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CHARACTERIZATION OF THE LIMIT
OF SOME HIGHER DIMENSIONAL
THIN DOMAIN PROBLEMS

THOMAS ELSKEN — MARTINO PRIZZI

ABSTRACT. A reaction-diffusion equation on a family of three dimensional
thin domains, collapsing onto a two dimensional subspace, is considered.
In [13] it was proved that, as the thickness of the domains tends to zero,
the solutions of the equations converge in a strong sense to the solutions of
an abstract semilinear parabolic equation living in a closed subspace of H?.
Also, existence and upper semicontinuity of the attractors was proved. In
this work, for a specific class of domains, the limit problem is completely
characterized as a system of two-dimensional reaction-diffusion equations,
coupled by mean of compatibility and balance boundary conditions.

1. Introduction

Let © € R¥*M be an open bounded domain with Lipschitz boundary. Write
(x,7) for a generic point of RVTM . For ¢ > 0, let us consider the “squeezing
operator” To:RNTM — RN+M (3 9)) v (2,ey), and define Q. := T.(Q). Let
T be a relatively closed portion of 9 and let T'. := T.(T'). Let us consider the
following reaction-diffusion equation

us = Au+ f(u) fort >0, (z,y) € Q.,
(1.1) Oy u=0 for t >0, (z,y) € 00 \ T,
u=0 fort >0, (z,y) € I'..
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Here v. is the exterior normal vector field on 90f2.. We assume that f satisfies
the following condition:

(H1) f € CY(R — R) and |f'(s)| < O(|s|? + 1) for s € R, where C and
B € [0,00[ are arbitrary real constants. If n := M + N > 2 then in
addition, 8 < (p*/2) — 1, where p* = 2n/(n —2) > 2.

Let H}_(€) be the closure in H'(€) of the space of all C'*!(Q.)-functions
such that v = 0 on I'.. Then it is well known that equation (1.1) generates a
semiflow 7. on Hllg (Qe). If we suppose in addition that f satisfies the dissipa-
tiveness condition

(H2) limsupy,_ f(s)/s < —( for some ¢ > 0,
then the semiflow 7. is defined for all ¢ > 0 and it posseses a compact global
attractor .Zs.

As e — 0 the thin domain ). degenerates to an N-dimensional domain. Then
the question arises, what happens in the limit to the family (7.)c~0 of semiflows
and to the family (/Nle)e>o of attractors. Does there exist a limit semiflow and a
corresponding limit attractor?

This problem was first considered by Hale and Raugel in [7] for the case when
M =1 and the domain 2 is the ordinate set of a smooth positive function g
defined on an N-dimensional domain w, i.e.

Q={(z,y)|r€ewand 0 <y < g(x)},

with ' =0 (vesp. I' = {(z,y) | € Ow and 0 < y < g(z)}).
The authors prove that, in this case, there exists a limit semiflow 7y, which
is defined by the N-dimensional boundary value problem

1
up = gdiv(gVu) + f(u) fort>0, x €w,

0
a—zu:0(resp.u:0) fort >0, z € Ow.

Moreover, 7o has a global attractor VZO and, in some sense, the family (VZE)EZO is

(1.2)

upper-semicontinuous at € = 0. See also [16] and the rich bibliography contained
therein.

If the domain €2 is not the ordinate set of some function (e.g. if €2 has holes
or different horizontal branches) then (1.2) can no longer be a limiting equation
for (1.1). Nevertheless, K. Rybakowski and the second author proved in [13]
that the family 7. still has a limit semiflow. Moreover, there exists a limit global
attractor and the upper-semicontinuity result continues to hold.

In order to describe the main results of [13] we first transfer the family (1.1)
to boundary value problems on the fixed domain 2. More explicitly, we use the
linear isomorphism ®.: H'(Q.) — H*(Q), u +— uoTy, to transform problem (1.1)
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to the equivalent problem

1
up = Agu + ?Ayu + f(u) fort>0, (z,vy) €Q,

1
(1.3) Vet vy + E—vau vy =0 fort>0, (z,y) € 0Q\T,
u=0 fort >0, (z,y) €T,

on Q. Here, v = (v, 1) is the exterior normal vector field on 0€.
Let HE () be the closure in H!(Q) of the space of all C''(Q)-functions such
that w = 0 on I'. Then equation (1.3) can be written in the abstract form

(1.4) i+ Acu = f(u)

where f: H:(Q) — L2(Q) is the Nemytskil operator generated by the function
f, and A. is the selfadjoint linear operator (with compact resolvent) induced by
the following bilinear form

1
ac(u,v) := / <Vmu -Vgv+ gvyu . Vyv> drdy, wu,ve HE(Q).
Q

Equation (1.4) then defines a semiflow 7. on H{(2) which is equivalent to

7. and has the global attractor A, := ®.(.A,), consisting of the orbits of all full
bounded solutions of (1.4).
Notice that, for every fixed € > 0 and u € HL (L), the formula

Jule = (ac (u, u) + [ul72 (o)) '/

defines a norm on H{(2) which is equivalent to | - |r1()- However, [u|. — oo as
e — 07 whenever Vyu # 0 in L*(). In fact, we see that for u € H}(Q)

/ \Veul?dedy if V,yu =0,
lim+ ac(u,u) = Q
e=0 0 otherwise.

Thus the family a.(u,u), € > 0, of real numbers has a finite limit (as e — 0) if
and only if u € H} (), where we define

HE Q) = {u € HA(Q) | Vyu =0},

This is a closed linear subspace of H} ().
The corresponding limit bilinear form is given by the formula:

(1.5) agp(u,v) := / Vou-Vyvdrdy, u,ve HE ().
0 :

Assume from now on that Hll 4 () is infinite dimensional. Then the form ao
uniquely determines a densely defined selfadjoint linear operator Ag: D(Ag) C
Hi ) — LP () by the usual formula

(1.6) ao(u,v) = (Aou,v)r2(q), forue D(Ap) and v € Hﬁs(ﬂ).
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Notice that Ao has compact resolvent. Here, L ,(€) is the closure of H{ ,(€2)
in the L?-norm, so L%ys(ﬂ) is a closed linear subspace of L?((2).

One can show that the Nemytskii operator fmaps the space H% 4 () into
L% s(2). Consequently the abstract parabolic equation

(1.7) w+ Agu = f(u)
defines a semiflow 7o on the space Hp (). This is the limit semiflow of the
family .. The following results are proved in [13]:

THEOREM A. Let (€,)nen be an arbitrary sequence of positive numbers con-
vergent to zero and (un)nen be a sequence in L2()) converging in the norm of
L?(2) to some ug € L%S(Q). Moreover, let (tp)nen be an arbitrary sequence of
positive numbers converging to some positive number tq. Then

—t, A —toAo

Uy, — e ugle, — 0 asn — oo.

e €n

If, in addition, u, € H'(Q) for every n € N and if ug € Hp, (), then
|tn e, tn — uomotole, — 0 asn — oo.

