N N N
D <es Y [y <esdit D[]+ eresd o
m=3D1 m=3D1 m=3D1
N
< 2c07 Z [0 + cg(cr + co)d7 p?,
m=3D1

which are just the desirable inequalities (2.21) with
§ =3D6(2cs) "t =3Dv*2u* (1 +2eN)]™t and c¢3 = 3D(cy + o) /2.
The condition (2.20) of Lemma 2.2 is also fulfilled for our v* because
(2.25") [—L,v*]y < max{0; —cs},
due to (2.25). Thus, Lemma 2.2 guarantees the estimates
(2.331) 0¥ (22) — v (21)| < ¢p®(21,20), k=3D1,... N,

with some ¢ and 3 € (0, ) for any z1, 20 € Q.
As it was explained above (see (2.26")), from (2.331) we can get the estimates

(2.332) |u¥(z0) — uF(21)] < epP(21,22), k=3D1,...,N,
and from them the estimates
(2.333) [Ug,; (22) = Uz, (21)] < cpﬁ(zl, 29), 4,j=3D1,... n,

with some other constant ¢. All this is true for solutions u” of problems (1.1,),
(1.2;). So, we have proved

THEOREM 2.1. For all admissible solutions u™ of problems (1.1;), (1.2,),
T € [0,1], for which ||u”||c2,0r < c, there exist a constant 3 € (0,a] and a
magjorant ¢ such that

(2.34) sup |[u”|[c26,0, < 1.
T€[0,T)

They are determined by c, |¢|cs gr» |9lc2,07, and [09cs.

Thus, the estimate (1.10) is proved. For this we have used that u” € C%(Q)
and ul, ul,, and u] belong to C*(Qr). It is known that to prove the exis-
tence theorem for problems (1.1;), (1.2;) in the functional space indicated in

Theorem 1.1 we have to check two facts:
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(1) If problem (1.1;), (1.2,) is solvable for 7y, 72,..., and 7, — 7 then
it is solvable for 7 = 3D7 also. It is proved easily, since due to (1.10), u™:
for some subsequence {7y}, ki — oo, converges in C?(Qr) to a function u €
C?**P(Qy) and this function @ will be a solution of problem for 7 = 3D7 (we
know preliminary that problem (1.1.), (1.2;) for any 7 € [0,1] can have not
more then one solution). The belonging of the derivatives u,, Uy, U of T to
C?T(Qr) is proved on the base of the linear theory of parabolic equations.

(2) The second property of the family of problems (1.1,), (1.2;), 7 € [0,1],
which we have to verify, is the possibility to find solutions in a vicinity of any
7 € [0,1) for which we know the solution & = 3Du”. Such possibility is proved
often with the help of proper approximations and the existence theorem for
contractive mappings. In the monograph [13, Chapter I, Section 3], this way
was used for the second order nonlinear parabolic equations of general form,
but under condition that the studied problem is “strong” compatible with the
first initial-boundary values problem for the heat equation with the same ¢ on
9'Qr. It means that function ¢ : @7 — R! has to satisfy not only necessary
compatibility conditions but also the condition

(2.35) —y + Ap = 3D0.

This requirement is caused not by the essence of problem but by technical rea-
sons — choosing of auxiliary problems. We use other auxiliary problems — the
problems (1.1;), (1.2;), 7 € [0,1], and do not put on ¢ the condition (2.35).
Each problem (1.1.), (1.2;,) satisfies the compatibility conditions of the zero and
first orders. Let us explain how to prove the solvability of problems (1.1.), (1.2,)
for all 7+ with e € (0,&9), ep < 1, if we know its solvability (in the same space)
for 7.

Let us introduce linear operators L™

(2.36) L™ =3D — v + ajvij + aj v;,
corresponding to the equations in variations for equations (1.1,) written in the
form
(2.37) —ug + Fip(ufy,) — 971+ (up)? = 3DO0.
In (2.36)
OF, i
aj; = 3D m(u‘”f’u ), where Fp (Uga, Uz) = Fin(U(za)),
3uij
and
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Let us consider the linear problems

(2.384) L™v =3DB"[u",w]+ (¢" "¢ — ¢")y/1+ w2 in Qr,
(2.382) v=3Dp " on &Qr,
where BT [u”, w] = 3Dalwi; + a]w; — Fin(W(ee)) + 97/ 1 + w3,

A unique solution v of the problem (2.38), k = 3D1, 2, corresponds to each
w from C?**#(Q,) N K,,. If the solution v coincides with w then v will be a
solution of (1.1;4¢), (1.274¢).

In order that v enters in C?T5(Qr) it is necessary that the compatibility
conditions of the zero and first orders for problem (2.38;), k& = 3D1,2, are
fulfilled. To obtain this we will consider problem (2.38), k = 3D1,2, only for w
belonging to the set
A(S,7,¢) =3D{w € C*P(Qr) | lw —u"|c216 g, <3, w=3Dy™™ on d'Qr}.
If w e A(d, 7,e) with a § > 0 the solution v of (2.38;), k = 3D1,2, for such w
belongs to A(d, 7€), may be with § > 6. This gives us the mapping

dT%w € A(6,7,¢) — v € A(d,T,¢).

If § and ¢ are sufficiently small then @™ maps A(J, 7, ) in itself. To control this
we consider the difference of the equation (2.381) and (2.37) and write the result

as an equation for v — u”
(239;) L (v—u")=3DB"u",w—u"]+e(g—g¢g")V/1+w2 =4 inQr.
We also have
(2.397) v—u" =3Dg™ — " =3De(p — %) on IQr.
It is not difficult to calculate that for w € A(d, 7, ¢)
(2'40) |j1|05,QT < C[%(6)6 + 5}7
where » : [0,0;] — R! is a continuous function equal zero in the end § = 3D0 of
[0, 61].
Because of this and Schauder’s estimates for solution v — u™ of problem
(2.39;), k = 3D1,2,
[v —u" |28 o < C1[2(8)0 + €],
and therefore v will belong to A(d, 7, ¢) if only § and e are so small that

(2.41) c1[5(8) + ¢] < 6.

The contraction property of ®7¢ for small 7 and ¢ is proved analogously. (For
this purpose it is necessary to consider the difference of equations (2.38;) for two
different w from A(4,7,¢).) This guarantees the existence of a fixed point v for



394

N. IVOCHKINA O. LADYZHENSKAYA

®7™¢ and, by the same token, the solvability of problems (1.1,4.), (1.2,4.) for

small €. It is easy to see that in all our steps we did not leave the cone K, and
for solutions u™ "¢ the estimates (2.34) hold. Thus, we have tested the fulfillment
of both conditions (1) and (2) which permit to use the continuation with respect

to parameter 7 € [0, 1] and prove Theorem 2.1.
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