The limit semiflow 7y possesses a global attractor A4g. The upper-semiconti-
nuity result alluded to above reads as follows:

THEOREM B. The family of attractors (Ac).cjo,1) 5 upper-semicontinuous
at € = 0 with respect to the family of norms |- |.. This means that
lim sup inf |u—wv|c =0.
e—0+ ue}; vEAp | |E
In particular, there exists an €1 > 0 and an open bounded set U in H' ()
including all the attractors A., € € [0,1].

REMARK. Theorems A and B were actually proved in the case I' = (3, but
the proof is valid (with only minor changes) also in the general case, as long as
Hi. ,(Q) is infinite dimensional.

The definition of the linear operator Ag, as given above, is not very explicit.
If N = M = 1, however, it was shown in [13] and [14] that there is a large class of
the so-called nicely decomposed domains on which Ay can be characterized as a
system of one-dimensional second order linear differential operators, coupled to
each other by certain compatibility and Kirchhoff type balance conditions. In this
case, the abstract limit equation (1.7) is equivalent to a parabolic equation on a
finite graph. Roughly speaking, a planar domain €2 admits a nice decomposition
if, up to a set of measure zero contained in a set Z of finitely many vertical lines,
Q) can be decomposed into finitely many domains Q, £k = 1,... ,r in such a
way that at Z the various sets Q;, and €; “join” in a nice way. Points of QN Z
are, intuitively speaking, those at which connected components of the vertical
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sections ), bifurcate (see Figure 3 in [13]). In higher dimensions it is not clear
whether it is possible to describe a reasonable, sufficiently large, class of domains
for which an explicit characterization of Hf. [(€2) and of D(Ag) can be carried
on. Nevertheless, in some concrete cases, one can go along the same ideas of [13]
and give a nice characterization of these spaces. In this paper we concentrate
on the case N = 2 and M = 1 and we illustrate with two examples how this is
possible. Our examples deal with a set 2 which is obtained by removing from a
cylinder a smaller cylinder contained in the interior of the first. More precisely,
take open sets w, w1, we and ws in R? such that

w is bounded, connected and has C*-boundary,
wy = wg € w have C%-boundary,
w1 = w \ Wa.

Notice that wi is not necessarily connected. Moreover, let hy, hy and hs be
positive real numbers, with hy > hs 4+ h3. Then we define

(18) Q= (w X ]O,hl[) \ (L(JQ X }h3, h1 — hQD

Figure 1 represents the domain €2, when w and w9 are balls centered at 0.

FIGURE 1. The Domain Q2

For later use we need also to define
Q= wy X]O,hl[, Q2 ::(UQX]hl_hQ,hl[, Q3 ZZW3X]O,]’L3[,

and

Q1= wy X]h3,h1—h2[, Qs 1:W><]h1_h2ah1[»
Qg ;:wx]07h3[, Qr ::RQX}hg,,hl—hg[.
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Finally, we set
' := 0w x [O,hl], Ty := Owy X [hg,hl—hg], I'p:=T7uls.

We shall consider equation (1.1) on . = T.(£2), where 2 is the domain defined
above, with two different sets of boundary conditions, namely with I' = @ and
with I' = T';,. We shall see that these different boundary conditions give rise to
completely different behaviors as e — 0. In fact, when I' = (J, i.e. we impose the
Neumann boundary condition on the whole 052, equation (1.7) is equivalent to
the following system of two-dimensional reaction-diffusion equations

uip = Au; + f(u;) fort >0, x €w;, 1=1,2,3,

ur(x) = ug(z) = ug(z) fort >0, x € dwa,

(1.9)
Op,u1 =0 fort >0, x € dw,

S hiVui v =0 for t > 0, x € dws.

Here v;, i = 1,2, 3, is the outward normal vector field on dw; for i = 1,2, 3, re-
spectively. Observe that the three equations in (1.9) are coupled by compatibility
and Kirchoff type balance conditions on the “interface” dw,. Figure 2 below il-
lustrates the “limit” of the family (£2.) as ¢ — 0 for the domain represented in
Figure 1.

FIGURE 2. The “limit” of the Q.

On the other hand, when I' = 'y, i.e. we impose the Dirichlet boundary
condition on the ‘lateral’ surface I'z,, equation (1.7) is equivalent to the following
system of two-dimensional reaction-diffusion equations

uig = Au; + f(u;) fort >0, x €w;y, 1=1,2,3,
(1.10)

wi(x) =0 fort >0, z € Ow;, 1 =1,2,3.
So in this case the “limit” problem is a completely decoupled system of scalar
reaction-diffusion equations.
These two examples furnish a prototype for many concrete situations that

may occur in practice. In particular, we point out that the core of the problem
consists in proving regularity of the solutions of the linear equation

Apu=w with w € L{ ().
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Once the spaces L{ (), Hp ((Q) and D(Ag) have been characterized, one can
easily show that (1.7) is equivalent to a system of concrete reaction-diffusion
equations of type (1.9) or (1.10).

Finally, as we shall explain in Section 3, the characterization of Ay and of
its domain can be exploited to compute the eigenvalues of Ag in some specific
situations, like the one represented in Figure 1. Of course, informations on the
location and on the multiplicity of the eigenvalues of Ay are very important in
the study of local bifurcations of (1.7).

2. Characterization of H} ,(Q)

We begin by recalling a general notion introduced in [13]: we say that an
open set Q € RNTM has connected vertical sections if for every x € RN the
x-section €2, is connected. Of course, this section is nonempty if and only if
r € P(Q), where P:RY x RM — RN (z,y) — x is the projection onto the first
N components. The following proposition was proved in [13]:

PROPOSITION 2.1. Suppose Q2 has connected vertical sections. Let J := P(Q)
and define the function p:J — ]0,00[ by x — un (). If u € L?(Q) satisfies
Vyu = 0 in the distributional sense, then there is a null set S in RN*TM and a
function v € L _(J) such that u(x,y) = v(x) for every (z,y) € Q\S. Moreover,

loc
pY/%v € L2(J). Ifu € HY(Q) then 0,,v € Ll _(J) fori=1,...,N and we can
choose the null set S so that u(x,y) = v(z) and O, u(x,y) = Oy, v(x) for every
i=1,..., N and (x,y) € Q\ S. Moreover, p*/20,,v € L?(J) for everyi = 1,
N.

s

Now we come back to the domain €2 defined by (1.8). In what follows, we
may assume indifferently that T =Ty or ' = 0. For k =1, ..., 7 let us define

HY Q) :=={ue H (Q) | Vyu=0ae.}.
Moreover, let us define L2(£2;) as the closure of H1(Qy) in L?(£2).

LEMMA 2.2. Fork=1,...,6, the following properties hold:

(a) whenever u € L{ (), then ulq, € L3(Qy),
(b) whenever u € Hy. ((Q), then ulg, € H(Q).

PRroOOF. Part (b) is obvious and part (a) follows directly from part (b) and
from the definition of L2  (€2) and L3(Q). O

For k = 1,2,3, let us define the spaces Ly := L*(wy) and Hy, = H'(wg).
Define on Lj and Hj the scalar products

(u,v)p, ::/ hpu(z)v(z) dz,
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(u, V) m, ::/ hru(x)v(z) dx—i—/ hipVu(z) - Vu(z) dz,
WE Wi
respectively. Moreover, for k = 1,2, 3, let us define the mapping
1 L2(Q) — Ly, u— v,

where v is the function given by proposition 2.1. It turns out that 25 is an
isometry of L2(€) onto Ly, for k = 1,2,3. Moreover, 1, restricts to an isometry
of H}(Q4) onto Hy for k =1,2,3. Let us define the product spaces

Ly :=L1®Ly® L3 := {[u] = (ul,u2,u3) | ug € L, k = 172,3},
Hg := Hy ® Hy ® Hs := {[u] = (u1, u2,u3) | ux € Hi, k=1,2,3}
with the scalar products
([u], W) Le = (ur,v1)r, + (u2,v2) L, + (u3,v3)Ls,
([u], W) Hg = (w1, v1)m, + (U2, v2) 1, + (us, v3) Hy,

respectively. It is easy to check that Lg and Hg are Hilbert spaces. Besides, let
us define the map

1w LE o (Q) = Lo, 1eu = (u(ule,), 2(ula,), 1(ula,))-
Observe that
(u,0)2(0) = (t@U,10v) L, for uwand v € L (),

(u,v) 20y + ao(u,v) = (gpu,19v)g, for uand v e H%)S(Q).

It follows by Lemma 2.2 that 1g is an isometry of L%’S(Q) into Lg and that g
restricts to an isometry of Hp () into Hg. Finally, let us define

HY :={[u] € Hg | uj, € Hy(wy,) for k=1,2,3},

Hg = {[u] € Hg | "uy(z) = Tua(x) = Tuz(x) H'-a.e. on dwy},

where H! is the one-dimensional Hausdorff measure in R? and "uy, is the trace
of uy on dwy, for k =1,2,3. We call

(2.1) Tup(z) = Tug(x) = Tuz(z) H'-a.e. on dwy

the compatibility condition on Ows.

Now we are able to characterize the spaces H%S(Q) and L%,S(Q):

THEOREM 2.3. The following properties hold:

() 10(Lt ,(2) = Lo,
(b) 1e(Ht ((Q) = HE if T =0 and 15 (H} ,(2)) = HG if T =T.



HiGHER DIMENSIONAL THIN DOMAIN PROBLEMS 159

PROOF. We begin by proving (b). Let ' =Tz or I' = § and let u € H}, ().
Let 1qu := [v] = (v, v2,v3). We shall prove that

(2.2) Tui(z) = Tva(z) = Tvg(x) H'-ae. on dws.

By the definition of 125 and by Proposition 2.1, there exists a null set S C R3
such that

u(z,y) = vg(x) for all (z,y) € Q \ S and for k =1,2,3.

On the other hand, again by Proposition 2.1, we can find two functions vs and
ve € H'(w) and we can choose the set S in such a way that

u(z,y) =v(x) forall (z,y) € '\ S and for I =5,6.

It follows that

Define the functions U5 and Ug: w — R by

vi(z) if z € wp, vi(z) ifz€w,
Us(z) := ¢ wa(x) ifx€wy, and Tg(z) =14 wvs(z) if x € ws,
0 otherwise, 0 otherwise.

It follows that v5 = vs and vg = vg almost everywhere in w and hence v5 and
U € H'(w). This in turns implies (2.2) (see [1, Lemma A 5.10, p. 195]). This
proves that 1g Hp ,(Q2) C HE. Assume now that I' = T'z. We shall show that in
this case v; € Hg(wy). Let us define the function u: Q7 — R by

i(e.y) u(z,y) if e Qy,
u(z,y) =
v 0 otherwise.

Since Tu(z,y) = 0 H2-a.e. on I'g, it follows that u € H!(Q;) (here H? is the
two-dimensional Hausdorff measure in R? and 7u is the trace of u on 99Q). By
Proposition 2.1, there exist a null set S C R? and a function v; € H*(R?) such
that

u(z,y) =vr(z) for all (z,y) € Q7 \ S.
Observe that v7 = 0 a.e. in R?\w;. On the other hand, again by Proposition 2.1,

we can find a function v4s € H'(w;) and we can choose the set S in such a way
that

u(z,y) = va(x) for all (z,y) € Qu \ S.
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It follows that v; = vy = vy almost everywhere in wy. This in turn implies that
Tvi(z) = 0 ‘H'-a.e. on Qw; (see again [1]), i.e. v1 € H(w1). So far, we have
proved that z@(Hll,s(Q)) C HE and, if I =Ty, 1w (Hp L(Q)) € HY.

Assume now that [v] € Hg . We shall prove that there exists a function
u € Hf (Q), with T' = 0, such that 1gu = [v]. Let us define a function u on Q
in the following way:

(z.9) vp(z) if (x,y) € U, k=1,2,3,
u(zx,y) ==
Y 0 otherwise.

Obviously, ulg, € H'(Q1). Moreover, u|g, € H'(Q5). In fact, the function
U5:w — R defined by

vi(z) ifz€w,
Us(z) = ¢ va(z) if x € wo,
0 otherwise,

is in H'(w), since Tvi(z) = Twva(x) H'-a.e. on dws (see again [1]). Analogously,
ulo, € H*(Q6). Now since (£;),=1 5,6 is an open covering of €2, it follows imme-
diately that u € H'(2). It is easily verified that V,u = 0 almost everywhere, so
u € H%S(Q) By construction, 1gu = [v].

Assume now that [v] € HZ. We shall prove that there exists a function
u € H} ,(Q), with T = T'z, such that 1gu = [v]. As before, let us define a
function v on € in the following way:

vg(x) if (x,y) € Q, k=1,2,3,
ulz,y) =

0 otherwise.

By the same arguments as above, it follows easily that u € H'(Q) and that
Vyu = 0 almost everywhere. We shall show that "u = 0 on I';,. To this end,
let us choose sequences (V7)nen, Vi € Ch(wk), v§ — vg in H'(wy) as n — oo,
k=1,2,3, and let us define

u"(z,y) =

0 otherwise,

for n € N. Then " € C'(Q) and u"(z) = 0 on I';, for all n € N. Moreover,
it is easy to verify that u, — u in H'(2), so we deduce that u € H%S(Q) By
construction we have that 1gu = [v]. This concludes the proof of part (b).

Now we prove (a). Let [v] € Lg. We shall prove that there exists v € L7 ()
such that 1pu = [v]. Again, we define a function u on Q in the following way:

ve(z) if (z,y) € Qi, k=1,2,3,
u(z,y) =

0 otherwise.
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Then u € L*(€2). We claim that u € L{ (2), both with I' = T', and with T' = 0).
This means that « can be approximated in the L?-norm by functions of H%S(Q)
To this end, let us choose sequences (V7 )nen, v € Cd(wg), v8 — vg in L?(wg)
as n — 0o, k =1,2,3, and let us define
n 'U]Tcl(‘r) if (’I’,y) € Q, k:172335
u(z,y) = .
0 otherwise.
for n € N. Then, as in the proof of part (a), u™ € Hp ((Q) for all n € N, both
with I' = 'y, and with T' = (). Moreover, it is easy to verify that w, — wu in

L?(£2), so we deduce that u € L (). By construction we have that 1gu = [v]
and the proof is complete. O

COROLLARY 2.4. The space H%S(Q) 18 infinite dimensional, both with T’ = ()
and with ' =T,
3. H2-regularity and characterization of D(4)

Let us define the bilinear forms
ak(u,v) := / hiVu(z) - Vo(z)dz, wu,ve Hy
wr
on Hy x Hy, k=1,2,3, and the bilinear form

ag([ul, [v]) == a1(u1,v1) + az(uz, v2) + as(us, vs), [u],[v] € Hg

on Hg x Hg. Let us indicate by ag and ad, the restrictions of ag to Hg X Hg
and H% X H%, respectively. Let Ag (resp. AgB) be the self-adjoint operator
generated by af (resp. a}) in HS (resp. HY). Finally, let us indicate simply
by a the bilinear form ag on Hp. ((Q) x Hy (Q) defined in (1.5), and by A the
corresponding self-adjoint operator Ay defined in (1.6). Observe that

a(u,v) = ag(1gpu,1pv) for u and v € H%S(Q)
Assume that T' = 0. If u € D(A), then, for all v € Hf, (), we have
(Au,v)12(0) = alu,v) = ag(z@u,z@v).
On the other hand, (Au,v)2q) = (1gAu,15v) L, . It follows that
ag(z@u,z@v) = (1 Au,150) L,

for all v € H} ,(Q), s0 1u € D(AS) and ASigu = 15 Au. Similarly, one can
prove that, whenever [u] € D(AS), then 15" [u] € D(A) and Asg'[u] = 15" AS[ul.
This means that 15 restricts to an isometry of D(A) onto D(AY) and that
A= nglAgz@.

In the same way we can prove that, if I' = I'y, then 1g restricts to an isometry
of D(A) onto D(AY) and that A = 15" A% 4.
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So the problem of characterizing D(A) reduces to the problem of character-
izing D(AS) and D(AY).

We need the following regularity result:

PROPOSITION 3.1. Let [u] € Hg and [w] € Lg. Assume that one of the
following properties holds:

(a) [u] € HE and ag([u], [v]) = ([w], [v]) 1, for all [v] € HE,
(b) [u] € H% and ag([ul, [v]) = ([w], [v]) L, for all [v] € H%.

Then uy, € H?(wy) for k=1,2,3.
PRrROOF. See the Appendix. O
For k = 1,2, 3 let us define the spaces
Zy = H*(wy) and Zp := H*(wr) N Hy(wy).
Moreover, let us define the spaces
Zo=21®Z®Zs and Z) :=2{® 23 & Z3.

Then we have the following characterization of D(AS) and D(AY):

THEOREM 3.2. The following properties hold

(a) D(AY) = Z8 and AYu] = (—Auy, —Auy, —Aug) for [u] € Z2,
(b) D(AS) = Z§ and AG[u] = (—Aur, —Aug, —Aug) for [u] € Z, where
Zg is the subspace of Zg, consisting of all [u] = (u1,us2,us) satisfying

uy () = Tug(z) = Tuz(z) H'-a.e. on dwy,

Oy, ur(z) =0 H'-a.e. on Ow,
and
(3.1) haiVug - v 4+ hoViug - vg + hsVug -v5 =0 Hl-a.e. on dws,

where vy, is the outward normal vector field on Owy for k =1,2,3. We
call (3.1) the (Kirchoff type) balance condition on Ows.

PROOF. First we prove (a). Let [u] € D(A%). Then by definition there
exists [w] € Lg such that

ag ([u], [v]) = ([w], [v]) 1, for all [v] € HE.
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Since by Proposition 3.1 uy € H?(wy) N Hg (wy) for k = 1,2, 3, we obtain imme-
diately that [u] € Z%. Moreover, a simple integration by parts yields

- Z/ hkvk Auk

/ heVog(x) - Vug(z) dz
wr

/ hrog(x)wg(z) da

for all [v] € HY. Choose [v] = (v1,0,0), with vy € Hg(w;) arbitrary. Then by
definition [v] € HY. With this choice, we obtain

H
o~
w || Mw
[

x>
Il
—

—/ hlvl(a:)Aul(a:)dx:/ hivy (2)ws () dx

w1

for all v; € H}(w1). This implies that w; = —Awuy. In the same way, we obtain
that wy, = —Auy, for k =1,2,3, i.e. AY[u] = (—Auy, —Aug, —Aug).
Assume conversely that [u] € Z%. Then integration by parts implies that

Z/ hi V() - Vug(z Z/ hivr () Aug () dx

for all [v] € HY. Since (—Auy, —Aus, —Aug) € Lg, it follows that [u] € D(AY)
and the proof of part (a) is complete.

Part (b) is a little more involved. Let [u] € D(AS). Then by definition there
exists [w] € Lg such that

ag([u], [v]) = ([w], [v])r, for all [v] € Hg.

By Proposition 3.1, uy € H?(wy) for k = 1,2,3, so we obtain immediately that
[u] € Zg. Moreover, since [u] € HS , we have of course "u; (z) = Tuz(z) = Tuz(x)
H'-a.e. on Ows. A simple integration by parts yields

_ Z/ hivg(z) Aug(z) de + Z/ hivr () Vug(z) - vp(x) dH 2

awk

3 3
= Z/ thvk Vu;c = Z/ hkvk wk )d
k=1 w

k=1 k

for all [v] € HY. Choose [v] = (v1,0,0), with v; € H}(w) arbitrary. Then
[v] € H. With this choice, we obtain

—/ hivy () Ay (x) dz = / hyvi(z)wy (z)dz  for all v, € Hy(wy).

Since Hg(wy) is dense in L?(w), we obtain that w; = —Awus. In the same way,
we obtain that wy = —Auy for k = 1,2, 3, i.e. Ag[u] = (—Auy, —Aus, —Aug).
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Now choose [v] = (v1,0,0) with vy = 0 H'-a.e. on dws. Then [v] € HS and we
obtain

—/ hivi(x)Auy (x) dz Jr/a hyvy (2)Vuy (x) - vy (z) dH @
= | mVou(z)- Vui(z)dz = af([v], [u])

=([v], Ag[“DL@ = - hivy () Auy () dx.

w1
It follows that
/ hivi (2)Vuy () - vy (z) dH e = 0.
ow

Since Tv; can be chosen arbitrarily in a dense subspace of L?(dw), we obtain that
Oy, u1(r) = 0 H'-a.e. on Ow. Finally, choose [v] in such a way that vy (z) = 0
H'-a.e. on Ow. Then we have

3
Z/ hivg () Aug (x dz+2/ hyvp () Vug(x) - v (2) dH 'z

30.)2

-y / hiVou(e) - Vur(e) da = oS (o, lul) = (o], A[u)
k=1

- Z/ hivg () Aug (z) dz

k=1

It follows that
Z/ hivg(z)Vug () - v (z) dH 'z = 0.
ow

Since [v] € HE, we have "v1(z) = Tva(z) = "v3(z) H'-a.e. on dws. Finally, since

Ty can be chosen arbitrarily in a dense subspace of L?(dws), we obtain that

hiVuy - vy + haVug - va + hsVug - v3 = 0 H'-a.e. on dws, and hence [u] € Z§.
Assume conversely that [u] € Z. Then integration by parts implies that

Z/ hiVug(x) - Vug(z) de

= - Z hiog(z) Aug(z) de + Z hyvp(2)Vug(x) - v (2) dH
k=1 Wk Owp
for all [v] € HS.
Since [v] € HS, we have "vy (7) = "vy(x) = "v3(x) H'-a.e. on Ow,. Moreover,
since [u] € Zg, we have 0,,u1(x) = 0 H'-a.e. on dw and h;Vuy - v1 + haVus -
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vy 4+ haVus - v3 = 0 H'-a.e. on Owsy. This implies immediately that

3
Z hyvp () Vug(x) - v (2) dH 'z = 0.

Since (—Aui, —Aug, —Aug) € Lg, it follows that [u] € D(A%) and the proof is
complete. O

REMARK. Thanks to Theorem 3.2, one can easily prove that the semiflow
generated by equation (1.7) in Hf () with T' = @ (resp. ' = I'z) and the
semiflow generated by equation (1.9) (resp. (1.10)) are conjugate by mean of the
isometry 2g.

4. An application: computation of the eigenvalues

In this section we shall explain how the characterization of Ay and of its
domain, obtained in Section 3, can be exploited, in some specific situations, to
compute the eigenvalues of Ag. We shall consider the domain  described in
Figure 1: we choose two real numbers r and R, 0 < r < R, and we define

wi={zeR?*|0< [z < R?}, wr=wz:={zcR?*|0< |z|? <r’}.

First, we observe that, thanks to Theorem 3.2, in the case I' = I'j the
abstract eigenvalue problem
Agu = \u
is equivalent to the system
{ —Au; = du; forxcw;, j=1,2,3,

(4.1)
u; =0, for x € Ow;, j=1,2,3.

The equations in this system are completely decoupled, so in this case the se-
quence of the eigenvalues of A is just the union of the sequences of eigenvalues
of the three Dirichlet problems considered separately. These problems can be
easily treated in the standard way by writing the equations in polar coordinates
and then using separation of variables. This is a classical result and we don’t
discuss it here.
The case I' = () is more interesting. Thanks to Theorem 3.2, the abstract
eigenvalue problem
Agu = Au

is equivalent to the system

—Au; = uy, rE€wj, j=1,2,3,

ur(x) = uz(x) =ug(x), |z|=r,

Oy u1 =0, lz| = R,

S hjVu;-v; =0, |z]=r.

j=1

(4.2)
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Also in this case the computation exploits polar coordinates and separation of
variables, but we have to be a little careful because of the coupling at the “in-
terface” {|z| = r}. Let us write for simplicity A := A% and let us indicate by
AC the complexification of A. Then AC is a self-adjoint operator in the com-
plex Hilbert space LS := Lg + iLg with domain D(A®) = D(A) +iD(A). The
action of AC is defined in the obvious way by AC([u] + i[v]) = A[u] + iA[v].
The operators A and A® have the same eigenvalues with the same multiplicity.
Let ®:]0,00[ x ]0,27[ — R?, ®(p,0) — (pcosf,psinf) be the system of polar
coordinates on R? \ (R; x {0}).

Set I :=|r, R[and I; :=]0,r[for j = 2,3. We look for eigenvalue-eigenvector
pairs (A, [u]), where A > 0 and [u] has the form

[’LL] = (uh U2, US)

(4.3)  with (u; 0 ®)(p,0) = v;(p)e™, (p,0) € I; x]0,2x[, j =1,2,3.

Here n € Z and v;:I; — R for j = 1,2,3. Let us recall that the Laplacian in
two-dimensional polar coordinates assumes the form

P10 1
op*>  pdp  p*06%

Let us fix n € Z. Then an eigenvalue-eigenvector pair of the form (4.3) must

satisfy
1 n?
—| v+ =0 — v-) =X\, pel; j=1,23,
ve and vg regular at 0,
(44) v (r) = va(r) = vs(r),

v (R) =0,
h1vi (r) = havh(r) 4+ havi(r).

If X = 0 and n = 0, the space of solutions of (4.4) is one-dimensional, and is
generated by (v1,vq,v3) = (1,1,1). In fact a fundamental system of solutions
for the equation

1
v;’ + ;v; =0
is given by 1 and log p. If A = 0 and n # 0, then (4.4) has no non-trivial solutions.
In fact, a fundamental system of solutions for the equation

1 n?
v 4+ o

A—i’u»:O
J pJ pQJ

n

is given by p"™ and p~".
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Assume now that A # 0. Setting 7;(¢) = v;(£/V\), we transform the
equations

1 2
(45) —<U.;-, + ;U; — 7;21]j> = )\Uj, j = 172,3
to
1 2\ . .
(4.6) AR <1 - ZQ> T, =0, j=1,23

The latter are Bessel equations of order |n| and, for j = 1,2,3, a corresponding
fundamental system of solutions is given by J,(§) and Y}, (&), where Jj, and
Y|, are the first and the second Bessel function of order |n| (see e.g. [19]).
It follows that a fundamental system of solutions for the equations (4.5) for
7 =1,2,3 is given by

Jw(ﬁp), Yw(\&p).
It is well known that Y}, is singular at 0. It follows that, for a given positive A,
(4.4) admits nontrivial solutions if and only if we can find real constants c;,
1=1,...,4, with (c1,ca,cs,cq4) # (0,0,0,0), such that
ce1dfy (VAR) + eaY], (VAR) = 0,
clJ‘n‘(\f/\r) + C4Y|n‘(ﬁr) = CQJW(\A?"),
CQJ‘R‘(\/XT) = CgJ‘n|(\&7“),
cthid), (VAr) + s Y, (VAF) = eaha ] (VAF) + eshs J], (V).

This is possible if and only if det M (n, A,r, R) = 0, where

(4.7)

i (VAR) 0 0 Y, (VAR)
hR) — i (VAT) = Jp (VAr) 0 Vi (V)
Mo Ar ) = 0 Jin| (VA1) —Jjn (VAr) 0

hljl’m(ﬁr) thJ"nl(ﬁr) 7h3(]|’n‘(ﬁ7’) hlml(ﬁr)

Observe that det M(n, A,r, R) is an analytic function of A > 0. It follows that,
for every n € Z, the zeroes of det M(n,A,r,R) in Ry form a sequence Ay,
m=1,2,... of eigenvalues of A® and hence of A. Thus we obtain that the set

Do | n €2, m=1,2,...} U {0}

is contained in the sequence of the eigenvalues of A® and hence of A. The
corresponding eigenfunctions can be computed by solving the system (4.7) with
A= Apm. If (¢1,¢2,c3,¢4) is a nontrivial real solution of (4.7), then

((e1jn) (VA amp) + ¥ (V Aamp)) e, 2Jn) (V Anmp) €™ €3 Tjn (V Anmp)e™)
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is an eigenfunction for the eigenvalue \,,,, expressed in polar coordinates. Thus,
for n € Z and m = 1,2,... fixed, we obtain a finite set of orthonormal eigen-
functions

{[ulnm [ £=1,...,p(n,m)}

for the eigenvalue A,,,. Notice that p(n,m) < 4. However, the multiplicity
of Apm can be larger than p(n,m), since we can have Agm = Any, for some
(1, 77) # (n, m).

Finally, we claim that all eigenvalues and eigenfunctions of A® can be ob-
tained in this way. To this end, for n € Z let us first define the space

(L) = {[u] € LS | (u; 0 ®)(p,8) = v;(p)e™,
v;ilj = C, (p,0) € I; x]0,2x], j=1,2,3}.

Observe that a triple of functions (u1,ug,us), uj:w; — C, j = 1,2, 3, satisfying
(uj o ®)(p,0) = vj(p)e? for some vj:I; — C, (p,0) € I;x]0,2x[, j = 1,2,3,
belongs to (L), if and only if

/ plvj(p)|* dp < oo for j =1,2,3.

J

In fact, p = J®(p, 0) for (p,0) € ]0,00[ x ]0, 27[. It is also easy to check that
(L%)n L (L%)ﬁ for n # 7.

Moreover,

DL = L

neL
since {e"? | n € Z} is a complete orthonormal system in L2(]0, 27|, C).
Write

3 —1/2
o= (L tolerl) (11,1
j=1
If we show that, for a fixed n € Z, n # 0, the set
{[wt,, 1£=1,....,p(n,m), m=1,2,...}

nm

is a complete orthonormal system in (L§),, and that the set

{[u]€m|€:1,...,p(0,m)7 m=1,2,...} U{[u]oo}

is a complete orthonormal system in (L))o, we are done.
Let us define the Hilbert space

Lo := {[v] = (v1,v2,v3) | p'/?v;(p) € L*(I;,R), j =1,2,3}
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equipped with the scalar product
3
(O e =3 [ (o) dp. (o). € Lo.
j=1"1i

Set }L% =Lg +ilg, ie.
Lg = {[v] = (v1,v2,v3) | p"/?v;(p) € L*(1;,C), j =1,2,3}.
Moreover, let us define the isometry 7: ]L% — (L%)n by
(v1,v2,03) — (2m) Y2 (wy 0 @1 ws 0 B ws 0 BT,

where w;(p, ¢) := v;(p)e™?, (p,0) € I; x]0,27], j = 1,2,3. It is enough to prove
that the sets

B, =l | €=1,...,p(n,m), m=1,2,...}, necZ\{0},
By = {jfl[u]gm |¢=1,...,p(0,m), m= 1,2,3,...}U{j*1[u]00}

are complete orthonormal systems in ]L%. Actually, since

— L ¢ ¢ ¢
J 1[u]nm = (Unm,h Unm,2> vnnL,S) € ]L@

for £=1,...,p(n,m), m=1,2,3,... and for all n € Z,

it is enough to prove that B, and By are complete orthonormal systems in Lg.
Set Ao, := Apm for £ =1,...,p(n,m), m =1,2,..., n € Z. For n # 0, the
set

En i ={O\, 7wl 1 L=1,...,p(n,m), m=1,2,...}
is by construction the set of eigenvalue-eigenvector pairs of the system
—(v}’ + %v; - ;iq]]) =\v;, p€l;, j=1,2,3,
vo and vs regular at 0,
v1(r) = va(r) = v3(r),
v1(R) =0,
havi(r) = hovh(r) + hvi(r).

For n = 0, the set

€0 = {(Nomr s [ultm) [ €=1,.,p(0,m), m=1,2,3,...}U{(0,7 ' [uloo)}
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is by construction the set of eigenvalue-eigenvector pairs of the system
—<v§’+;v3) = vy, pel; j=1,23,

vo and vs regular at 0,

(4.9) v1(r) = va(r) = vs(r),

v1(R) =0,

hivi(r) = hovh(r) + hgvi(r).

Let us define the spaces

He := {[v] € Le | v; € Hioe(1;),
P20 (p) € L2(Lj), 5 =1,2,3, vi(r) = va(r) = vs(r)}
and, for n € Z \ {0},
Hg} = {[U] € Hga ‘ p_l/zvj(p) € LQ(Ij)v J= 17273}7

equipped with the scalar products
3 3
UL 0INS = [ oo 000 do+ S [ hipusois(o) do
j=171 j=171
where [v], [v] € H}, and

3
Wl b= 3 [ hoi(oito) do

3 9 3
n
+) /hjfvj(p)yj(ﬁ))dﬁg /hjpvj(p)l/j(ﬂ)dp,
=l P j=1"1;

where [v], [v] € HY, respectively. Then one can show that HY and HZ, n €
Z\ {0}, are densely and compactly imbedded in Lg,.
Let us define the bilinear forms

3
o{lol W)L =3 [ ool (o) d,
j=1"1i

for [v], [v] € HY, and

3 3 n2
TCACIEESS oY WO LD B RO L

for [v], [v] € HE on HY and HZ, respectively. Then we have that the set & is
the complete set of “proper value — proper vector” pairs of

{ [v] € Hg,

(4.10)
a{[v], W]}% = M[v], [V]}e for all [v] € HY.
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Analogously, for all n € Z\ {0}, the set &, is the complete set of “proper value —
proper vector” pairs of

{ [v] € HY,
(4.11)
o{[e], W1} = Mo, }e for all ] € Hy.

Actually, (4.10) (resp. (4.11)) can be considered as the “weak formulation” of
(4.9) (resp. (4.8)).

By the abstract theory of proper values for couples of bilinear forms (see
e.g. [17] or [20]), we finally obtain that By and B,, n € Z \ {0}, are complete
orthonormal systems in Lg;.

5. Appendix

In this appendix we give the

PROOF OF PROPOSITION 3.1. Assume first that (a) holds and remind that
uy, € HY(wg) for k =1,2,3. Choose [v] = (v1,0,0), with v; € H}(w;) arbitrary.
Then by definition [v] € HY. With this choice, we obtain

/ h1Vui(x) - Voi(x) de = / hiwi(x)vi(x)dx  for all vy € H& (w1).
w1

w1

Since Ow; is of class C2, the classical regularity results for the Dirichlet problem
apply to the present situation and we get without any further effort that w; €
H?(w1). In the same way, we obtain that u, € H?(wy) for k =1,2,3.

If (a) holds, the situation is much more complicated: we cannot apply directly
the classical regularity results for elliptic equations, because of the coupling at
the “interface” dwy. We shall use a partition of unity on @ in order to isolate
the regions where no coupling occurs: within these regions we can again apply
the classical results. On the other hand, the partition of unity allows us to
“localize” the analysis on the interface. The main difficulty consists in the fact
that we have to handle with the three functions uq, us and ug simultaneously.
Fortunately, the compatibility condition (2.1), in local coordinates, is invariant
under “horizontal” translations. Then we shall exploit the well known method
of translations due to L. Nirenberg and obtain at once H? regularity of wy,
k=1,2,3.

We start by carefully choosing an open covering of @. Since dws is of class
C?, we can cover it by a finite number of open sets Uy, ..., U,y,, in such a way
that, for i = 1,...,m, there exists a C? diffeomorphism ®;:]—1,1[x]—1,1] — U;
with the property that

(1) Ow2 NU; = @4(]—-1,1[ x {0}),
(2) waNU; = ®;(]—-1,1] x ]-1,0]),
(3) w1 NU; = ®;(]—-1,1] x ]0,1]).
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Notice that U; N Ow = 0. Moreover, we take Uy € ws in such a way that

Uy, ...,U,, form an open covering of @,. Notice that Uy Nw; = @. Finally, we
take U,,41 € R? in such a way that U,, 1 Nwy = 0 and Uy,...,U,,,; form an
open covering of wy. Then Uy, ...,U,,+1 is an open covering of @.

For i =0,...,m+ 1, let 6; € C$*(R?), with supp6; C U;, be a partition of
unity on , i.e. ZmH 6; =1 on w. Let us observe that > ' 1 6; =1 on ws = w3
and Y7410, =1 on @;. Then we have

m4+1

m m
- E Giul, Ug = E (9{&2, and us = E 9iu3.
=1 1=0 =0

So it is sufficient to show that
w; 1 =0;u; € H*(wy) fori=1,...,m+1,
wi o =0;uy € H*(wy) fori=0,...,m,
u; 3 :=0;uz € H*(w3) fori=0,...,m.

Let us observe that supp tm+1,1 C Ups1 NW1, Supp ug,2 and supp ugp,3 C Uy, and
suppu;; CU; Nw; fori=1,...,mand j =1,2,3.

We prove first that ug o € H?(w2) and ug 3 € H?(ws), the simplest case. Let
vg € Hi(ws). We have

/ Vug2(x) - Vo (z) dz
- / s (2) V00 () - Vs () dar + / 00 (2) Vo () - Voo () da
= / u2(z)VOy(x) - Vo (z) dz +/ Vug(z) - V(0gv2)(z) dx
- / v (2) Via (2) - Vo () da.
Since (0, 0gv2,0) € H697 we have
/ Vug(x) - V(Ogvz)(z) dz = / wa(x)0p(x)ve(x) da.
Moreover, since us € H'(wz) and vy € Hg (wa),
/ uz(x)Vlo(x) - Vog(x) dr = —/ div(ua Vo) (x)ve () da.
Let us write Wy := —div(uaVly) + waby — Vug - VOy. Then wy € L?(wq) and

/w2 Vg 2(x) - Vog(x) do = /w2 o (z)va(2) da.

Since vy € H{(w2) is arbitrary, we obtain that ug o € H}(w2) is a weak solution
of —Au = ws on wa, u = 0 on dwy. Then by the standard regularity results for
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the Dirichlet problem we obtain that ugo € H 2 (wg). In the same way we can
prove that ug 3 € H?(w2).

Next, we consider um,41,1. As we have already mentioned,
supp Um+1,1 C U1 Nw1 = (U1 Nwy) U Ow.

This implies that "um,411 = 0 on dws. Let v; € H'(w1), v; = 0 on dws. Then
we have

V umt11(x) - Voi(z) de

w1

= / w1 (2) Vi1 (x) - Vor () do + / Omt1(2)Vui(x) - Voup (z) de
= / u1 () V11 (z) - Vi () do —l—/ Vui(z) - V(Omi1v1)(x) dx
—/ v1(z)Vur () - VO,,41(z) de.
Since (fm11v1,0,0) € HS, we have

/ Vs (2) - V(Opsrvr) (@) do = / w1 (2)0m 1 ()01 () d.

Let us write wy := w10m+1 — Vug - V41 and Wl = u1VOt1. Then wy €
L?(wy) and Wy € H'(wy,R?) and we have

Vtmyr,1(x) - Vo (z) de = /

w1

@y (z)vy (z) do + / Wi (z) - Voy(z) de

wi w1
for all v; € H'(wy) with vy = 0 on dwy. Then we can apply the classical regu-
larity results for elliptic equations with mixed boundary conditions (see e.g. [18]).
Observe that 0wy = dwUOws and that the Dirichlet condition is imposed on the
whole Jws, whereas no a-priori condition is imposed on dw. Since dws and dw
are smooth and both closed and open in dws, all the hypotheses of Theorem 2.24
in [18] are satisfied. So we obtain that w411 € H?(w1).

Finally, we shall prove that u; ; € H?(U;Nw;) for j = 1,2,3andi =1,...,m.
Let us fix i = 1,...,m, and let us take (v, vq,v3) € Hg with suppv; C U; NW;
for 7 =1,2,3. Then we have

3
:Z/ ot () V() - Vo o d:c+Z/ )V (2) - Vo, (x) de

U;Nwj
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3

:Z/ hju (z) V0, () - wj(x)dHZ/m V() - V(00;) () da

Jj=1

3 3
= Z / hjw;(x)8;(x)v;(z) de = Z/ | hjw;(2)0;(x)v;(z) da.

Let us write w; = w;f; — Vu; - VO; and Wj == u;Vo; for j = 1,2,3. Then
w; € L*(wj) and W; € H'(w;,R?) for j = 1,2,3, and we have

—Z/ hjw;(z)v;(z d:z:—l—Z/ ) - Vuj(z) dx
UiNw; UiNw;
for all [v] € Hg with suppv; C U;Nw; for j =1,2,3.

Set Q; :=]-1,1[ x |-1,1[, Qi; := ®; ' (Ui Nwy) for j = 1,2,3, i.e. Q;1 =
J=LA[x]0,1], Q2 = Qi3 = ]—1,1[ x ]=1,0[, and ; ;(£) := u; ;(D(£)), V;(£) ==
vj(®;(&)) for € € Qij, 7 = 1,2,3. Then w,;; and v; € H*(Q, ;). Moreover,
suppu;,; and suppv; are contained in Q;; U (]—1,1[ x {0}). Besides, "u;; =
TU; 9 = "U; 3 and U, = TUy = Tv3 H'-almost everywhere on |—1,1[x {0}. Then,
changing coordinates in (5.1), we have

3

) o, 1T RODRI (B(E) DL (RA) Vs (€) - V;(€) de

—Z o g T (€)w; (€)7;(€) de

i Z / | g R DR (R (€)W (€) - VT (€) de,

where J®;(€) is the Jacobian determinant of D®;(§), wW;(&) = w;(P;(€)) €
L*(Qy7) and W;(€) := W;(®;(€)) € H'(Q,;,R?) for j = 1,2,3. Write
JO, DD (D) DO ()T =: (g8) € CH(Qi, M(2 x 2)),

(3

J(‘Diwj =l qa; € L2(Qi7j) and J(I)zD‘I)Z_IWJ =: ﬂj € Hl(QiJ,RQ).
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Observe also that the matrix (g/”) ., is symmetric and uniformly strongly elliptic
on @;, i.e. there exists a positive constant K such that

2
> g (©huhy, > K|B* for all € € Q,; and all h € R?.
=1

Then we have

for all (U1, 72,73) € HS(Q;), where HE (Q;) is the set of all triples (v1,72,73) €
HY Qi) x HY(Qi2) x H'(Qy,3) with suppT; C Q; ;U (]—1,1[ x {0}) and "7, =
Ty = T3 Hl-almost everywhere on |—1,1[ x {0}.

Now we are in a position to use the method of translations of Nirenberg.
First, let us recall that for u € L (R™) and h € R™ one defines

Thu(z) ' =u(z+h) and dpu(z) = M7 for z € R™.
We shall use “horizontal” translations: let h := (x,0) € R? with
|h| < (1/2)dist(supp@; j, {—1,1} x R) for j =1,2,3.

Then it is very easy to see that (ThﬂiJ, ThUs,2, Thﬂiﬁg), (5hﬂi,17 5hﬂi,2a (;hﬂi,g) and
(6—h5hﬂi,17 5—h5hﬂi,275—h5hﬂi,3) € Hg(@z) So we can use

(U1,U2,03) = (0—hOKW;, 1, 0—nORTi 2, 0—hOKT; 3)

as a test function in (5.2). A simple change of variable yields

Z / 2 el 0,0 0 (€

w,r=1
= — Z/ hjaj (f héhul j d§ + Z/ 6hﬁ] (6huz J)(é-) dg.
J=17"%ii

Since

on (9" Oyt j) = Th(g)" )0 (Oniz) + On (g™ )0 5,
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we obtain

Z / > (€00, €00, 1) (€

p,r=1

=—Z -, 5 (g0 (0,517 €)

=1

—Z/ hijou; (§)0—ndni 5 (€ d§+2/ 3 (0n85)(€) - V(o ;) () dE.
i=17 Qi

Now let us recall that

10— n0ni jlr2(q, ) < IV(0nTij)|L2(q., R2);
10n8j1L2(Qi ;. 82) < |DBlL2(Qi ;. M(2x2))-

So we get
L 3
K [ 1900, d
j=1"7 Qi
3
Z () on @ Va2 @u, 2o [V (0nTis) |2 @, )

+ Z il L2(Qi ) IV (0nTi5) | L2(Qs 2
=1
3

+ ) IDBl12q., Mmeex2n [V (0hTi )| 2(q. , k2)s
j=1

for some positive constant K. This in turn implies that there exists a constant
C > 0 such that

3 3
Z 5hum |L2(Q i R2) < CZ |v 5hul ])|L2 Qi,5,R?)
and hence
3 2 3
(Z V((Shui,j”Lz(Qi,ijz)) <30 IV0nTis)lizq., )
=1 =1

So, for all sufficiently small h = (,0), we have obtained that
(5.3) |5h(in7lj)|L2(Qi)j,R2) <3C forj=1,2,3.
It is well known that estimates (5.3) hold if and only if

00,; ; € L*(Qiy;) forv=1,2and j=1,2,3
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So, in order to complete the proof, we only need to show that 93w, ; € L*(Q; ;)

for j = 1,2,3. This can be easily done by mean of straightforward manipulations

of the distributional identities

2 2
= > (g0 = a5 =Y 0B, j=1,2.3,

w,v=1 v=1
like in the classical proof of regularity for elliptic equations. O
REFERENCES

1]
2
3
4]
5]
6]
7
8]
9)
[10]
[11]
[12]
[13]
[14]
[15]

[16]

(17]

H. W. Art, Lineare Funktionalanalysis, 2. Auflage, Springer—Verlag, Berlin—Heidelberg—
New York, 1992.

J. ARRIETA, Neumann eigenvalue problems on exterior perturbations of the domain,
J. Differential Equations 118 (1995), 54-103.

J. ARRIETA, J. HALE AND Q. HAN, Figenvalue problems for monsmoothly perturbed
domains, J. Differential Equations 91 (1991), 24-52.

M. C. CARBINATTO AND K. P. RYBAKOWSKI, Conley index continuation and thin do-
main problems, Topol. Methods Nonlinear Anal. 16 (2000), 201-251.

I. S. CIUPERCA, Spectral properties of Schrédinger operators on domains with varying
order of thinness, J. Dynam. Differential Equations 10 (1998), 73-108.

J. K. HALE, Asymptotic Behavior of Dissipative Systems, Math. Surveys Monographs,
vol. 25, Amer. Math. Soc., Providence, 1988.

J. HALE AND G. RAUGEL, Reaction-diffusion equations on thin domains, J. Math. Pures
Appl. (9) 71 (1992), 33-95.

, A damped hyperbolic equation on thin domains, Trans. Amer. Math. Soc. 329
(1992), 185-219.

, A reaction-diffusion equation on a thin L-shaped domain, Proc. Roy. Soc. Ed-
inburgh Sect. A 125 (1995), 283-327.

D. HENRY, Geometric Theory of Semilinear Parabolic Equations, Lecture notes in math-
ematics, vol. 840, Springer—Verlag, New York, 1981.

O. LADYZHENSKAYA, Attractors for Semigroups and Evolution Equations, Cambridge
University Press, Cambridge, 1991.

M. Prizzi, M. RINALDI AND K. P. RYBAKOWSKI, Curved thin domains and parabolic
equations, Studia Math. 151 (2002), 109-140.

M. Prizzi AND K. P. RYBAKOWSKI, The effect of domain squeezing upon the dynamics
of reaction-diffusion equations, J. Differential Equations 173 (2001), 271-320.

, Inertial manifolds on squeezed domains, J. Dynam. Differential Equations (to
appear).

, Some recent results on thin domain problems, Topol. Methods Nonlinear Anal.
14 (1999), 239-255.

G. RAUGEL, Dynamics of Partial Differential Equations on Thin Domains, Dynamical
systems. Lectures given at the 2nd session of the Centro Internazionale Matematico
Estivo (CIME) held in Montecatini Terme, Italy, June 13-22, 1994. Lect. Notes in Math.
Vol. 1609 (R. Johnson, ed.), Springer—Verlag, Berlin, 1995, pp. 208-315.

P. A. RAVIART AND J. M. THOMAS, Introduction a I’Analyse Numérique des E’quations
aux Dérivées Partielles, Masson, Paris, 1983.



178 T. ELSKEN M. PRrizzi

[18] G.M. TROIANIELLO, Elliptic Differential Equations and Obstacle Problems, Plenum
Press, New York, 1987.

[19] W. WALTER, Gewdhnliche Differentialgleichungen, Springer—Verlag, Berlin, 1993.

[20] HaNs F. WEINBERGER, Variational Methods for Eigenvalue Approzimation, CBMS-NSF
Regional Conf. Ser. in Appl. Math., STAM, Philadelphia, 1974.

Manuscript received April 18, 2002

THOMAS ELSKEN
Universitat Rostock
Fachbereich Mathematik
Universitatsplatz 1

18055 Rostock, GERMANY

E-mail address: thomas.elsken@mathematik.uni-rostock.de

MARTINO PRI1ZZI

Universita degli Studi di Trieste
Dipartimento di Scienze Matematiche
Via Valerio 12/b

34100 Trieste, ITALY

E-mail address: prizzi@Qmathsunl.univ.trieste.it

TMNA : VOLUME 20 — 2002 — N° 1



